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RENORMALIZED SOLUTIONS FOR NONLINEAR PARABOLIC
EQUATIONS WITH GENERAL MEASURE DATA
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ABSTRACT. We prove the existence of parabolic initial boundary value prob-
lems of the type

ut — div(ae(t, ¢, ue, Vue)) = pe  in Q :=(0,T) x Q,
ue =0 on (0,T) x99, uc(0)=wug,e inQ,
with respect to suitable convergence of the nonlinear operators a. and of the
measure data pe. As a consequence, we obtain the existence of a renormalized

solution for a general class of nonlinear parabolic equations with right-hand
side measure.

1. INTRODUCTION

In this article we consider the parabolic problem
ug — div(a(t,z,u, Vu)) = p in Q:=(0,T) x Q,
u=0 on (0,T) x 09, (1.1)
u(0) =up in Q,

where € is an open bounded subset of RY, N > 2, T > 0 and @ is the cylinder
(0,T) x Q, (0,T) x 0N being its lateral surface, the operator of Leray-Lions u —
—div(a(t, z,u, Vu)) is pseudo-monotone defined on the space LP(0,T;WyP(Q))
with values in its dual LP' (0, T; W12 (Q)), p > 1 and %4— 1% = 1. We assume that
up € L?(Q) and the data p is a Radon measure with bounded variation on Q.
Under some assumptions on a, If u € LPI(Q) the existence and unicity of a
weak solution u of belonging to suitable energy space and to C([0,T; L?(£2)])
was proved in [I§]. In the case of linear operators the difficulty can be overcome
by defining the solution through the adjoint operator, this method is used in [27]
and yields a formulation having a unique solution. For nonlinear operators, the
authors in [4] and [21] extends the results in two different directions, assuming that
p € LYQ) and vy € L*(Q), they prove existence of a renormalized solution, and
of entropy solution, the same notions of solutions are used to ensure existence and
uniqueness of equations with bounded Radon measures on @ that does not charge
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the sets of zero parabolic p-capacity (See [4, [15] [24]), the authors show in [14] that
these two notions of solution actually coincide.

Here we use the notion of renormalized solution, introduced in [12] [20] 23].
Roughly speaking, a renormalized solution to is a measurable function with
all the truncations in the space L?(0,T; W, *(€2)) N L>®(0,T; L'(Q)) and such that
for every S € W2%>(R)(S(0) = 0) with S’ has compact support on R, we have

T
- / S(u0)(0) dx — / (e, S(u— g)) dt
Q 0

+/ S'(u— g)a(t,z,u, Vu) - Vo dzdt
? (1.2)
+/ Su(u_g)a(t7x7ua vu) : V(u—g)gadxdt

Q
= [ S'(u— g)pdi,
Q

for every function ¢ € LP(0,T; Wy P(Q)) N L®(Q), ¢r € L¥ (0, T; W17 (Q)), with
@(T,x) = 0, such that S'(u — g)¢ € LP(0,T; Wy (Q)), g; is the time derivative

part of g and fig = p— g — us = f — div(G). Moreover, for every ¢ € C(Q) we
have

1
lim f/ a(t,m,u,Vu)-vadxdt:/ vdul,
n—tee n Jipcucany Q
1
lim 7/ a(t,x,u,Vu)-vadxdt:/ Yduy ,
notee N —an<v<—n} Q

where g and p are respectively the positive and the negative part of the singular
part of the measure p w.r.t. the p-capacity.

In the proof of [23, Theorem 2], they used the fact that the approximating
sequences . having a splitting converging to u, the estimate concerning u. and
u. — g', next they prove the strong convergence of Ty (u, — g.) in LP(0, T; Wy P (Q)).
To obtain this result, they use the same technique as in [12] adapted to the parabolic
case.

In the present paper we generalize this existence result to renormalized solutions
of problems depending on v and Vu

(ue)y — div(a(t, z, ue, Vue)) = pre  in @ := (0,T) x Q,
ue =0 on (0,T) x 09, (1.3)
ue(0) =ug in £,
where (u.) is a sequences of measures with splitting converging to u, and

111% ae(t7x7 567<6) = ao(tama S, C)a
e—

for every sequence (s, () € R x RY converging to (s,¢) and for a.e. (t,z) € Q.
The main point which allows to go further the previous works, is the proof of the
almost everywhere convergence of gradients in Proposition [5.2 using the technique
developed in [24 [25]. To underline the importance of this tool, we have chosen to
plan the paper in the following way: in Sect. 2, we recall some basic notations and
we investigate the link between measures in () and the notion of parabolic capacity,
this notion can be obtained from the result of the ”elliptic capacity” contained in
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[8], which can be slightly adapted to this context of parabolic spaces, and we show
the decomposition method for more general measures with bounded total variation
in order to find a sense of solution to Cauchy-Dirichlet problems.

In Sect. 3, we introduce and study a special type of approximating sequences of
measures obtained via convolution arguments. In Sect. 4 we show the interest of
cut-off functions and intermediary lemmas. In the last two sections, we establish
the fundamental a priori estimates and we use the proof of strong convergence of
truncates to obtain our main result.

2. PRELIMINARIES

2.1. Assumptions on the operator. Throughout this paper 2 will be a bounded
open subset of RV, N > 2. p and p’ will be real numbers, with p > 1 and %—i— 1% =1.
In what follows, |¢| and ¢-¢’ will denote respectively the Euclidean norm of a vector
¢ € RY and the scalar product between ¢ and ¢’ € R,

Fixed three positive constants ¢y, ¢1, c2, and a non-negative function by = b(t, z) €
L¥'(Q), we say that a function a : (0, T)xQxRxRYN — RY satisfies the assumptions
H(cg,c1,c2,bp) if a is a Carathéodory function (that is, a(-, -, s, () is measurable on
Q for every (s,¢) in R x RY and a(t,z,-) is continuous on R x R for almost
every (t,x) in Q) such that, for every s € R, ¢,¢’ € RY with ¢ # ¢/, satisfying the
following properties.

a(t,l’,S,C) C > CO|<|p7 (21)
la(t,z,5,0)| < bo(t,x) + er]sP~H + eaf¢P7
(alt, s,s,C) — alt,z,s,()) - (=) > 0.
Notice that, as a consequence of (2.1)) and of the continuity of a with respect to
¢, we have that a(t,z,s,0) = 0 for a.e. (t,z) in Q and for every s € R. Thanks
to assumptions H(co,c1,¢2,bo), the map u — —div(a(t,z,u, Vu)) is a coercive,
continuous, bounded and monotone operator defined on LP(0,T; Wy?(Q)) with
values into its dual space LP' (O,T;W*I’p'(Q)); hence by the standard theory of
monotone operators (see, e.g.,[18]), for every F in LPI(Q) and ug € L?() there
exists a variational solution u of the problem
u —div(a(t,z,v, Vo)) =F in Q:= (0,T) x Q,
v=0 on (0,T) x 99,
v(0) =up in €,

in the sense that v belongs to WNC (0, T; L*(Q)) (where W = {u € L?(0,T;V),u; €
LP(0,T;V')} with V = W, "(Q) N L*(Q)), and

T
—/uogo(O)dx—/ (o1, v) dt—l—/ a(t,z,v,Vv) - Vodz dt
e 0 @ (2.4)

T
:A<R@W*mewm%

for all ¢ € W such that o(T) = 0. (Here and in the following (-,-) denotes the
duality pairing between W=7 (Q) and W, *(€2)).
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2.2. Capacity and measures. For every set B C @, its p-capacity cap,(B,Q)
with respect to @ is defined by

inf{[Juflw}

where the infimum is taken over all the functions v € W such that « > 1 almost
everywhere in a neighborhood of B.

We say that a property P(t, ) holds cap,-quasi everywhere if P(t,z) holds for
every (z,t) outside a subset of @Q of zero p-capacity. A function u defined on @
is said to be cap,-quasi continuous if for every ¢ > 0 there exists B C @ with
cap,(B,Q) < e such that the restriction of u to Q\B is continuous. It is well
known that every function in W has a unique, up to sets of p-capacity zero, cap,,-
quasi continuous representative, whose values are defined cap,-quasi everywhere
in . In what follows we always identify a function v € W with its cap,-quasi
continuous representative.

