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CONSTANTS IN THE OSCILLATION THEORY OF HIGHER
ORDER STURM-LIOUVILLE DIFFERENTIAL EQUATIONS

ONDREJ DOSLY

ABSTRACT. We find the the exact value of a constant in some oscillation cri-
teria for the higher order Sturm-Liouville differential equation

(=)™ y ™)™ = q(t)y.

We also study some general aspects in the oscillation theory of this equation.

1. INTRODUCTION

In this paper we study the oscillatory properties of the higher order Sturm-
Liouville differential equations

(=) (ty ™)™ = g(t)y. (1.1)

A typical phenomenon of the application of the variational principle in the oscilla-
tion theory of Sturm-Liouville differential equations is that there is a gap between
constants appearing in non-oscillation and oscillation criteria. To explain the situ-
ation, consider the simple second order differential equation

y'+alt)y =0, q(t)>0. (1.2)
The variational approach to the investigation of oscillatory properties of (1.2) is
based on the following statement, see [12].

Proposition 1.1. Equation (1.2) is non-oscillatory if and only if there exists T € R
such that for every nontrivial y € Wol’2 (T, o)

F(y; T, 00) := / [y'? — q(t)y?] dt > 0. (1.3)
T
Non-oscillation criteria are usually proved using the Wirtinger inequality
[e'e) [e s} MQ(t)
M'(t 2tdt<4/ "2(t) dt 1.4
| rewroa<s [ Sme (14)
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which holds for every y € W, (T, 0), see e.g. [13], here M is a continuously

differentiable function such that M’(t) # 0 for ¢ > T. Using this inequality it is
not difficult to prove that (1.2) is non-oscillatory if
e 1

lim t/ q(s)ds < =. (1.5)
t—o0 t 4

Indeed, if (1.5) holds, then for T sufficiently large and any nontrivial y € VVol’Q(T7 00)
(using integration by parts, the Cauchy inequality and (1.4) with M(¢) = t=1) we

have
oo o0 0o o0 1 oo
[ awnae < [Cawas| vz [ wiwige( [ atsds)ae
t T ¢ t t

T
S AR R O Ry

If we want to establish an oscillation criterion for (1.2), we need to show that for
every T there exists a nontrivial y € VVOL2 (T, 00) such that F(y;T,00) < 0. This
function we construct as follows. Let T be arbitrary, T' < t; < t3 < t3, and define

0 t<T,

t=T

th—T Tgtgth
y={1 i <t<t,

t3—t

o, leSt<ts,

0 t>1s.

Then (using the fact that ¢(¢) > 0)

1 t2
Fly;Ty00) < —/ q(t)dt +
ty

- t1-=-T t3 —to
1 t2 ti—T
= 1— (=T t)dt .
ol ) [ o
Hence, if
(oo}
lim t/ q(s)ds > 1, (1.6)
t—oo t

it is not difficult to see that F(y;T,00) < 0 if t; < to < t3 are sufficiently large,
i. e. (1.6) is a sufficient condition for oscillation of (1.2).

Now we see the gap between the constants % in (1.5) and 1 in (1.6) obtained
by variational method. On the other hand, the application of the so-called Ric-
cati technique, based on the relationship between non-oscillation of (1.2) and the

solvability of the Riccati equation
w' + q(t) + w? =0,

then reveals that the “correct” constant is % in the sense that using this method it
is possible to show that (1.2) is oscillatory provided the limit in (1.6) is > 1, see e.
g. [15].

The above described fact that the variational method gives a gap between con-
stants in oscillation and non-oscillation criteria appears also in the oscillation theory
of higher order Sturm-Liouville equations, examples are given in the next section.
In contrast to the second order equations, the Riccati technique is not developed
properly for higher order equations, so the open problem is what is the “correct”
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constant for (non)oscillation of the investigated differential equation. The aim of
this paper is to show that a suitable modification of the variational method enables
to detect a correct oscillation constant and to remove this gap. It turns out, simi-
larly as in the second order case, that this constant is the constant in non-oscillation
criteria obtained using inequality (1.4).

