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Behaviour of symmetric solutions of a nonlinear
elliptic field equation in the semi-classical limit:
Concentration around a circle *

Teresa D’Aprile

Abstract

In this paper we study the existence of concentrated solutions of the
nonlinear field equation

—h?Av + V(x)v — h* Apv + W' (v) =0,

where v : RY — R¥*L N > 3, p > N, the potential V is positive and
radial, and W is an appropriate singular function satisfying a suitable
symmetric property. Provided that & is sufficiently small, we are able to
find solutions with a certain spherical symmetry which exhibit a concen-
tration behaviour near a circle centered at zero as h — 0". Such solutions
are obtained as critical points for the associated energy functional; the
proofs of the results are variational and the arguments rely on topolog-
ical tools. Furthermore a penalization-type method is developed for the
identification of the desired solutions.

1 Introduction

This paper carries on the study started in [2, 3, 13], which considers the nonlinear
elliptic equation

—h?Av + V(z)v — hPApv +W'(v) =0, (1.1)

where h > 0, v: RV 5 RN N >3 p> N, V:RY 5 R, W:Q — R with
Q ¢ RV*! an open set, denoting W’ the gradient of W.

Here Av = (Avy,...,Avn41), being A the classical Laplacian operator,
while A,v denotes the (N+1)-vector whose j-th component is given by

div(|Vo[P~2V;).

* Mathematics Subject Classifications: 35J20 35J60.

Key words: nonlinear Schrédinger equations, topological charge, existence, concentration.
(©2000 Southwest Texas State University.

Submitted May 15, 2000. Published November 16, 2000.

Supported by M.U.R.S.T., “Equazioni Differenziali e Calcolo delle Variazioni”.



2 Behaviour of symmetric solutions EJDE-2000/69

By making the change of variables ¢ — hz, (1.1) can be rewritten as
—Au+ Vi(z)u — Apu+ W' (u) =0 (1.2)

where V3, (z) = V(hz) and u(z) = v(hz).

The interest in studying this equation lies in its relationship with the particle
physics and the relativistic quantum field theory. More precisely, equations like
(1.1) or (1.2) have been introduced in a set of recent papers (see [4]-[11]); in
such works the authors look for soliton-like solutions, i.e. solutions whose energy
is finite and which preserve their shape after interactions; in this respect the
solitons resemble as closely as possible classical particles and their dynamics is
studied in order to provide some examples of classical models which exhibit a
quantistic behaviour. We refer to [5, 7, 10] for a more precise description of such
developments.

The presence of a small diffusion parameter h in equation (1.1) leads to
the problem of finding bound states (i.e. solutions with finite energy) at least
for small h. Once one has obtained existence results, other natural questions
arise: do these bound states exhibit some notable behaviour in the semi-classical
limit, i.e. as h — 077 If so, is it possible to locate their concentration
points? In [2, 3, 13] the authors have given a partial positive answer. Let
us recall the results obtained in the quoted papers. In [2], under the assump-
tion liminf), |, o V(2) > infycpy V(z) > 0, it was proved that if h is small
enough (1.1) possesses at least a solution obtained as a minimum for the as-
sociated energy functional; furthermore this solution concentrates around an
absolute minimum of V as h — 07T, in the sense that its shape is a sharp peak
near that point, while it vanishes everywhere else. In [3] the authors removed
any global assumption on V' except for inf,cpy V(z) > 0 and constructed so-
lutions with multiple peaks which concentrate at any prescribed finite set of
local minimum points of V' in the semi-classical limit. Again such solutions are
captured as minima for the energy functional and the technique is based on
the analysis of the behaviour of sequences with bounded energy, in the spirit of
the concentration-compactness principle ([20]). Finally [13], under the assump-
tion lim ;| 1o V(2) = 400, deals with the existence of critical points, instead
of minima, for small h; variational methods based on variants of the Moun-
tain Pass Theorem are used to obtain a critical value for the energy functional
characterized by a mini-max argument; moreover the associated solutions to
equation (1.1) vanish uniformly outside a bounded set in RY. This paper in-
tends to go further in the analysis begun in [2, 3, 13]: in particular we deal with
the existence of solutions which satisfy some symmetry properties and which are
not necessarily with least energy; we are also interested in finding a sufficient
condition for the concentration of such “radial” bound states. What will derive
is the appearance of a new phenomenon, i.e. the concentration near a circle;
this provides one of the first example of solutions concentrating around a curve
and no more around a finite set of points as for most of the literature concerning
with concentration phenomena. In what follows we recall the results contained
in some of a large number of works which has been devoted in studying single
and multiple spike solutions.
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The existence of concentrated solutions and related problems has attracted
considerable attention in recent years, particularly in relation with the study of
standing waves for the nonlinear scalar Schrodinger equation:

9y

L Ov
ot

h2
=——A - p-1 1.
oo A+ V@~ AP, (1.9
where v > 0, p > 1 and ¢ : RN — C. Looking for standing waves of (1.3), i.e.
solutions of the form ¥ (z,t) = exp(—iEt/h)v(z), the equation for v becomes

—h?Av+V(z)v — |v|P o =0 (1.4)

where we have assumed v = 2m = 1 and the parameter E has been absorbed
by V. The first result in this line, at our knowledge, is due to Floer and Wein-
stein ([17]). These authors considered the one-dimensional case and constructed
for small h > 0 such a concentrating family via a Lyapunov-Schmidt reduction
around any non-degenerate critical point of the potential V', under the condi-
tion that V' is bounded and p = 3. In [21] and [22] Oh generalized this result
to higher dimensions when 1 < p < &42 (N > 3) and V exhibits “mild os-
cillations” at infinity. Variational methods based on variants of Mountain-Pass
Lemma are used in [23] to get existence results for (1.4) where V lies in some
class of highly oscillatory V’s which are not allowed in [21, 22]. Under the con-
dition liminf ;1o V(2) > inf,cgn V(z) in [25] Wang established that these
mountain-pass solutions concentrate at global minimum points of V as h — 0T;
moreover a point at which a sequence of solutions concentrates must be critical
for V. This line of research has been extensively pursued in a set of papers by
Del Pino and Felmer ([14]-[16]). We also recall the nonlinear finite dimensional
reduction used in [1] and a recent paper by Grossi ([18]). The most complete
and general results for this kind of problems seem due to Del Pino and Felmer
([15]) and Li ([19]). As for radial positive bound states, in [25] Wang has worked
on equation (1.4) in case when V is radial: he proved the existence of a family
{vn} of positive radial solutions with least energy among all nontrivial radial
solutions; such a family must concentrate at the origin as h — 0.

In most of the above examples (but with some exceptions such as [14], [15],
[16]), the method employed, local in nature, seems to use in an essential way the
splitting of the functional space into a direct sum of good invariant subspaces
of the linearized operator; in such a linearization process the non-degeneracy
of the concentration points plays a basic role, even though this assumption can
be somewhat relaxed. However the finite dimensional reduction does not seem
possible in the study of equation (1.1) because of the presence of the p-Laplacian
operator. Instead the direct use of variational methods, relying on topological
tools, permits to obtain good results under relatively minimal assumptions and
this is exactly the direction we will follow. Indeed W is chosen to be a suitable
singular function so that the presence of the term W’'(u) in (1.2) implies that
the solutions have to be searched among the maps which take value in a certain
open set Q C RNV*! (see hypotheses a)-g) below). So the nontrivial topological
properties of Q allow us to give a topological classification of such maps. This
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classification is carried out by means of a topological invariant, the topological
charge, which is an integer number depending only on the behaviour of the
function on a bounded set (see definition 3.1). Let us see more precisely the
class of the nonlinearity W and of the potential V' we deal with. First we
introduce the following notation: for every & € RN+ we write

£=(,&4), “ER, & eRY.
Throughout this paper we always make the following assumptions:

a) Ve CYRM,R), Vy = infyepny V(2) > 0 and V is a radially symmetric
function;

b) W € C1(Q, R) where Q = RNV+1\ {£} with £ = (1,0);
c) W(&) >W(0) =0 for all £ € Q; W is two times differentiable in 0;

d) there exist ¢, r > 0 such that
(€] <r = W(E+E) > g™

where

, N>3, p>N;

"=

1 1
q N

e) for every £ = (&,£&1) € Q and for every g € O(N) there results

W (o, 961) = W (&, &1)-

With obvious notation by O(N) we have denoted the group of the rotation
matrices which acts on RY. Hence in assumption a) by radially symmetric
function we mean that for all g € O(N) and = € RY it holds: V(gz) = V (x).

In most of this paper equations (1.1) and (1.2) will be considered for a more
restricted class of W’s; more precisely we will study (1.2) when W satisfies the
further assumptions:

£) W0l < gariyreres

g) there exists € € (0, 1) such that for every £ € Q with |§| <E:

W(AE) <W () vAaelo,1].

We notice that no restriction on the global behaviour of V' and W is required
other than a). In particular they are not required to be bounded or to satisfy
some assumption at infinity. A simple function W satisfying hypotheses b)-g)
is the following

wie)= L
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Under the regularity assumptions on V and W it is standard to check that
the weak solutions of (1.2) correspond to the critical points for the associated
energy functional:

En(u) = %/}RN (1Vul? + Vi (@)lul?) dac—i—%/RN |Vu|pdm+/RN W(u)da. (1.5)

In order to sum up our main arguments we observe that, since we are interested
in maps u which lie in some open subset of W12(RN RN )W Lp(RY RN+,
it makes sense to adopt the following convention

u=(ug,u1), with ug:RY =R, u;:RY RN, (1.6)

Following the idea used in [6], we look for solutions u of (1.2) which satisfy the
following symmetry property:

uo(gr) = uo(x), g 'ui(gzr) =ui(z) Vg€ O(N), Vo RV, (1.7)

In [6] the authors showed that under assumptions b)-e) equation like (1.1), but
without the potential term V(x)v, admits infinitely many solutions. Obviously
equation (1.1) deprived of the potential term exhibits an invariance under the
group of the rotations and translations in R, while the presence of V leads to
a loss of such invariance and then the arguments in [6] partially fall. However
observe that if u € WH2(RY RN+1) 0 WLP(RY RN*1) verifies (1.7), then |u
is a radially symmetric real valued function; hence, by using the compactness
properties of the radial functions, we are able to overcome the difficulty due to
the addition of V' and under the only hypotheses a)-e) we prove (in section 5)
the existence of infinitely many solutions for arbitrary A > 0; furthermore such
solutions concentrate near the origin as h — 0T (see theorem 5.1).