We define M, (Q) as the space of all Radon measures on @ with bounded total
variation, and Cy(Q) as the space of all bounded, continuous functions on @, so
that fQ wdp is defined for ¢ € Cy(Q) and p in My(Q). The positive part, the
negative part, and the total variation of a measure p in My (Q) are denoted by ut,
u~, and ||, respectively.

We recall that for a measure p in My(Q), and a Borel set E C @, the measure
L E is defined by (¢ L E)(Q) = p(E N B) for any Borel set B C Q.

In the sequel we suppose that p satisfies p > 2 — +2=. Then the embedding

N+1
WyP(Q) C L2(Q) is valid, i.e.,
X = L7((0,T):; Wy (Q)), X' =L7((0,T); W17 (Q)).

We say that a sequence (,,) of measures in M;(Q) converges in the narrow topology
to a measure p in My(Q) if
lim wdp, = / wdp (2.5)
n—-+o00 Q Q
for every ¢ € C(Q). If holds only for all the continuous functions ¢ with
compact support in @, then we have the usual weak_* convergence in M;(Q).

We define M(Q) as the set of all measures p in My (Q) which satisfy u(B) =0
for every Borel set B C @ such that cap,(B,Q) = 0, while M4(Q) will be the
set of all measures p in My(Q) for which there exists a Borel set B C @, with
cap,(B,Q) = 0, such that 4 = p L E. For every u € My(Q) there exist a
unique pair (po, ft5) such that p = po + ps, po € Mo(Q), ps € M(Q) (see [IT,
Lemma 2.1]). In addition, a measure p belongs to Mo (Q) if and only if u belongs
to LY(Q) + L¥ (0,T; W17 (Q)) + LP(0,T; V) (see [I5, Theorem 1.1]). Hence a
measure pu € My(Q) can be decomposed (not in a unique way) as

p=f+F+g+pd—p; (2.6)
with f € LY(Q), F € v (O,T;W_l’p/(ﬂ)), gt € LP(0,T;V) and ps L p-capacity.
2.3. Definition of renormalized solution. For any k£ > 0, we define the trun-
cation function T : R — R by

Ti(t) = max(—k, min(k,t)), t€R

Let us consider the space of all measurable functions, finite a.e. in () such that
Ty (1) belongs to LP(0,T; WP (€)) for every k > 0.



EJDE-2018/132 RENORMALIZED SOLUTIONS 5

We can see that every function u in this space has a cap,-quasi continuous
representative, that will always be identified with u. Moreover, there exists a mea-
surable function v : Q@ — R, which is unique up to almost everywhere equivalence,
such that VT (u) = vx{ju<k} a-e. in Q, for every k > 0, (see [7, Lemma 2.1]).
Hence it is possible to define a generalized gradient Vu of u, setting Vu = v. If
u € LY0,T; VVO1 ’1(9)), this gradient coincide with the usual gradient in distribu-
tional sense.

Let Ty (t) be the Lipschitz continuous function T : R — R, so that we can define
the auxiliary functions

O,(8) =T1(s —Tp(s)), hn(s) =1—(0,(s)), Sn(s)= /0S by (r)dr, Vs € R.

We are now in a position to introduce (following [23]) the notion of renormalized
solution. To simplify the notation, let us define v = u — g, where u is the solution
and ¢ is the time-derivative part of ug, and fig = p — g+ — ps = f — div(G).

Definition 2.1. Let ug € L'(Q2), p € My(Q). A measurable function u is a
renormalized solution of problem (1.1)) if there exists a decomposition (f, G, g) of
Lo such that

N
v=u—g € L0, T Wy (@) N L0, T5LNQ) Vg <p— 27)
Te(v) € X VEk >0,

and, for every S € W2°(R) such that S’ has compact support on R, and S(0) = 0,

T
- / S(ug)p(0) dx — / (pt, S(v)) dt + / S'(v)a(t,z,u, Vu) - Vo dz dt
@ 0 Q (2.8)
+ [ S"(v)a(t,z,u, Vu) - Vopdzdt = / S’ (v) dfio,
Q Q

for any ¢ € X N L*>(Q) such that ¢, € X' + LY(Q) and ¢(-,T) = 0; for any

Y€ C(Q)

lim f/ a(t,x,u,Vu)-vadacdt:/ Ydut,
{n<v<2n} Q (2 9)

lim —/ a(t,m,u,Vu)-Vm/Jd:vdt:/ Yduy
{—2n<v<—n} Q

Remark 2.2. Notice that, if u is a renormalized solution of (|1.1)), then
(S(u - g)r — div(alt, s, u, Vu)S'(u — g)) + S"(u - g)a(t,z, u, V) - V(u — g)

=5"(u—g)f+8"(u—9)G-V(u—g)—div(GS'(u—g))
(2.10)
is satisfied in the sense of distributions. Hence we can put as test functions not
only functions in C§°(Q) but also in LP(0, T; W, " (Q)) N L>®(Q).

3. STATEMENT OF RESULTS

In what follows the variable e will belong to a sequence of positive numbers
converging to zero. Let a. : Q@ xR x RY — R¥ be a sequence of functions satisfying
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the hypothesis H(cg, c1,¢2,bp). Assume that there exists a function ag : @ x R x
RY — RN satisfying the hypothesis H(cy, c1, c2,bo), and such that

lir%ae(t,x,sg,ge) =ag(t,z,s,(), (3.1)

for every sequence (s, () € R x RY which converges to (s,() and for almost
(t,x) € Q. Fixed u € M(Q), we consider a special type of approximating sequence
e, defined as follows.

Definition 3.1. Let g € My(Q) be decomposed as = f + F + g, + pt — p7,
with f € LY(Q), and F = —div(G), G € (LP(Q))N, g: € L (0,T; W17 (Q)).
Let () be a sequence of measures in M;(Q), we say that (u) has a splitting
(fes Fey gty AP, A9 converging to p. If for every € the measure p, can be decomposed
as

pre = fe+ Fot g+ A =22, (3:2)
and the following holds

(i) (fo) is a sequence of C°(Q) functions converging to f weakly in L(Q);

(ii) (G.) is a sequence of functions in (C°(Q))" that converges to g strongly
in (L7 (Q)Y;

(iii) (g!)is a sequence of functions in (C°(Q))" that converges to g; in LP(0,T; V);

(iv) (A\®) is a sequence of non-negative measures in M;(Q) such that \¥ =
Ao — div(AZ) + A2, with (ALY € LY(Q), A2¢ € (LP(Q))N and A&, €
MF(Q)) that converges to uf in the narrow topology of measures;

(v) (A9) is a sequence of non-negative measures in M;(Q) such that A\ =
Mg — div(AZ) + A2, with (\L§ € LY(Q), 2§ € (LF(Q))N and S, €
MT(Q)) that converges to p in the narrow topology of measures.

Moreover, let u§ € C§°(2) that approaches ug in L'(Q), notice that this approx-
imation can be easily obtained via a standard convolution arguments and we can
also assume

el @) < Clul;  luoellr @) < Clluollzi -

Remark 3.2. Let us introduce the following function that we will often use in the
following

2n — ||

Hn(r) = X[—n,n] (’f’) + X{n<\s|§2n}({r)v Hn(’r) = Ar Hn(T)dT7

and another auxiliary function introduced in terms of H,,(s)
B,(s) =1— Hyu(s).

Proposition 3.3. Let v = u—g be a renormalized solution of problem (1.1). Then,
for every, k > 0, we have

/ VT (v)|Pdzdt < C(k+ 1),
Q

where C' is a positive constant not depending on k.
For a proof of the above proposition see [23, Proposition 2].

