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INFINITELY MANY SOLUTIONS FOR A NONLOCAL TYPE
PROBLEM WITH SIGN-CHANGING WEIGHT FUNCTION

ELHOUSSINE AZROUL, ABDELMOUJIB BENKIRANE,
MOHAMMED SRATI, CESAR TORRES

ABSTRACT. In this article, we study the existence of weak solutions for a
fractional type problem driven by a nonlocal operator of elliptic type

(—A)5,u—Aaz(jul)u = f(z,u) + g()[u|!™ 2y in Q
u=0 inRV\Q.

Our approach is based on critical point theorems and variational methods.

1. INTRODUCTION

The aim of this article is to study the existence of weak solutions of the nonlocal

problem
(=), u = Aaz(|ul)u = f(a,u) + g()[u|"™ 2w in Q
u=0 inRY\Q,
where ) is a Lipschitz open bounded subset of RY, N > 1, ¢: Q@ — (1,+0c0) is a
bounded continuous function, s € (0,1), A is a positive real parameters, f : QxR —
R is a Carathéodory function with a subcritical growth conditions and (—A); is a
nonlocal integro-differential operator of elliptic type defined as
u(z) — u(y)| ) u(z) —uly)  dy
|z =yl fo—y[NTsT

(1.1)

s .
(=A)a,ulw) =2 1y RV\B, (2) d o = yl?
for z € RN, and a; : R — R to be specified later.
In the previous decade, great attention has been devoted to the study of nonlinear
problems in modular spaces, in particular quasilinear problems involving the ®-
Laplacian operator, see for instance [6] [7, @] [T9]. These kind of operator appear in
several problems in Mathematical physics, for example in nonlinear elasticity [23]
when

N
d(t) = (1+tH)* -1 1, ——).
(t) = (1417 , aeli5—)
In plasticity [24] when
~1+1+4N
O(t) = 7 In(1 + 1), pe(%,N—n,Nz&

2010 Mathematics Subject Classification. 35R1, 35P30, 35J20, 58 E05.

Key words and phrases. Fractional Orlicz-Sobolev spaces; critical point theorems;
variational methods.

(©2021 Texas State University.

Submitted June 21, 2020. Published March 18, 2021.

1



2 E. AZROUL, A. BENKIRANE, M. SRATI, C. TORRES EJDE-2021/16
In biophysics and physics of plasmas [25] when
1 1
®(t) = E\tlp + gltl‘% 1<p<qg<N,qe(p,p).

Recently we have seen an increasing development of the theory of nonlocal oper-
ators; such operators arise naturally in the context of stochastic Lévy processes
with jumps and have been studied thoroughly both from the point of view of Prob-
ability and Analysis as they proved to be accurate models to describe different
phenomena in physics, finance, image processing, and ecology; see for instance
[2, B, [, 14, 17, 31} 21] and references therein.

When ¢(x) = q a positive constant for all z € Q, ay(t) = tP* =2 and ay(t) = tP2 72,

the problem ([1.1)) is the well known fractional p;-Laplacian problem
(=A)p u— Al ?u = f(z,u) + g(z)|ul v in Q ",
u=0 inRY\Q, :

where (—A)7 s the fractional p-Laplacian operator defined as

CAY wle) = 2 lim Ju(z) — u(y) "> (ulz) — u(y))
(=A)p,ule) =2 lim EN\B.(2) |z —y|NEem w

Problem have been extensively investigated in recent years and many existence
results have been obtained under general hypotheses [10, 111, 12} 18], 27, 29] 32}, [33].
Bartolo and Bisci [12] studied the multiplicity of weak solutions to problem (|1.2))
with g(z) = 0. Mosconi et al. [32] studied the existence of weak solution of
with g(z) = 0 and f(z,u) = |u|P*~2u. We also mention the recent work by Bueno
et al. [I8], where they have considered the existence and multiplicity of solution for
problem with exponential growth.

