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A minmax problem for parabolic systems
with competitive interactions *

Sanjay Chawla

Abstract

In this paper we model the evolution and interaction between two com-
peting populations as a system of parabolic partial differential equations.
The interaction between the two populations is quantified by the presence
of non-local terms in the system of equations. We model the whole system
as a two-person zero-sum game where the gains accrued by one population
necessarily translate into the others loss.

For a suitably chosen objective functional(pay-off) we establish and
characterize the saddle point of the game. The controls(strategies) are
kernels of the interaction terms.

1 Introduction

In 1914 Lancaster [4] proposed the first analytic model for describing combat
between two forces. The Lancaster model, a coupled system of ordinary differ-
ential equations, fails to account for the spatial movement of opposing forces on
the battlefield. To overcome this obvious shortcoming and include spatial depen-
dence, Protopopescu et al. [9] introduced a more general model, namely, they
replaced the system of ordinary differential equations with a system of semilin-
ear parabolic equations with competitive interactions. These systems
belong to the class of reaction-diffusion systems which lately have become one
of the mainstream fields in pure, applied and numerical PDE’s [3]. This com-
petition model can be used to represent other phenomenon, e.g., densities of
competing biological populations and concentration of chemical reactants.

In this paper we consider competitive systems as a two-person zero-sum
game which implies that one player’s gains necessarily translate to the other
players’s losses. Each player controls some of the game parameters which the
player can manipulate to navigate the evolution of the system towards a desired
state. A quantitative measurement of the players performance is modeled in
terms of a minimizing(respectively maximizing) functional which depends upon
the state of the system and the controls.
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We will show that under suitable conditions the game admits a unique saddle
point and then we will characterize the saddle point of the game as a solution of
an optimality system. The optimality system will consist of the parabolic state
equations coupled with two adjoint equations. The controls will be the attrition
kernels of the non-local interaction terms. The attrition kernels represent the
effect of “weapons” in the combat model case. In general, the interactions
between the two populations are non-local and the kernels measure the range
over which one population can affect the other population.

Lenhart et al. [8] considered the steady state case with the operator —A and
Lenhart et al. [5] have also considered the parabolic case where the controls are
the source terms.

The outline of this part of the paper is the following. In the next section we
give the statement of the problem. The payoff(cost) functional is defined and
for given controls, the unique solution of the state system is constructed. The
existence of the unique saddle point is established in Section 3. In Section 4 the
optimality system is defined and the saddle point is represented as the solution
of this optimality system.

2 Statement of the Problem

Throughout this part of the paper, C' denotes generic constants, unless otherwise
indicated.

Let © be a bounded domain in R™ with 9Q € C*1, let T > 0 and Q =
Q x (0,7). For T > 0, define the control set,

Cr={ce LY@ xQ) | |lc] <T}.

where L is the set of positive L functions.
For any ¢,d € Cr, let the pair (u,v) = (u(c, d),v(c,d)) denote the solution
of the state system

Lia(e,) = flat) - ulz,t) /Q (a2, y,t, 7oy, 7) dydr on Q

Lov(z,t) = g(ac,t)—v(m,t)/Qd(m,y,t,r)u(y,T)dydT (2.1)

u=u’, v=2"on Qx {0}
u=0,v=00nX=090x(0,T)

where u,v € L?(0,T, H3(Q)) = V, and

Liyu = uy — (afjuxi)xj + bFu,, +cFu, k=1,2.

Here we have used the summation convention with respect to repeated indices.