Most of this paper is devoted to a problem which raises naturally from the
symmetry properties of equation (1.1), i.e. that of seeking solutions satisfying
(1.7) and concentrating near a circle centered in 0 in the semi-classical limit.
We summerize the result achieved in section 8 as follows: assuming that there
exists ro > 0 such that V(z) is sufficiently big for |z| = ro, then at least for
small h we can find a solution v, to equation (1.1) with the following property:
for every sequence h,, — 01 there exists a subsequence, still denoted by h,,,
such that |vy, | has a circle of local maximum points {z € RY : |z| = rp,}
with r,, — T > 19 as n — o0, while vy, vanishes to zero away from the
circle {x € RV : |z| = ¥}. We also provide an implicit formula which permits
us to locate exactly the concentration set of the solutions and simultaneously
gives us an estimate of how big must be V(z) for |z| = ro to make the above
result available, even though we cannot express explicitly the radius 7 in terms
of the potential V. Our solutions are obtained by using variational methods
and the method employed requires some restrictions of a technical nature on
the nonlinear term which are specified in assumptions f)-g). For the exact
statement of the above result see theorem 8.1 which provides the main result of
this paper about existence and concentration of solutions.
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We now briefly outline the organization of the contents of this paper. In
section 2 we introduce the abstract setting, i.e. the functional set in which it is
convenient to study the functional Ej and we point out some of its compactness
properties. Section 3 is devoted to the definition of a topological device, the
“topological charge”, which we will need in order to give a classification of the
maps we deal with. In section 4 we study the energy functional Ej and provide
an important invariance property under a certain class of transformations. The
first existence and concentration result for equation (1.1) is given in section 5,
where we find a family {v,} of solutions concentrating near zero as h — 0F.
Section 6 and 7 pave the way for the achievement, in last section, of the second
result of the paper, i.e. the existence of solutions exhibiting a concentration
behaviour near a circle.

Notation. For the rest of this paper we use the following notation.

e 1y is the standard scalar product between z, y € RY. |z| is the Euclidean
norm of z € RY. Analogously |M]| is the Euclidean norm of a m x n real
matrix M.

o WHZRN RN*1) and WHP(RY RN*1) are the standard Sobolev spaces.

e For u: RY — RN*1 ¥y is the (N + 1) x N real matrix whose rows are
given by the gradient of each component function u;.

e For any U C RY, int(U) is its internal part, U its closure and OU its
boundary. Furthermore xy denotes the characteristic function of U, while
by meas (U) we intend the Lebesgue measure of U. Finally dist(z,U) is
the Euclidean distance between a point z € RY and U, i.e. dist(z,U) =
infyey |z — yl.

e wy is the surface measure of the unit sphere SV—1 of RV.

e If z € RY and r > 0, then B,(x) or B(z,r) is the open ball with center
in  and radius r.

e Given Ry > Ry > 0, by C(Ry, Ry) we denote the ring in RY centered in
0 and with internal radius R; and external radius Rs, i.e. C(Ry, R2) =
{m S RN . Ry < |J}| < RQ}

2 Functional Setting

To obtain critical points for the functional E}, we choose a suitable Banach space:
for every h > 0 let Hj, denote the subspace of W1H2(RYN RY*1) consisting of
functions w such that

[, = </RN (|Vu|2+Vh(x)|u|2) dm>1/2+</RN |Vu|pda:>1/p < +o0. (2.1)
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The space Hj, can also be defined as the closure of C$° (RN, RN +1) with respect
to the norm (2.1). The main properties of H}, are summarized in the following
lemma.

Theorem 2.1 For every h > 0 the following statements hold:
i) Hy, is continuously embedded in W12(RY RN+L) gnd WLP(RN RN+1L),

i1) There exist two constants Cy, Cy1 > 0 such that, for every u € Hy,
[ull < Collullm, and

lu(z) — u(y)| < Cy o —y|P~ /P Vul|p Y,y e RY. (2.2)
iii) For every u € Hy,
lim wu(z)=0. (2.3)
|z|—+o00

w) If {un} converges weakly in Hy, to some function u, then it converges uni-
formly on every compact set in RY.

The proof is a direct consequence of the Sobolev embedding theorems (see[13]
for the proof of the continuous immersion Hy, C WP (RN RN+1)),

Note that from (2.2) we derive the following property we are going to use
several times in the proofs of our results: given {u,} C H}, a family of functions
verifying || Vue || < M for some M > 0, then there results: for every £ > 0
there exists § > 0 such that

|z —y| <0 = |Jug(z) —ua(y)| <e Va.

We refer to the above property as to the “equi-uniform continuity” of the family

{ta}

Now let Hj, » denote the subset of Hy, given by
Hp,, = {u € Hy, : |u| is a radially symmetric function}.

By iv) of lemma 2.1 it follows that Hj, , is weakly closed in Hj,. We next prove
an easy useful radial lemma concerning a compactness property of the functions
in Hh,,,q.

Theorem 2.2 For every h > 0 Hy, . is relatively compact in L¥(RY /RN F1) for
every s € (2,+0o0].
Proof. Let {u,} C Hp be a sequence such that ||u,| m, is bounded. Then,
up to a subsequence, it is

up, — u  weakly in  Hj,

for some v € Hp,,. Fix v € (0,1) arbitrarily and consider R > 0 such that,
according to (2.3),

Vz € RV \ Br(0): |u(z)| <

ro |2
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The objective is to prove that, for n sufficiently large,

vz € RV \ Br(0): |un(z) < g

(2.4)
Assume by the contrary that, up to a subsequence,

Vn €N 3z, € RN\ Br(0) s.t. |un(z,)] >

ro |2

First we’ll prove that the sequence {z,} is bounded in R". Indeed, arguing by
contradiction, we suppose that, up to a subsequence,

|zn| = 400 as n— 4o00. (2.5)

By (2.2), since the sequence {||Vuy,||p} is bounded, there exists § > 0 such that

VneN, Vo, yeRY: |z—y/<i = |un(x)—un(y)|<%. (2.6)

(From (2.6) we immediately get
Bs(zn) C {x e RV : un(z)| > %} Vn € N.

Because of (2.5) we may assume |z,| — 0 > 0 for every n € N. Now, taking into
account that {|un|} is a sequence of radial functions, putting C, = C(|z,| —
0, |zn| + &) (see the notations at the end of the introduction), it holds

|un(x)|>% Vz e C, VYneN.

Then we can write

2
/ Vi () [un|? d2 > Vb/ [un, |* dz > Vbl meas(Cy,) — +00 as n — +oo,
RN Chn 16

but this contradicts the fact that {u,} is bounded in Hp. Therefore, the se-
quence {z,} turns out to be bounded in R¥; up to a subsequence we obtain

zp, —z€RY as n— +oo.
Now we have
[un(@n) — u(@)| < |un(@n) — un(2)| + [un(z) — u(@)].

For n large enough both terms on the right side are arbitrary small, the first
because of the equi-uniform continuity of {u,} and the second because of iv)
of lemma 2.1. This implies u,(z,) — u(x) as n — 400 and then |u(z)| > 7.
The choice of v yields |z| < R, which is a contradiction since |z,,| > R for every
n € N. So (2.4) holds.
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Now combine (2.4) with iv) of lemma 2.1: what we deduce is the existence
of a subsequence {ul} such that

lul(z) —u(z)] <y VzeRY, VneN.

Now we apply a diagonal method and construct a subsequence {u,} of {un}
such that
[Un(z) —u(z) <™ VreRY, VneN

which implies that {,} converges uniformly to u in R"; then we have proved
that Hp, , is relatively compact in L (RN RN +1).

Our thesis will follow by showing that Hj, , is relatively compact in
L (RN, RN+1) for every s € (2,2*), where 2* = %; the proof of this fact can
be found in [6]. < Since the functions in Hj, are continuous, we can consider
the set

Ap={ueH,:VzeRY 1u(z) # €= (1,0)}.

By i) and iii) of Lemma 2.1, it is easy to obtain that Ap is open in Hp. The
boundary of Ay, is given by OA, = {u € Hy : 3T € RN : u(z) = (1,0)}.

Following the notation introduced in (1.6), in the space H}, we can consider
the following O(N)-action: for every u € Hy, and g € O(N):

Tyu(a) = (uo(g2), g~ ur(g2)). (2.7)
Now for every h > 0 let F} denotes the subspace of fixed points:
Frp={ue Hy, :Ty(u) =u Vg € O(N)}.

An easy computation shows that Fj, C Hp . Furthermore F}, is weakly closed
in Hy, i.e. for every {u,} C F}, and u € Hy, it is

Uy, — u weakly in Hy, = u € Fy,. (2.8)

Then define the set Ap(h) = Fp N Ap. Part i) of lemma 2.1 assures that for
every h > 0 the space Hj, is continuously embedded in H = W12(RY RN+1)n
WLp(RN RN setting A = {u € H : u(z) # £ = (1,0) Vo € RV}, in the
course of the paper we will often make use of the following two sets

F={ueH:Ty(u)=u Yge€ O(N)}, Arp=FnNA.

Now we want to give a topological classification of the maps u € A. More
precisely we introduce a topological invariant with suitable “localization” prop-
erties in the sense that, roughly speaking, it depends on the compact region
where u is concentrated. This invariant consists of an integer number called
“topological charge” and it will be defined by means of the topological degree.

3 Topological Charge

In this section we take from [6]some crucial results. With the help of the notation
introduced in (1.6), we give the following definition.
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Definition Given u = (up,u1) € A and U C RY an open set such that
ui(x) # 0 if z € OU, then we define the (topological) charge of u in U as the
following integer number

ch(u,U) = deg (u1, K(u)NU, 0)
where the open set K (u) is defined as follows:
K(u)={z e RN 1 yo(z) > 1}.

