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EXISTENCE OF SOLUTIONS FOR A NONLINEAR
DEGENERATE ELLIPTIC SYSTEM

NGUYEN MINH CHUONG, TRAN DINH KE

ABSTRACT. In this paper, we study the existence of solutions for degenerate
elliptic systems. We use the sub-super solution method, and the existence of
classical and weak solutions. Some sub-supersolutions are constructed explic-
itly, when the nonlinearities have critical or supercritical growth.

1. INTRODUCTION

Let Q be a smooth bounded domain in RV x R with boundary 052, and having

{0} € Q. We consider the Dirichlet problem

Agu+ |z Ayu+ f(2,y,u,0) =0 in Q,

Agv+ |z Ayv + g(z,y,u,0) =0 in Q, (1.1)

u=v=0 on 09,

where A, = Zf\;ll 867227 Ay = Zf\fl a%,k > 0, f and g are real-valued functions
defined on  x R2, satisfying certain conditions which will be specified in next
sections. We assume in this paper that N1, Ny > 1 and N(k) = Ny +(k+1)N; > 3.
Let v = (v, 1) be the outward unit normal to 0.

When the degenerating factor is removed (i.e. k¥ = 0), system (|L.1)) reduces to a
problem with the Laplace operator. Such systems have been the subject for many
studies. In almost all of them, the systems are in Hamiltonian and potential forms
and are considered by using variational methods (see [Il 2] and references there in).
The operator Gy, = A, + |z[**A, is of a Grushin type which was studied in [8] [12].
In particular, existence results for problem

Agu+ [z)**Ayu+ f(u) =0 in Q,

(1.2)
u=0 on 01,
are obtained in [I1]. Moreover, the authors proved the Sobolev embedding theorem

and set the critical exponent to xg:gtg In [10], we introduced an existence result

for the Hamiltonian system with Gy involving nonlinerities that may change signs.
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In this work, we use sub-super solutions method to get both classical and weak
solutions, even when the nonlinearities have critical or supercritical growth.

In the next section, we extend the nonexistence results in [4] to our system when
it has the Hamiltonian form. The study is based on our generalized Pohozaev
identity. Section 3 shows the existence of classical solutions for . Finally, in
section 4, we construct the maximal and minimal weak solutions of our problem.

2. NONEXISTENCE RESULTS

In this section, we prove nonexistence results when the domain has a special
shape described in the following definition.
Definition. A domain 2 is called k-starshaped with respect to {0,0} if the in-
equality
(r,2) + (k+ 1) (g ) 2 0
holds almost everywhere on 0f).

We are now in position to build a generalized version of Pohozaev identity.
Firstly, note that the Pohozaev identity for potential system with Laplace oper-
ator was introduced in [I]. Recall also that, the similar identity for scalar case
was obtained in [4]. Precisely, let u(z,y) € H?(2) (the usual Sobolev space) be a
solution of the problem

Agu+ [z Ayu+ f(u) =0 in Q,

(2.1)
u=0 on 01,

then

N(k)/QF(u)dxdy—N<k2)_2/9f(u)udxdy

1 ou\2
=3 | [@ve)+ (b + D))l + 2 ,2) (5 ) S,
2 Jo ov
where F(u) = fou f(s)ds. In our paper, Lemma makes an extension of this
identity for the Hamiltonian system with Grushin operator.
Before stating Lemma we state the following condition.

e (S1) There exists a function H(z,y,u,v) € C1(Q x R?) satisfying

o _, oM _

w0 w7V
For the conditions in (S1), one can take f = f(v),g = g(u). Thus, H(u,v) =
F(v) + G(u), where

H(z,y,0,0) =0 for (z,y) € Q.

F@=AU@M7GM=AEww

Denote
0 0 v 0 0

VJT:(ale,...,ale SATELC Rt et

Lemma 2.1 (Generalized Pohozaev identity). Let Q be a k-starshaped domain with
respect to {0,0} and let (S1) hold. If (u,v) € H*(Q) x H?(Q) is a solution of (1.1)
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then (u,v) satisfies the equation
V) [ Hpu)dedy+ [ (@920 + (6 + 1) (3. Y, H)ldo dy
Q Q

= (N(k) —2) /Q[tf(ar,y, u,v)v + (1 = t)g(x, y, u, v)uldz dy

9 9 Ou Ov
[ @)+ et D)l + Jaf ) 5 5208,

for allt € R.