Inspired by the previous works, the aim of this paper is to study the existence
of a weak solutions for . Before stating our results let us introduce the main
ingredients involved in our approach. Regarding the functions f, g, and ¢ we
assume that:

(A1) f:9Q xR — R is a Carathéodory function satisfying:

f(z,t) = o(a1(Jt))t) ast — 0 uniformly in x,
f(z,t) = o(az(|t])t) ast — oco uniformly in x;

(A2) there exists u € (¢], ¢y ) such that tf(x,t) > pF(z,t) > 0 for all [t| > 0
and a.e. x € ), where F(x,t) := fot f(z,7)dr and ¢, ¢, are given in (A1);
(A3) f(z,—t) = —f(z,¢) for all (z,t) € Q xR,
(Ad) 0 < g€ L>(Q);
(A5) limy oo % =0 for all £ > 0.
To simplify the notation, we put
u(z) — u(y) di dy
Dou = BT g Wy e xQ,
ERTE py Y
and for any ¢ = 1,2, we put
& (1) =min{t? 190}, €l() = max{t? 70},

1
and we put
€ (t) = min{t? 9}, €4(t) = max{t? 9 },
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So we say that u € W§Lg, (Q2) is a weak solution of problem (1.1)) if,
/ / a1 (|D*ul)D*uD®v dp — )\/ as(Ju)uv dz
aJo Q

- / flz,u)vde — / g(@)|u|!®2uvde =0, Vv e WiLs, ().
Q Q
Now we are in position to states our main results.

Theorem 1.1. Assume A =0 and (Al), (A2), (A4), (A5) hold. Then there exists
Ao > 0 such that for ||gllg) < Mo, problem (L.1)) has at lest one nontrivial solution.

Theorem 1.2. Assume g(x) = 0 and (A1)—(A3) hold. Then problem (L.1) has
infinitely many nontrivial solutions.

This article is organized as follows: In the second section, we collect some pre-
liminaries on fractional Orlicz-Sobolev spaces that will be used later. In the third
section, by using the mountain pass theorem and Fountain Theorem in critical point
theory, we obtain the existence and multiplicity of nontrivial solutions of problem

[T1).

2. PRELIMINARIES RESULTS

We introduce the fractional Orlicz-Sobolev space to investigate problem .
Let us recall the definitions and some elementary properties of this spaces. We refer
the reader to [1, 8] 21] for further reference and for some of the proofs of the results
in this section.

Let © be an open subset of RN, N > 1. For i = 1,2, we assume that a; : R = R
in is such that ¢; : R — R defined by

o Jai([t)t for ¢ #0,
9i(t) = {0 for t =0,

is increasing homeomorphism from R onto itself. Let
t
D,(t) = / ¢i(t)dr forallteR, i=1,2.
0

Then, for any i = 1,2, ®; is N-function, i.e. ®; : Rt — R¥ is continuous, convex,

increasing function, with (b"T(t) —0ast— 0and (biT(t) — 00 as t — oo, see [I].

For the functions ®; i = 1,2, we introduce the Orlicz space,

Lo, (Q) = {u: Q — R measurable / D, (Au(z)]) dr < oo for some A > 0},
Q

which are Banach spaces endowed with the Luxemburg norm

[lu|le, = inf{A > 0: /Qq)l(m()\x))dx <1}.

The conjugate N-function of ®; ¢ = 1,2, is defined by

(1) = / Fi(r)dr,
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where ¢; : R — R i = 1,2, is given by ¢;(t) = sup{s : ¢;(s) < t}. Furthermore, it
is possible to prove a Holder type inequality,

I,

Throughout this paper, we assume that
¢z( ) sup t¢i(t)
70 (Dz(t) t>0 q)z(t)

The above relation implies that for any i = 1,2, ®; € Ay i.e. ®; satisfies the global
As-condition:

Vu € Lo, (), v € Lg(Q), i = 1,2, (2.1)

1< ¢ = < ¢f = < too, i=1,2. (2.2)

q)l(2t) S Ki(pl(t) for all ¢ Z O, 1= 1,2,
where K; i = 1,2, are positive constants, for more details see [30].
Furthermore, for i = 1,2, we assume that

the function [0,00) 3 t — ®;(V/t) is convex. (2.3)
From this condition we have that Lg,(§2) is a uniformly convex space (see [30]).
Lemma 2.1 ([I5]). Assume that ®; € Ag for i =1,2. Then
D, (¢i(t)) < c®@i(t) forallt>0,i=1,2, (2.4)
where ¢ is a positive constant.

