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INTERNAL EXACT CONTROLLABILITY OF THE LINEAR
POPULATION DYNAMICS WITH DIFFUSION

BEDR’EDDINE AINSEBA, SEBASTIAN ANITA

ABSTRACT. We consider the internal exact controllability of a linear age and
space structured population model with nonlocal birth process. The control
acts only in a spatial subdomain and only for small age classes. The methods
we use combine the Carleman estimates for the backward adjoint system, some
estimates in the theory of parabolic boundary value problems in L*¥ and the
Banach fixed point theorem.

1. INTRODUCTION

Let © be a bounded domain in R™ (n < 3) with a smooth boundary 0€). Assume
that a biological population is free to move in the environment 2. We denote by
y(a,t, r) the density of individuals of age a > 0 at time ¢ > 0 and location x € Q and
assume that the flux of population takes the form kVy(a,t,x) with k > 0, where
V is the gradient vector with respect to the spatial variable. Let A be the life
expectancy of an individual and T be a positive constant. Let 5(a) be the natural
fertility rate and pu(a) the natural mortality rate corresponding to individuals of
age a. The dynamics of the population is described by the following model

Dy + p(a)y — kAy = f(a,z) + m(a, z)u(a,t,z), (a,t,z) € Qr
9y

ai(aﬂta'r) = 07 (Cl,t,.]?) S ET

A
y(0,t,z) = ; Bla)y(a,t,x)da, (t,z) € (0,T) x
y(aaoax> = yo(a,x), (a’ﬂ‘r) € (OaA) X Qv

where u is the control and m is the characteristic function of (0,a*) X w, f is the
density of an infusion of population and g is the initial population density. Here
a* € (0,4] and w CC Q is a nonempty open subset, Qr = (0,4) x (0,T) x Q,
Sr=(0,4) x (0,T) x 9.

We denote by

t —y(at
Dy(a,t,x) = hn’(l)y(a—'_g’ +€71') y(av 7.@)
E— <
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the directional derivative of y with respect to the direction (1, 1,0). If y is smooth
enough then
o, oy
ot Oa
The control acts only in the spatial set w and for ages between 0 and a*.

Let ys be a nonnegative steady-state of , corresponding to u = 0 and such
that

Dy =

ys(a,z) > po >0 ae. (a,z) € (0,a]) x Q, (1.2)
where pg > 0 is constant and aj € (0, A) is a constant which will be defined later.

The main goal of this paper is to prove the existence of a control u such that

the solution y of satisfies
y(a, T, z) =ys(a,xz) ae. (a,z) € (0,A) x Q L3
yla,t,z) >0 ae. (a,t,7) € Q. (13)

Condition ([1.3)) is natural because y represents the density of a population. We
notice that if y is the solution to (1.1]), then y — y, is the solution to

Dz + u(a)z — kAz = m(a,x)u(a, t,x), (a,t,z) € Qr
0z
ov

z(0,t,x) /ﬁ z(a,t,z)da, (t,z)€ (0,T) x Q
z(a,0,z) = 2zp(a,x), (a,z) € (0, A) x

—(a,t,z) =0, (a,t,z) € Xy

where zg = Yo — Ys-

The above formulated problem is equivalent to the exact null controllability
problem with state constraints for . Indeed, if we denote now by z the solution
to , then condition becomes

z(a,t,z) > —ys(a,z) ae. (a,t,x) € Qr.

We recall that the internal null controllability of the linear heat equation, when
the control acts on a subset of the domain, was established by G. Lebeau and
L. Robbiano [13] and was later extended to some semilinear equation by A.V.
Fursikov and O.Yu. Imanuvilov [6], in the sublinear case and by V. Barbu [4] and
E. Fernandez—Cara [5], in the superlinear case. The internal null controllability of
the age-dependent population dynamics in the particular case when the control acts
in a spatial subdomain w but for all ages a (this is the particular case corresponding
to a* = A) was investigated by B. Ainseba and S. Anita [2].