Proof. For i =1,..., N7, we have

0
/('z 8331 ( sz(xv Y, u, ’U))dy dy
ou ov OH

:/S)H(x,y,u,v)d:cdy+/szzi(g%+faxi+axi)dzdy:0.

3

This implies

ou ov OH
/QH(w,y,u,v)dxdy——/Qari[gafxiJrfaxi + &Bi]dﬂcdy-

Hence
1
/H(xvyvua 'U) dxdy = —F/[(:E,Vzu)g-k(x,va)f-F(x,VmH)] dxdy
Q 1JQ

Analogously, for g € R,

3 /Q H(x,y,u,v) dedy = fN% /Q (0, 0)g + (5, Vo) f + (4, Y, H)) da dy.

Equalities (2.2) and ([2.3)) yield

[ [@Va) | B, Yy
(146) [ Ao dedy = [ [ B0

(z,Vav) | By, Vyv)
+/Q[ N, + N ]Gkud:cdy

S (AL ) P

)}Gkvdxdy

We make some computations for the following integrals

L = ]\17 /[(m Vo) Azv + (x, Vyu)Agu] dz dy,
1

I, = Z\ﬁf (y, Vyu)Azv + (y, Vyv)Azu] dz dy,
2

I; = ]37 /[(m Vou)Ayv + (x, Vo0)Ayu]|z)?* dz dy,
1

Iy = 162 [(y, Vyu)Ayv + (y, Vyu)Ayul|z[** dx dy.
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We have the generalized Rellich identity (for detail computations, we refer the
reader to [4])

I = ]\1[1 /[(x Veu)Ayv + (2, Vev)Ayu] de dy
(2.5)
B N1 _9 1 5 Ou Ov
= /quvxvdxdy-F N /6Q |Vx| ('1:7 Vﬂ'))ay 81/dS
In the same way
I, = ]52 [(y, Vyu)Azv + (y, Vyv) Agu] de dy
—5/ V., uV v de d +£/ v (y, v )%@ds 20
= 0 T T Y N2 20 z| Y, Vy v Ov )
1
I3 = Fl /Q [(l‘,un)Ayv + (xanU)Ayu} |x|2k dz dy
(2.7)
_ Ni+2k 2k L/ ok 20U OV
= [PV ededy+ 5 [ (@leltn, PR S
and
Iy = 152 {(yavyu)Ay” + (y,Vyv)Ayu} |x|2k dz dy
(2.8)

—p—=_=- 2k ﬁ 21,.12k @@
_ﬁ N2 /Q|Jc| VyuVyvde dy + Ny /aQ|Vy| || (y,uy)al/ ade’.

Combining ([£3), [£6), [£7) and [£8), we obtain

_ (z,Veu) = By, Vyu) (z,Vev) | Bly, Vyv)
If/Q [( N1 + Nzy VGrv + ( N, + N2y )Gku] dx dy

Ny + 2k Ny —2
/ Vo uVvda dy + (— + + = )/ |22V ,uV v dx dy
Q

Ny Ny
/ 2w )l + 2y )
8u8v

8u8v
+ﬂ/ () (i + 2, ) 24 2 g5
N2 o0 Y z v 31/8U

(ﬂ+

Choosing § = %(k‘ + 1) and taking ([2.4) into account, we have

k
7)/ H(xz,y,u,v)dxdy
Q

N(k)—2
= T/ﬂ (Vzuvmv + |x|2kvyuvyv> dx dy
1
- 7/ (2, V) + (k4 1)y, V, H) | da dy
Ny Jq

Oou Ov

1
i @)+ et D)l + JalHy ) 5 oS
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Noting that