Remark 3.4. If we decompose the measures, ue, A&, \O respectively as pe =
[0+ fles, A& = )‘?0 + A&, ()\?0 = )‘2,7(6)9 - diV()\g,VSB)% AS = /\ee,o + AEs ()‘?,0 =
Ale —div(AZS)), with e, A2, AZy in Mo(Q), and fuc s, AZ,, A, in M,(Q), then

€,87
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clearly A%, Ay, AZ,, XS, are non-negative, pco = fe + Fe + ge + AZ) — AZ, and

€,87 Ve, s
pes = AP, — A9, In particular we have

0<ph, <22, 0<u, <A, (3.3)

€,89

We are interested in the asymptotic behaviour of a sequence of renormalized
solutions (u¢) to the problem

(ue)r — div(a(t, T, ue, Vue)) = pte  in Q := (0,T) x Q,
ue =0 on (0,7) x 09, (3.4)
uc(0) =up in Q,
in the sense of Definition 2.l Our main result reads as follows.
Theorem 3.5. Let (a.),ap be functions satisfying H(co,c1,c2,b9) and (3.1). Let
p € Myp(Q) be decomposed as f + F + g + pt — g, and let (ue) a sequence
of measures in My(Q) which have a splitting (fe, Fe, ge, A&, \2) converging to pu.

Assume that u is a renormalized solution of (3.4). Then there exists a subsequence,
still denoted by (ue), and a renormalized solution u to the problem

us — div(ag(t, z,u, Vu)) = p in Q := (0,T) x £,
u=0 on (0,T) x 09, (3.5)
u(0) =up in Q,
such that (u.) converges to u a.e. in @, and (ve) = (ue — g.) converges tov =u—g
a.e. in Q.

Remark 3.6. The convergence of u. to u is not merely pointwise. The kind of
converges obtained are listed in Proposition [5.2] where the existence of the limit
function u is obtained.

Remark 3.7. Let z, be a sequence of functions such that
2, € W@ NL=2(Q), |zl <k,
2y — Ti(ug) a.e. in  as v tends to infinity,

1

;”Z"||€V(}'p(§z) — 0 as v tends to infinity.

Then, for fixed k > 0, and v > 0, we denote by (T (v)), (Landes-time regularization

of the truncate function Ty (v) introduced in [19] and used in several articles (see
[2, 5L [13]) the unique solution of the problem

dTy(v),

# = v(Tx(v) — Tr(v),) in the sense of distributions,

Tk(v)u = Zv in Q7

therefore, Ty, (v), € LP(0,T; Wy P(Q)NL>(Q)) and “E0) ¢ (0, T; Wy P (), and
it can be proved that, up to a subsequences, as v diverges
Ti(v), — Ti(v)  strongly in LP(0,T; W, (Q)) and a.e. in Q,
||Tk(v)y||Loo(Q) <k Vvr>0
Then choosing this approximation in parabolic case with fact that (u.) approxi-
mates p in the sense of Definition [3:1] Hence we obtain, as consequence of the

strong convergence of truncates the existence of renormalized solution of (3.5]) ob-
tained as stated in the following theorem.
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Theorem 3.8. Let ag be a function satisfying H(co,c1,c2,bo) and ug € L*(S2),
€ My(Q). Then there exists a renormalized solution u to problem
up — div(ag(t, z,u, Vu)) = in Q := (0,T) x £,
u=0 on (0,T) x 09,
w(0) =wup in Q.

4. SOME REMARKS ON MEASURES

We recall that a sequence (ue) of non-negative measures converges to p in the
narrow topology if and only if (u.(Q)) converges to p(Q) and holds for every
p € C(Q). In particular a sequence (p.) of non-negative measures converges to 4
in the narrow topology if and only if holds for every ¢ € C.(Q). The following
lemma states a consequence result of the Dunford-pettis theorem.

Lemma 4.1. Let (p.) be a sequence in L1 (Q) converging to p weakly in L'(Q) and
(0¢) a bounded sequence in L™ (Q) converging to o a.e. in Q. Then

lim [ peocdxdt = / po dx dt

e—0 Q Q
Next we need to localize some integrals near the support of us € M4 (Q) (singular

measure with respect to p-capacity). This will be done in terms of the following
cut-off functions (see [23], Lemma 5]).

Lemma 4.2. Let ps be a measure in Ms(Q), and let pt,u; be respectively the
positive and the negative part of ps. Then for every § > 0, there exists two functions
i s in CH(Q), such that the following hold
s:Y¥s 0
1) 0<yF <land0<y; <1 onQ;
(i) lims_o ¢y = lims o1, = 0 strongly in LP(0,T; Wy () and weakly_* in
(%ii) limg_o (5 ) = lims_o(¢5 ) = O strongly in L¥ (0, T; W=7/ (Q)) + LY(Q);
(v) [, 05 du? <6 and [y duy < 6;
(V) St =vfoi)dud < d+n and [,(1 =54, )dug <8+ for alln > 0.

Lemma 4.3. Let ug be a measure in Ms(S2), decomposed as s = pt — pg, with
pd and pg concentrated on two disjoint subsets EY and E~ of zero p-capacity.
Then, for every § > 0, there exists two compact sets K;' CE' and Ky C E™ such
that

p (B\KS) <6, pg (E7\Ky) <4, (4.1)
and there ezists ng, ¥y € C3(Q), such that
O, 05 =1 respectively on K K, (4.2)
0<vf w5 <1,

supp(¢F) Nsupp (v ) = 0.
Moreover
[y lls <6, |l lls <9, (4.5)

and, in particular, there exists a decomposition of (w;)t and a decomposition of
(15 )¢ such that

1) ot o 107 0y < 1)@ < 3 (4.6)

Wl >
Wl >
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_ 0 )
105 )¢ o 0,0w -1 (02)) < 3 157l (@) < 3 (4.7)
and both 1y and 5 converges to zero *weakly in L>=(Q), in L'(Q), and up to

subsequences, almost everywhere as Uam'shes.
Moreover, if A& and \E are as in we have

/ Yy d /\EB = w(e, d), / vy d,us (4.8)
/ UFANE = w(e, ), / Ydus <, (4.9)
Q Q

/ (1= F N )dAE = w(e, 6, ), / (L= )dud <o+, (4.10)

Q Q

/Q (1 — 597 )ANE = w(e, 6,1), / (1 — g7 )dus <6+, (4.11)

For a proof of the above lemma see [23, Lemma 5].

Remark 4.4. If A% and \? satisfy (iii) and (iv) of Definition [3.1] respectively, and
1y and w; are the functions defined in Lemma as an easy consequence of the
narrow convergence we obtain

lim lim/ Y5 dAE =0, hm hm/ YFdAE =0, (4.12)
§—0e—0 Q §—0e—0

. . . _ + + ®: . . . _ — — 6:
Jim lim Ly | (1= 0 0))ANE =0, Jig lim T | (1= 0707 )dAD = 0. (413

5. EXISTENCE OF A LIMIT FUNCTION

The following lemma is the main tool in order to establish the fundamental a
priori estimates for the sequence (u.).

Lemma 5.1. Let u,v as defined before, and assume that there exists C > 0 such
that
[ulle0.r:1(0)) < C5 ollpe (0,1 () < C,

/ YTy (w)[Pdz dt < Ck: / VT (0)Pdz dt < C(k + 1), (5-1)
Q Q

for every k > 0. Then there exists C = C(N, M,p) > 0 such that
(i) meas{|u| >k} < Ck~®=14%) meas{|v| > k} < Ck—(P—1+%),
(i) meas{|Vul > k} < Ok~ %40, meas{|Vo| > k} < Ok~ =75,

Proof. (i) We can improve this kind of estimate by using a suitable Gagliardo-
Niremberg typeinequality (see [I1, Proposition 3.1]) which asserts that is w €
Lq(O T; Wy () N L®(0,T; L*(Q)), with ¢ > 1, ¢ > 1. Then w € L7(Q) with
+p and

Pa
/Q|w|"dxdt§C’|w||LNOO(O)T;LP(Q))/Q|Vw|qdzdt.