Proposition 2.2 ([30]). Suppose that (2.2) holds. Then

[

o< / B (Jul)
Q

o7

o< / B, (Jul)
Q

Definition 2.3. Let A, B be two N-functions. A is stronger (resp. essentially
stronger) than B, A > B (resp. A => B), if

B(z) < A(az), z>xz9>0,

Yu € Lo, () with |Julle, > 1, i =1,2,

Vu € Lg, () with ||lul|le, <1, i=1,2.

for some (resp. for each) a > 0 and z( (depending on a).

Remark 2.4 ([T, Section 8.5]). A >=> B is equivalent to
B(\x)

:0,

for all A > 0.

Now, we define the fractional Orlicz-Sobolev space

WLg, (Q) = {u € Lo, (2 // <y)‘) dwdy o),

—yl& e —yN

This space is equipped with the norm

lulls, @0 = llulle, + [u]s,@,, (2.5)
where []5 @, is the Gagliardo seminorm

uls,p, =inf {1 >0: // (y)|>|xdf65|;1\,§1}

Ix—yls
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The space W*Lg, (2) is a separable Banach space (resp. reflexive) space if and only
if ®; € Ay (resp. ®; € Ay and ®; € A,). Furthermore if ®; € Ay and & (V1) is
convex, then the space W*Lg, () is uniformly convex, see [15].

Let W§ Lo, (Q) denote the closure of C5°(Q) in the norm ||-[|5,¢, defined in (2.5).
Then we have the following result.

Theorem 2.5 (Generalized Poincaré inequality []]). Let Q be a bounded open subset
of RN and let s € (0,1). Then there exists a positive constant y such that

lulle, < pluls.e, for all u € W5Le, (2).

Therefore, if Q is bounded, then ||| := []s,#, is @ norm of W§Lg, (Q2) equivalent
to || *ls,®q -

Remark 2.6. By Theorem [2.5] there exists a positive constant A; such that

Y dx dy
/(I)l u]) dm<A1// Iw—yl( )|)|x—y|N’ (26)
for all w € Wi Lg, ().

Proposition 2.7 ([8]). Assume (2.2)) is satisfied. Then

- +

W)y, < W) < [l Vue WLy, () with [ulse, > 1, (2.7)
N N

W)y, < W) < [y, Vue WLe, () with [ulse, <1, (2.8)

where

0= LR

Theorem 2.8 ([§]). Let Q be a bounded open subset of RN. Then
C5o () C C3(Q) € WiLe,(Q) i =1,2.

In this article, we assume the following two conditions:

1 7—1
O (7
/ NES) dr < oo, (2.9)
0 T
[e%s} @—1
/ 1N£Z) dr = co. (2.10)
1 TN

We define the inverse Sobolev conjugate N-function of ®; as follows,

@0 = [ D5 ar 2.11)

TN

Theorem 2.9 ([8]). Let Q be a bounded open subset of RN with C%'-regularity
and bounded boundary. If (2.10), (2.11) and (2.2)) hold, then

W*La, (Q) = Lig,). (). (2.12)

Theorem 2.10 ([8]). Let Q be a bounded open subset of RN with C%'-regularity
and bounded boundary. If (2.10)), (2.11) and (2.2)) hold, then

W?Lg, () — Lp(), (2.13)
is compact for all B << (®1)..
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Remark 2.11. We have some examples of functions ¢ : R — R which are odd,
increasing homeomorphisms from R into R and satisfy conditions (see [200]).
(1) Let ¢(t) = p[t|P=2t for t € R, with p > 1. For this function it can be
proved that ¢~ = ¢* = p. Furthermore, in this particular case the corresponding
Orlicz space Lg(£2) is the classical Lebesgue space LP(2) while the fractional Orlicz-
Sobolev space W*Lg () is the fractional Sobolev spaces in this particular case.
(2) Consider
o(t) = log(1 + |t])[t|P~2t, Vt € R
with p > 1. In this case it can be proved that ¢~ = p and ¢ =p + 1.
(3) Let
o= it 0, 6(0) = 0
log(1+ [¢])’ ’
with p > 2. In this case we have ¢~ =p—1 and ¢ = p.

Next, we recall some useful properties of variable exponent spaces. For more
details we refer the reader to [22, 26], and the references therein. Consider the set

Ci(Q) ={qeC(Q):q(x)>1forall z € Q}.