/ (Vruvzv + |x\2kvyuvyv) drdy = / vf(z,y,u,v)drdy
Q Q

= / Ug(:C, Y, u, ’U) dx dya
Q
the conclusion of Lemma follows for all t € R. O

The next theorem follows from Lemma 211
Theorem 2.2. Let Q) be a k-starshaped domain with respect to {0,0} and let (S1)
hold. If there exists t € R such that
1
N(k) -2
< tug(x,y,u,v) + (1 —t)vf(z,y,u,v),

[N(k)H(z,y,u,v) + (2, V,H) + (k+1)(y, Vy H)]

for all (x,y) € Q and (u,v) € R?, then system has no positive solution in
H%(Q) x H*(Q).

In the following theorem, we get a result similar to [9, Theorem 3.1].
Theorem 2.3. Let Q) be a k-starshaped domain with respect to {0,0}. If the problem
—Ayu— 2P Ayu = [P, in Q,

—Av — |z Ayv = |u|T u,  in Q,
u=uv on Jf),
has a nontrivial solution in H?(Q) x H*(Q) for p,q > 1 then
1 1 S N(k)—-2
p+1 q+1~ N(k) ~
Proof. Since 2 is a k-starshaped domain, the following inequality results from

Lemma

N(k) 1 p+1 1 q+1 /
— dedy > [ [tlolPT + (1 —t)|ulT| de d
s [ ol e gt ) dwdy = [ [t =] .

for all ¢ € R. Then, we have the statement of Theorem from the fact that

/ lo[PH da dy = / lu| 1 da dy = / (VouVev + [2]V,uV,v) de dy.
Q Q Q

3. EXISTENCE OF CLASSICAL SOLUTIONS

Unlike the Laplace operator, the Grushin operator Gy is not positively definite
(in the domain with origin) and not radially symmetric. However, it’s easy to check
that, the weak maximum principle can still be applied.

Proposition 3.1 (Weak maximum principle). Suppose that Q is bounded. If u €
C?(Q)NC(Q) and Gu > 0 in 2, then the mazimum of u is attained at the boundary
090.
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Proof. Let u € C?(2) N C(Q). First we prove for the case Gu > 0 in Q and in the
next step we proceed for the case Gru > 0 in Q. Assume Giu > 0 in 2 and u has
a maximum at (xg,yo) € Q2. Then
8%u
Ox?
0%u
9,2
ayj

(o,y0) <0, fori=1,..., Ny,

('xO?yO)SO) forjzl,...,N2.

Hence N N
~ 0%u % 0%u
Gru(zo,y0) = Y @(ﬂvo, vo) + ) Tyg(ﬂ?o,yo) <0.
i=1 1 j=1 79

This contradiction implies

supu < sup u.
Q 0

Now we prove for the case Gru > 0 in €. Suppose that Q C {|z1| < d}. Put
w(z,y) = u(z,y) + ee*®*, where ¢ > 0 and a > 0. We have

Grw = Gru+ea?e® >0 in Q.
JFrom the arguments in first step and the construction of w, we deduce

supu < supw < supw < supu + e,
Q Q

o0 o0
The result follows for € — 0. O

As a consequence, we have the following result.

Corollary 3.2. Ifu € C%*(Q) N C(Q) satisfies

—Gru>0 in €, )
u>0 ondf, (3.1)
then u > 0 for x € €.
Now if uy,us € C%(Q) N C() are solutions for
—Gru=f in Q,
u=0 on 09, (3.2)

where f € C(Q), then u; — up and uy — uy satisfy (3.1)). In other words, u; = ug in
Q. The conclusion is that (3.2)) has at most one solution in C?(2) N C(1Q).

Proposition 3.3. If u € C?(Q) N C(Q) is a solution of (3.2) for f € C(Q), then
there exists a positive constant C' such that for all (x,y) € Q,

lu(z,y)| < ngp|f|~

Proof. Denote
02 —|z)?
2Ny

— Mo(z,y) and va(z,y) =
M > 0 in Q and using weak

{=suplz|, M=supl|f], v(z,y)=
Q Q

Then Ggv = —1 and v > 0 in Q. Put vy (z,y) = u(z,y)
u(z,y) + Mv(z,y). By the fact that Gyv; = f +
maximum principle, we have

vy (z,y) < supwv; in Q,
o0
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or

u(z,y) — Mo(z,y) < salg)(u — Mv) < saus])pu =0, forall (z,y) € Q.