Indeed, in this way we obtain

/ | Ty (w)|P+ ¥ da dt < Ck,
Q
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and so, we can write

K" ¥ meas{|u| > k} < /

| Ty (u)[PTF da dt < / Ty (w)|PT % dadt < Ck,
{Jul>k} Q

Then,

meas{|u| > k} < =

(ii) We are interested about a similar estimate on the gradients of functions u; let
us emphasize that these estimates hold true. First of all, observe that

meas{|Vu| # A} <meas{|Vu| # A; [u] <k} + meas{|Vu| # X; |u| > k}
with regard to the first term in the right hand side, we have

1
meas{|Vu| # \; [u] <k} < — |VulPdx

P /{Vu>A lu| <k}

1
VulPde = - /\VTk wedz < <F

AP J{jul<k}

Ck
AP

while for the last term, thanks to (i), we can write

meas{|Vu| > A; Ju| > k} <meas{|u| >k} < KQ

with o = p — 14 £. So, finally, we obtain

meas{|Vu| > A} < g + ik

and we obtain a better estimate by taking the minimum over k of the right-hand
side; the minimum is achieved for the value
oC

bo=(T5)7TATE

and so we obtain the desired estimate

meas{|Vu| > A} <CXT7

with v = p(;%7) = NPJJ’;IN =p- NLH Then, we found that u (resp v) is
uniformally bounded in the Marcinkiewicz space MP~'+ % (Q) and Vu (resp Vv)
is equibounded in M7(Q), with vy =p — NLH O

From now we always assume that (a.), ag are functions satisfying H (co, ¢1, ¢2, bo)
and (3.1), that p € M,(Q) is decomposed as f + F + g, + ps, f € L*(Q), F €
LY (0, T; WP (Q)), g, € LP(0, T; V), pus € M4(Q), and that (us) is a sequence of
measure in My (Q), which have a splitting (f, Fﬁg67 AP A2) converging to p. We

shall denotes by u,. a renormalized solution of with pe as datum. Hence it
satisfies:

T
/ ((ve)t, ) dt +/ a(t,x,ue, Vue) - Vo da dt
0 @ (5.3)

T
:/fegadxdt—k/ (Fe,ga)dxdt—l-/(pd(/\?_/\s@)’
Q 0 Q

for all o € LP(0, T; Wy P (Q))NL®(Q), ¢, € LP (0, T; W17 (Q)), with (T, 0) = 0.
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As a first step, we find a function u € L°°(0,T;L'(Q)) such that Ty(u) €
Lr(0,T; Wolp(Q)) which is the limit, up to a subsequence, of (u.) in suitable topolo-
gies.

Proposition 5.2. Let p. € My(Q), (uoe) € LY(Q), with sup.|u.(Q)| < oo and

luoelli,o < co. Let (ue) be a sequence of renormalized solutions of (3.4), and let
Ve = Ue — ge. Then there exists C' > 0 such that

ltell 20,212 < C / VT4 (ud)|Pdz dt < CF,
@ (5.4)

HUE||LOO(07T;L1(Q)) S C, / |VTk(U€)|pd£ZZ dt S C(k + 1),
Q

for every e and for every k > 0. Moreover there exists a subsequence, still denoted by
Ue (resp ve) and a measurable function u (resp v) such that the following convergence
hold.

(i) ue (resp (ve)) converges to u (resp v) a.e. in Q;

(ii) u (resp v) belongs to L>(0,T;LY(Q)) and for every k > 0, the sequence
(Th(ue)) (resp Ti(ve)) converges to Ty(u) (resp Ti(v)) € LP(0,T; Wy*(2))
in the weak topology of LP(0,T; Wy (Q));

(iii) Vue (resp (Vo)) converges to Vu (resp Vv) a.e. in Q;

(iv) ac(t, x,ue, Vue) converges to ag(t,x,u, Vu) in the strong topology of the
space L1(0,T; Wol’q(Q)) for every q < p — NL_H, while ac(t, z,u, VT (ue))
conwerges to ag(t,z,u, VI (u)) in the weak topology of (L* (Q))N for every
k> 0.

Proof. Step 1. a priori estimates. Let us choose Ty (u.) as test function in (5.3)
and we integrate in |0, ¢[ to obtain

/Q@k(ue(t))dx—l—/Ot/Qa(t,m,ue,Vue)VTk(ue)dxdt

—/Ot/QTk(ue)duE+/Q@k(Uo,e)d$

using (3.1) and the fact that |jug |

(5.5)

r1(9) and [|piell 21 (@) are bounded:

/Q(ak(ue)(t) dx+At[2|VTk(ue)|pdxdt§Ck

Since Ok (s) > 0 and |©1(s)| > |s| — 1, we obtain

t
/ |u€(t)|dz+/ / VT (ue)Pdzdt < C(k + 1), Yk > 0,¥t € [0,T).
Q 0 JQ

Taking the supremum on (0,T). As a consequence we obtain the estimate of u, in
L>(0,T5 LN Q)

[well o0, 7520 (02)) < C
We repeat here the same argument to get the estimate on v.: let us choose Ty (v, ) as
test function in . by integration by parts (recall that g. has compact support

in @, so that (v¢(0) = u(0) = ug,)) and using (3.1
t
/ O(ve)(t) dx—l—a/ / IVue|P X {jv. <k|} dx ds
Q 0o Ja
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t
S/@k(uo,e)dx—k/ fETk(ve)d:cdt—k/ /Ge-VuEX{‘UFSH}d:Eds
Q Q 0 Jo

t t
7/ /GEngex{mSk‘}dxder/ /a(s,x,ue,VuE)Vgex{m‘Sk}dsds
0 Ja 0o Ja

+/ Tk(ve)d)\?f/ Ty (ve)dAS.
Q Q

thanks to (3.2)) and young’s inequality,

t
/9(1}6)(t)d:v+%/ /|Vu€|”x{|v€§k‘}dxds
Q 0 Q
S/ |f€\dxdt+C’/ |G€\p/dxdt—|—C’/ |Vge|Pdx dt
Q Q Q

+o/ |b(t,x)|p’dxdt+k/ |u07€|d:c+k:/ dA?+k/ dX®.
Q Q Q Q

Using that G. is bounded in L? (Q), g. is bounded in LP(0,T; W, ?(Q)), f., A®
and A2 are bounded in L'(Q) and ug . is bounded in L'(9), we have

O1(ve)de < C Vtel0,T),
Q

In this way the same estimate of u, follows for v, in L>°(0,T; L*(Q)):

[vell Lo (0,71 (2)) < €
/ [VuePX (o <kyde dt < C(k +1),
Q

which yields that T} (v) is bounded in LP(0,T; W, *(2)) for any k > 0 (recall that
ge itself is bounded in LP(0,T; W, ?(Q))). Then

/ VT (v) P dt < C(k + 1).
Q

Step 2. Up to a subsequence, u,. is a Cauchy sequence in measure. We are going to
prove now that, up to subsequences, u,. converges almost everywhere in ) towards a
measurable function u. Lemma [5.1] gives the usual estimates for parabolic equation
with measure data, that is to say wu. is bounded in L4(0,T; Wol’q(Q)) for every

q<p-— NL_H and in L*(0,T; L*(Q2)), for which we can deduce that

klim meas{(z,t) € Q : Ju| > k} =0 uniformly with respect to u.
— 400

From (j5.4) we have that Tk (u.) is bounded in LP(0,T; Wol’p(Q)) for every k > 0.
Now, if we multiply the approximating equation by 7} (v.), where 7y (s) is a C*(R),
nondecreasing function such that 7;(s) = s for |s| < & and 7y(s) = k for |s| > &,
we obtain

(Tr(ve)) — div(a(t, x, ue, Vue) T (ve)) + alz, t,ue, Vue) - Vo T, (ve)

=Ty (ve) fe + T (ve) Ge - Ve — div(Ge Ty (ve)) + ()‘? - )‘e@)%(ve)-
in the sense of distributions. This implies, thanks to the last equality and to the fact
that 7, has compact support, that 7j(v.) is bounded in L?(0,T; WP (€)) while
its time derivative (75 (ve)); is bounded in LP(0,T; W12 (Q)) + L*(Q), hence a
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classical compactness result (see [20]) allows us to conclude that 7y (v, ) is compact in
L?(Q). Thus for a subsequence, it also converges in measure, and almost everywhere
in Q. Since we have, for ¢ > 0,

meas{(z,t) : vy — V| > 0}
k k
< meas{(x,t) : |vn] > 5} + meas{(z,t) : |vn| > 5}
+ meas{(z,t) : |Tx(vn) — Tt (vm)| > 0, }
by (5.4) for every fixed € > 0 we can choose k large enough to have
meas{(z,t) : [vy, — vm| > o} < meas{(z,t) : |Ti(vn) — Tp(vm)| > 0} +€,  (5.6)
for all n,m € N. The fact that 7;(v.) converges in measure for every k > 0 implies,
using (2.8), that, up to subsequences, v, also converges in measure and almost
everywhere in ). In particular, we have found out that there exists a measurable
function v in L>(0,T; L' (2)) N L1(0, T; Wy %(S2)) for every ¢ < p — NLH such that

Ti(v) belongs to LP(0,T; W, P(Q)) for every k > 0, and for a subsequences, not
relabeled,

Tr(ve) — Ti(v) weakly in LP(0,T; WyP(Q)), strongly in LP(Q) and a.e. in Q.
We deduce that
ve — v a.e. in Q,

and since g, strongly converges to g in LP(0, T VVO1 P(Q)), there exists a measurable
function u such that

Ue — u a.e. in Q,

The estimate (5.4) also imply that u € L>(0,7;L'(Q)). Indeed, using Fatou’s
Lemma on the first term of the left-hand of

t
/ |u€(t)|da:+/ / VTh(u)|Pdzdt < C(k+1), Yk > 0, € [0,T].
Q 0 Q
where

T (ue) = Ti(u) weakly in LP(0, T; W, P(Q))

and in addition

/ |VTy(u)Pdx dt < Ck, / VT (v)|Pdx dt < C(k+ 1), (5.7)
Q Q

that is property (ii) holds.