This paper is organized as follows. In the next section we recall the relationship
between higher order Sturm-Liouville equations and linear Hamiltonian systems,
we also recall some known (non)oscillation criteria for Sturm-Liouville equations.
Section 3 contains the main results of the paper, new oscillation criteria for (1.1).
In the last section we discuss some general aspects of the used approach to the
oscillation theory of Sturm-Liouville equations.

2. AUXILIARY RESULTS

We start this section with the basic oscillatory properties of higher order Sturm-
Liouville differential equation

n

L(y) = S (~1)F (r(t)y®) ™ =0, r.(t) > 0. (2.1)

k=0

Oscillatory properties of this equation can be investigated within the scope of the
oscillation theory of linear Hamiltonian systems (further LHS)

' = A(t)x + B(t)u, o =Ct)x— AT (t)u, (2.2)

where A, B,C' are n X n matrices with B, C' symmetric. Indeed, if y is a solution
of (2.1) and we set

y (=1)" My ™) ey
y :
Tr = . 5 u = : )
: —(rny™) + rpgyY
y(n_l) T’n,y(n)

then (z,u) solves (2.2) with A, B, C' given by
B(t) = diag{0,...,0,r,; (t)}, C(t) = diag{ro(t),...,mn-1(t)},

(1, ifj=i+1,i=1,...,n—1,
A=Aij= { 0, elsewhere.

In this case we say that the solution (x,u) of (2.2) is generated by the solution y of
(2.1). Moreover, if y1,...,y, are solutions of (2.1) and the columns of the matrix
solution (X,U) of (2.2) are generated by the solutions y1,...,y,, we say that the
solution (X, U) is generated by the solutions y1, ..., Yn.

Recall that two different points t1,to are said to be conjugate relative to system
(2.2) if there exists a nontrivial solution (x,u) of this system such that x(¢;) =0 =
x(t2). Consequently, by the above mentioned relationship between (2.1) and (2.2),
these points are conjugate relative to (2.1) if there exists a nontrivial solution y of
this equation such that 3y (t;) = 0 = y@(t5), i = 0,1,...,n — 1. System (2.2)
(and hence also equation (2.1)) is said to be oscillatory if for every T € R there
exists a pair of points t1,ts € [T, 00) which are conjugate relative to (2.2) (relative
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to (2.1)), in the opposite case (2.2) (or (2.1)) is said to be nonoscillatory. If w is a
positive function, the equation

L(y) = w(t)y (2.3)

with the non-oscillatory operator L given by (2.1) is said to be conditionally oscil-
latory if there exists Ag > 0 such that (2.3) with Aw(t) instead of w(t) is oscillatory
for A > A\g and non-oscillatory for A < Ag. The constant \q is called the oscillation
constant of (2.3).

A conjoined basis (X,U) of (2.2) (i.e. a matrix solution of this system with
n X n matrices X, U satisfying X7 (t)U(¢t) = UT(¢)X (t) and rank (X7, UT)T = n)
is said to be the principal solution of (2.2) if X (t) is nonsingular for large ¢ and for
any other conjoined basis (X, U) such that the (constant) matrix X7U — U7X is
nonsingular lim; ., X ~1(¢)X () = 0 holds. The last limit equals zero if and only if

lim (/tX_l(s)B(s)XT_l(s) ds)_l =0, (2.4)

t—oo

see [14]. A principal solution of (2.2) is determined uniquely up to a right multiple
by a constant nonsingular n x n matrix. If (X,U) is the principal solution, any
conjoined basis (X,U) such that the matrix X7U — UT X is nonsingular is said

to be a nonprincipal solution of (2.2). Solutions yi,...,y, of (2.1) are said to
form the principal (non-principal) system of solutions if the solution (X, U) of the
associated linear Hamiltonian system generated by yi,...,¥, is a principal (non-

principal) solution.

Besides the definition of oscillation and non-oscillation of (2.1) by means of the
concept of conjugate points, we will use another definition of oscillation and non-
oscillation of linear differential equations introduced by Nehari, see [2, Chap. ITI].
A linear differential equation

is said to be disconjugate on an interval I in the sense of Nehari (shortly N-
disconjugate) if any nontrivial solution of (2.5) has at most n — 1 zeros on I, every
zero point counted according to its multiplicity. Equation (2.5) is said to be N-
non-oscillatory if there exists T' € R such that (2.5) is N-disconjugate on (T, c0).