We recall the convention deg (u1, , 0) = 0. Furthermore given u € A we define
the (topological) charge of u as the integer number

ch(u) = deg (u1, K (u), 0).

We note that the topological charge is well defined thanks to (2.3) and the
definition of A. ;From well known properties of the topological degree we get
other useful properties of the topological charge. For example notice that if
U C RY is open and such that 0 ¢ u;(0U) and if U consists of m connected
components Uy, ...,U,,, i.e. u has the energy concentrated in different regions
of the space, then by the additivity property of the degree we get

m

ch(u,U) = Z ch (u, Uj) . (3.1)

j=1

The next lemma shows how the topological charge exhibits a sort of invari-
ance under a class of transformations in A.

Theorem 3.1 Let w € A compactly supported with w = 0 in a neighbourhood
of the origin and for r > 0 arbitrarily fired define w : RN — RN*1 by setting

(a) = {0 if e <7,

w (sc - r%) if |x| > r.
Then there results: ch(w) = ch(wW).

Proof. First observe that by definition w belongs to A too. It is immediate to
show that if K(w) = ( it follows K (w) = 0 and then ch(w) = ch(w) = 0. Now
assume K (w) # (; it makes sense to choosem > 1land0 < Ry < Ro < --- < R,
such that

wo(x) >1 V€ U?;IlC(Ri,RiJrﬂ,
’LUQ(JI) <1 Vxe RN \ U;ZIIC(Ri,Ri_i_l).

Remember that for a < b C(a,b) is the ring centered at 0 and with internal
radius @ and external radius b. In other words the sets C(R;, R;11) represent
the connected components of {z € RY : wq(x) > 1}. By construction we infer

@o(m) >1 Vxe UQIC(RIL' +7r Riy1 + ’I“) .
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To simplify notation, set
Ci:C(Ri,RZ‘Jrl), éi:C(Ri-i-T,Rin-l-T) for i=1,...,m—1.

According to (3.1),

m—1 m—1
ch(w) = Z deg(w1, C;,0), ch(w) = Z deg(ws, @,0).
i=1 i=1

Hence, in order to conclude, it will be sufficient to show that
deg(wq, C;,0) = deg(wy, CN'Z',O) Vi=1,...,m—1.

Take for example i = 1 and consider the functions G, G:C (R1,7+ R2) —
RN+ defined by setting

wl(az) if R1 § |IE| § Rz,
G(Z‘) - w1 <|£—|R2) if R2 § |:E| § T-I-RQ. ’

- w1 () ifr4+ Ry < l|z| <7+ Ry,

G(z) = 3, (%(r ¥ Rl)) if Ry < |z| <r+ Ry
It is obvious that G and G are continuous and moreover G(z) = G(z) for
x € OC (Ry,r + Rs). Furthermore, since by construction wo(x) = 1 for |z| = Rs
and wo(x) = 1 for |z| = r+ Ry, the definition of A implies wy (x) # 0 for |z| = Ry

and wy(z) # 0 for |x| = r + Ry and then
G(z) 20 YRy <|z|<r+ Ry, G@)#0 VYR <|z|<r+R;.

Then, because of the excision property and the homotopy invariance of the
topological degree, we conclude

deg(w1,C1,0) = deg(G,C (R1,7+ R2),0)
deg (é, C (R1,7 + R») ,0)
= deg(ahélao%

and hence the proof is complete. &
Another consequence is that the topological charge is stable under uniform
convergence as the following lemma states.

Theorem 3.2 Let {u,} C A, ue A andU CRY an open set such that u, — u
uniformly in U and

(un)1(z) #0, ui(z) #0 Vo €U, ¥YneN.

Then, for n large enough, ch(u,U) = ch(u,,U).
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Corollary 3.3 For every u € Ay, there exists o = o(u) > 0 such that, for every
v € Ap,
|lu —v||Le < 0= ch(u) = ch(v).

By definition we easily deduce that for every u € A and U C RY an open
set with uy(x) # 0 for z € U,

ch(u,U) # 0= |Jul| gy > 1. (3.2)
Finally we define the set
Ay(h) ={u € Ap(h) : ch(u) # 0}.

In [6] the authors proved the existence a function in Ap with ch(u) # 0. Now
multiply such u for a cut-off radially symmetric function 7 : RN — R verifying

7€ C®°RY R), 7=1in Br(0), 7=0 in RY\ Br1(0), 0<7<1

with R sufficiently large such that K(u) C Bgr(0); we immediately obtain that
Tu € A% (h) for all h > 0. In particular we get A%.(h) # 0 for every h > 0. Our
aim is to find critical points of the functional E; defined by (1.5) in the class
A%.(h) to obtain the existence of solutions for (1.2) in the set of the fields u with
nontrivial charge. This is what we’ll do in the next sections.

4 The Energy Functional

Now we are going to study the properties of the functional Ej; first recall that
under the hypotheses a), b) and c) in section 4 of [2] the authors proved that
E}, is well defined in the space Ay, i.e. for every u € A}, we have Ejp(u) < +oo.
Obviously Ej is bounded from below and is coercive in the Hp-norm:
lim  Ep(u) = +oc0. (4.1)
lwll a2y, =00
Moreover in [2] it is proved that the energy functional Ej belongs to the class
CY(Ap,R) under the assumptions a)-d). An immediate corollary is that the
critical points u € Ay, (particularly the minima) for the functional Ej, are weak
solutions of equation (1.2).

The next two propositions deal with some other properties of the functional
E}p; we omit the proofs because they are the same as in [11], provided that we
substitute E;, for £ and Aj, for A. The first deals with the behaviour of Ej,
when u approaches the boundary of Ay.

Proposition 4.1 ([11], Lemma 3.7, p. 326) Let {u,} C Ay be bounded in
the Hp-norm and weakly converging to u € OAy, then

W(up)dx — 400 as n — +oo.
RN

As a consequence, if {un} C Ay, is weakly converging to u and such that Ep(uy,)
is bounded, then u € Ay,.
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The second proposition states the weakly lower semi-continuity of the energy
functional Ejy,.

Proposition 4.2 ([11], Prop. 3.10, p. 328) For everyu € Ay, and for every
sequence {un,} C Ap, if {u,} weakly converges to u, then
liminf F > Ep(u).
lim inf By (un) = Ep(u)
Taking into account of the radial assumptions a) and e), an easy calculation

shows that the open set A, and the functional E}, are invariant under the action
(2.7), i.e. for every u € Ap, and g € O(N),

Ty(u) € A, En(Ty(u)) = En(w).

This fact suggests the idea that the set Ap(h) is a natural constrain to obtain
critical points of Fp: more precisely the following important result holds:

Theorem 4.3 Let f : A, = R a C' functional verifying f(T,(u)) = f(u) for
every u € Ap. Then for every u € Ay, and v € Hy, it is

<f’(u),v> = <f’(u),th>,

where Py, is the projection of Hy onto Fy,. As a corollary, if u € Ap(h) is such
that, for any v € F, , (f'(u),v) =0, then f'(u) =0, i.e. u is a critical point
for f.

The proof can be found in [6].

By applying lemma 4.3 to our functional E; we deduce that every local
minimum point of Ej, in Ap(h) is also a critical point of Ej. This fact suggests
a useful technique to obtain solutions for equation (1.2), i.e. that of minimizing
the functional Ej;, in some open subset of Ap(h); this is exactly what we’ll do
in the next sections to achieve our existence and concentration results.

5 First Existence Result: Concentration Near
the Origin

In this section we will show the existence of a family of solutions {vp, } to equation
(1.1) which concentrate near the origin as h — 07. First observe that A%(h)
is open in Ap(h): indeed A (h) = Arp(h) N {u € Ap : ch(u) # 0}, and the set
{u € Ap, : ch(u) # 0} is open in Ay because of i) of lemma 2.1 and corollary 3.1.
Then, according to last section, our solutions v will be obtained by minimizing
the functional Ej, in the set Aj(h). To this aim put

B = inf Ej(u).
= e )

In what follows we will consider the functional Ey defined on A by setting

1 1
Fo(u) = i/w (IVul? + V(O)lul?) dx+5/RN |vu|de+/RN W(u) da.
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Ej is the functional associated with equation (1.2) replacing V;, by V(0). Now
we are able to provide the first existence and concentration result of this paper.

Theorem 5.1 Assume that a)—e) hold. Then for every h > 0 the minimum
E} is attained in the set AL (h). Furthermore if we put

T

vp(x) = up (ﬁ) (5.1)

where up, € A5(h) is the minimizing function for Ej, then vy, is a solution of
(1.1) and there exist at least a points xy, € RY such that |vy(zp)| > 1. Finally
the family {vn} concentrates at the origin in the following sense: for every d > 0,
it holds:

vpb =0 as h— 0" wniformly in the set {|z| > d}.

In particular this implies xp, — 0 as h — 0.

Proof. Fix h > 0 and consider {u”} a minimizing sequence in A% (h). Re-
member that A% (h) # 0 for every h > 0. Applying lemma 2.2 we have, up to a
subsequence:

h

Un,

—up weaklyin Hp as n — 400

u? — wj, uniformly in RN as n — +oo,

for some up, € Fj. Proposition 4.2 implies up, € Ap(h). The continuity of
the topological degree with respect to the uniform convergence implies that the
sequence {ch(u”)} is constant for large n’s, and then

ch(up) = lim ch(ul) #0,

n——+00

hence up, € A(h). By the weakly lower semi-continuity of the energy functional
Eh7
E; < Ep(up) < liminf By (u?) = E;,
n—-+0o0o

i.e. En(up) = E;. Hence we have proved that each uy is a minimum point of
Ej, in A% (h) and, by applying lemma 4.3, it is a critical point of E}, and hence a
solution to equation (1.2); by rescaling, we immediately obtain that the family
{vp} related to {up} by (5.1) provides solutions to equation (1.1). We recall
that for every x € K (up) with (up)1(x) = 01t is |up(z)] > 1; then the definition
of A%(h) implies the existence of at least a point xp, verifying |vp(zs)| > 1. It
remains to prove that {v,} satisfies the concentration property announced in
the theorem. To this aim we first establish some important facts in the following
two steps.
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Step 1. limsup;,_,g+ Ej < +00.