It follows )

14
u(z,y) < Mu(z,y) < 5~—sup|f| in Q.
2N1 ¢
Arguing similarly for vo with Grve <0 in Q, we get
2

‘
u(z,y) 2 minu — Mo(z,y) 2 ~oN, S |l in Q.

The proof is complete with C' = ¢2/2N;. O

Before constructing the inverse operator of Gy, we state some conditions on the

linear problem (3.2).

(S2) Any solution u of (3.2)) with f € C(2) belongs to C%(Q) N C(9).
Remark. In the case k = 0 and 9Q is C?, hypothesis (S2) is satisfied obviously.
The explicit conditions ensured the truth of (S2) for the case k > 0 are still open.
It’s expected to return this problem in the other works.

Given hypothesis (S2) and the uniqueness of problem (3.2]), we can define the
inverse operator

G, 0Q) — 0Q),
f—u
Furthermore, Proposition ensures that G,:l is compact.

(S3) The functions f(z,vy,s,t), g(z,y,s,t) in C(Q x R x R) are nondecreasing
in s and ¢ for all (z,y) € Q, i.e. the maps s — f(z,y,s,t),s — g(z,y,s,t)
for fixed t € R and t — f(x,y,s,t),t — g(x,y,s,t) for fixed s € R are
nondecreasing for all (z,y) € .

Definition. A pair (4,v) € C%(Q) N C(Q) is said to be a supersolution to if
—Gru > f(z,y,4,0) inQ,
—Gy0 > g(z,y,4,7) inQ, (3.3)
>0, >0 onJf.
Similarly, (u,v) € C%(Q) N C(Q) is called subsolution to if
—Gru < f(z,y,u,0) inQ,
—Gry < g(z,y,u,0) nQ, (3-4)
u<0, v<0 ond.
The following theorem is the main result for current section.
Theorem 3.4. Assume that hypotheses (S2) and (S3) hold. If has a subso-

lution (u,v) and a supersolution (a,v) such that (u,v) < (4, D), then there exists at
least one solution (u,v) of (1.1) satisfying (u,v) < (u,v) < (@,?).

Proof. We use similar arguments as in [6]. Let f*(z,y,u,v) and g*(x,y,u,v) be
the functions which are defined from f(z,y,u,v), g(z,y,u,v) as follows

(i) If u < u then replace u by w, if u > @ then replace u by 4.
(ii) If v < v then replace v by v, if v > © then replace v by .
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Then f*, g* are continuous functions. Consider the problem

_Gku: f*(x,y,u,v) in Qa

—Grv = g*(z,y,u,v) in Q, (3.5)

u=v=0 on J.
The definition of f*(z,y,u,v) and ¢g*(z,y, u,v) implies that, if (u,v) is a solution
of (3.5)) satisfying
(u,2) < (u,v) < (,0), (3.6)
then (u,v) is a solution for (|1.1)).
Let us define the operator

— 7Gl;1 0 f*(x,y,u,v)
Tlwv) = ( 0 —G;1> (g*(x,y,u,v)
on the convex bounded subset of [C()]?

D= {(u,v) : (@72) < (u,v) < (’EL,T})}.

Since f* and g* are continuous and bounded, G,;l is compact, hence T' is compact.