This paper is organized as follows. We first give the hypotheses and state the
main result. The existence of a steady—state of with 4 = 0 is established in
Section 3. The proof of the local exact null controllability is given in Section 4. The
proof is based on Carleman’s inequality for the backward adjoint system associated

with (1.4]).

2. ASSUMPTIONS AND THE MAIN RESULT

Assume that the following hypotheses hold:

(H1) 8 € L>(0,A), B(a) >0 a.e. a € (0,4)
There exists ag, a1 € (0, A), ap < a1, such that B(a) =0 a.e.
a € (0,a0)U (a1, A) and S(a) > 0 a.e. in (ag,a1)
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(H2) pe C([0,A)), pla) >0 ae. a € (0,4), fOA p(a)da = +oo
(H3) yo € L*>((0,4) x Q), yo(a,xz) > 0 a.e. in (0, 4) x Q
feL>(0,4) xQ), f(a,z) >0 a.e. in (0,A4) x Q.
For the biological significance of the hypotheses and the basic existence results
for the solution to (1.1)) we refer to [3] 7, [8 @, 1T [15].
Let ys be a nonnegative steady-state of , corresponding to u = 0 and such
that

ys(a,z) > po >0 ae. (a,z) € (0,a1) x Q,
where py > 0 is a constant.
Denote by zg = yo—ys. Then we have the following internal controllability result

Theorem 2.1. Let T > A — a* be arbitrary but fized. If |lyo — Ys| £ ((0,4)x2)
is small enough, then there exists u € L*(Qr) such that the solution y of (1.1)
satisfies

y(a,T,z) = ys(a,z) ae. (a,z) € (0,4) x Q
yla,t,z) >0 ae. (a,t,x) € Qr. (2.1)

If T < A—a* and if ||[yo — Ysll Lo ((a=,a—T)xQ) > 0, then there is no u € L?(Qr)
such that the solution y of (1.1) to satisfy (2.1)).

This result can be equivalently formulated as follows

Theorem 2.2. Let T'> A — a* be arbitrary but fived. If ||zo0| 1o ((0,4)x0) 5 small

enough, then there exists u € L?>(Qr) such that the solution z of (1.4)) satisfies
2(a,Tyx) =0 ae. (a,z) € (0,A) x Q

(2.2)

z(a,t,x) > —ys(a,x) ae. (a,t,2) € Qr.

If T < A—a* and if ||20]| Lo ((a=,A—T)x) > 0, then there is no u € L?(Qr) such
that the solution z of (1.4) to satisfy (2.2)).

3. EXISTENCE OF STEADY STATES FOR (|1.1)

In this section we shall remind some results (see [2]) concerning the existence
of ys, a nonnegative steady-state of (|1.1]), corresponding to v = 0, which satisfies
(1.2). ys should be a solution to

s + p(a)ys — kAys = f(a,z), (a,z) € (0,A) x Q

da
%lf (a,2) =0, (a,z)€ (0,A4) x 0Q (3.1)
A
ys(0, ) =/0 B(a)ys(a,z)da, =z €.

Denote by
A a
R :/ B(a)exp (—/ p(s)dsda)
0 0
the reproductive number and consider f; a nonnegative constant.

Theorem 3.1. e If R <1 and f(a,z) > fo > 0 a.e. (a,z) € (0,4) x Q,
then there exists a unique nonnegative solution to (3.1), which in addition

satisfies (1.2)).
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o IfR=1 and f =0, then there exist infinitely many nonnegative solutions

to (3.1), which satisfy (L.2).
e If R> 1, then there is no nonnegative solution to (3.1)), satisfying (1.2)).