Now we recall some known oscillation and non-oscillation criteria for higher order
Sturm-Liouville differential equations.

Proposition 2.1 ([3]). Suppose that equation (2.1) is N-nonoscillatory, y1, ..., Yn,
Y1y -- -, Yn are its principal and nonprincipal systems of solutions, respectively. De-
note by (X,U) and (X', U) the matriz solutions of the associated LHS generated by
these systems of solutions. The equation

L(y) = q(t)y (2.6)

is oscillatory provided there erists ¢ = (ci,...,c,)T € R™ such that one of the
following conditions is satisfied:

(i)
/Oo q(t)(cryr(t) + - + cay(t))® dt = oo,
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(i)
I als)(caya(s) + - + cuy(s))* ds

tlim >,
T ([ XU (s)Bs)X T ds) o
— di 1
where B(t) = diag {0, 0 },
(i)
lim [P q(s)(criin(s) + - - + cafi(s))2 ds -

e er (ft X-1(s)B(s)XT—1 cls)i1 c

In the next theorem we specify general conditions of Proposition 2.1 to some
special N-nonoscillatory differential operators. The oscillation constants appearing
in the parts (i) and (ii) of the next theorem were computed in [6] for the Sturm-
Liouville difference equation

I'(k+1)
A" (KA ) = qegern, KO =
(1) Yk AEYr+ Tk+1—a)
but the method used there directly extends to differential equations, see also [10, 11].

Proposition 2.2. Equation (1.1) is oscillatory provided one of the following con-
ditions is satisfied.

(i) ag{1,3,....2n—1}, me{0,....,n—1}, a < 2n—1 and

t—oo

oo
lim t2n717a72m/ q(s)52m ds
t

[(n—m— T @20 — 1 —a — )2

n,a,m ‘— s 2.7
= Hnsa, 2n—-2m—-1—-« 27)
(i) o€ {1,3,...,2n—1}, me{0,...,n— 1}, a >2m + 1,
t
tlim t2m+1—a/ q(s)82(n—m—1)ds
— 00 1
[(n —m = DTS (@ —m — 1)
> Epam = =2 . (2.8)
a—2m-—1
(iii) a € {1,3,...,2n— 1}, m = 22=]=2
tlim lgt</ q(s)s*™ ds) > ppom = [ml(n —m —1)1]% (2.9)
— 00 t

Nonoscillatory counterparts of oscillation criteria of the previous theorem read
as follows. The proofs of these statements can be found in [1, 12, 13].

Proposition 2.3. Let ¢4 (t) := max{0,q(t)} denotes the nonnegative part of q.
Equation (1.1) is nonoscillatory provided one of the following conditions is satisfied.

(i) ag{,3,....2n—1}, a<2n—1,me{0,...,n— 1} and

[1=0@2n—a—1-j)?
m2n—a—1-2m) "’

oo
lim t2”717a72m/ q+(5)52m ds < Vpam =
t

t—o0

(2.10)
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(i) o€ {1,3,...,2n—1}, me{0,...,n— 1}, a >2m — 1,

t n—1 . Y
lim ¢2m e (/ g (s)s2mm=D dS) < Cn,a,m = [j—o@n—a—-1-j) ’
1

t—o00 4”(0&—2m+1)
(2.11)
() o€ {1.3,....2n— 1}, m = B4=2 and
= n,m —-1- Im!]?
tﬂfgolgt/t q+(s)s*™ds < '04’ _ 4’”) ml]® (2.12)

Comparing Propositions 2.2, 2.3 we see the gap between constants in oscillation
and non-oscillation criteria. For example, if n = 2, a = 0 and m = 0, by the
previous propositions the fourth order equation

y IV = q(t)y (2.13)

is oscillatory provided
o0
lim t3/ q(s)ds > 12
t—o0 t
and non-oscillatory if

*° 3
lim ¢* ds < —.
o /t als)ds < 75

If the last limit lies in the interval (1—367 12), Propositions 2.2,2.3 give no information
about oscillatory nature of (2.13). Moreover, if ¢(t) = 7r, by Propositions 2.2,2.3
the Euler equation

v
y =y (2.14)

is oscillatory if v > 36 and nonoscillatory if v < . Since it is known that (2.14)
is actually oscillatory if and only if v < %, this leads to the conjecture that the
“correct” oscillation constant is the constant appearing in non-oscillation criteria.
In this paper we show that it is really the case. In particular, as a consequence of
a general result, we get that (2.13) is oscillatory if limy_o 3 [} q(s) ds > %.