Note now that system is equivalent to (u,v) = T(u,v). To apply Shauder
fixed point theorem [9], page 60], we have only to prove that T'(D) C D. Indeed, let
(u,v) be a solution to (3.5)), we show that (u,v) satisfies (3.6). It suffices to prove
that, the following sets

Q1 ={(z,y) € Q:ulz,y) > ulx,y)},
Qo = {(z,y) € Q:v(z,y) > v(x,y)},
Qs ={(z,y) € Q:u(z,y) <u(zy)},
Q ={(z,y) € Q:v(z,y) <uv(z,y)}

are empty. We proceed with 2, the proofs for the other set are performed analo-
gously. Assume to the contrary that €y is not empty. The continuity of u and @
ensures that Q is open set in Q, then Q; N 9Ny = 0. The first inequality in (3.3)
and the first equation in gives

_Gk(u_a) Sf*(x,y,u,v)—f(m,y,ﬂ,ﬁ). (37)

For pointing out the sign of the left hand side in (3.7, we define the following
subsets of €y

Q;r = {(x,y) €M : w(x,y) > 17(1‘,:1/)}
Q1_ = {(Ivy) S Ql : ’U(SC,y) < Q(I7y)}
0 = {(z,y) € U :v(z,y) <o(z,y) < v(z,y)}.

It’s easy to see that Q; = QF UQT UQY and each subset is separated from others.
By the definition of f* and monotoncity of f, we have

[ @y, u,0) = f(z,y,0,0) = f(z,y,a,0) - f(z,y,3,9) =0 inQf,
f*(:c,y,u,v) - f($7y7ﬂ31_)) = f(x7yvavy) - f(x,yvﬂa’l_}) S 0 in Ql_a
[ (@, y,u,0) = f(2,y,0,0) = f(z,y,3,0) = f(,y,8,0) <0 in Q.

Taking (3.7)) into account, we conclude that Gy (u — @) > 0. Proposition con-
cludes that, the maximum of u — @ is attained at (z!,y') € 9%;. Therefore,
(u—a)(zt,y') > 0. The contradiction occurs since (z1,y1) € Q1 N IQ;. O

b
)
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The critical cases. We construct a class of subsolutions and supersolutions of
(1.1) in the case when nonlinearities have critical growth

ok N(k)+2 .
Agu+ |z [Ayu + [v|¥®=2 + hy(z,y)] =0 in Q,

(k)
Ayv + Wle[Ayv + |u|%<k>f§ + hg(ﬂ;‘,y)] =0 in, (3.8)
u=v=0 on 0,

where hy, ho € C(Q2). Denote

p= (a2 + (k+ 1)y ) 7.
We find a class of supersolutions (u*,v*) to (3.8) of the form

N(k)—2 (k)—2

wr=v"=C\"z2 (1+ )\ng)_N CE (3.9)
where C' > 0, A > 0. Note that, if u = u(p) then

P*u N(k)—laj} || 2F
Ip? p  Opl p*

Ayu+ |z Au = [

It suffices to find C such that

v N(k)—10u*
W NR) = 1O ok M 1 (2,9) <0 in

dp? p  Op
0%v*  N(k)—10v* oy wg NOH2 .
8p2 + P 67p+p (|’U, |N(k)72 +h2(x,y)) <0 in Q7
u>0, v>0 onof.
Put
2
Ay — f[aiu N(k) —10u pzk‘um:;tz]
dp? p  Op
From (3.9) and with some computations (Using Maple software), we have
Aut = —OAT T2 (1 4+ A2 T [ovE 2k N(B)(N(K) — 2).
Choosing

N(k)—2 N(k)—2

C<[N(k)(N(/f)—2)]ﬁ(mgxp2k)‘ i,

we have Au* > 0 in Q. Obviously, (u*,v*) is a supersolution and (0,0) is a subso-
lution to (3.8) if
0 < hi(a,y), ha(z,y) < (maxp) "> Au*  in Q
Q
(in this case, (0,0) can not be solution of (3.8)).
As a consequence of Theorem there exists a positive solution (u,v) for (3.8)
such that 0 < u, v < u* for all (z,y) € .
The supercritical cases. Consider the problem
Agu+ |2 [Ayu + alvlP + hi(z,y)] =0 in Q,
Av + [z [Ayv + Blul? + ha(z,y)] =0 in Q, (3.10)
u=v=0 on 9%,



10 N. M. CHUONG, T. D. KE EJDE-2004/93

where p,q > %; a,B > 0; hi,hy € C(R). One finds a class of supersolutions

(u?,v#) to of the form
u# = CIA" (14 A%p%) 7,
v# = CoX(1+ N2p?) 70,
where C7 >0, Cy >0; A >0; a,b>0. For v >0 and s > 1, let
B 4 (u,v) = gj:; N(k/)) — 1(;1;
After some calculations (using Maple software) we get
By o (u®,v#) = —201a0?T(1 + X2p?) 272 [N2p? (N (k) — 2a — 2) + N (k)]
+ap”CENP(1+ N2p%) P

+ 7 |vl® .