The solutions u, v represent the concentration of the two competing popula-
tions. The sources f, g are given and the attrition kernels ¢, d are the controls.
The first player controls d with the purpose of maximizing J (the payoff); the
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second player controls ¢ to minimize J (the cost). Given two target functions,
@, € L?,and K, L > 0 and M, N > 0, the payoff (cost) functional J is defined
by

JI(c,d) = l/{K[u(c,d)—11]2—L[fu(c,d)—73]2}dmt
/ / — Md?) dx dt dy dr. (2.2)

The saddle point (c*,d*) (if it exists) is defined as a pair of strategies (c*,d*) €
Cr x Cr, such that

J(c*,d*) = sup J(c*,d) = inf J(c,d¥)

deCr ceCr

We make the following assumptions:

af; b, " e L®(Q), k=1,2,i,j=1,..,m (2.3)

0 zeta; < aijQCj <O071¢¢, 0 >0forall¢ € R™ (2.4)
u®, 00 € LY (Q) (2.5)

F(zt) >co>0,k=1,2. (2.6)

Finally to set up solutions in V, we define the following bilinear form on H} () :

ak(t,qﬁ,w):/afj(ﬁmw% dm—l—/bf(bxiwdac—i—/ c*¢ip da for each t € (0,T).
Q Q Q

(2.7)
Then for all ¢, € L?(0,T, H}(2)), solutions (u,v) in V x V of (2.1) satisfy

T
/0 (e, ) + a(t,u, ) dt
T
/ / (f — ulz, 1) / ey, t, 7oy, T) dydr)p dedt (2.8)
0 Q Q
T
/0 (v, 6) + a2 (t, v, ¢)) dt

/OT/Q(f _”(x’t)/gd(xvy,tﬁ)U(yﬁ) dyd 1) da dt

where (,) denotes the duality between Hg(2) and H ().
Using an iterative scheme we have the following existence result.

Proposition 2.1 (Existence of solutions of the state system). Given
¢,d € Cr, there exists a solution (u,v) of the state system (2.1) in V xV and
there exists a constant Cy > 0 such that 0 <u < Cp, 0 <wv < (.
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Proof: Since the bilinear form a* (¢, ¢, ) is continuous and coercive for all
¢, ¥ € H}(Q), we obtain, using standard linear theory [2], positive solutions ug,
vin V to

Liuy = f in Q7

u = u® att=0,
up = 0 onl,
and
Lo = g in Q,
o = v° att=0,
v = 0 onX.

Solution ug,? will be the supersolutions for the iterates to be constructed.
Also, by standard existence theory[2], there exists a constant C; > 0 such
that [|uolloc, 3] < Ci-

Now let vg be the solution in V of

Lo = g-79[,d(z,y,t,T)ugdydT inQ,
vo = o° att =0,
vo = 0 on X.

Let (ug,vi) be the solutions of the pair of linear Initial - Boundary value problem

Lyug + pug, = f = up—1 [ COp—1 + prug—1

Lovg + pog = g — vp—1 f duk—1 + pvp—1 in Q, 9.9
0 a0 _ (2.9)

U =U,Vp = att =0,

’u,kZO,’UkZO Onz,

where p is a constant which makes the right hand side of the first equation in
(2.9) an increasing function of v and the right hand side of the second equation
an increasing function of v for iterates in the range 0 < wug, vy < C7. We have
monotone convergence of the iterates,

up \yu, v vpointwise, 0<wur <Cp, 0<wv,<Cq,

through comparision results[5]. From a priori estimates of wug, vy from the
system we get uniform bounds on |ug|lv, ||vkllv. Thus, uy and v convege
weakly to w and v in V. Now we show that u, v solve the state system in the
sense of (2.8). The uniform bounds on uj, and v in V' combined with the state
equation give uniform bounds for (uy); and (vg); in L?(0,7, H~1(2)). Using
compactness results [7, Chapter 4, Prop. 4.2] implies that uj, vr converge
strongly in L?(Q). Passing to the limit in the weak formulation of the system
(2.9) we obtain u = u(c,d) and v = v(c, d) which solve the system (2.1). O

Proposition 2.2 (Uniqueness of solutions of the state system.) For a
fized pair (c,d) in [Cr]? and for co sufficiently large, the state system (2.1)
admits a unique solution.
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Proof. Suppose (u,v) and (@,?) solve the state system for given initial condi-
tions u® and v°. Using test functions (u — @), (v — ¥) and then subtracting the
(@, v) system from (u,v) system