Take u € Ap compactly supported such that ch(u) # 0. In the last section
we have pointed out that such a function exists. Furthermore we obviously have
u € A% (h) for all h > 0. Now observe:

. 1
E; < Ep(u) = Eg(u) + 3 /N (Vi(z) = V(0)) |ul? dz. (5.2)
R
Since Vj, converges to V(0) uniformly on compact sets as h — 0T, then, if we
take h sufficiently small, the integral in (5.2) is close to zero. This implies

limsup E} < Ep(u)
h—07+

and the conclusion follows.

Step 2. Let h, — 0" an arbitrary sequence. Then for every v > 0 there exists
R, > 0 such that for n sufficiently large:

lun, (z)] <7 Vz € RN\ Bg,(0).

Fix v > 0. By Step 1 E} is bounded for A > 0 small. In particular, according to
(2.2), the sequence {up,, } is equi-uniformly continuous; then there exists § > 0
such that

~

VneN, Vz,yeRY: |z—y/<d = |uhn(x)—uhn(y)|<§.

Assume by absurd that, passing to a subsequence, we can find a sequence
{2, } C RY such that

lun,, (zn, )| =7, |2n,| = +00 as n — +o0;

we immediately get
Bs(zn,) C {a: eRY : jup, ()] > g} Vn € N.

Without loss of generality we may assume |z, | —d > 0 for every n € N.
Now, taking into account that {|up, |} is a sequence of radial functions, putting
Ch, = C(lzn, | — 6, |zn,| +9) (see the notations at the end of the introduction),
it holds

|uhn(ac)|>% Ve € Cp, VneN.

Then we can write
2
/ Vi, () |un, | dz > Vb/ lup, |* de > T meas(Cp, ) — +0o0
RN Chn 4
as n — +o0, but this contradicts the fact that {E}} is bounded for small kA > 0.
The proof of Step 2 is complete.

;From Step 2 it directly follows that, taken an arbitrary sequence h,, — 0%,
{tn, } has uniform behaviour at infinity, i.e. lim||_ 4o [un, (z)| = 0 uniformly
with respect to n. By re-scaling it is easy to prove that {vy,, } decays uniformly
to zero for x outside every fixed neighbourhood of the origin as n — +oo.
Finally the fact that h,, is arbitrary allows us to conclude. &
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6 Second Existence Result: Preliminaries

This section is devoted to establish some preliminary results concerning the
study of the behaviour of sequences {up,, }, with up, € Ag(h,), whose energy
grows like 1/hYY 1. First we put

V(z|) =V (z) VzeRN. (6.1)

We notice that by hypothesis V is a radially symmetric function, so the above
definition is well posed. Toward our aims the following lemma constitutes a
crucial step; it uses in an essential way the radial properties of the functions in

Ar(h).

Theorem 6.1 Let h, — 0" an arbitrary sequence and up, € Ap(hy,) such that

limsup A ! / (IVun,
RN

n—-+4oo

>+ |un,

?) dx < 4o0.
For every n € N and z € RY set p,,(|z|) = |un, (x)|. Then for all t > 0 it holds

+oo
limsup/ (|6, 17 + [n|?) dr < +oo. (6.2)
n—+o0 Jt/(2h,)

Furthermore the sequence {¢n} is equi-uniformly continuous in [ﬁ,—i—oo) mn

the following sense: for every n > 0 there exists § > 0 such that :

t
VneN, Vs s e [—,—f—oo) 2 s =81 <= len(s) — en(s)] <.
2hy,

Proof. An immediate computation leads to

limsup A ~1 /RN (|Vuhn|2 + |uhn|2) dx

n—-+oo
> 1imsuph£LV71/ (IVun, [1? + |un,|?) da
n—4o00 RN
+oo
— limsupwy / ()" (1942 + [ al?) dr (6.3)
n—+4o0o 0

—+o0
> wy limsup/ (hpr)N =1 (|S0/n|2 + |80n|2) dz
t

n—-+o0o

Thn
tN—l

+o0
> WN oy limsup (|g02l|2 + |g0n|2) dz.
2 n—+oo J -t

2hn

It is obvious that each ¢,, belongs to the class W12 ((ﬁ, —l—oo) ,R). Then the
theory of the one-dimensional Sobolev spaces leads to

1/2
—+o0
on(s) — pu(s)] < / @ Pdr) s — s vs,s/e(i,+oo).
t/(2hn) 2h,
(6.4)
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Using (6.3) it immediately follows that the sequence ftJ/r(C;hn) |l |? dr is bounded,
hence from (6.4) we easily deduce the equi-uniform continuity of {¢,}. &

A second preliminary result we will need is given in the following lemma
inspired by the “splitting lemma” of [11] in the spirit of the concentration com-
pactness principle of [20].

Theorem 6.2 Let h, — 0% an arbitrary sequence and up, € Ap(hy) such that

lim sup hﬁ[_l/ (IVun, | + |un, |?) do < +oo, (6.5)
n—-+4oo RN
sup |up, (x)] > S VneN (6.6)
o] > 7 2
and
|u (a;)|<E Ve e C B VneN (6.7)
L= 2h," B, ’ '
for some t,e > 0. Then, setting opn,(|z]) = |un, ()|, there exist £ € N,
Ry,...,Ry > 0 and £ sequences of positive numbers {T}Ln},...,{rﬁn}, with

r}'Ln > hi, such that, up to subsequence

{hnrfln} is bounded fori=1,...,¢; (6.8)
on, (vl ) > % VneN, Vi=1,... ¢ (6.9)
r}L is mazximal point for ¢p, in
¢ j j :
[%, +OO) \ Uj<i(7’hn - R], Thn + RJ), (610)

; (6.11)

| ™

t . .
Vr ¢ ({O, ﬁ] U Uf:1(7“2n - Ry,ry, + Rz)> : o opn, (1) <
Irf, — ngn| — 400 as n—+4oo Vi, je{l,..., £} with i#j (6.12)

The proof is just slight variation of the that in [11] (see lemma 4.1). Last
lemma represents a crucial step for the proof of the second existence result in
section 8.

7 Construction of the Auxiliary Functional

The objective is now to define a suitable auxiliary functional which will prove
very useful for the achievements of our results. Since this auxiliary functional
will be defined through integral terms, in order to make its form easier we will use
the change of variables in the space RV from Cartesian into polar coordinates:
more precisely we will consider the transformation z — (p, 61, ...,0n_1) defined
by:

J:i:pfi(el,...,eN—l)y izl,...,N,
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where each f; is a real C! function. Here we have set p = |z|, while by
01,...,0n_1 we denote the angles which locate through the functions f; the
posmon of £ Tal (for  # 0) on the unit sphere SV~ of RY. It is well known that

the transformation above can be inverted in R \ {0} and hence we can write
0; = Yi(x) Yz #£0, ;€ CHRY\{0},R) Vi=1,...,N—1.

It is obvious that each 1; is constant on the rays {ox : o > 0} for a fixed = # 0.
For sake of simplicity we will use the following abbreviations:

0= (01,...,0n-1), ¥(x) = W1(x),...,¥n-1(x)), f(0) = (f1(0),..., fn(O)).

For every u € Ap put

Pu(p,0) = u(pf(0)) (7.1)
and define 5 .

Next consider the set
Yr={u€Ar:u=0 in a neighbourhood of 0, u compactly supported};

then for r > 0 and u € T the auxiliary functional &, is defined as

£, (u) = /RN m%(%(])(rﬂuﬁ + \g—;‘\z) +% g—z ’ (u)) da

where V has been defined in (6.1). We notice that &, is well defined in Tp.
Using the Cauchy-Schwartz inequality and the relation vazl |fi((x))|? =1 for
all z # 0, we obtain

ou

8—'0(33)

\ —‘Z ))\ < |Vu(z)| ae. in RV,

8u

Hence, taking v = 2, p, we obtain that for u € Ap
-

/ 1 / 1 0P
ry [[V-1  Jew 2N
(7.2)

u
(e, (o)
To study the properties of the functional &, we will need the elementary results
given by the following two lemmas.

Lemma 7.1 Let r,R,7 > 0 withr — R > 0 and f € L'(C(r — R, + R),R).
Then there results

x
r+(r—R—71)—)dz
/C'(T,T+2R) f( ( ) |.'13|>

— N-1
- / <M) f(z)dz
C(r—R,r+R) |ZZI|
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and

_ _ N-1
/ (M) Fa+r—R-1")do
C(r,7+2R) |ZZI|

||

= / f(z)dz.
C(r—R,r+R)

Theorem 7.2 Let A C RN a measurable set, {f,} C C(A,R) and g, : A — R
two sequences of functions such that g, measurable, g,(x) > 0 a.e. in RN, and

fn = f uniformly in A as n — +oo for some f € C(A,R) with inf4 |f(z)| =
v > 0. Then

lim sup/ fngn dr =lim sup/ fgndz,
A A

n——+00 n——+00

n—-+o0o

lim inf/ fngn dz = lim inf/ f gndx.
A n—-+4o0o A

The usefulness of having introduced the auxiliary functional &, will be clear
in the next lemma which establish a relation between the behaviour of the two
functional Ej and &, with respect to suitable sequences of functions in the set
Trp.

Theorem 7.3 The following two statements hold:

1. Let hy, — 0 be an arbitrary sequence and consider {us,} C Tp and
{rh,} C (0,+00) such that

up, =0 in RN\ C(rn, — R,7h, + R) (7.3)

and

hnTh, =1 as n— 400 (7.4)

for some R,r > 0. Forn € N define wy,, (z) = up,, (m + (rh, — 2R) ﬁ),
in C(R,3R) and wy, =0 everywhere else. Then there results

lim inf by By, (un, ) > v~ liminf € (wp,, ).

|

2. Let w € Tp and r > 0 and for every h > 0 set vp(z) = w (ac — %IL) for

|z| > 7 and vy, = 0 everywhere else. Then it is

limsup RN 1By (vy,) < vV (w).
h—0+
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Proof. Part 1. To avoid triviality, assume liminf,,—, o hY "1Ep, (up,) <
+00. According to (7.4) it is rp, — +00 as n — 400 and then it makes sense
to assume 7, — R > 0 for every n € N. Then by lemma 7.1,

liminf/ |wp,, |* dz
n—=+% Jo(R,3R)
_ 2R\ N-1
|x| — 7h, + ) lun, |2 da

= liminf/ (
n=+e JC(ry, R, +R) |z

3R \N-1
< liminf A 71 —————— 2d
< (e gy) [, el

2 3R\N-1., . N—1
VO(T) Egl}_r;(f} h,, T B, (up,) < +o0.