We finish this section with a statement which we need to treat the exceptional
case « € {1,3,...,2n — 1}.

Proposition 2.4 ([8]). Suppose that q(t) > 0 for large t, o € {1,3,...,2n — 1},

m = W and ppm = [(n — 1 —m)Im!)?. If
e pn,m 2n—1—a
t) — —————)t lgtdt = oo 2.15
/ (‘I( ) 4t2”*alg2t) & ( )

then equation (1.1) is oscillatory.

3. OSCILLATION CRITERIA

The next theorem improves oscillation constants in the parts (i), (ii) of Proposi-
tion 2.2 and show that they can be replaced by (less) constants from their nonoscil-
latory counterparts given in Proposition 2.3.

Theorem 3.1. Equation (1.1) is oscillatory provided one of the following two con-
ditions holds:
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(i) ag{,3,....2n— 1}, a<2n—1,m e {0,...,n— 1} and

o T2 (2n — 1 — a — 2j)?
li t2n7170472m/ 2m d nom = j=0 3.1
Pl . 9(s)s7" ds > Vnom 4(2n —a—1—2m) ’ (3-1)
(i) a ¢ {1,3,...,2n =1}, me€{0,...,n— 1}, a>2m+1, and
¢ 1[5 (2n—a—1-j)?
: 2m+1l—a 2(n—m—1) _ 115=0
tlggot (/1 als)s ds) > Smam = (a0 —2m + 1) (32)

Proof. If the limit in (3.1) or (3.2) equals oo, equation (1.1) is oscillatory by
conditions (2.7) and (2.8) of Proposition 2.2. If these limits are finite (and equal
M), we will use Proposition 2.1, part (i), with

n—1

(1)) (g (my(n) _ Ina — 2”—1—0—1)2
Liy) = (~D)" ey - Sy, wmy—li( . SENCE)
whereby (1.1) is rewritten into the form
2 ,Y’ILO( ’Yma
(DY) — Ry = (qt) = 5 ) . (3.4)

2n—1—

Observe that the solution y = ¢t~ 2 of the equation L(y) = 0 with L given by
(3.3) is contained in the principal system of solutions (see [7, 11]) and hence it is

sufficient to show that
oo
Yn, 1
/ (q(t) — ﬂs—f;)t% 1= gt = .

First consider the case (i). Condition (3.1) implies that there exists € > 0 and

T € R such that -
/ q(s)ds > Vnam +E
t

t2n717a72m
for t > T and hence

b oo
/ t2n—2—(1—2m (/ q(s)SQm dS) dt > (Vn,a,m + 5) lg(b/T>
T t

Using this inequality and integration by parts we have

’ 0
n,a 2n—1—«
/ (q(t) - tzn—_a) t dt
T

b
= [ a0 0/7)
T

_ _t2n717a72m /oo q(8)82m ds‘b
t T

b [e'S)
+(2n—1—a—2m) / t2"_2_°‘_2m/ q(s)s*™ ds dty,.o 1g(b/T)
T t
> [2n—1—a—2m)Vn,am +E) — Vn,allgb/T)
o0 b
_t2n—1—a—2m/ 2m d ‘
t q(s)s“™ds .

e}
= K- bQ”_l_“_Qm/ q(s)s*™ ds + 1g(b/T) — oo,
b

as b — oo, where K = T2n—1=a=2m (29 4(5)s2™ ds.
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Concerning the case (ii), (3.2) implies that there exists T € R and € > 0 such
that

/ ' 2m-o ( / tq(s)s'é‘(n*m*l) ds) dt > (Cu.oom +€)1g(b/T)

T
and again using integration by parts

b
7 ’ n—1—o
[ o o)
T

t b
> t2"‘1‘“/ q(s) dS‘T + [(a = 2n + 1)(Cr,a,m +€) = Yn,allgb — o0
1

as b — oo. |

In the proof of the following theorem which deals with the “critical” case o €
{1,3,...,2n— 1} we need to modify slightly the method used in the previous proof.
This is due to the fact that for critical values of « the equation