Step 3. Vu, is a Cauchy sequence in measure. Let us show that Vu, is a Cauchy
sequence in measure, which will yields Vu, — Vu almost everywhere, for a conve-
nient subsequence. Given § > 0 for every > 0 and k£ > 0 one has

{(t,x), |Vu, — Vu,| > 6}
C At @), [un| >k} U{(t, 2), lum| > k}
UA{(t,2), [Vun| >k} U{(t, ), [Vum| > £} U{(t, 2), [un —um| >0} (5.8)
U {(t,x), [V, — V| > 6, ju, < k|, |[Vu,| <k,
[un| < Ky [Vum| <k, |[un — ] < 77}-

We will denote A; to Ag the six sets of the right hand side. One could remark, in
the sequel of the proof, that only the upper bound of the measure of Ag uses the



14 M. ABDELLAOUI, E. AZROUL EJDE-2018/132

equation of which u,, and u,, are solutions. The other bounds use the boundedness
of (u,) and (Vuy,).
Let us bound meas(A;) and meas(Az), we have

T
kmeas(A;) S/ |Vun\dxdt§/ /\Vuﬂda;dt
Ay 0 Q

meas(4;) < / /|Vun\dxdt %

for k large enough, because (Vu,,) is bounded in L2((0,T) x Q) for ¢ < p —
and hence in L'((0,T) x ). Let us fix k such that

meas(A4;) <e and meas(Az) <e forall n,m €N,

hence

Now let us bound meas(As3), we have (u,,) is a Cauchy sequence in L'((0,7) x )
hence for a given n, there exist ngy such that for n,m > ng one has

meas(A3z) < e

it is now sufficient to bound meas(A,), and to choose 7. Thanks to the monotonicity
of A, we have [a(t,z,s,(1) — a(t,z,s,(2)]((1 — C2) > 0 for (1 — (2 # 0. Since the
set of (C1,¢2) such that: {(¢,2),|s| < k, |G| < k,|¢| < k and (1 — (o] > 6} is
compact and a is continuous with respect to ¢ for almost all ¢ and z, [a(¢,z, s, (1) —
(a(t, z,s,(2)](¢1 — ¢2) reaches on this compact its minimum that we will denotes
~(t,z), and that verifies y(¢,z) > 0 a.e. Since v(¢,x) > 0 a.e., there exists ¢ > 0
such that, for all measurable set A C (0,T) x Q,

/ v <& = meas(A) <e
A
hence, to obtain meas(A4) < ¢, it is sufficient to show that

/A REL (5.9)

By definition of v and A4, we have
/ v < / (a(t, z,un, Vim) — a(t, 2, U, Vi) (Vin = VU ) X{un—um | <n}-
Ay Ay

Moreover the term to be integrated is non negative and VT (u, — tm) = (Vu, —
VU)X {u —um|<n}» hence we have

T
/ v < / (a(t, z,un, Vu,) — a(t, @, Um, Vip)) - VI (Un — Um),
Ay 0
if one chooses ¢ = Ty, (uy, — up,) € LP(0,T; WHP(Q)) N L>(0,T; L' (£2)), which satis-

fies Ty, (tn, — um)¢ € LP' (J0, T[; WP (2)), in equation in the sense of distributions
written successively with w,, and u.,, one gets

/OT<(un — U )t; Ty (U — Um))
+ /OT /Q(a(t,x,un, Vi) — alt, T, um, Vi) VT, (un — tm)

= /OT/Q(un—um)Tn(un = Upn).
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that is (using ©,, the primitive of T}))
[ ©nlttn = wn)@) =~ [ &4t — )0
Q Q
T
+/ /(a(toc,un7 V) — a(t, €, Um, Vi) VT (U, — tm)
0o Ja

- ' [0 = Ty = )

Since the first term is non-negative (0, (z) > 0), and ©,,(z) < n|x| one has

T
/ /(a(t,x,un, Vug) —a(t, z, um, V) - VI (Un — tm,)

<77/ /|,un ,um|+77/|uo—uo

< 2([|(@)I + lluollre) -

Then for 1 small enough, one has f a4,V S ¢’ and thus meas(A44) < € and therefore
for all n,m > ng we have

meas({|(Vu, — Vu,,)(x)] > 6}) < 4e,

thus, we obtain that Vu. is a Cauchy sequence in measure. Passing to a subse-
quence, we assume that

Vue — Vu  almost everywhere in Q.
Similarly, we obtain the convergence a.e of v, this gives
Vv — Vo almost everywhere in Q.

that is property (iii) holds

It remains to prove (iv). By ., Lemma [5.1] m and | -7 (t,z,ue, Vue) is
bounded in L4(0, T} Wo’q(Q)) for every ¢ < p — NLH Moreover by -,
and (iii), a(t, z, ue, Vu,) converges to ag(t, z,u, Vu) a.e. in Q. Hence by Vitali’s
Theorem, we have that a(¢,z,u, Vu.) converges to ag(t,z,u, Vu) in the strong
topology of L(0,T; Wol’q(Q ), 1<g<p-— NLH Finally, by (ii) and (2.2)), the
sequence (a(t,, ue, VTk(ue)) is bounded in L (Q), which easily implies that it
converges to ao(t, z,u, VI, (u)) in the weak topology of LP (Q). O

- ~—

6. PROOF OF THEOREM

At this point we have a subsequence (u.) of renormalized solutions to and
a measurable function u with Tx(u) € LP(0,T; Wy *(€)) N L>=(0,T; L*(2)) such
that all the convergences stated in Proposition hold. We have to prove that
the function u is a renormalized solution to (3.5)). By Proposition [5.2 (i) condition
(a) of Definition is satisfied, while by and Lemma we obtain that u
satisfies conditio of Definition Hence, it is enough to prove (2.8)). Let
S € W2 (R), and let » € CZ([0,T] x ). We choose S’(v)¢ as test function in
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the equation solved by u., obtaining
T
7/ S(uo.e)e(0) dx—/ (o1, S(ve)) +/ S (ve)ae(t, z, ue, Vue) - Vo dz dt
Q 0 Q

+/ S" (ve)ae(t, , ue, Vve) - Voep da dt (6.1)
Q

:/ S’ (ve)pdfie +/ S’ (ve)pd\& f/ S’ (ve)pd\S.
Q Q Q
As supp(S’) C [-M, M], we have

/ ae(x,t,uE,Vue)~VveS”(v6)g0dxdt:/ ac(z,t, ue, VT (ve)p) da dt
Q Q

To pass to the limit in this term, we need the following improvement of Proposition
5.2 (ii).
Proposition 6.1. Let (ac), ag be functions satisfying H(cg, c1, c2,bo) and . Let
p € My(Q) be fized, and pp = f+F+gi+ps, f € LHQ), F € LV (0, T; W~1#'(Q)),
s € Ms(Q). Assume that (pe) is a sequence of measures in My(Q) having a split-
ting (fe, Fe, gr.e, NP, AS) which converges to . Let (uc) a sequence of renormalized
solutions of , and let u be its limit in the sense of Proposition . Then for
every k > 0 the sequence (Ty(uc)) converges strongly in LP(0,T; Wo'* (€)) to Tj(u)
as € goes to 0.
Proof. 1t is sufficient to follow the lines of the long and not easy proof of the same
result, for a fixed operator independent of u, for the elliptic case in [I2] sections
58], for the parabolic case in [23] section 7]. The assumptions on a. allow to obtain
some estimates for varying operators explicitly depending on wu.