For ¢ € C4(Q), we define

T =supq(r) and ¢~ = inf q(x).
z€Q z€Q

q

For any ¢ € C(Q), we define the variable exponent Lebesgue space as
L1@(Q) = {u:Q — R measurable : / lu(z)|7® dz < +o00}.
Q
This vector space endowed with the Luxemburg norm

||uHLq(z)(Q) 1nf {)\ > O / | Q(I)d < 1}

is a separable reflexive Banach space.
Let ¢ € C4(Q) be the conjugate exponent of ¢, that is
have the following Holder-type inequality.

Lemma 2.12 (Holder 1nequahty) Ifu € L) (Q) and v € LI®)(Q), then

’/uvd:c| <

A very 1mportant role in manipulating the generalized Lebesgue spaces with
variable exponent is played by the modular of the LI(®)(Q) space, which defined by
Py 1 LIP(Q) = R

1)—1-%:1. Then we

? g(z q(z

)||U||Lq<r>(sz)||U||Lq<r>(sz) < 2|lull Lo () IVl Lae (-

U gy (u /|u )9 .

Proposition 2.13. Let u € L) (Q), then we have
(1) [ullpaer @y <1 (resp. =1,> 1) if and only if pyy(u) <1 (resp. =1,>1);
(@) gy < 1 implies 4%y < Pty () < ul Ty
(3) HU”Lq(w)(Q) > 1 implies ||u||%;(m>(g) < pq(')(“) < ||U||%t(m>(9)-

Proposition 2.14. If u,u, € LY®)(Q) and k € N, then the following assertions
are equivalent
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(1) limps oo lur — ull La) (@) = 0,
(2) hmk—H—oo pq(.)(uk - u) = 0,
(3) up — u in measure in Q and limy_, 1 o pg() (Ur) = pgy(u).

We conclude this section by recalling a version of the mountain pass Theorem
and Fountain Theorem.

Theorem 2.15 ([5, 28]). Let X be a real Banach space and I € C*(X,R) satisfies
the (PS). with I(0) = 0. Suppose that the following conditions hold:

(A6) There exists p > 0 and r > 0 such that I(u) > r for |u|| = p.
(AT) There exists e € X with |le|| > p such that I(e) < 0.

Let T = {v € C([0,1], X);v(0) = 0,7(1) = e}. Then

:= inf I(~v(t)) >
¢ 1= Inf max (v() >r

is a critical value of I.

Let X be a reflexive and separable Banach space and X* its dual space, then
from [34] there are {¢n tneny C X and {¢} }neny € X* such that

X = span{¢,,n € N},
X" =span{¢;;,, n € N},

<¢n7 ¢m> = {

1 n=m
0 n#m.

For k=1,2,..., let Y, = span{¢1,...,¢r} and Z = span{dx, dr+1 ... }
Theorem 2.16 ([13]). Assume that the even functional I € C*(X,R) satisfies the
(PS). condition and for almost every k € N, there exists pg,r, >0 such that

(a) by :=infucz, jjujj=r, [(u) = 00 as k — oo

(b) ar := max,ey, |ul|=p, L (u) <0.
Then I has a sequence of critical points {un} such that I(u) — 0o as k — co.

3. MAIN RESULTS

In this section, we prove Theorems and We start our analysis with the
following Remark.

Remark 3.1. (1) By (A5), we can apply Theorem and obtain that W§Lg, (2)
is compactly embedded in Lg, (€2); that is,

[ulle, < cullull (3.1)
where ¢; > 0. On the other hand, since ¢ < ¢5, that is

too(t)
= <I)22(t)

Vvt > 0,

this implies that for t >t > 0,
It < ey (t) VE > to

then we obtain that W Lg, (€2) is compactly embedded in L4" (€2) on particular in
L1@)(Q), that is,
[ullg(z) < colul (3-2)
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where ¢o > 0. Thus, a solution for a problem of type (1.1) will be sought in
Wi Lo, ().
(2) The dual space of (W§ L, (Q), | - ||) is denoted by ((WgLa, ()%, - [|+)-
To prove our main results, we introduce the functional J in W Lg, (€2) defined
by
1

Ia(u) = V(u) - )\/Q Dy (u) dx — /Q F(x,u)dr — o) /Qg(x)|u|’I(’”)dac

u(z) —u(y)|\ dzd
\I}(U):/Q/Q(I)1< Iw—ylsy )lw—nyN'