Similarly,
B, s(v u) = —205002F0 (1 + N2 p?) 727 (N2p? (N (k) — 2b — 2) + N (k)]
+ Bp*FCINT(1 + N2p?) e,
We choose a, b such that ga = 2 + b and pb = 2 + a. Clearly
. 2p+2 - 29+ 2

Copg—17 7 pg—1
Therefore,
Bpﬂ(u#, v?)
= A1+ A2pH) "2 ap?* CY — 2aC1 N2 (N (k) — 2a — 2) + N (k)]},
Bq,ﬁ(v#a U#)

= AZFR(L 4 X2p2) 2B — 20Co[ NP (N (k) — 2 — 2) + N (R)]).
Under the above mentioned conditions for p and ¢, we have
N(k)—2a—2>0, N(k)—2b—2>0.

For the positivity of —B, o(u#,v#) and — B, s(v¥,u#), the following conditions
are sufficient:

amax p**CY < 2aN (k)C,
)

Bmax p?*CY < 26N (k)Cs.
)

That implies

20N (k) 1wt 2aN(k) 1wt

Bmaxg p%} {a maxg p2k } ’
20N (k) } Fa-T { 2aN (k) } FacT

B maxg p?* '

(1 < [
Ca< |
2 < amaxg p2k
Now, (u*,v*) becomes a supersolution and (0,0) becomes a subsolution to ((3.10)
if
0 < hi(z,y) < —Bp’a(u#, v#)(max p)_%7
Q

0 < ho(@,y) < =By (0™, u?)(max p) =2,
Q
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Applying Theorem [3.4] we see that there exists at least one solution (u,v) for (3.10)
satisfying

O<u< u#,

O0<ov< v,

4. MAXIMAL AND MINIMAL WEAK SOLUTIONS
Definition. By S7(Q), 1 < p < +oo, we denote the set of all pairs (u,v) €
LP(Q) x LP(£2) such that
ou v
8xi ’ 81‘1 ’
fori=1,...,Ny,and j=1,..., No.
For the norm in 57, we take

ou ov
k== k= e LP(Q

I[(w; 0) [ sp02)

1/p
= [ [l + 190 + 19,0 + ol? + V017 + [ol749,017) ]

For p = 2, the inner product in S? is defined by

((u, ), (¢, 9))
- / (up + VouV e + 2|V, uV o + v + VooVt + |22V, 0V ) da dy.
Q
The space S () is defined as closure of Cj(Q) x C§(Q) in the space S ().
Trivially, one can prove that S7(€2) and ST () are Banach spaces, S7(Q) and

57 0(Q) are Hilbert spaces.
The following Sobolev embedding inequality was proved in [11].

1/ 1/2
(/ jul? dedy) " < C[/(|qu|2+ o[V ) drdy]
Q Q

where ¢ = ié\;)(i)Q —7,C >0 and s > 0, provided small positive number 7. So, one

can take the norm for S7 ,(Q2) as follows
I, 0) 132 0y = / [IVaul? + Vool + a2V yuf? + [V,0]%) | da dy.

The definition of the weak solution for system (L.1)) is stated as follows:
Definition. A pair of functions (u,v) € S ((€2) is called weak solution for system

@D i

[ V¥ + o9 9 el dody = [ fop.uopdedy,

VoVt o249,09 0l dedy = [ gl dody

for all ¢, € CF(9).