For any 6,17 > 0, let w;r,w;;‘,z/)g and ¢, as in Lemma and let E* and E~
be the sets where, respectively, ut, u; are concentrated; setting

s = V5 Uy + U5 Uy

Suppose that, the estimate near F,
L = / D5 pa(z,t,ue, Vue) - V(ve — Ti(v),) < w(e, v, 6,m), (6.2)
{l'“elgk}
and far from F,
I, = / (1= Bs,)alt, z, ue, V) - V(ve — T (v),) < w(e, v, 6,7m). (6.3)
{lvel<k}
Putting these statements together we obtain

fimsup [ aftnu, Va) - Voo~ Ti(e)) <0, (6.4)
{lve|<k}

v—0,e—0

so that using the convergence of (Tj(v),) to Tk (v) in X we deduce

lim sup/ a(t, z,ue, Vue) - V(ve — T (v)) <0, (6.5)
{lvel <k}

e—0

since by the weak convergence of T (v) to Ty (v) in X, Proposition implies that

/{ - a(t,z,u, V(T (v) + g¢)) - V(T (ve) — Te(v)) = w(e). (6.6)
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then we obtain
/{| \<k}(a(t’ 2, ue, V) — a(t, z,u, V(T (v) + 60))) - V(ue — (Ti(v) + ge)) = w(e).-

we also have, using the convergence of Vu, to Vu a.e. in @
(a(t, z,uc, Vo)) — alt, z,u, Vu) in (LP (Q))V, (6.7)

then we obtain

lim sup/ a(t, z, ue, Vue) - VI (ve) < / a(t,z,u, Vu) - VI (v).
e—0 Q Q

so that by Proposition since (a(t,x,ue, V(T (ve + ge)) converges weakly in
(L (Q))N to some Fy, it follows that Fj, = a(t,z,u, V(T (u) +g)). We get

e—0

limsup/Qa(t,a:, Ue, V(Ti(ve) + ge)) - V(Ti(ve) + ge)

e—0 e—0

< tiwsup [ aft.au Vo) V(o) +limsup [ aft,z,V(Tiw) + 9.)) - Vo,
Q Q

< / a(t,z,u, V(Tp(v) + 1)) - V(Tk(v) + g).
Q

We finally deduce
(Tk(ve)) converges to Ty (v) strongly in X for all & > 0. (6.8)
O
The next Lemma is devoted to establish the preliminary essential estimate.

Lemma 6.2. Near E we have the estimate
I = / D5 ,a(t, z, ue, Vie) - V(ve — T (v),) < wle, v,0,7).
{lvel<k}
Proof. We have

I = / D5 pa(t, z,uc, Vue) - VI (ve) — / D5 pa(t, z,ue, Vue) - V(Ti(v)),.
Q {Ivslgk}

so that, from Proposition (iv) and since a(t, z, ue, VIi(ve) + ge)VIk(v), con-
verges weakly in L'(Q) to FrV(T5(v))y, X{ju.|<k} cOnverges to x{joj<k} a.¢ in Q,
®;, converges to 0 a.e. in Q as & — 0 and ®s,, takes its values in [0,1], using
Lemma [£.1] we have the first integral

/ P pa(t, z, ue, Vue) - V(T (v))w

{l")elfk}

= / X{Jv. | <k} Psnalt, 2, ue, V(T (ve) + ge)) - V(T (v))
Q

= / X{lv| <k} Lo Er - V(Ti(v))y + w(e)
Q

= w(e, v, 9).
To obtain the second integral, we set, for any n > k£ > 0, and any s € R

A~

Snk(s) = /os(k — Ty (r))Hy (r)dr
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where H,, is defined at Remark We take (S, ) = (Snr, 1/13“1/1; ) as test function
in (6.1]), and we obtain
A+ Ay + A3+ Ay + A5 + A6 =0,

where

A= / (W68 1 (vc) da dt,
Q
Ay = / (k — Te(ve) Hu (v )alt, 2, ue, Vuug) - V(65 i) dadt,
Q

_/ w;w;}»a(t? Ty Ue, V’U,E) : VTk('Ue) dzr dt7
Q

2k
Ay = — 1#;1/);@@7 Z, Ue, Vi) - Vo da dt,
{—2n<v.<—n}

A= /Q (k = Te(v) Ha (¥ 3 dito.c

Ay = /Q (k — Th(0e)) Ha (0 )0 6 dO® + 29)

Therefore, as in [23], using the fact that (Sy.x(ve)) weakly converges to S, x(v) in
X, 8, x(v) € L®(Q) and we obtain

A /wé AT (v /% (618 () + w(e) = w(e,6).

Now since v, = To,(ve) on supp(Hy(v.)) it follows from Proposition (iv) that
sequence (a(t, z, ue, V(Ton(ve)+9e))) ~V(w;1ﬁ,’) weakly converges to Fy, ~V(1/J;rwj,')
in L*(Q). From Lemma [4.1| and the convergence of ¢ ¢, in X to 0 as § tends to
0, we obtain

Ay = / (k = Ti(ve)) Hp (ve) Fon - V(95 7) 4+ w(e) = w(e, d).
Q

Because 0 < w+ <1 (resp 0 <y <1). we then deduce

2k
A4 = a(tal'vuev V(TQn(ve) + ge)) ' V(TZn(ve) + ge)

N J 2on<v.<—n
— VgJuf v dedt
2k
<

a(t, z,ue, Vi) - Vvewﬁ dx dt + w(e, d,n).
{—2n<v.<—n}

Therefore Lemma, implies

Ay = w(e, d,m,7).
From the weak convergence of ((k—T(ve)) Hp (ve)thy 1,F) to (k—Ti(v)) Hy (v)1h5 1,
in X and of the weak_* convergence of (k — T (ve))H,(ve) to (k — T (v))H,(v) in
L*>®(Q) and a.e. in Q, the weak convergence of (f.) to f in L'(Q) and the strong

convergence of (g¢) to g in (L? (Q))N. From Lemma and the convergence of
dJ;'zj)f{ to 0in X and a.e. in Q as § — 0

As = /Q<k = Ti(ve) Ha(0) 05y dito + w(e) = w(e,9),
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We claim that the last term
Ao <2k [ wiurdO® +02) =2k [ et ) + )
Q Q
Indeed, from Lemma [4:2] we have
AG S (/.)(6, 6a 77)7

because A3 does not depend on n. We then deduce from Zle A; =0
Az = / w;rz/}f{a(t,x,ue,VuE) VT (ve) <w(e, 0,m).
Q

Similarly, we take (S,¢) = (S, Y5 1, ) as test function in (6.1)), where Spi(s) =
—S,,.1(—s), we have, as before

[ vt e Vo) - 9Ti(w) < (e, ),
Q
So that using the two last inequalities we obtain

/ D5 pa(t, z,ue, Vue) - VI (ve) < w(e,v,6,1m).