By a standard argument [9, Lemma 3] and [8, Lemma 6], we can use (A1) to show
that Jy € CY (W§Le,(Q2),R) and

(J/’\(u),v>:/Q/Qal(|DSu\)Dsustdu—/\/Qag(|u)uvd:17—/ﬂf(x,u)vdx
f/g(x)|u|q(x)72uvdx,
Q

for all u,v € W§Lg,(2). Therefore, the critical points of J are weak solution of
)

Lemma 3.2. Suppose that (A1), ((A5) hold, and let u, — u weakly in W§Lg, (£2).
Then, up to a subsequence, we have

with

/Qa2(|un|)un(un —u)dx — 0, (3.3)
/ 9(2)|un )1 2wy, (uy — u) dz — 0, (3.4)
Q
/ fzyun)(up —u)de — 0. (3.5)
Q

Proof. From Remark up to a subsequence, we see that u, — w strongly in
Ls,(2), and by dominated convergence theorem, there exists a subsequence, still
denoted by uy, and hy € Lg,(€2), such that, for almost every x on £2,

|un(z)| < hi(x) Vn €N,
Un(x) = u(z) ¥n € N.

From the Hélder inequality and Lemma |2.1] we have

y/a2(|un|)un(un ) da g/ las (B ) [ — u]dz
Q Q
< laz(h)|ha] 55 lun — ulle, — 0.

Next, we have W5 Lg, (Q2) is compactly embedded in L(®) () passing the a subse-
quence if necessary, to obtain

Un = u  strongly in LY@ (Q)

and by the dominated convergence theorem, there exists a subsequence, still denoted
by Uy, and hy € LI®)(Q), such that, for almost everywhere on ,

|tun ()] < ho(x) Vn € N
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and u, () — u(z) for all n € N. From the Holder inequality, we have
|/g(a;)|un|q@>*2un|un —uldz| < / g()|ha| " u, — | da
Q Q

< gllse / g1, — | de
Q
xT 1
< Jlglloo IPAIE ™ tm — ully(ay — .
On the other hand, from (A1), for € > 0 there exists ¢, > 0 such that

|f(z,t)] <epr(t) + ceda(t) V(z,t) € QxR.

Since W§Lg, () is compactly embedded in Lg, (€2) and in Lg,(2). Then u, — u
strongly in Le,(€2) for any ¢ = 1,2, so by dominated convergence theorem, for any
i = 1,2 there exist h; € Lg,(£2) such that, for almost everywhere on

lun(z)] < hi(z) YneNi=1,2

and uy, () — u(z) ¥n € N. So, we have

|/f T, U ) Uy, — ) d| §5/Q¢)1(un)(unfu)d:chcs/ngSg(un)(unfu)dx
S5/Q¢1(h1)\un*u|d£8+cg/ﬂd>2(h2)|un—u|dm

< ellgr(h)llgllun — ullo, + celld2(ha)ll5; lun — ulle,
— 0.

This completes the proof. ([l

Definition 3.3. We say that a sequence {u,,} C Wi Lg, (2) is a (PS). sequence of
Jy if
Ja(up) = cin R and  Ji(u,) — 0 in (W§Le, (2))*.

Lemma 3.4. There exist positive numbers p, 8, \g such that Jo(u) > 6 with ||ul| = p
for all g satisfying ||g]leo < Ao-

Proof. From (A1) for € > 0 there exists ¢. > 0 such that
|F(z,t)] <e®i(t) +cPa(t) V(z,t) e QxR (3.6)
Then

Jo(u) = ¥(u) — QF(a:,u) dx — %@/ﬂg(mﬂﬂqmdx
Z‘I'(U)—g/ﬂq’l(u)—cg/ Dy (u )dx—i/ g(x )|u|q(m)dqu

=2 (1—eA)¥(u) - cg/ By (u) dz — 7/ () |u]9®) dz

> (1= eM)&" (full) = c=€a(llulle,) — qillgllooﬁs(IIUIlqm)
> (1= )& (full) — esgs (e flull) — qi,llglloofé(CQIIull)-



10 E. AZROUL, A. BENKIRANE, M. SRATI, C. TORRES EJDE-2021/16
For p > 0 sufficiently small such that p = ||u|| < min{1, X s o5, We have
+

— oF + cd +
Jo(w) = (1= ed)ull ™ — cecy Ju]|> — q%llglloollullq

+

—lglloc]-

_ a1 en 67—t _ . 93 o3 —at _ cg
= 1
[Jal| 77 [(1 = eAq) [l cecy” [|ull

Note that ¢ may be chosen small enough and 1 < ¢t < ¢7 < gb;r, and we easily
obtain p, §g > 0 small enough such that

_ +
(1 —eX)p” —at_ cgc(f2 ;)"5;_‘1+ > do.