Observe that each wy,, belongs to Tr, so that &.(wp, ) is well defined. Using
lemma 7.1 again, there follows

1
/ <§th(
C(’I’hn —R,rp, JrR)

—9R\N-1
- (fern, = 28 (7.5)
C(R,3R) |z|

14 W(whn)) dz.

) un, [2 + W (un,)) do

1
% (5Vha (12l + 11, = 2R)fn,

Using the notation in (7.1), we infer that ®., (|z[,v(z)) = ®u, (|| + rh, —
2R, (x)) for all z # 0. Then, by applying again lemma 7.1 and using (7.2), for
vy = 2,p, we can write

1
/ —|Vup, |" dz
C(rn, —R,rh, +R) Y

1| oup, |”
> / —‘ Sho | g (7.6)
C(’I’hnfR,’I’thrR) Y 8/)
/ 1 <|x|+rhn —2R>N1 Owp, |7
= | — —| dz.
C(R,3R) 7/ |z dp

Note that we have used the equality <sc + (T, — 2R)i) = ¢(x). Now com-
bine (7.5) with (7.6) and obtain

&

liminf hY 1By, (un,)

n——+00
.. hn(ll‘l + 7, —QR) N-11 ) own, 2
> 1 f Ly 2y p
g [ [ (P S S 4 | 2t
hn(|@| + T4, —2R) \N-1,1 dwp, p
- ~| e P W () d
/C(R,3R)( |z] ) (p| ap | (wn,,)) w}

1 hy, — —
+—liminf/ ( (] + 7a, R))N !
C(R,3R)

n—-+oo |:1:|
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X (th( x| +rp, —2R) — V(r)) |wn,, |2 dz .

b (2478, —2R)

N-1
o] ) — M%TN*I uniformly in

It’s immediate to prove that <

C(R,3R); hence lemma 7.2 applies in both integral and gives

liminf hY 1By, (un,)

n—-+o0o
N—17: -
2 T imid e fun)
St [ O e+~ 2) V) an,
1111 110 7 hn, [T Th, — — r Wh,, X .
n—+o0 JC(R,3R) |z|N -1

On the other hand V,, (|z| + 7, —2R) — V(r) uniformly in C(R, 3R), while in
the first part of the proof we have obtained liminf, fC(R 3R) lwp, | dx <

+o00; then we easily deduce

1
liminf/ ———— (Vn,(|z| + 7, —2R) — V(7)) |wp, [} dz =0
il A, |x|N,1( (|| , ) = V(7)) [wn,,|

and the desired conclusion follows.
Part 2. Since w is compactly supported, for every h > 0 it is vy, € Ap(h).
Then we can write

Ep(vp) = l/ V() |on|? + [Vor?) dz + l/ |V |P d +/ W (vy,) dz.
2 RN P JrN RN

(7.7)

We begin by analyzing the behaviour of the terms which do not involve the

gradient. The definition of Y assure the existence of 7 > 0 and R > 0 such
that w = 0 in RN \ C(7, R). Then by applying lemma 7.1 we deduce

1
/ <—Vh(|x|)|vh|2+W(vh)) dx
C(p+mE+R) \2
1 |z + 2\ N N
i/cw)( o) (el ) b

r\ N—1
+/ <|:1:|—|— h) W(w) dz.
C(,R) |z]

A\ N—1
Since V (h|z| + r) and AV 1 (Ix‘l%) converge respectively to V(r) and to

rN=1/]2|V 1 uniformly on C(r,R) as h — 0%,

. _ 1
lim AV 1/ <§Vh(|m|)|vh|2 + W(vh))> dx (7.8)
h—=0 C($+7F+R)

_ TN*I/C 1 <%V(r)|w|2+W(w)) da .

(,R) |z [N -1
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Now we estimate of the integrals in (7.7) containing gradient terms. Ac-

cording to the notation in (7.1), it is immediate to show that ®,, (|z],¥(z)) =
w (|#] = %,%(x)). Then compute

/ |Vop|? dz
C(f+7,++R)

- /c<,L+T,,L+R 2 1‘3% (7.9)
= /CWWR QZI}%”*‘ 2], (a ]23;; (ol @) 2242 s
/%R) ] NlZI (ol w(o) T
+Z (ol ¥()) 5 o +E|i)|da:

In the above equalities we have used the fact that ¢(z) = ¥ (Ax) for every x # 0
and A > 0. Observe that another consequence of the invariance of the functions

1; over the rays is the following
T\ O rox oY
1 —— | = Yz # 0.
< * h|x|> 0zq <a:—|— h |ac|> Oy (z) Vo
By inserting this equality in (7.9) one has
/ \Von|? da
C(L+7,L+R)

L5
C(T R) ||

N-1
Z\ (ol @) 22+ 2 3 20 ) e g )

o hlal+r &

N-1
Then, since (hlﬂrrr) — m%r]v*l uniformly in C(7, R), by taking the

limit as h — 0" and using lemma 7.2, we get

1imsuth_1/ |Von|? da
C( +th+R)

h—0t

FN-1
= limsup/ (7.10)
h—0+ JC(7,R) |$|N !

N 2
<X |5

a=1

T hlz| = 0D, fwl N
(Ilw())|m| h|$|+7“; = (Iz), 9(2)) 3 () dz.
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;From (7.2) we deduce 2 a v (|z|,9(z)) € L*(C(, R),RN*1) and, as a conse-
quence, aq’p’“ (||, (x)) %= € L3(C(r, R),RN*1). On the other hand an elemen-

||
tary calculus shows that

> Dol ) g ) = e (a) — T el ) 2

i=1

||

by which Y"1 1" 9% (), (z)) §L (z) € L2(C(r, R),RN+1). Thus we derive

N-1

h|Z||-7;|—r Z 0o, (| | %( )) 877[);( )—) 0 in L2(C(7_7 R),RN+1), (711)

Combining (7.10) together with (7.11) we obtain

h—0t

lim sup hN_l/ \Von|? da
C(L+7,2+R)

N-1
= (2], () dﬂ?
/C(TR) [N g:l 39 ||
1 N g2
< TNA/ Lo g
o) [N T 3P ;|
1 0
= erl/ TN _w dx .
o(r.R) 7| dp
In the same way one obtains
1 |owl|”
lirnsuth_l/ |Vup|? dz < rN_l/ TRT 2 da.
h—0+ C(L47,2+R) C(,R) |z| 9p
The thesis follows from (7.8) and the above inequalities. &

Before going on with the statements of our results for every r > 0 set

& = inf &(u),

T ueY},

where, with obvious notation, we have put T4 = {u € Tp : ch(u) # 0}. We
point out that in [6] the authors exhibited some examples of functions u € Ap
with ch(u) # 0 and such that K (u) C C(R1, Rs) for some 0 < R; < Ry. Then
by multiplying such u for a suitable cut-off radially function 7, we obtain that
Tu € T4, ie. Tj # 0. Then we conclude this section with the following lemma.

Theorem 7.4 The following statements hold:

i) The function r > 0 — g;f is continuous.
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it) For every M > 0 there exists 0 = o(M) > 0 such that for every r > 0,
EX<M=E >V(r)o.

As a corollary, B
inf & > 0. (7.12)
>0
ii) If {rn} C (0,+00) is a sequence verifying V(ry,) — +00 as n — 400, then
there results limsup,, _, | ., & = +00.

Proof. i) Choose b > a > 0. From the continuity of ¥V we deduce that the
function r € [a,b] —» £ is bounded; then choose M > 0 such that £* < M for
all 7 € [a,b]. Hence the definition of &, implies that each £ can be also written
in the form

=, 1 2M
E =infl&w):uels | ——fufds < =\
N 1n{ (w):ueTh /RN |m|]\]71|u| s < Vb}

Thus for every u € Tj with [iy [ul*ds < % and for every s, s’ € [a,b] it is

£ < £4(u) < Ew) + V(s) ~ V(') 5
0

By taking the infimum on the right side we get £ < g;‘/ + [V(s) — V(s’)|%.

By changing the role of s and s’ we obtain the symmetric inequality, by which,

taking into account of the continuity of the potential V', the part i) of the thesis.

ii) Fix M > 0 arbitrarily. By the definition of &, there follows that for every

r > 0 with gﬁ < M we can write

E=inf{& (u) :u eI} (7.13)

where the set I'* is given by I'* = {u € T} : [pn Iml%|Vu|2 ds < 2M}. Now
take v € I'* and set ¢p,)(|2]) = |u(z)|. Then we easily compute:

2M>/ #|vu|2dx>/ #|V|u||2dx—/+°o| ' Pdr
= Jew T2V = Jew T2V T o P

Since each ¢y, belongs to W2((0,+00), R), the theory of the one-dimensional
Sobolev spaces yields

s 1/2
(e = G < ([ letal?)  1s =12 < VERTls - 5112
s/

for all u € T'*, and all s > s’ > 0, by which it follows that the set of functions
{¢p : v € I'*} is equi-uniformly continuous in (0, +o00). This fact provides the
existence of o > 0 such that

(7.14)

N~

Vu e T*, Vs,s € (0,+00), |s— 5| <o =[pp(s) = eu(s)] <
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On the other hand, taking into account that if u € Y%, it is ch(u) # 0, by (3.2)
we deduce that for every u € I'* there is s, € (0, +00) verifying ¢y,(su) > 1.
From (7.14) there follows

1
()l > 5 Vs € (su =050 +0).