Proof. If R < 1, then there exists a unique and nonnegative solution to (3.1) (this
follows by Banach’s fixed point theorem). Since f(a,z) > fo > 0 a.e. (a,x) €
(0, A) x Q, then by the comparison result in [7](see also [3]) we get that

ys(a,z) > yi(a,t,x) ae. (a,t,2) € Q =(0,4) x (0,+00) x Q,
where y; is the solution to

Dy; + py; — kAy; = fo, (a,t,z) € Q

Zyyz =0, (a,t,x)€eX

A
y:(0,t, 7) :/0 B(a)yi(a,t,x)da, (t, ) € (0,+00) x Q

vi(a,0,2) =0, (a,2) € (0,A4) x

Note that ¥ = (0, A) x (0, +00) x IN); y; does not explicitly depend on z. So, we
shall write y;(a,t) instead of y;(a,t,x). It means that

ys(a,z) > yi(a,t) Vte[0,+0), ae(a,z)e€ (0,4)xQ,

and that y; is the solution of
Dyl"i_ﬂyz :f07 (Cl,t) € (OaA) X (0,+OO)

A
0.0 = [ plawlatide, 1€ (0.+)
yi(a,0) =0, ae(0,A).

For t > A we have y;(0,t) > 0 and y;(0,t) is continuous with respect to ¢ (see [3]).
As a consequence we obtain that there exists pg > 0 such that, for ¢ large enough,
and for any a € (0,a}),
yi(aa t) > po,

and in conclusion we get that y, satisfies .

If R=1and f =0, then all the solutions of which are satisfying are
given by

y(a,x) = ce” Jo 1 (a, ) € (0,4) x Q,

where ¢ € R} is an arbitrary constant. The conclusion is now obvious.

If R > 1 and if it would exist a nonnegative solution , to satisfying (L.2)),
then y(a,t,z) = ys(a, ), (a,t,7) € Q is the solution to

Dy + py — kAy = f(a,z), (a,t,z) €Q

0
—yzO, (a,t,z) €X

v
y(0,4,2) = / Y Baat.a), (o) € (0, 4o0) x O
p(@.0.2) = yo(a ), (a2) € (0,A) x Q
and for ¢ — +o00 we have (see [3, I2])

Jim [y (®)ll22((0,4)x0) = +oe.
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On the other hand
Iy ()l 20,4y x2) = 1Ysl£2((0,4)x )5
and 50 |yl £2((0,4)x0) = +00, which is absurd. O

4. PROOF OF THE MAIN RESULT

We shall prove Theorem (which is equivalent to Theorem . We intend
to use the general Carleman inequality for linear parabolic equations given in [6].

Namely, let @ CC w be a nonempty bounded set, Ty € (0, +00) and ¥ € C?(Q2) be
such that

P(x) >0, Ve € Q, (z)=0, Vo € dQ, |Vi(z) >0, Vo eQ\w

and set
6)\1/)(1) _ 62)\H¢Hc(§)

t(To —t) 7
where X is an appropriate positive constant. Denote by D, = (0,7p) x .

at,z) =

Lemma 4.1. There exist positive constants Cy,s1 such that

1
f/ t(To —t) e* (|wt|2 + |Aw|2) dx dt
S DTO
25« 25«
(&) 2 3 (& 2

+s/ ——— |Vw|"dzdt + s / —— |w|" dxdt 4.1

Dy, t(To — 1) Vel D, 13 (Ty — 1)’ (4.1)

e?sa

— |wfdzdt],
Toyxw 3 (Ty — 1)

for all w € C*(Dr,), %—f(t,x) =0, V(t,z) € (0,Tp) x I and s > s.

SC’l[/ g5 |wt+Aw|2d:cdt+53/
Dr, ©

The proof of this result can be found in [6].

If a* = A, the result has already been proved in [2]. We shall treat now the case
a* € (0, A). Consider aj := a*. Let us choose Ty € (0, min{ag,a*, A —a*, T — A+
a*, A — ay}). Define

K=L*(0,A—a"+Tp) x Q).

In what follows we shall denote by the same symbol C, several constants indepen-
dent of 2y and all other variables. For b € K arbitrary but fixed and for any € > 0,
consider the following optimal control problem:
Minimize

1
{/ / o(a,t,z)|u(a,t,z)|*dz dt da + f/ / \z(a,t,x)|2daﬁdl}, (4.2)
GJQ € Jre Ja
subject to (4.3 (u € L?(G x Q) and z is the solution of (4.3)) corresponding to u).