/Q[(u = @)e(u = @) + aj;(u = W), (u— W), + b (u — W), (u—a) + ' (u—1a)*

+/ [(v = 0)e(v =) + a5 (v = D)o, (v = D), + b} (v = D)z, (v = V) + ¢*(v = )°] =
Q

—/Qu(u—a)/ch—i—/Qﬂ(u—a)/QcT)—/Qv(v—f))/Qdu—i—/Q'D(v—'D)/Qdﬂ.
(2.10)

We will estimate the various terms in the above equality and show that the
resulting relationship can only be satisfied if u = @ and v = v. Note that

(i)

—@)o(u— 1) + (v — )ev — 7)) = u—1a)?+ (v—10)2
L= mm s @)= [ a0,

(i)

/Q(Mlj(u — ), (u— a)zj > Q/QHV(U . a)|2’
(iif)

/Qa?j(v —0)a, (V= 0)a, > Q/QHV(”U ),

where 6 is the ellipticity constant in (2.4),

(iv)
]/Qb%(u—a)mi(u—a)

< C(e) /Q Vu-oP +00) [ @-o?

Q

and

v)
| [ =000

<C(e)/Q|V(v—z7)|2+C(%)/(v—fD)2.

Q

We choose € such that the C(€)’s in (iv) and (v) equal 6 in (ii) and (iii).
Now we estimate the double integrals:

—/Qu(u—u)/ch—l-/Qu(u—u)/QCU
= —/Qu(u—u)/ch+/Qu(u—u)/ch
—/Qﬂ(u—ﬂ)/ch—k/Qﬂ(u—ﬂ)/QcT)
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_/Q(u—a)2/ch—/Qa(u—ﬂ)/Qc(v—'D)
—/u(u—u)/Qc(v—v)

Q
C u—1)? v — 7). .
(o >+/Q< 7} (2.11)

IN

IN

By choosing ¢ sufficiently large, we absorb the fQ(u —u)? and fQ(v — )2 terms
on the left hand side in (2.10). Thus we get

<co—0>{/Q<u—a>2+/Q<v—v>2}<o

We conclude that v = 4 and v = v. O

3 Existence of the Saddle Point

Sufficient conditions for the objective functional J (e, d) to admit a saddle point
are [1]:
(1) The mapping ¢ — J(c,d) is strictly convex and lower semi-continuous in
the weak toplogy of L?(Q x Q).
(2) The mapping d — J(c,d) is strictly concave and upper semi-continuous in
the weak topology of L?(Q x Q).
We will prove (1), and (2) follows similarly.

For ¢, ¢ given in Cr define a new function J : [0,1] — R as

J(v) =T (we+ (1 —v)e,d).

The strict convexity of the map ¢ — J(c, d) is equivalent to showing J”(v) > 0
for all v in [0, 1].

Since J is a function of the state variables and the state variables them-
selves are functions of the controls, we begin by estimating the first and second
derivatives of u and v with respected to the control ¢. The derivatives involved
are directional derivatives, in the distributional sense. We begin by deriving a
useful apriori estimate.

Consider the Gelfand triple

VL) cV

and for any (¢,d) in [Cr]? define the operator £ : V2 — (V)2 by the formula

¢\ [ LiC+ufyex+ [yev
E(x>_<Lgx+vf§d(+fodu>' (312)

Proposition 3.1 For any € > 0, there exists co(€) such that if

F(x,t) > cole) > 0,k =1,2.
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(9)-(5)

with ( =x att =0 and { = x =0 on X , satisfies the estimate,

I€llz2(@) + lIxllz2(@) < e(llellzz@) + 18122 (@))-

Proof: We multiply the first equation in (3.13) by ¢ and the second equation
by x. Integrating over ) and using the coercivity of the parabolic operators
Ly, Lo, we get,

1
2 /QXT(CQ x5+ H/Q(|VC|2 +[VxI?) + co / (2 +x?)

g—/u{/ex /vx/d(—l—/OcC-f-//BX
/blcwlc /bxxx (3.14)

Now we use the L*° bounds of u, v, ¢, d and the € - Cauchy inequality to estimate
the right hand side of the above inequality.