By using (7.13), an elementary calculus shows that for every r > 0 with g: <M
it is: _ .
&z V(T)Z

and the proof of the first part of ii) ends. As regards (7.12), assume by absurd
that inf,-0 & = 0 and take {r,} C (0,40c) such that g;‘f — 0. Then, since
the sequence {g:n} is bounded, we can apply the first part of ii) and obtain for
every n € N and for some o > 0: g’;“n > V(ry,)o > Vho, which is a contradiction.

iii) Assume by absurd that limsup,, ,, ., & < +o0 and fix M > 0 such that

g;"n < M for every n € N. By part ii) we get the existence of 0 = o(M) > 0
such that B
& >V(rp)o — 400 as n — 400

and we achieve the desired contradiction. &
Now we have in our hands all the instruments to prove in the next section
the second existence and concentration result of this work.

8 Concentration Around a Circle

In this section we solve the problem of finding a family of solutions {vp} to
equation (1.1) exhibiting a concentration behaviour around a circle {x € R :
|z| = 7}. Toward this end suppose assumptions a)-g) hold and assume rg > 0
such that B _

rév715;‘0 > inf rN71EX (8.1)

r>To0

To achieve our results we need a suitable modification of the nonlinear term W:
because of assumption f) choose ¢ > 1 such that ¢W"” (0)| < Vo /(2(N+1))*/2+2.
Then take a € (0,%), with € given by hypothesis g), such that

Vo
(2(N +1)1/2+2

(W' (&) < gl vEeQ with [{| <a (8.2)

and
Vo

1
2(2(N +1)1/2 42
We notice that every o’ < « satisfies (8.2) and (8.3). Then (8.2) and (8.3) yield

W (@) < € VEeQ with [(]<a.  (8.3)

supiej<a (W' (O] < Gy (8.4)

esupig <o (W ()| < s o -
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Now consider a function K, : Ry — R with the following properties

a2

Ko € CHRL,R), Ku(s)=1if s< oR

Ku,(s)=01if s>a? 0<K,<1, |K,|<

2c
a?’

Let
G(,€) = XB(0ro2) Ka (€)W + (1= Xp(o,m) ) W(E), € RVHL

Then the modified functional J;, : Aj, — R is defined as
1 9 9 1
Jn(u) = 3 (IVul® + Vi (2)|ul?) + ;|Vu|p + G(hx,u) | du.
RN

Obviously Jj, is well defined in the open set Ay, since G(-,u) differs from W (u)
only on the compact {z € RY : |u(z)| > a/v/2}. Note that for every z € RY
the function G(z,-) belongs to C1(R¥*1 R) and is two times differentiable in
0; this implies that Jj, belongs to C'(Aj,R) and the proof is identical to that
of lemma 4.1 in [2].

We point out that J;, is weakly lower semi-continuous and is coercive in the
Hj—norm, i.e.
Jn(u) = +o00. (8.5)

im
llwll zrj, =00

The critical points of Jj;, correspond to solutions of the equation
—Au+ Vi (z)u — Ap(u) + G'(hz,u) = 0, (8.6)

where G'(z,-) denotes the gradient of the function G(z,-). Observe how by
construction and by assumption g) we get

G(Z‘, (£O,Q£1)) = G(Z‘, (607&1)) VE = (§07£1) € RN+17 Vg € O(N)

Then an immediate calculus shows that Jj, just like Ej,, is invariant under the
action of (2.7), i.e. Ju(Ty(u)) = Jn(u) for every u € Ap, hence lemma 4.3 holds
for Jp, too, and we deduce that every minimum of the functional Jj, in the set
Ar(h) is a critical point of Jp, and hence provides a solution to equation (8.6).
Furthermore by construction a solution u € Ay, of (8.6) satisfying |u(z)| < a/v/2
for |z| < 5% will also be a solution for (1.2). Then the strategy we will follow is
clear: we will find a local minimum of J, in the set Ar(h) and this will yield a
solution to (8.6). Next we will show that, provided h is sufficiently small, such

o

solution will satisfy the property |u(z)| < 7 for |z| < 5% and thus will solve
the original equation (1.2). Before going on let

Ay (h)

- {u e Ap(h) : u(z)| < g Vz € 6(;—2, %0), ch(u, R™ \ B(0, %O)) # 0}
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and ¢; = inf 3. (n) Jn(uw). The continuous immersion Hp, C L* and lemma 3.2
F

assures that A% (k) is open in Ap(h). We notice that A% (h) # 0 for all h > 0:
indeed it is sufficient to take u € Y5 and set u(z) = u(m = ) if o] = 32
and u(z) = 0 everywhere else. By lemma 3.1 we get ch(a) = ch(u) # 0, by
which u € IN\*F(h) for every h > 0. The first object is to minimize the energy
functional Jp, in the set K}(h) To this aim we need the estimate provided by

the following lemma.

Lemma 8.1 limsup,_,q+ hN_lfffL <inf,>p, rN_lccf;f.

Proof. Consider r > rq arbitrarily and w € Y3}. For every h > 0, define
wy, : RN — RN+ by setting

_ o if |z| <r/h,
wn() = w(z — ﬁx) if |z| > r/h .

=

It is obvious that wy € Ap(h) for every h > 0 and furthermore wp(z) = 0 i
|z| < ro/h. By lemma 3.1 there follows ch (wn, RN \ B(0,r9/h)) = h( )

Wh
ch(w) # 0 so that wy, € /N\*F(h) Note that by construction it is Jp, (wp) = Ep (W,
for every h > 0. From part 2 of lemma 7.3 we have:

n)

limsup AV 1E; < limsup AV 1 Ey (@r) < vV 1E (w).
h—0+ h—07+

By taking the infimum on the right side of last inequality first for w € T3 and
then for r > r¢ we achieve the desired conclusion. &
Now we are able to give the main result of this section.

Theorem 8.2 Assume that assumptions a)-g) hold and, in addition, (8.1).
Then there exists hg > 0 such that for every h € (0,ho) there is a solution

up € /N\*F(h) to equation (1.2). Furthermore if for every h € (0, ho) we set

vp(x) = up, (%) ) (8.7)

then vy, is a solution of (1.1) and the family {vy} exhibits the following con-
centration behaviour as h — 0%: for each sequence h, — 0T there exists a
subsequence, still denoted by h,,, such that |vy, | has a circle of local mazimum
points {x € RN : |z| = rp,, } with vy, (x)] > 1 for |z| =13, and

FNflg*

~ = inf r

N—1g%,
&
r2>T0

Th, — T,

also, for every & > 0, it holds vy, — 0 as n — +oo uniformly in the set
{z:||z| - 7| > 6}
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Proof. Fix h > 0 arbitrarily and consider uZ a minimizing sequence in _/Nx}(h)

for Jp,; it has obviously bounded energy because of (8.5). Then up to a subse-

quence we have uZ — up, weakly in Hy, as k — +o0, for some u € Fj, and, from

lemma 2.2,
ul — up  uniformly in RN as k — +o0. (8.8)

Proposition 4.2 implies up, € Ap(h). By (8.8) we deduce

vxec(”’ TO).

g
< = - =
jun(a)] < 5 oo

Using lemma 3.2 we infer that the sequence {ch (uz,RN \ B (0, %0))} is defini-
tively constant and moreover, for k large enough,

ch (uh,RN \E(o,%)) — ch (uZ,RN \E(o,%‘))) £0. (8.9)

(From now on we focus our attention on a generic sequence h,, — 0%.
For every n € N let ¢y, : [0,+00) — R such that

on, (|z]) = |up, ()| Yz € RY.
The weakly lower semi-continuity of J, leads to the inequality

Jh, (up,) < liminf Jp (uZ”) =q . (8.10)
k—+o0 "

Taking into account of lemma 8.1, the sequence {h% _15;”}, and consequently
{hN=1Jy, (un,)}, is bounded. Taken € (0, 1) given by hypothesis g), by (3.2)
and (8.9) we immediately get supj,|>ra |up,(x)| > 1 > ; then the sequence

{up,, } satisfies all the hypotheses of lemma 6.2 with ¢ = ry and € = ¢. Then
we obtain the existence of £ € N, Ry,..., Ry > 0 and ¢ sequences of positive

numbers {T}Ln}, cel, {rﬁn}, with r}'Ln > 72, such that, up to a subsequence

{hnr}, } isbounded Vi=1,...,4; (8.11)
on,(ri, )>5 VneN, Vi=1,...,¢
T;;n is the maximum point for ¢ in
[ +00) \ Uj<i(ry, — Rjomy, + Ry); (8.12)
Vr e [, +oo) \U_ (7}, — Ri,rj, +Ri): on,(r) <55 (8.13)
1 —7] | =400 as n 400, Vi,je{l,...,0} withi#j.(8.14)

Because of the inequality r}bn > we have T}Ln — 52 — 4o00. Hence, tak-

o

Fon? 2h, :

ing into account of (8.14), it makes sense to assume C (ri — R;,rj + R;) N
C(r{ln —Rj,rfln —l—Rj) = () for i # j and C(r}lm —Ri,r}'m —l—Ri) C RN\

B (O, 2%) for every n € N.
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Then from definition 3.1 and (3.1) there follows

/4

o) r i i
ch <uhn,RN \ B <0, h—i)) = Zch(uhn,C(rhn — Ry, 1y, + Ry)).

i=1
This equality implies the existence of i € {1,..., £} such that

ch(un,,C(r}, — Reyrh + R)) # 0. (8.15)

n?

%

In particular, according to (3.2) and (8.12), this implies that ¢, (rj, ) > 1 and,

because of (8.13), |u, (z)| < £ < 1 for every z € 80(7‘?% - R, rin + R;). Hence
we have R
lup, (z)| >1 VzeRN with |z|=7 VneN (8.16)

and .
{:1: RV |z = r;Ln} (8.17)

is a circle of local maximum points for |up,| for all n in N. By the inequality
r}'Ln > ;—: and by (8.11) we get the existence of 7 > 0 verifying, up to subse-
quence,

hnrin —T as n— 4oo, T (8.18)

2 T0-
Now for every R > 2R; and n € N consider nfn € C(RN,R) a radial
function so that

nffn =0 on RV \ C(rin — R, rin + R),
R —~

- . R
nﬁnzl on C<Tﬁn_577ﬁn+§>7 OSWIL%WSL |V775’n|§

=]

where c is a constant independent of R and n.
Hereafter, for the sake of simplicity, for every u € Ap(h) and A C RY
measurable we set

1 1
() (1) = 5 / (1Vul? + Vi (@)|ul?) do + ~ / IVl do + / Glha,u) da.
2Ja PJa A
The key steps in the proof of the theorem are the following 6 claims.