Q
We finally deduce
I = / D5 pa(t, z,ue, Vue) - V(ve — Ti(v),) < w(e, v, 0,1).
{lve|<k}
O

Remark 6.3. Note that: It is precisely for this estimate that we need the double
cut functions ¢ ¢

This results turns out to hold true even for more general functions 1/),‘7*‘ and
in W1°°(Q), which satisfy

0<4y <1, 0<4, <1,
os/wﬁduggn, Oﬁ/w;duiﬁn
Q Q
Lemma 6.4. Far from E we have the estimate
Iy, = / (1 — <I>5,7,)a(t,x, Ue, Vug) : V(Tk(ve) - Tk(v)'/)
{lvel<k}

Proof. Now we follow the ideas in [22] 24], for any h > 2k > 0, we define
We = T2k(ve - Th(ve) + Tk(ve) - Tk(v)u)7

Note that Vw, = 0 if |ve| > h + 4k. As a consequence of the estimate on Ty (ve) in
Proposition [5.2| we have w, is bounded in L?(0, T; W, "*(£2)); we easily obtain

we — Top(v — Th(v) + T (v) — Tie(v)))
since [|T(v),| L (@) < k, we have also
we = 2k sign(ve), in {|ve] > h+ 2k},  |we| <4k, we=w(e,v,h) ae. in Q,
lizn We = Thyr (v — (Tk(v))y) — Theg (v — Ti(v)), a.e. in @ and weakly in X.
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Let us take we(1 — ®5,) as test functions in (5.3). We obtain
A1+ Az + Az = Ag + As,

where

T
A= / (ve.6, we(1 — Ps,))) dt,
0
Ay = / a(t, z, ue, Vie) - Vwe(1 — ®5,),
Q

Ay = — /Q a(t,z,ue, Vue) - VOs qwede dt,
Ay = we(1 — Dsy)dpio,
4 = /Qwé(l — 85,)d(\E — A9)
Using the weak convergence of f., again from the decomposition
Ay = /Qfewe(l ~@y,)dudt+ /Q G V(we(l— ®s,)) drdt,

since f. converges to f weakly in L'(Q), from Lemma we obtain

/Qfewe(l — ®5,,) de dt = w(e, v, h).
Lemma 6.5. Let h,k > 0, and ue and ®s,, as before, then

/ |vu6|p(1 - (I)(S,’I’]) = CU(E, h,67 77)
{h<|ve|<h+k}

For a proof of the above lemma see [23, Lemma 7].
Note that (g¢) converges to g strongly in (L? (Q))V, and Tj(v), converges to
Tk (v) strongly in X. Then we deduce from Young’s inequality and Lemma

/ Ge - V(we(l — D5,,)) dz dt
Q
= /Q(l — @5’77)(; . V(Tthk(U — Tk(v)) - Th,k(v - Tk(v))) dx dt + w(e, V)

= / (1—®5,)G-Vodrdt+ w(e v, h)
{h<v<h+2k}

= w(h,é,m).

Then
A4 = W(E, v, h7 67 77)
To estimate of As, we have |w.| < 2k and reasoning as in the proof of Lemma
and thanks to (4.8) - (4.11); we obtain
As = w(e, 53 77)

To estimate of A, we observe that, since |T(v),| < k, we can be written in the
following way:

We = Thar (Ve — Ti(v)y) — Thoi(ve — Ti(ve))-
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Hence, setting G(t) = f(f Th—_1(s — Ti(s))ds, we have
[ (@ - @y
= [T~ T )0 - @3,
+/Qsh+k(ve T (0)))e(1 — ®s,) dxdt—/QG(ve)t(l ) dedt
and since |Tx(v),| < k, using the definition of T} (v), we obtain
/Ot<(Tk(U)V)t:Th+k(Ue = T (v)y)(1 = @) di

— /Q (Te(v) = Te(0)0) Ths (v — T(v),) dadt,

so that as € tends to infinity, we have

| @) Tt = T (1 = 85

=)+ [ (Belo) = Tul))Then(v = Tu(w) ) (1~ Ds,,) o
Q

=w(e) + 1// (v —Tr(v)o)Thar(v — Ti(v),) (1 — @5,y) dz dt
{lvI<k}

+ / (k’ - Tk(v),,)T;H_k(v - Tk(v)u)(l - (1)57,7) dx dt
{v>k}

+ / (—k = To(0)0) T (v — T (0),) (L — B5.,) derdt.
{v<—k}

since |Tg(v),| < k, last three terms are positives, hence we deduce by letting € and
v to oo,

/ (ve)t, we(1 — @s.py)) dt
0

— w(e) +/@Sh+k(v€ C T(@)u)(1 — <I>57n)dxdt—/QG(ve)t(1 — ®,) du dt

0Ps,

— (o) + /Q Shn (v — Ti()) "2 dt /Q G(v) 220

dx dt

+/QSh+k(vE —Ti(v),)(T) dx _/QSth(UO,e —z,)dz

- / G(ve)(T) dx +/ G(uo,e) da.
Q Q
Now we define the function R(y) = Sh4x(y — 2) - G(y), with |z| < k. Then

R(y) = Shax(y+2) =20, |yl <k,
R'(y) = Thin(y — 2) = Tn—r(y — Tu(y)) >0, y>k>z,
R(y) <0, y<-k<z
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Hence for every z, |z| < k, we have R(y) > 0 for every y in R, we obtain
/ Sk (Ve — Te(0),)(T) d — / Go)(T)dz > 0,
letting € and v goQto their limits, ’
/ G(ty, ) dr— / Shk(uo,e —2,) de = / G(up) —/ Shk (o — T (up)) +w(e, v),

Since we have |G (uo) — Spyr(uo — Tk(uo))| < 2K[uolX{juo|>k}, it follows that by
letting h to 400,

/ G(ug,e) dx — / Shak(to,e — 20) de = w(e, v, h).
Q Q
By the definition of Tj(v),,

d® dd
/ Sk (Ve — Tr(v),) d;"dxdt— / G(ve) d:"dxdt
Q Q

= / (Shar(v —Ti(v) — G(v))di%dm dt + w(e, v).
Q

So, if [v| < h—k, Sh4r(v—T;(v))—G(v) = 0, then Sp4x(v—Tr(v)) —G(v) converges
a.e. to 0 on @, and since v € L(Q), by dominated convergence theorem

P P
/ Shak(ve — Tk(v)y)ddf" dx dt — / (ve)ddfn drdt > w(e, v, h),
Q Q

and so

T
/0 ((ve)t, we(1 — Psy)) > wle, v, h).

Now we estimate of Ay. Note that Vw, = 0 if |v| > h + 4k; then if we set
M = h+ 4k, splitting the integral (As) on the sets {|ve| > k} and {|v.| < k}, using
the fact that T, (ve) = Th(ve) = ve in {|ve| < k} and VT (ve)X|v.|>k = 0. Then for
{Jve] £ M} and h > 2k, we have

Ay = / a(t, x, ue, Vue) - Vwe (1 — ®5p) da dt
Q
_ / At 2,1, Vi) - V(ve = To(w))(1 — Dyy) da dt
{lvel <k}
+/ a(t,z,ue, Vue) - V[(ve — Th(ve)) — (Ti(v),)](1 — ®syy) dax dt
{|ve|>k}
= / a(t,z,ue, Vue) - V(ve — T (v),) (1 — @sy) da dit
{lvel<k}
+ / a(t, z, ue, Vue) - V[(ve — Th(ve)) (1 — $syy) da di
{lvel>h}
+ / a(t, z, ue, Vue) - V(T (v)y — Tk (v)) + VIE(v)(1 — ®5y) dz dt
{lve|>E}
= a(t,x,ue, Vue) - V(ve — T (v),) (1 — ®gyp) da dt

{lvel <k}

/ a(t,z,ue, Vue) - Voe(1 — ®s,,) da dt
{h<|ve|>h+4k}
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+ / a(t, z, ue, Vue) - V(T (v)y — Tk (v)) (1 — ®syy) dr dt
{|ve|>k}

—l—/ a(t,xz,ue, Vue) - VI (v)(1 — ®s,y) dx dt .
{|ve|>k}

Using assumption ([2.2]), young’s inequality, equi-integrability and Lemma we
see that for some C' = C(p, c2),

/ a(t,z,ue, Vue) - Vo (1 — @5p) da dt
{h<|ve|<h+4k}

<C (IVucl? + [Vg|? + [bo(t, 2) [P ) (1 — @s,,) da dit
{h<|ve|<h+4k}

< w(e h,0,m).
Thanks to Proposition and the fact that Ty (v), converges strongly to Ty (v) in
LP(0,T; W, P()), we have

/ a(t,z,ue, Vue) - VI (v)(1 — ®s,y) dz dt = w(e),
{lve|>k}

/ a(t, z, ue, Vue) - V(T (v)y — T (v)) (1 — ®5y) d dt = w(e, v),
{lve‘>k}
Therefore,
Ay = / a(t, z, ue, Ve) - V(ve — Ti(v),) (1 — @sy) dx dt + w(e, v, h, 8, 7).
{lvel <k}
([l
Next we conclude the proof of Theorem [3.5

Lemma 6.6. The function u is a renormalized solution of (L.1]).