(1) — fouCJoex < C [oCfox < C [ +C [ox*

i) — fouxJod¢ < C [, +C [y X%

i11) ancgeanQJrCefQ(?.

iv) fQ/BXSGIQ/B2+Ce fQX2‘

(vi)  fobixax <5 Jo VX +Co [5 X2

Choosing c0 sufficiently large and estimating the right hand side of (3.14) by
the above estimates, we arrive at our conclusion. &

then the solution to

(
(
(
(

We now we prove the existence of first derivatives of u, v with respect to the
controls. These derivatives satisfy a system with operator £ from (3.12).

Proposition 3.2 For ¢y sufficiently large, the mapping
c— (u(c,d),v(c,d) € V2
is differentiable in the sense

u(c+ B¢, d) — u(c,d)

3 — (¢ weakly in 'V, (3.15)
vle+ fe, Z) —v(ed) —x  weakly in 'V, (3.16)

as B — 0, for any (c,d) € [Cr]? and ¢ € L>(Q) such that ¢+ ¢ € Cr.
Also (¢, x) = ef ((¢(c, d;c,0), (x(c,d;¢,0)) is the unigque solution of

c( i ) _< u(c,d)fgév(c,d) > (317

with(=x=0att=0and (=x=0 on 2.
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Proof: Let (ug,vg) be the solution of the state system corresponding to the
controls (¢ + (¢, d).Then multipling the first equation of the state system by
(ug — u) and the second equation by (vg — v) and then integrating over @), we
get

Jo! “B —w)i(ug —u) + [olag;(us — w)s, (up — wa; + [ b3 (ug — w)a, (up —u) +
fQ ug — u)?]

_ _/Quﬁ(uﬁ_u)/Q(c+ﬁa)v5+/Qu(uﬁ—u)/ch (3.18)
and

/Q (v — v)i(vg — v) + /Q 02 (15 — )a, (v — V), + /Q B2 (s — 0)a, (05— v)

+ / (2, .1, 7)(vs — v)*(y, 7) dy dr
Q

_/Qvﬁ(vﬁ—v)/ du5+/ w(vg — v /du (3.19)

After standard manipulations on the left hand side of (3.18) ( usmg coercivity of
the a1 ’s and applying € - Cauchy inequality to separate [, b 0 Hug —u)z, (ug —u)

)
g/Q|V(u5—u)|2+co/Q(u5—u)2 < —/ng(ug—u)/Q(HﬂE)vﬁ

+ /Qu(zw—u)/ch.

Adding and subtracting fQ ug(ug — u) fQ(c + 3¢)v, we get

’ /Q V(g — W + co /Q (45— 0)?

IN

- /Q (ug(us — ) /Q (c+ ) (ug — v)

- /Q(u5—u)2/ch
- /Qu5(u5—u)/QBEv.

Again using the apriori bounds of u,v,c ,
§ Jo [V(ug —w)? +co [ (up —u)?

< C{ll(us = w)llZ2(q) + 1(vs — V)12 ()} + CB2 el T2 (o) (3.20)

Similarly (3.19) yields
§Jo V(s =) +co [ (v5 —v)?

< C{ll(us — w)llZ2(q) + 1(vs — v)lIZ2(g) } (3.21)
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Combining (3.20) and (3.21), using ¢y large, and dividing across by 3, we get

Up — 0
B

ug —u
B

<C.

14

\4

Since bounded sets in V' are weakly compact, we arrive at the required weak
limits. In the weak formulation the system satisfied by

ug —u v —v
BB
is, for test functions ¢, € V

Jy () o [ (52) owre [ (572) e
+/ch <w>¢

—= Uﬁ¢/ (c+ Bc)vg + = /uqé/ cv (3.22)

L(F5) v [t (252) v [0 (2252 v
et
5 vy / dus + 3 / wp / du. (3.23)

Letting 8 — 0 and noting ug — u ,vg — v we get

c( i > < i > /Q(M’) ( U(c,d)fgév(c,d) > 520

o

We have a similar result for the directional derivative of u, v with respect to
the control d.