(1) (g = 2y (3.5)

- t2n—a

is no longer conditionally oscillatory (it is non-oscillatory if and only if A < 0), this
property (conditional oscillation) has the equation

A
(o) — 2 3.6
(=1)"(t%y™) g (3.6)
In contrast to the case o & {1,3,...,2n — 1}, we do not know a solution of (3.6)

(like yy = t(>»=1=2)/2 in case of (3.5)). This fact requires also the sign restriction on
the function ¢ in Proposition 2.4 which appears also in the next theorem. According
to the parts (iii) of Propositions 2.2, 2.3, oscillation constant Ag of (3.6) satisfies
Pnm/4 < Ao < ppm. The next theorem shows that this value of the oscillation
constant is py, /4.

Theorem 3.2. Let o € {1,3,...,2n — 1}, m := 2"_21_0‘ and q(t) > 0 for large t.
Equation (1.1) is oscillatory provided

o n,m ' - -1 ' 2
tlilgo lgt/ q(s)s*™ ds > p4, = [(mi(n 4m ) . (3.7
t
Proof. By Proposition 2.4 we need to show that
> p 2

Inequality (3.7) implies the existence of T € R and ¢ > 0 such that

1 1

OO 2m Pn,m
hul d =
t/t q(s)s*™ds > ( 1 +€)tlgt’

Integrating the obtained inequality we get

by oo om Prm Igb
/Tg/t q(s)s*™ dsdt > ( 1 Jr{-:)lg(lg—T)

for b > T. If the limit in (3.7) equals oo, equation (1.1) is oscillatory by the part
(iii) of Proposition 2.2. If this limit is finite, using integration by parts, similarly
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as in the previous proof

b 14 2
1) — — 2 V2 ot dt
/T (4t 4t2”*alg2t) &

b
Prm | 1g8b
= O gt dt — B2 e (=2
Lq() g i g(lgT)

oo b bl o lgb
— _lgt de‘ /—/ 2m g _ Prom o (180
g /t g(s)s™" ds|_+ i) q(s)s™" ds — = g(lgT)

> lgT/ q(s)s*™ ds —lgb/ q(s)s*™ ds + (pn,m +e— p”’m) Ig (
T b 4 4

b
lgT

lgb
lgT

where K is a real constant. O

= K+elg(—) =00 asb— oo,

4. REMARKS

In the oscillation and non-oscillation criteria given in Propositions 2.2,2.3 only
the so-called polynomial solutions of the one-term equation

(try™) ™ = 0 (4.1)

appeared, i. e. solutions of the form y = ¢/, j = 0,...,n — 1. In addition to
these solutions, equation (4.1) possesses also nonpolynomial solutions — the func-
tions satisfying y(™ =t~ i =0,...,n — 1. These functions are again powers of
tif a & {1,2...,2n} or also of the form y = t'lgt if « € {1,2,...,2n — 1} (the
integer ¢ attains the values depending on n and «). One can formulate oscillation
and non-oscillation criteria containing [, q(s)y*(s) ds or ft q(s)y?(s) ds depending
on the fact whether a given non-polynomial solution y of (4.1) is in the principal
or non-principal system of solutions. The situation is here similar as in the case of
polynomial solutions treated in Propositions 2.2, 2.3. The constant in an oscillation
criterion is bigger than the corresponding constant in its non-oscillatory counter-
part. To illustrate the situation, consider (1.1) with « € {1,3,...,2n — 1}. Then
t"lgt, m = w, is a non-polynomial solution of (4.1) and it is known, see [7],
that (1.1) is oscillatory if

li 1 ! 2m1 2 d

A q(s)s”™1g" sds > ppm

and it is non-oscillatory if

I nm
lim —/ q(s)1s®™1g? sds < péi
1

with py,m given in (2.9). Using exactly the same method as in the proof of Theorem
3.2 one can prove the following statement which shows that the “correct” oscillation
constant is py, /4.