The following definition describes the comparison on boundary 0f) of two func-
tions in S7(€Q).
Definition Let (u,v) € S?(Q). A function v is said to be less than or equal a
function w on 9 if (max{0,v —u},0) € S7 ().
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The proof of the following assertion is standard and therefore omitted.
Proposition 4.1. Consider the pair of functions (ui,us) € SZ(Q2)N(L>(Q))? such
that, for all ¢ satisfying p € CE(Q),¢ >0 in Q,

/[qulvxgo + |2V yu1 V] do dy < / [Veua Vo + |22V, ua V, 0] dz dy,

’ uy < ug 0?1 o0.
Then u; < ug a.e in §Q.

Proposition 4.2. For every hy, hy € L*(9)), the problem

_Gk:u = hl(xay>7 (Z’,y) € Q7
—Grv = ha(z,y), (z,y) €9, (4.1)
u=v=0, (z,y)¢€ 9,

admits a unique weak solution (u,v) € S7,(Q). Moreover, the associated operator
W : (hi, ha) — (u,v) is continuous and nondecreasing.

Proof. The problem is written in the form of system in order to construct
operator W. The proof of existence and uniqueness can be proceeded using the
Riesz representation theorem in Hilbert space Sf,(2) (as in [5, page 150]). The
continuous property of W follows from the estimate

1/2
1(w, )52 ,(0) < Cll(h1, ha2)ll(£2(0))2 = C[/Q(\hl(ﬂc,y)l2 + Iha(x,y)IQ)dwdy} :

where C' is a positive constant. Assume that (hi,h2), (I1,12) € (L*(Q))? and
(up,vn), (u,v;) € S%,O(Q) are solutions of (4.1]) respectively, then we have

/ (1= R dody = / (Vo = wn)Vap + |29 (w1 = u) V0| devdy,
Q Q

/Q [(z2 - hg)w] de dy = /Q [vx(m — o)Vt + 2|25V (v — uh)vyw] da dy,

for all ¢, € CH(Q) satisfying ¢, > 0 in Q. Applying Proposition we obtain
the nondecreasing property of W. O

Before stating the results for this section, we replace hypothesis (S3) by

(S3) f(x,y,s,t),g(x,y,s,t) are Caratheodory functions: f(z,v,.,.),9(z,y,.,.)
are continuous for a.e. (x,y) € Q, f(.,.,s,t),9(.,.,s,t) are measurable
for all (s,t) € R? and f(.,.,s,t),9(.,.,s,t) are bounded if (s,t) belong
to bounded sets. In addition, f(z,y,.,t),g(z,vy,.,t) for fixed t € R and
flz,y,s,.),9(x,y,s,.) for fixed s € R are nondecreasing for a.e. (z,y) € Q.

Now let us define the subsolutions and supersolutions for (L.1]) in the weak sense.
The comparison on 952 is realized by the definition above.

Definition. Let (u,v), (@,v) € S?(Q) N (L>(2))%. These pairs of functions are
said to be a system of subsolution and supersolution in the weak sense for (1.1]) if
they satisfy:

(a) u(z,y)

< y), u(z,y) < (z,y) ae. in Q, u(z,y) <0 < u(z,y),
u(z,y) <0

a(x
< Tz, ) on 09,
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(b) For all p € C}(Q): >0 in ,
/Q[Vwﬂvwnp + |2V, aV ] d dy > /Qf(x,y,ﬂ, V) dx dy,
/Q[quvzwr |z[**V,uVe] do dy < /Qf(x,y,@, v)pdx dy,
and
/Q[VJVM + 2?0V da dy > /Qg(%y,ﬂ, V) dx dy,

/[WWMHJE\%%@WP] dxdyé/g(ay,u,g)wdxdy-
Q Q

The following theorem is the main result of this section.

Theorem 4.3. Assume (53°) and let (u,v), (u,v) be a system of subsolution and
supersolution of (1.1). Then, there exists a minimal (and, respectively, a mazimal)
weak solution (u.,v,) (respectively (u*,v*)) for problem (1.1) in the set

[(w,v), (@,7)] = {(u,0) € (LZ(N)? : u(z,y) < ulz,y) <u(z,y),
v(z,y) < v(z,y) <O(z,y), ae inQ}.