Take \g = ‘10, then we have

q+ Cg+ q+ C%Jr 50 +
Jolw) = " (0 = gl ) = o (50 = do) = S0

with ||u|| = p. Therefore, we can choose § = %p‘ﬁ such that the conclusion
holds. O

Lemma 3.5. There exists e € W§Lqg, (Q) with ||e|| > p such that Jo(e) < 0, where
p is giwen in Lemma[3.4]

Proof. From (A2), we have F'(z,tu) > t*F(x,u) forallt > 1 and all u € W§Le, (2).
By Theorem [2.8] we can fix ug € C§°(Q), such that |lug|| = 1 and let ¢ > 1, then
1
Jo(tuo) = ¥(tuo) — / F(x,tug) dx — —/ g(z )|tu0|qm)dgs
Q q(x)
< |ltuol|*T —t”/ F(z,up)dx — —/ 2)|uo|1® dx
Q

<t — t”/ F(z,up)dr — —/ (2)|uo|?™ da.

Note that pu > d)f > g~ > 1, so there exists ty > 0 large enough such that
ltoul| > p and Jo(tou) < 0. The proof is completed by taking e = Tu with T' > 0
large enough. O

Lemma 3.6. Suppose that {u,} C W§Lg, () is a (PS). sequence of Jo with ¢ # 0.
Then {un} has a convergent subsequence in Wg Lg, (€2).

To prove the lemma above, we recall the following result.

Lemma 3.7 ([0 [16]). Assume that the sequence {u,} converges weakly to u in
W§ Lo, () and

lim sup (¥ (uy,), u, — u) < 0. (3.7)

n— oo

Then the sequence {uy} is convergence strongly to u in W§Lg, ().
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Proof of Lemma[3.6, From (A2) we have
¢t 1+ [lunll

> Jo(tn) — — (1) )

= Vi) /F“ —%/ 9(5) |9 da
//¢ |D%uy|)D undu+/ f(x,uy) undx+/ 9(2) |1 d (3.8)

> (1= 20) w0~ (== 1) | sl s

o7 - 1 1 + +
> (1= S luallr = (= = =) lllocs flual”"
I q  u

Note that ¢; > ¢t > 1, so (3.8) implies that {u,} is bounded in W§ Lg, (£2). Thus,
passing to a subsequence, we obtain that w, — u in W{Lg,(Q2) weakly, and we
have

(T4 ()t — ) = (U (), wpp — u) — /Q £, wn) (up — ) dz
= [ ot s~ ) e
Q

Note that, (J§(un), un —u) — 0 as n — oo, from Lemma we obtain
(W' (), up —u) — 0 as n — oo.
Then by Lemma and that w, — u weakly, we have u, — wu strongly in

Proof Theorem[1.1] From Lemmas and by the mountain pass theorem |2.15
Jo has a positive critical value ¢, that is, there exists u € W§Lg, (), such that
J(u) = ¢ > 0 and Jj(u) = 0. Thus u is a solution for (1.1)). This completes the
Proof. ([l

Now we prove Theorem Since Wi Lg, () is a separable reflexive Banach
space, then from [34] there are {¢n }nen C Wi Lo, (Q) and {¢f }nen € (WELa, (2))*
such that

Wi Lo, () = span{¢,,n € N},
(WiLe,(Q))" = span{¢, n € N},

<¢n7 ¢m> = {

1 n=m
0 n#m.

For k=1,2,..., let Yy, = span{¢1,...,¢r} and Z; = span{og, dp41...}. We first
given some preliminary lemmas.