and

Proposition 3.3 For ¢y sufficiently large, the mapping
d — (u(c,d),v(c,d)) € V?
is differentiable in the sense

u(e,d + Bd) — u(c, d)
B

— & weakly in 'V, (3.25)
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v(c,d + Bd) — v(c,d)

3 — o weakly inV, (3.26)
as 3 — 0, for any (c,d) € [Cr]? and d € L=(Q) such that d + 3d € Cr.
Also (&,0) def ((&(c,d;0,d), (o(c,d;0,d)) is the unique solution of
€ _ 0_
,c( d ) - ( w(esd) o ) ) . (3.27)

withé =0c=0att=0and{ =0=0 on X.

We present next the result for the second dervatives of u, v with respect to the
controls.

Proposition 3.4 The mapping
c— (ulc,d),v(c,d)) € V?
admits second derivatives with respect to ¢ in the sense

C(C + ﬂ57 da Ev 0) - ((Ca d, E? 0)

3 — 7 weakly in V, (3.28)
= d7.0) — 4z
as B — 0, for any (c,d) € [Cr]? and ¢ € L>°(Q) such that c+ ¢ € Cr.
Also (1,m) Lef (((e,d; ¢, 0;¢,0),n(c, d; ¢, 0;¢,0)) is the unique solution of
E(7)2_2(Cchx+quéx+CfQEv)l (3.30)
" X Jo ¢

withtT=n=0att=0andT=n=0 on X.

Proof: We denote by (g, x3, ¢, x the solutions of system (3.17) corresponding
to

(¢c+ B¢, d;¢,0) and (c, d;c,0) respectively. Using test functions ((g — {, x5 — X)
we subtract the ({, x) system from the ((g, xg) system

/Q[(Cﬁ—Ot(ﬁﬁ—C)+a§j(€ﬁ—6)zi(Cﬁ—Oz,- +5; (8= )z, (Gg— )+ (g — )7
+/ [(xs = X)t(xs — x) + a3 (xg — X)z: (X3 — X)a;]
Q

+/ 63 (x5 — X)z. (x5 — X) + (x5 — x)°]
Q

(3.31)

—/Q(cﬁ—cxﬁ/Qc(vﬁ—v)—/@(cfa—o?/ch—/Q(cg—ouﬁ/Qc(xza—x)
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[ =0 = [ ev= [ (€= 0 [ s [ (@ - cus | poxs
—/Q«ﬁ—ou/ o(vs — v) - /@— uﬁ—u/cv—/m— /dw
/ (xa—x)vs / a(¢p—C)~ / (xa— ) (vg—) /Q ac— /Q (xa— )X /Q dug—u).

We illustrate the estimates for a term with the kernel;

’/ (¢ —¢ Cﬁ c(vg —v)

_ ‘/ (gﬁ_ 6s | v =)(w7) dyd7'> (2,1) da:dt' (3.32)

IN

C/Q(QB—C)Q(ac,t)dxdt—l-C/Q (Cg/Q(’l)g—U)(g,T)d:ng)Q dx dt

C/Q(Cg —O)?(x,t)dxdt + C (/Q (3 d dt) (/Q(vﬁ —v)?dy dT>(3.33)

Notice how the specific form of the non-local term was used to derive (3.33)
from (3.32). Other such terms are estimated as below:

/(@—o /cv<o
/Q(CB_C) / c(xp — X <C/Cg— +C/Xﬁ—
/Qm—<><ug—u)/chsc/Q<cﬁ—o2+0/Q<uﬁ—u>2-
f@w=ow [ mzc [ G-crros [ G

All the terms of the form above fQ (¢g—¢)? and fQ (xs—X)? can be combined

IN

with the ¢1 [,((s —¢)? and ¢z [, (x5 —x)? in equation (3.31). Terms above with
C%, X% are estimated as follows:

() (o =7) () (=)

< (lug =l + llos = vl ) (1661220 + X813 ) -

op? /Q @, op? /Q v

Other terms include
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C/ v3 — V) C/ ug — u)?