Claim 1. For every couple of positive numbers §, M > 0 there exists R =
R(6, M) > 2R; and @ € N such that for every n > 7 and for every w, € Ap(hy)
satisfying

lwn(z)| <Z for xe CE RNLJ, (w,) < M, (8.19)

there results

where
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Proof of Claim 1. Fix §, M > 0 arbitrarily. The basic tool is the following
assertion: for every R > 2R; there exists ng > 0 such that for every n > ng
and for every w, € Ap(h,) satisfying (8.19), it holds:

1

=t ) (820)

hﬁ*1/0R|annwn|2dx§hﬁ*1/ |Vw,|? da:—f—Cl(

n

and

1 1
N-1 R, |p N-1 p
h, /C,R IV, wn|P dz < h /CR |Vw, [P dz+ Cs( o=/ T Rp—l) (8.21)

n

where C; and Cs are constants depending only on 7, M, g, p and N. Before
proving the above assertion, observe how, assuming (8.20) and (8.21), the the-
sis of claim 1 easily follows. Indeed hypothesis g) and the first of (8.19) give
W(nf wyp) < W(wy) in CJF and this implies

1
—/ th(x)|n,1ibwn|2da:+/ W(nﬁbwn)d:c (8.22)

/th )| wn ? da:—f—/ W (wy,) d

Hence, taking R = R(d, M) > 2R; sufficiently large and combining (8.20), (8.21)
and (8.22) we obtain the thesis.

The rest of this proof will be devoted (8.20) and (8.21). Let us begin with
(8.20). Observe

h,]yfl/ |V77££nwn|2 dx
CR

n

< h,];’*(/ |an|2da:+ |wn|2dx+23/ |an||wn|da:).
R CR

R2

The Holder inequahty yields
2

Rr2
+hévfl2£(/ |Vw,|? dx)1/2(/ |w, |2 alac)l/2
R R CR

n

h,]yfl/ Vit wy|?de < h,]yfl(/ |an|2d:1:+ |wn|2d:1:)
CR CR

n

by which, since hY ~ 1fCR |Vw,|? dz, < 2M and hlY ~ lfcR |wy,|? do < 2M , (8.20)

immediately follows. As regards (8.21) the proof is more delicate; we Wlll use
the following numerical inequality

(a+b)P < aP + (p+1)aP b+ CpbP
which is valid if p > 3, Cp > = (p—l— 1)P~1(p —2)?~2 and a,b > 0. Then we get
hfj*l/ |V w,|P de < hﬁ*l/ |Vw, [P dz
CE CE

n

_ c _ cP
+hﬁ’ 1((p+1)E/C§|an|P 1|wn|da:+Cp§/C§ |wn|Pd:1:).
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Again from Holder inequality, we obtain

c

hﬁ’*l/ Vi walP de < hﬁ’*l/ |an|”da:+hﬁ[’1<(p+1)R
CR cR

(p—1)/ p
X (/ |Vwy, |P d:c) 8 pE (meas CF)Y/P 4 CP%EP meas(Cf)) .(8.23)
R

Taking into account of (8.18), an elementary calculus shows

lim AN "' meas(CF) = wn7V'R.
n—-+o0o

Then, by inserting this in (8.23) and proceeding as for the other inequality we
conclude. Claim 1 is completely proved.
Now for every n € N put af = nft up,.

Claim 2. For every R > 2R; there exists 7 € N such that for n > 7,

vz e CF, up € Ap(hn).

N ™

|un, ()] <

Proof of Claim 2. According to (8.14) for n sufficiently large,

C(ri — R,y +R)NC(rh, —Rirh +R) =0 Vie{l,....0}, i#i

and, since r%n > ;—:, (ri — R, ri +R)C [27;;)" , —|—oo). Then, by (8.13),

V€ C(rin - R, Tin +R)\ C(rin - R;, rin +R;). (8.24)

DN | M

|un, ()] <

It is easy to show that CE C C(rin - R, rin +R)\ C(r%n - R, rin + R:), then
the first part of the thesis follows. By construction there results ﬂfﬂ € Fp,. On
the other hand ﬂfn =0in RV \ C(rin - R, rin + R) and, since R > 2R, it
is Ul = up, in C(rin - R;, rin + R;), hence we easily deduce ufl € Ap(hy);
furthermore from (8.15) and (8.24) we get

ch(fl ) = ch(@f ,C(ri, — Re,ri, +R:)) = ch(un,,C(r}, — Reyrhy + R5)) #0,

by which, provided n is sufficiently large, ﬂﬁn € Ai(hp).

Claim 3. 7V~'&* = inf,w,, rV-1E*
Proof of claim 3. Assume on the contrary that FN_lé;* #inf, rN_lg;*. In
particular, because of (8.18), it would be 7N "1* > inf,~,, rV"1*; then take
0 > 0 such that

NS > inf PNTIEF 46, (8.25)

r>70
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Using (8.10) and lemma 8.1, choose M > 0 such that hY=1J, (up,) < M, for
n € N. Then let R =R (%, M) given by claim 1. According to claims 1 and 2
there exists @ € N such that for every n > 7:
uff € Ap(hn), |un,(z)| <5 VoeCE, (8.26)
WY =V, (@) < ANV, (un,) + 5 -

Njo|

For every n € N let wy,,, : RN — RN+ defined as

0 ~ if |x| < R,
wn, () = {ﬂfﬂ (z+(r), — 2R)%) if |z| > R.
It is obvious that wy, € Tp for every n >n
Since Uy (x) = wn, (a:— (r},, —2R) ‘”) if || >rh —Rand 4y =0in
B(0, rin — R), from lemma 3.1 we obtain ch(wp, ) = ch(@f ) # 0, which implies
Wh,, € T}w. R R
Note that, since 7, > T—?, provided that 7 is large enough we have C(r}, —
R, r?ln + R) C RN\ B< TR ) for every n > m so that, by construction,
B, (uf} ) = Jn, (@f) for all n > n. From part 1 of lemma 7.3 we obtain
lim inf RN =17, (ﬂfn) > 7V lim inf & (wp,, ).

n—-+o0o n—-+o0o

Then it makes sense to assume 7» sufficiently large so that for every n > 7

N-1 -1
WY, () > PN i () — o, (8.27)
and, by lemma 8.1,
0
AN-1E < inf PNTIEF 4 = (8.28)
" r>70 4
Now (8.10), (8.26), (8.27) and (8.28) yield, for n > 7,
inf PNIEE > pN-lm 0 Y=L, (un, )—é
r>ro o= n hn 4 ="' n n 4
5 ~
N-1 ~R 9 —1yi e & _
> by, () = 5 2 7Y liminf Ex(wn, ) — 0

> FNIgE g,
where we have used the fact that each wy,, belongs to T, the above inequalities
and the definition of &. The contradiction follows and the proof of claim 3 is
now complete.

Then Claim 3, (8.1), and (8.18) imply 7 > ro; therefore, by (8.18) we get
To

S —— > 400 as n— +oo. (8.29)
n hy,

=)

r
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Claim 4. For every 0 > 0 there exists R = R(d) > 2R; such that, for large n,

To

si T \[rh, = Rorhy, + B = n, (s) < 8.

S € [
Proof of claim 4. Fix § > 0 arbitrarily. According to lemma 8.1 choose M > 0
such that
sup hﬁ[_lE}“Ln <M.
neN
By (8.10) we get limsup,,_, , .o hY " Jp, (up,) < M, hence by lemma 6.1 we can
find ¢ > 0 such that

To

. (8.30
2hy,’ ( )

N

VYneN, Vs s ¢ [ +oo) :s=8 <o = |en,(s)—pn, (s <

As Claim 1 assures the existence of R > 2R; and n € N such that for n > 7 and
for all w,, € Ap(h,,) satisfying

RN=L, (wn) < M, |w(z)] <E in CE,

there results

52 N-—1
WY=L, (0 w) < hfj*l(Jhn)‘cR(wn) +Vogzwn (%0) o, (831)
Furthermore, by Claim 2, we may assume
W € Np(hn),  Jun, ()] < g Ve CE vn>m. (8.32)

Observe that lim,_, ﬁ ((%0 + hpo)N — (%O)N) = NU(T—QO)Nfl. Then, taking

also into account of (8.29), without loss of generality we may assume 7@ chosen
sufficiently large so that for every n > 7

ooy p, N _ (ro\N N N-1 =
(% o}z (%) >?U(%0) . and r}ln—g—O>R+a. (8.33)

T0

Arguing by contradiction, assume that there exists v > 7 and s, € [, +00) \

2h,
[r;, — R,r}, + R] such that ¢, (s,) > 4. (8.30) allows us to infer

Vs € sy —o,s0+0a]:  on,(sy)>

N |

We recall that up, has been obtained as weak limit of a minimizing sequence
{UZU}kEN in A%.(h,). Lemma 2.2 yields uZ" — up,, uniformly in RV, then for k
large enough there results

b
lup (z)| > 5 ¥ €C(sy =05 +0), lup ()| <& YV € CF
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and, since Jp, (uZ") — ¢, , it follows that h) ~1Jj, (uZ”) < M. Then, taking
into account of (8.31),

82 o\ N-1
B, (1 ) < B () o )+VO§WN(2) o, (8.34)