Here
G = (0,a%) x (0,Tp) U (0,Tp) x (0, A — a* +T),
Lo = {To} x (To, A — a* +Tp) U (T, a*) x {Tp},
e—2sa(t,a;)t3(TO B t)3, ift <a, (a,t) € G
plat,z) = {e—2sa<a,x>a3(T0 —a)?, fa<t, (a,t) €G
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(See figure 1).

Dz + pz — kAz = m(a, z)u(a, t,z), (a,t,z) € GxQ
0z

s =0, (a,t,x)€ G xN

2(0,t,x) =b(t,z), (t,x) € (0,A—a*+Tp) xQ
2(a,0,2) = 2¢(a,z), (a,z)€ (0,a*) x Q.

O Toao a* =Ty a* @1 A a
FIGURE 1.
Denote by ¥.(u) the value of the cost function in w. Since the cost function
U, : L2(G x Q) — R* is convex, continuous and

U, (u) = 400,

1m
llull g2 (g xay—+o0

then it follows that there exists at least one minimum point for ¥, and consequently
an optimal pair (u., z.) for (P.). By standard arguments we have

ue(a,t, x) = m(x)qe(a, t,x)o (a,t,z) ae. (a,t,z) € G xQ, (4.4)
where m is the characteristic function of w and ¢, is the solution of
Dq—pg+kAg=0, (a,t,z)eGxQ

94 =0, (a,t,z)€Gx0N

ov
qa,t,z) =0, (a,t,z) € (I'\Ty) xQ (45)

1
q(a,t,x) = ——z.(a,t,x), (a,t,z) €Ty x Q.
€

Here I' = (0,Tp) x {A —a* + To} U {a*} x (0,Tp) UT,.
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Multiplying the first equation in (4.5)) by z. and integrating on G x Q we obtain
after some calculation (and using (4.3)) and . that

1
//cp(a,t,x)|u5(a,t,x)|2dxdadt+7/ /|zs(a,t,x)|2dacdl
GJw € Jre Ja

A—a*+Ty a*
:7/ /b(t,x)qs((),t,x)dzdtf/ /zo(a,x)qs(a,O,z)dsL’da.
0 Q 0o Jo

Let S be an arbitrary characteristic line of equation
S={(v+t,0+1); t €(0,Tp), (v,0) € (0,a" = Tp) x {0} U{0} x (0, A —a")}.
Define

(t,2) = uly+ 1.0+ t,2), (o) € (0,Tp) x Q

S(ta) = 2oy + 1,0+ 12), (1,2) € (0,Tp) X Q
Ge(t,x) = (v +t,0 +t,x), (t,x)€ (0,Tp) x Q
ﬂ(t) = /’L(’Y + t)v te (Oa )

Note that (., z.) satisfies
(Ze)t + ize — kAZ. = m(x)uc(t,z), (t,x) € (0,Tp) x Q

0z
5 = 0, (t,z)€ (0,Tp) x 9Q (46)

5.(0,2) = b(0,z) =0,z
S N 2(vz) 0=0,2€Q

By we get that
250(t,x)
te(t,z) = m(z)g:(t, x) - BTy —1)° (4.7)
a.e. (t,x) € (0,Tp) x 9,
(Ge); + kAGe = g,  (t,x) € (0,Tp) x Q2
%q; =0, (t2) € (0,Ty) x 09 (4.8)

- 1.
Ge(To, x) = —ng(TO,x) x €.