Theorem 4.1. Let a € {1,3,...,2n—1}, m = 2251=2% and q(t) > 0 for large t. If

[m!(n —m — 1)!)?
4

lim 1 /t q(s)s™1g* sds > Prm _
t—oo lgt 1 4

then equation (1.1) is oscillatory.
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(ii) In the previous part of the paper equation (1.1) is essentially viewed as a
perturbation of the (non-oscillatory) one-term equation (4.1). Presented oscillation
and non-oscillation criteria show that if the function ¢ is “sufficiently positive”
(“not too positive”) then (1.1) becomes oscillatory (remains non-oscillatory). More
refined criteria can be obtained when (1.1) is regarded as a perturbation of the Euler
equation (3.5) in case o ¢ {1,3,...,2n — 1} and of (3.6) if « € {1,3,...,2n — 1}.
Also in this case constants in non-oscillation criteria are less than their oscillation
counterparts as shows the following statement. Its proof is given in [4, 7], see also
[6, 8] for related remarks.

Proposition 4.2. Suppose that o & {1,3,...,2n — 1}, vp,a is given in (3.3) and

[T g =) A +n—a—i) — Y

()\ _ 271721704)2

w = .
n,a _2n—1-o
)‘_f

Equation (1.1) is oscillatory if

o0
. Tn,o 2n—1—
tli%olgt/t (als) = s ) %17 ds > o

and it is nonoscillatory if
oo
: Tn,a In—1— Wn,a
lim 1 ( — e ) n—l-o na
tl»oo gt/t q(S) g2n—o + y ds < 4

Also in this case we believe that the sharp oscillation constant is “”}l’”, but at
this moment we are able to prove this conjecture only in the special case n = 2,
a = 0. The proof of this statement is based on the following oscillation criterion

for the fourth order equation

9

UV) -y = p(t)y. 4.2
y e ¥ = Py (4.2)

Proposition 4.3. Suppose that p(t) > 0 for large t. If
§) — ————)s’lgsds = o0 4.3
| 00 - g)ste (4.3)

then (4.2) is oscillatory.
Using this proposition we can now prove sharpness of the constant wi'o = %.

Theorem 4.4. Suppose that q(t) > 16% for large t. Equation (1.1) withn =2 and
a =0 is oscillatory if

. i 9 3 w20 - 5
tlirgolgt/t (p(s) — 1654)8 > = g (4.4)

Proof. Denote by M the value of the limit in (4.4). If M = oo, equation (1.1) is
oscillatory by Proposition 4.2. In case g < M < oo we use Proposition 4.3 (where

the function ¢(t) — % plays the role of p(t)).
Inequality (4.4) implies the existence of € > 0 and T € R such that for ¢ > T

e 9 | 4 §+s
/t (q(s) 1654)8 - gt ’

b 0o
/%/t (q(s)—%)s3ds>(gﬁ-e)lg(lg%)

T

hence
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for b > T'. Integration by parts yields

*° 9 5
- - ——_\lgtdt
/ (0) = g1~ gz 18

T
b
B 9 .3 5 b
= /T (q(t)—167)t lgtdt—glg(lgf)
_ = 9 v Pl 9 3
= —lgt/t (q(s)—@)s ds‘T—I—/T g(/t (q(s)—@)s ds)dt
5 b
> —lgt/oo (a(s) — i)sgds‘b —l—slg(lgﬁ) — 00
T 16s* T T

as b — oo. Hence, by Proposition 4.3, (1.1) with n = 2, a = 0 is oscillatory. O

(iii) The reason why we were able to prove Proposition 4.3 and hence also The-
orem 4.1 only in the particular case n = 2, a = 0 is that in this case we are able to
compute explicitly all solutions of the equation

and using this information to detect the next logarithmic term for which the re-

sulting equation is conditionally oscillatory. More precisely, we were able to prove

that the equation

vy _ (i LA )y =
1664 t41g%¢ 4

is oscillatory if and only if A > g. Concerning the general case, it is conjectured in

[5] that the equation

Y

n n,o A
(_1)n(tay(n))( )_ In,

= 4.6
2n—a 12n—a 1g2 ty ( )

is conditionally oscillatory. The verification of this conjecture, including the com-
putation of the explicit value of the oscillation constant of (4.6) is the subject of
the present investigation.
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