Lemma 3.8. Under the assumptions of Theorem[L.2] we have

by, = inf Jr(u) = 00 as k — oo,
uEZp,|lull=rk

ay = max  Jy(u) <0.
UEYg,||ull=pr
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Proof. By (A2), there exist d; > 0, M > 0 such that
F(z,t) > dit|*, Vt|> M, z€Q. (3.9)
By (Al), for every e > 0 and all [t| < M, we have
|F(z,t)| <e®q(t) + ccPa(t)
<e®(t) 4 c.Po(M)
=e®y(t) + .
Then combining this with , we have
F(z,t) > di|t|* —e®1(t) — L, V(x,t) € QxR. (3.10)
Then, from it follows that

JA(u):\I/(u)—)\/Q(I)g(u)dx—/QF(x,u) do

<elllul) + [ &+ e®iu) = difulde (3.11)
< & (Jlull) + L1 + €t (fullo,) — di[lullt.

+ + +
< ful|®t + LI + edg” [[ul| ¥ — dydf ull”,

the above inequality is given because all norms are equivalent on the finite dimen-
sional space Yi. So, since u > ¢ > 1, there exists dj > maX{Lé,é} large
enough such that

J(u) <0 for every u € Yy, and ||u|| > dy. (3.12)
On the other hand, letting
Bi(k) = sup  |ullg,, Ba(k)= sup = [ullg,,
WEZ,||ul|=1 UEZ,||ul|=1
we have B;(k) — 0 as k — oo. Now for u € Zy with ||u|| = rx = m, from
(3.11)), we obtain
Jx(u) :\I'(u)—/\/ B (u) dx—/F(a:,u) do
o Q
> U(u) — A <I>2(u)dx—5/<I’1(u)dm—c'5/<l>2(u)dx
Q Q Q
(3.13)

F ¢35 o7 #3
> [lul| T = Mlullgy —ellullg, —cllulg
F oF F oF F oF F
> a0 = ABy? (k)[|ull®* — By (k) ul| ' — <LBY* (k) lul|*2
:F
>rt —A—e—d o0 ask— oo

Hence,

b = inf In(u) = 0o as k — oo.
wEZy, |lull=rk

Combining this with (3.12)), we can take p = max{dy,r; + 1} and we have

ar == max Jy(u) <0.
u€Yy, [|lull=pr

This completes the proof. [
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Lemma 3.9. Under the assumptions of Theorem every (PS). sequence has a
convergence of subsequence.

Proof. Let {uy} be a (PS). sequence of Jy. Then J)(u,) — ¢in R and J5 (u,) — 0
as n — oo. we claim that {u,} is bounded. Indeed, note that

Ia(up) — %(J;\(un),u,ﬁ = U(uy,) — i - &1 (D%up) D% uy, dp — )\/Qq)g(un) dx

2 [ batun)undo— [ Flaiun)do+ o fou)un do
nJa Q 1%

consequently

A(%‘_—Q/ﬂ%(u)dz
< g/gd)g(un)undm—)\/ﬂég(un)da:

1 1
=y (un) — = (J5(un), un) — Vluy,) + = 61 (D*up) Dy dp
K K Jaxa

1
—|—/ F(z,up)de — — f(z,un)u, d,
Q H

¢+
< Junll + 1+ ¢+ (71 —1) ()

< Nupl| +1+c.
So,
/ By (1) d < c(|lun] +1).
Then, by and we iave

U(up) = Ja(un) + )\/Q@g(un) dx + /Q F(z,uy,)dz

SJ,\(un)—i—)\/ <I>2(un)dx+5/ él(un)dx—f—cs/ Dy (uy,) d
Q Q Q

<c+on(1)+ (A+ce) / Do (uy) da + eX U (uy).
Q
This implies
(1 =eA)W(un) < c(1+ [lunll) + on(1).
Since ¢ is arbitrary, then for ¢ sufficiency small and for n sufficiently large, we have
U(un) < (1 + [lunl]).
If ||luy, || > 1, by proposition [2.7] it following that
[unll? < e(1+ [funl)-

Using that ¢; > 1, the above inequality shows that {u,} is bounded in W Lg, (Q2).
From Lemma we obtain the desired assertion. O

Proof Theorem[I-4 By (A3) f is odd, then J) is an even functional. From Lemmas
[3:8 and [3:9] the functional J satisfies all the conditions of the Fountain theorem
Hence, Jy has an unbounded sequence of critical values, that is there exists
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a sequence {u,} C W§La, () such that J (ux) = 0 and Jy(ug) — oo as k — oo.
This completes the proof. ([
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