Multiplying the first equation in (4.8]) by z. and integrating on Dr,, we obtain that

Ty 1
/ /e—2sa(t7w)t3(T0 )3t ) |Pde i + g/ |2 (To, @) da
0 w °

(4.9)
= _/ EE(O,{L‘)qs(O,.’IJ)dQ?
Q
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By Carleman’s inequality (4.1) we infer that

o sa T ~ ~ S -
/ / 2o m— <|(Qe)t|2 + |AQE|2> + HTo—1D) V.|

+ |q€\ |da dt

t3 (TO t)3

To 2sa
~ ~ e ~ 2
gc{/l/ﬁwmz wﬁma+ﬁ/ oy @) d dt]
A c(o.m)) " 19 0.70)xw 13 (To — )3 °°

and consequently

/ / (|<qs>t|2+|Aqs|2)+m\%lz

+ 7t3(T )glqel Jdz dt (4.10)

To
<C/ / 25”‘ i BT 17 |G- |? dz dt,

for s > max(sy, C||;L||év (o, a*])). Multiplying the first equation in (4.8) by g. we
obtain that

33 L=k [ (VE(aPdo— [ 50 o)l de =0
Q Q

and
d ~
—/ Ge(t,2)>dz >0 ae. te(0,Tp).
dt Jq

Integrating the last inequality we get that

To Qsa(w t)
(0, ) dm<C’/ / (t,x)| 7dx.
| f0.) ) s

and by Carleman’s inequality we have that

G-(0,2)*dx < C " 2 ol dz d 4.11
< t — t. .
/Q|q€( o)l de < /0 /W\QE( @)l tS(TO—t)3 v ( )

By Young’s inequality, (4.9), (4.11) and (4.7) we obtain that
- 1 -
/ e 23 (Ty — t)® |ua(t, o)) da dt + f/ 1Z.(Ty, 2)|? da
(0,T0) Xw € Ja
< C11Z(0) 1720

2
for s > max(sy, C||u||g([07a*])). Using now (4.10]) we get

To _
/ / 628(1[@ (| (as)t |2 + |AE]VE‘2)
0 Q

316 *ldz dt < C|1Z-(0)[172(q)

3
S S
Vit —"
+ V| +t3(T0—t)

t(To —t)
for any € > 0 and consequently

||U6||W1 2((0,To)x Q) = C”’ZE( )”%2(9)7
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p2salte) ~

where Ee(t, I) = qu‘, ( ,l') € (O7TO) x Q. As
W, ((0,Tp) x Q) € L'((0,Tp) x Q)
(where | = 400 for N =1,2 and I = 10 for N = 3), we may infer that
e 710 (0,10) ey = 1m0l Za0 (0 1) ey < CllZ(0) 172025 (4.12)

2
for any € > 0 and s > max(si, CH;LH&[() o)
The last estimate and the existence theory of parabolic boundary value problems
in L" (see [10]) imply that on a subsequence (also denoted by (@.)) we have that

U, —u weakly in L'% ((0,Tp) x Q)
Z. — 2% weakly in W% ((0,Tp) x Q),
where (17, Z’N‘) satisfies and
Ty, z) =0 ae z€Q.
By we get that
1%

L= ((0,10)xQ) =

(we recall that W, ((0,Tp) x Q) € L™ ((0,Tp) x ) for N € {1,2,3}; see [1} [10]).

So by (4.12)) we have

C (I Oy + Il a0, 1000 )

||3ﬂ|\%oo((o,TO)><Q) < C||5ﬂ(0)||%&(9)-
We extend u given by @ (on each characteristic line) by 0. In this manner we
get that u € L2(Qr).
Let z* be the solution to
Dz + pz — kAz = m(a,v)u(a, t,z), (a,t,z)€ (0,4) % (0,A—a*+Tp) x Q2

% —0, (at,2) € (0,4)x (0,A—a* +Tp) x 90

2(0,t,2) =b(t,z), (t,x) € (0,A—a*+Ty) xQ
z(a,0,7) = z0(a, ), (a,z) € (0,4) x Q
Since z* = 0 on I'p x Q and u = 0 outside G x Q we conclude that z%(a,t,z) = 0 a.e.
in {(a,t,2);t € (To, A—a*+Tp), To < a < t+a*=Ty, = € Q}, 2"(a, A—a*+Tp,z) =
0 a.e. (a,z) € (To, A) x Q and that
12l 2o0 (Qu—awrry) < Clll20ll Lo ((0,4)x0) + 1l L2 ((0,4—a* +T0)x2))- (4.13)