Precisely, every weak solution (u,v) € [(u,v), (w,7)] of satisfies ux(x,y) <
u(z,y) < u(x,y),ve(z,y) <v(z,y) <v*(z,y) for a.e (x,y) € N.

Proof. Note that the set [(u,v), (%, )] is a subset of (L°(£2))? with the topology
of a.e. convergence. We define the operator Z : [(u,v), (u,v)] — (L*(Q2))? by

2(5,0) = (£ 0,0, 90 (0, 5(.)))- (4.2)

By hypothesis (S3’), we get that Z is nondecreasing and bounded. Moreover, if
(U, Up), (4, D) is in [(u,v), (@, V)] then

Hz(ﬂnaﬁn) - Z(ﬂ,’f])”?Lz(Q))z = /Q |f(x?y7an7ﬁn) - f(xayaavﬁ)de dy
+/ ‘g(wvyaanaﬁn) —g(ﬂ:,y,ﬂ,ﬁ)|2dxdy
Q

Let (@, 0n) — (4,0) a.e in 2. Applying the Lebesgue dominated theorem, we
obtain that || Z (i, 0,) — Z(,0)||(z2(q))> — 0 and Z is continuous.

The constructions of the operator W in Proposition and operator Z in
allow us to define the operator T': [(u,v), (@, )] — S§(2) by T = Wo Z. It’s easy
to see that, for a pair (a,?) in [(u,v), (@,?)], T (4, 0) is the unique weak solution of
the boundary-value problem

kau:f(x,y,ﬁ,f/), ($,y) € Q7

—Grv =g(z,y,4,0), (z,y)€Q, (4.3)
u=v=0, (z,y)€ oN.
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Putting (u1,v1) = T(u,v), (ut,v!) = T(%,v), we deduce that, for all ¢ satisfying
¢ €C5(Q), ¢ >0inQ,

/ Vour Vg + |02V, 0y V6] dar dy — / @,y v)p da dy
Q Q

> / VoV + |25V, uV ] da dy,
Q

/[Vwmvwﬂxl%vymvyw] dwdy:/g(x,y,u,y)sodxdy
Q Q
> / [VouVep + |2[**V, 0V, ) do dy.
Q

By the same arguments, we get that T(%, 7) < (u,v). Taking into account that T
is nondecreasing, we have

(u,v) < T(u,v) < T(u,v) < T(u,v) < (u,0),

By applying Proposition we obtain u < uy,v < vy, or briefly, (u,v) < T'(u,v).

for all (u,v) € [(w,v), (wW,v)]. It’s now to construct two sequences (uy,v,) and
(u™,v™) as follows

(UO7UO) = (@7y)> (un+17vn+1) = T(un7v’n)7

(@, 0%) = (@,D), (" 0"") = T(u",0").
Repeating the same process, we can prove that

(Uo,Uo) < (ul?vl) <--- < (unvaL) < (U,U) < (un’vn) <--- < (ul?vl) < (UO,UO)

a.e. in §, for every weak solution (u,v) € [(w,v), (@,7)]. Then (un,vy) — (Us, Vs),
(u™,o™) — (u*,v*), a.e. in Q. Obviously, (u.,v,) and (u*,v*) € (L>*°(9Q))? and
(U, V), (u*,v*) € [(uw,v), (W, D)]. Then, by the fact of T'(%,?) commented in (4.3
we have that T (u., vs) (respectively T'(u*,v*)) is the unique weak solution of (|4.3)
when (@, ?) is replaced by (u,vs) (respectively by (u*,v*)). Considering (4.3)) as
the linear problem in Proposition we have the conclusion that T'(u.,v,) and
T(u*,v*) € 57,(Q). Since the continuity of Z and W ensures the continuity of T',

we deduce that (U’nJrl?anrl) = T(unvvn) - T(u*,v*) = (u*y’U*)7 (un-‘rl’vn-‘rl) =
T(u™,v") — T(u*,v*) = (u*,v*) in 7 ((Q). This completes the proof. O
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