Proof. (i) Let ¢ € X N L*(Q) such that ¢; € X' + LYQ), ¢(-,T) = 0, and
S € W2%>(R), such that S’ has compact support on R, S(0) = 0. Let M > 0 such
that supp S’ C [—~M, M]. Taking successively (¢,5), (¢,%3) and (p,1b5) as test
functions in applied to u., we can write

Ar+ Ag) + As+ Ay = As + Ag + Ar,
(A2)y +(A3)5 + (As)y = (A5); + (A6)y + (A7)5,
(A2)s + (As)y + (Ag)y = (As5)5 + (A6)5 + (A7)

where

A== [ eOStdt 42—~ [ piS(w)dedt
Q Q
Az = / S"(ve)a(t, z, ue, Vue) - Vi dx dt,
Q
Ay = / S" (ve)pa(t, z,ue, Vue) - Vudz dt,
Q

As= [ S(wee s [ SwIedr
Q Q
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- / S (ue)pdA2,
Q

(As)f = — /Q (o )eS (ve) dadt,

and

(Ag)}':/ S’ (ve)a(t, z, ue, Vue) - V() da dt,
Q
(A1)y = / S" (ve) vt alt, ,ue, Vue) - Voeda dt,
Q
(4s)} = / S (vt dAZ,

(A¢)f = /S’ (ve) Y dAS .

Since (ug ) converges to ug in L'(2), and (S(ve)) converges to S(v), strongly in
X, and weak_* in L>°(Q), it follows that

Ay :/Qcp(O)S(uo)d:c+w(e), Ay = /QsotS(va(eL

(A2)f =w(e,d), (A2); =w(e,d).

Moreover, Ty (v.) converges to Ths(v), then Tps(ve) + h. converges to T (v) + h
strongly in X. Therefore,

A3:/ S (ve)a(t, x,ue, V(Thr(ve) + he) - Vep,

/ S (v)a(t, z,ue, V(Tar(v) + 1)) - Ve,

= / S'(v)a(t,x,u, Vu) - Vo,
and

Ay = /QS”(ve)goa(t,:c,ue, V(T (ve) + he)) - Vs (ve)
=0+ [ S"0)glt, a0, (T o) + 1) FTi (0
=w(e) + /Q S" (v)pa(t, z,u, Vu) - Vv
In the same way, since 1/1;, 1y converges to 0 in X,
(45)F =0 + [ §@att 0,90 Vigw); = i)

(A3)5 =w(e) + A S'(v)a(t, z,u, Vu) - V(pyy ) = w(e, ),
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(407 =@ + [ S")evalt.a.u, Va) - Vo = wle.d)
Q
and (g.) strongly converges to g in (L*' (Q))". Therefore,
(49) = [ et + [ S'wdg Vot [ 8" (w)eg. TTuw)
Q Q Q
—w(d+ [ SWef+ [ S Te+ [ S 0heg- VTu(w)
Q Q Q
:w(e) +/ SI(’U)QDdﬂO
Q
Now, thanks to Proposition and the proprieties of 1/)2' and 1y, we readily have
(4] =0+ [ 8w dic = wle),

Q
(4s)5 = w(e) + /Q S ()puy diic = w(e, ).

Then
(As)F + (A7) = wi(c, 8),
and thanks to (4.9),
(Ar)} < | / S (v )t dAS] < ¢ / U NS = w(e, ),
Q Q
(A7)E = w(e7 (5) .
Then
(Ag)f = / S' (W)Ut dAE = wi(e, 8).
Q
Moreover,
Ag = / S’ (ve)pdAE
Q
- / S/ (ve)pf dAE + / S/ (0)p(1 — 4 )N
Q Q
< w(e,6) + / 1S (el (1 — g )N
Q
< w(e,d) + 1S wam e el =@ /Q (1 — 4 )dre
< w(e, ).
Hence

Ag = w(e) and (A7) = w(e).

Therefore, we finally obtain
- / ©(0)S(ug) dz — / ©uS(v) —I—/ S'(v)a(t,z,u, Vu) - Vo
Q Q Q

+/ S" (v)pa(t, z,u, Vu) - Vo
Q
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=Lﬁwwm

with ¢ € C3([0,T] x Q). By density argument we have (2.8) for any p € X NL>*(Q)
such that ¢, € X' + LY(Q) and ¢(-,T) = 0.

(ii) Next, we prove (2.9). We take ¢ € C2°(Q) and (¢, S) = ((1 — ¥s—)p, Hy,)
as test functions in (2.8)) and the same test functions in (6.1)) applied to u., we can
write
B} + By = BY + B} + BY,
Bi.+ By, =By .+ Bi + By,

where
B} = — /Q((l — 1/15_)90)tﬁn(v) dx dt,
By = / H,(v)a(t,x,u, Vu) - V((1 — ¥ )p) dz dt,
Q
B§==/gfbxvﬂl-¢§)¢dﬂm
1
By = 7/ (1 =95 )pa(t, z,u, Vu) - Vo da dt,
n J{n<v<2n}
1
Bl = ——/ (1 =5 )palt, z,u, Vu) - Vo da dt,
N J{—2n<v<—n}
and

Bie=-—/g«1-wahﬂdﬂxvddxda
B;az/gf%@kmﬁﬂmuevud-Vﬂl—w§Mﬂdxﬁ,

Bge::/mH%@kxl‘*¢E)¢dUQQ‘FA?‘*A?%
Q

1
B}, = —/ (1 =5 )pa(t, z, ue, Vue) - Vo dz dt,
’ N J{n<v.<2n}
1
BY, = —f/ (1 =95 )pa(t, z, ue, Vue) - Vo dr dt.
’ n {—2n<v.<—n}

In the last terms, we go to the limit as n — o0, since (H,(v.)) converges to 0,
weakly in (LP(Q))Y, we obtain the relation

Bl,e + B2,5 = BS,e + B.

where

Bu——[;u—wumwﬂ
By, — / a(t, e, Vud) - V(1 — 5 @),
Q

BS,E = /Q(l - ¢E)¢dﬂe,ﬂa
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Clearly, (B;.) — (BF) = w(e,n) for i = 1,3, from (4.9) - (4.11), we obtain
Bg = (U(€, n, 5)7

1
7/ ¢g¢a(t>$7U7vu) -V :CU(€77’L,(5).
N J{n<v<2n}
Thus
1
By = */ wa(t,x,u, Vu) - Vo dz dt + w(e, n, 0)
n {n<v<2n}
since

I/Q(l—wa_)wdA?I < gl /Qu—w;)cu?,

it follows that [,(1 — ¢5)pd\e = w(e,n,d) from (L1I). And | [, v5 pd\E| <

el [o¥5 dAE. Thus from ({8) and [@I), [,(1 — ¥5)edAE = [, edut +
w(e,n,d). Then

B. :/ odut +w(e,n,d).
Q

Therefore, by subtraction, we obtain successively

1

- / wa(t,x,u, Vu) - Vo dz dt = / odpt +w(e,n,d),
N J{n<v<2n} Q

1
lim f/ gpa(t,x,u,Vu)-sz/d,uj,
n—+oo N {n<v<2n} @

which proves (2.9) when ¢ € C2°(Q). Next assume only ¢ € C*°(Q). Then

1
lim f/ wa(t,z,u, Vu) - Vv dz dt
{n<v<2n}

n—+oo n

1
= lim —/ ww;a(t,x,u,VU)-V'L}dmdt
n—toon {n<v<2n}
1
+ lim f/ o(1 —ya(t,z,u, Vu) - Vodz dt
{n<v<2n}

n—-+4oo n

1
= / e Fdut + lim f/ o1 —Halt,z,u, Vu) - Vodz dt
Q {n<v<2n}

n—+oco N
= / pdys +D
Q
where

1
D :/ e(1—9yf)dut + lim f/ o(1—v)alt,z,u, Vu)Vo dr dt = w(e).
Q {n<v<2n}

n—-+oo n

Therefore, ([2.9) still holds for ¢ € C*(Q), and we deduce (2.9) by density, and
similarly the second convergence. This complete the proof of Theorem (I
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