Now use the estimate in equation (3.20) to get

and

(Ilus = wllzq) + llvs = vz ) < €A% (x0):

Using proposition (3.1) with a = ¢ and 8 = 0 we derive

(11320 + IxslEaey ) < Cllelizoxay:

The above estimates provide an a priori bound for the second derivative which
proves (3.28) and (3.29). These weak convergences of the quotients justify that
n and 7 satisfy the weak formulation of the system (3.30). &
Remark 1. The estimates in the above Proposition also give us uniform L2
bounds for the second derivatives of 7 and n. Namely,

Illz2@) + Imllz2@) < Clelliz @xo)-

Remark 2. From the proof of previous proposition,

% — ¢ strongly in L2(Q),
UB,B_ v X strongly in L?(Q),
o (3.34)
BT — 7 strongly in L?(Q),
% — 7 strongly in L? (Q)-

We have a similar result for the second derivatives of u and v with respect
to the control d.

Proposition 3.5 The mapping
d~ (u(c,d),v(c,d)) € V?
admits second derivatives with respect to c in the sense

((c,d + Bd,0;d) — ((c,d;0,d)

5 — Kk weakly in 'V, (3.35)
x(c,d + fd, 0; Z) — x(e,d;0,d) =0 weakly in 'V, (3.36)

as 3 — 0, for any (c,d) € [Cr)? and d € L=(Q) such that d + 3d € Cr.
Also (k,0) dof ((s(c,d;0,d;0,d),5(c,d;0,d;0,d)) is the unique solution of

c(’;> <€de0+vfoiz+€deu>, (3.37)

withk =0=0att=0and k=6 =0 on X.
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Proposition 3.6 For a fized d € Cr, the mapping c € Cr — J(c,d) is strictly
conver.

Proof: As mentioned earlier, it suffices to show that J”(v) > 0 for v € [0, 1].

The justification for differentiating J is a consequence of the above established
first and second derivatives of u, v with respect to the control variable ¢ and the
strong convergence noted in the previous proposition. Now, for 0 < v <1,

J(w)=J@E+v(c—72),d).

The directional derivative is now in the direction ¢ — €.
Denoting
u=u(c+v(c—72),d),

v=v(c+v(c—7),d),
¢(=<¢(@E+v(c—7¢),d;c—7¢0),
x =x(E+v(c—71),d;c—7¢0),
+v(c—71¢),d;c—7¢,0;¢c—¢,0),

ol

7= x(
77:7’(5—’_V(C_E)vd;c_aosc_ao)a

= u—a]? — Llv — )2 c+v(c—70))? - 21

10)= [ (K-t - 2=+ [ ] (N4 -0 - )

Differentiating twice with respect to ¢

T = /Q(K(2 b Ku— 7 — L — §n — Lx?)

+ /Q /Q N(c— @) (3.38)

J"(v) > —Klul2lltlez) — Kllal 27l 2 @)
LlIx172q) = Lllvll 2@ 1nll 2 (@)

— L|o)ls2@)llnllz2 @) + Nlle = ell72(g)-
From proposition 3.4, for e > 0 there exists co(€) such that for ¢, > co,
k=1,2,
7l z2@) + Inllz2(@) < €lle —5||2Lz(QxQ)
and
||X||2L2(Q) < elle—ellZ2gx0)-

Combining these estimates with above we get

J"(v) > (N = &)lle = el|Z2(gxq)-
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Proposition 3.7 For a fized d € Cr the mapping ¢ € Cr — J(c,d) is lower
semicontinuous in the weak topology on L*(Q x Q).

Proof: It is enough to show for every a € R,
S(d,a) = {hlh € Cp,J(h,d) < a}

is closed in the weak topology of L?(Q x Q). Let d € Cr and a € R be fixed
such that

j(cnvd) S «

and
cn, — ¢ weakly in L™ (Q X Q).

Using the state systems, wu,(cy, d), v, (cn, d) satisfy
lunllv, lonllv < C.