Since s, € [5& ,+oo) \ [ri — R, ri + R] one of the following two eventualities
occur: either s, > 7, + R and then C(sy,s, + o) C RV \ B(0, rh + R), or
Sy € [Qhurhu R); in the latter case, by the second relation of (8.33), we get
that the length of the interval (s, — 0,5, +0) N [;Toy,riu — R) is bigger then
o. Hence in both cases it happens that for large k |u2"| is bigger than % in

an ring contained in RV \ <B (0, 52-) U CR) whose Lebesgue measure is bigger

' 2hy
then X ((F& + 0)N — (5=)V); from the definition of J;, we obtain

2h
5 WN To N o \N
p (k) + ‘/‘)?W((%V o) = (5,) )
Inserting the last inequality in (8.34), one obtains
Ry~ Tn, (e w”)

Tn, (W) = (Jn,)

52 ro\N-1 2wy (22 + h,o)N — ()N
< N-1 o 0 N 7 v 2 )

< BT @) Voo (T) o— g >
By the first of (8.33) we conclude with the following inequality which holds for

k sufficiently large

VZ) 52 To N-1
J (nh uk ) < Jh ( )— Wl_ﬁwjv (E) g. (835)

What we are going to prove now is that at least for large k,

nft ul € Ry (ho). (8.36)
But first observe how, assuming (8.36), the thesis of Step 4 easily follows. Indeed
by (8.35) we immediately obtain that {nh u,C , just like {uZ”}, is a minimizing
hJ‘V/ T ‘lsﬁwN(%O)N’la > 0, it is obvious

that 7 is independent on k. Then, by passing to the limit as k& — +oo in (8.35),
we achieve the contradiction ¢; < ¢ —+. Thus it remains to prove (8.36). By

sequence in A}( v); now, putting v =

construction we obtain nfyuﬁ” € Fy,,. Note that, since uZ" — up,, uniformly in
RY, we also have

nE upr — nft up, =UR uniformly as k — +oo. (8.37)

) — €| > 0, by (8.37) for k large enough nfiuZ” £ & by
which nff ul* € Ap(h,). Combining (8.37) with lemma 3.2 we deduce

ch <n,ﬁu2v,RN\§<o,;—°>> —ch <uh ,RN\B< T ))

Since infwe]RN [ur (x
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at least for k sufficiently large. The second inequality of (8.33) leads to the inclu-
sion C(rj, —R,r}, +R) C RN\B (0, Z_?,)’ while af =0inRV\C(r}, —R,7j, +
R); hence, taking into account of (8.32), we obtain ch (ﬂfy, RN\ B <0, ;—3)) =
ch(ufl ) # 0. On the other hand it is obvious that

o To

R, hy h,
] < | < o

| ™

Ver( ), Vk eN

and this concludes the proof.

Claim 5. For large n there results up, € K}(hn), and Jy,, (up,
thermore
To

(0%
-2 <
ve 8 (0.55) = lu, (@) < 5

where a € (0,%) has been defined at the beginning of section 6. As a corollary,
for n sufficiently large uy,, is a solution to equation (1.2).

Proof of Claim 5. By applying last step we have the existence of R = R(«) > 0
such that, for large n

(67

z e RN\ (B (o r—°> ucC (rin ~Ryrh +R)> = lun, () < oy 7

" 2h,

In particular by (8.29) we may assume C (;;L—On, ;—:) ne (ri — R, ri + R) =0

so that for n sufficiently large there results

On the other hand in the first part of the proof we have already showed that
for large n up, € Ap(hy,) and ch (uhn,RN \ B (O, ;;—‘T’l)) # 0. The definition

of K}(hn) leads to up,, € _/Nx}(hn) for n sufficiently large. But up,, is the weak

limit of a minimizing sequence UZ" in _/Nx}(hn) for the functional Jp,, . Then the
weakly lower semi-continuity of Jj,, implies

& < Jn, (up,) <liminf J,, (ul™) = ¢,
" k—+o0 n

i.e. wup, is the desired minimizing function. Then wp, is a local minimum for
the functional Jp, in Ap(hy,); as we have pointed out at the beginning of the
section, up, turns out to be a critical point of J;, . Then the function up, solves
the equation

—Aup, + Vi, (@)un, — Apun, + G (hz,up,) =0 in RY. (8.39)

n
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To simplify notation, for every a > 0 we consider the function T, : R¥*! —
RN+ defined by

sign z; max{|z1| — IO ESOEED 0} 2
To(z) = , zZ= e RVHL,
sign zn+1 max{|zyy1| — W,O} ZN+1

Since each uyp,, solves (8.39), we can choose as a test function

To(un, (@) ifze B (0,5),
0 if o € RV \ B (0, 5 ).

Yh, (T) =

By (8.38) we easily infer that 1)y, is continuous on the circle {z € RY : |z| =
r0/2hy }, hence it is continuous everywhere. It is standard to check that vy, €
Hp,,. By construction there results Vuy,, = Vi, a.e. in RV. Hence, after
integration by parts, one gets

2 p
/B(O ro ) (|vwhw| +|V¢hw| ) dl‘—f—/

LA(0]
"Zhon B(0,3p,,)

(th (z)un, (8.40)

AW (un, ) Ko (Jun, 2) + 20 (un, ) K7, (Jun, |?) uhn)whn dz = 0.

We want to write the function in the second integral in a more suitable way.
First observe that, denoting by v} ~the component functions of vy, , it holds

NA+1 |
U, Vn, = |Un, |* + W 21-:41_ |¢Z|a hence for every z € RV, we have

n?

(Vi (@)un, (@) + W' (un, () Ka (lun, (@)])
2V (un, ) K (|un, (2)]2) un, () ) ¥, (2)

> Vi, (@)tn, ()] + Vi, (@)

N+1

< Y [k, (@) = W (un, (2))| Ka(lun, (2)|*) [¥n, ()]
i=1

+2W (un, (2)) Ky, (Jun, (2)]?) [¥n, (2)]?

@ + 1)/

N+1
+2W (un,, () Ky (lun, (2)]?) BIN+ 12 ; ¥, ()]

(07

2c ’
> (Vo= 2 sup (WO 55) on, @ + (Vo gy — s W(©)
2¢, @ REsg
=2 WO Gy ) 2 )

(Vo — sup IW(§)|£> [n, ()

2
|€]<a o
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(07

N
+ (vo T S |W’<§>|> > Ih. (@)

20 ! Vo — sup [W(€)| e ENZW (@)
2(N +1)1/2 \ (2(N + 1))}/ +2 ’ \5\Sp€ a? i=1 " ’

To obtain the last equality we have used the obvious identity

+

Vo Vo 2

GO+~ eIV )22 RN+ D)A(RN + D)2+ 2)

Then (8.4) implies that the terms in the last inequality, which multiply |, (x)
and Zi\f{l [}, ()| are nonnegative. Then both integrals in (8.40) are nonneg-
ative, hence they must be all zero. We conclude in particular 5, = 0 by which

| 2

To

|un,, (z)| < % for every z € B (0, T > Hence uy,, solves equation (1.2).

Claim 6. End of the proof. To conclude we have just only to combine the
results obtained in the last steps. In particular by (8.16), (8.17), (8.18), claims
3, 4 and 5 we have that for small A > 0 there is a solution up, of equation (1.2);
furthermore, setting vy (x) = up (%) and using a re-scaling argument we infer

that for A small enough,

Equation(1.1) has a solution vy,
|vp| has a circle of local maximum points {z € RY : |z| = r,}, (8.41)
|vp(x)] > 1 Vo with |z| = rp; (8.42)
TR > To, rﬁlflgjh — infy>p, rN_lg:,

im supy,_,0+ SUPzgc (r,—6,m,+6) VR ()] < @ V6 > 0. (8.43)

Note that in order to deduce (8.42) we have used the continuity of the function
r>ry >l ’15;" . The construction of the family of solutions {vj} depends on
the particular « € (0, €) chosen at the beginning of Section 8. To emphasize this
fact we denote this family as {vf'}. Let a; be any sequence of positive numbers
such that a; — 0. We have already observed that each o’ < « still verifies
(8.2) and (8.3). Then we can repeat the same arguments we have used for a
and obtain that there is a decreasing sequence of positive numbers h; — 0 such
that for all 0 < h < h; there is a solution vf:j to equation (1.1); furthermore

|v,?| has a circle of local maximum {ac eERN :|z| = ri} with |v)? (z)| > 1 for
|z| = ri; furthermore rfb > rp and

. 1 J\N—1go% . N—1g% 1

inf r — = <(r)" &L < inf rVTREL —l—; Vh € (0, h;)

N—1g:
r>T0 ] h r>70

and '

sup vl (z)| < a; Vhe(0,hy).

$€C(T{L7aj,7’}{+aj)
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Then for h; > h > hj_1, we just define v, = vy’ and r, = rj,. Then by the
definition above we clearly have
r,]:[_lg;"} — inf PNTLE
v r>T10

and

lim sup sup |vp(z)] =0 V6 > 0. (8.44)
h—0t zgC(rp—6,rp+90)

Observe that, by (7.12), the function r > ry — rN_lg,f is coercive; hence
the family {r;} is bounded in R for small A > 0; hence, considered a generic
sequence h,, — 07, up toa subsequence, it converges to a point 7. The continuity
of the function r > rg — rN=1£* implies

VIR = inf PNTIEN
r>ro

Finally taking into account of (8.44), it is easy to show that {vp, } decays uni-
formly outside every fixed neighbourhood of the circle {|z| = 7}. &

Remark By i) oflemma 7.4 we immediately obtain that the function r > rg +—
rN’lg;" is continuous. Moreover, by (7.12), we get TN’lg: >rV-1y & oo
as 7 — +oo for some v > 0. This fact, combined with (8.1), implies that the
infimum inf,>,, rN71E" is attained by some 7 > rq. If such minimum point
7 is unique, then all the bound states {vs} we have found in last theorem
concentrate at the circle {z € RV : |z| =7} as h — 07 in the sense specified in
theorem 8.2. In general r,llv_lg,’fh — inf,>r, rN=1€* as h — 0, where the circle
{z € RN : |z| = 7} is a set of local maxima of |vy,| for small h.

Remark We conclude by observing that if we require the function V to be
sufficiently big in rp, then (8.1) holds true. Indeed, fixed 7 > 79 and V(7)
arbitrarily, then iii) of lemma 7.4 assures that provided that V(r¢) is large
enough the inequality g;"o > (%)N ’15;‘ is satisfied.
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