We are now ready to prove the exact null controllability result. For any b € K,
we denote by ®(b) C L?((0, A — a* + Tp) x Q) the set of all fOA B(a)z*(a,t,r)da,
such that u € L*(QA—a*+1,), u = 0 outside G x , where z* satisfies ([£.13)) and

z%(a,t,x) =0
a.e. in {(a,t,x);t € (To,A—a* +Tp), To <a<t+a*—Ty, x €N},
z%(a, A—a* +Tp,x) =0, ae. (a,z)€ (To,A) x Q.
There exists an element in ®(b) which does not depend on b:

If t > Ty, then fOA B(a)z*(a,t,x)da = ft (a,t,x)da and does not depend on
b.
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A—T,
To

Ift € (0,Tp), then [ B(a)z"(a,t, 2)da =
only on zp and not on b.
We also have that z%(a, A — a* + Tp,x) =0 a.e. (a,z) € (Tp, A) x ©Q and

B(a)z*(a,t,z)da, and this depends

A-T,
‘/ B(a)z"(a,t,z)da| < C||B| L= (0,a) - |70/l L2 ((0,4)x0) (4.14)

To
a.e. in (0, A — a* + Tp) x Q. It also follows that
A

A To
/ B(a)z"(a,t,x)da = B(a)z"(a,t,x)da + / B(a)z"(a,t,x)da =0
0 A-Ty

a.e. (t,x) € (A—a*,A—a* +Tp) (because B(a) =0 on (0,Tp) U (A — T, A)). So,
for any u as above we can take

0

{O ae. (t,x) € (A—a*yA—a*+Tp) x
b(t,r) =19 4
Jo Bla)z"(a,t,z)da a.e. (t,x) € (0,A—a*) xQ

a fixed point of the multivalued function ®. In addition, by (4.13]) and (4.14) we
have

120 o0 (@ —ar12y) < Cll20ll L ((0,4)x02)-

So, if [|z0 o= ((0,4)x) is small enough, there exists u € L*(Qa—w11,), u =0
on (a*,A) x (A —a*, A —a* 4+ Tp) x Q, such that z, the solution of (1.4]) (with
T :=A—a* + Tp) satisfies

z(a,A—a*+Tp,z) =0 ae. (a,7) € (0,A) x Q,
||Z||L°°(QA_Q*+TO) < OHZO”L‘X’((O,A)XQ) < po -
In conclusion z(a,t,x) > —po a.e. (a,t,2) € Qa—q*+1,- This implies (via Theorem
that

z(a,t,x) > —ys(a,z) ae. (a,t,2) € (0,a") x (0,T) x Q.

On the other hand mu = 0 on (a*, A) x (0,T) x Q. The comparison principle for
parabolic equations allows us to conclude that

z(a,t,x) > —ys(a,z) a.e. (a,t,x) € (a*,A) x (0,T) x Q.

For the second assertion of Theorem [2:2] we assume by contradiction that 7' <
A —a* (this also implies that a* < A), [|20]|£o((a*,a-T)x0) > 0 and there exists
u € L*(Qr) such that 2* the solution of satisfies (see figure 2).

Since mu = 0 on (a*, A) x (0,T) x 2 we may conclude that z* does not explicitly
depend on v on § x Q, where § = {(a,t);a € (a*,A),t € (0,T),t < a — a*}.
However we have that z" satisfies

Dz + p(a)z" —kAz" =0, (a,t,z) €S xQ
%(a,t,w)zo, (a,t,x) € S x IN
z%(a,0,z) = z0(a,z), (a,z)€ (a*,A) xQ,

and since Hzo||Loo((a*7A_T)XQ) > 0, we conclude that ||z“(~,T,~)||Loo((0,A)XQ) >0
(this follows via the backward uniqueness theorem); which is in contradiction to
(2.2). So, we get the conclusion.
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