Then, using compactness results [7, Chapter 4, Prop. 4.2] , we can find subse-
quences such that

Up —> U weakly in V, strongly in L?*(Q)

Up —> U weakly in V, strongly in L?(Q).
Standard continuity arguments show that

u=u(éd) v = (¢, d).
Also using a generalization of Fatou’s lemma,
liminf J (¢p,d) > J(é,d).
¢

Theorem 3.1 If ¢y is large enough, there exists a unique saddle point (c*,d*).
Proof: Combining Propostion 3.6 and Proposition 3.7 and the existence of

saddle point result from Ekeland and Temam [1, Chap.6, Propositions 1.5 and
2.1], we conclude that the cost functional admits a unique saddle point. &

4 The Optimality System

The solution of the optimality system, consisting of the two state equations and
two suitably chosen adjoint equations, will be used to characterize the saddle
point of the game.
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Theorem 4.1 If (c,d) € [Cr]|? is the saddle point and cq is sufficiently large,
then there exists (u,v,p,q) € V* satisfying:

Llu—i—qucv =f

Lgv—i—vadu =g

(4.39)
L’{p—l—prcv—deTvq =K(u—1)
§q+qudu—chTup =—Llv—a) in Q
u(x,t) = u’ v(z,t) =v" on Qx{0}
u(z,t) = v(x,t) =0 on X
(4.40)

where
Liu = —us — (afjuwj)zi — (W), + Fu, k=1,2.

Moreover on @,

(p+(x, tyu(z, t)v(y, 7)

c(z,y,t,7) = min N , 1),
+
d(@,y.t,7) = min( DG 1y

where p* = max(p,0).

Proof: Let (c,d) € [Cr]? be a saddle point. Choose ¢ € L°°(Q x Q) in such
a way that for § > 0 arbitrarily small, ¢ + 5¢ lies in the set Cr. Since (c,d) is
a saddle point,
i T+ Fed) = T(d)
B—0 ﬁ
Substituting the explicit form of the cost functional in (4.41), dividing by 3,
and noting uﬁg“ — ( strongly in L?*(Q), and ug — u, we get

0. (4.41)

/ (K(u—a)¢ — L(v—0)x)dzdt + / / Ncedxdy dtdr > 0. (4.42)
Q Q/Q
We introduce a new notation:

dT(x7 y7 t? T) = d(y7 x? T7 t)’ CT(x7 y? t? T) = C(y7 x? T? t)'

Now we define an operator £* such that formally

e $ )= ().
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We define the adjoint functions (p, ¢) as the solutions in V' of

*{p—f—prcv—deTvq = K(u— 1), in Q
Lyg+q [ydu— [oc"up = —L(v—1),
(4.43)
p(z,T) =q(z,T) =0, on O xT
p(z,t) = q(z,t) =0, on X.

The solution of the above system, after a change of variable p(x,t) = p(z, T —
t) and g(z,t) = q(z, T — t), is constructed in a manner similar to that of the
solution of the original state system. Substituting (4.43) in (4.42), we get

* p —
/Q(Q,X)E<q>+/Q/QNCCEO
Now, from (3.27)

/Q(p,q)ﬁ(i>+/Q/QNcc:/Q(p,q)< _quEU>+/CQ/62NCEEO

This implies
/ / (Nc—puv)e > 0. (4.44)
QJQ

Since we can choose ¢ non-negative and arbitrary, this implies
Nc—puv > 0.
On the set {(z,y,t,7)|c(z,y,t,7) = 0} we get puv < 0 which gives
pt =0.

On the set {(z,y,t,7)[0 < c(z,y,t,7)I'},¢ has arbitrary sign, which implies
p >0 and
pTuw
N
On the set {(z,y,t,7)|c(z,y,t,7) = I'}, ¢ must be non-positive, which gives

Nc—puv <0.
Combining these results we get

pt(z, tyu(z, tho(y, 7)

c(z,y,t,7) = min(

Similarly,
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Theorem 4.2 For cy sufficiently large, bounded solutions of the optimality sys-
tem:

Lw—l—qu min(”;}“’,F)U =f

Lyv+v [, min(qt\z,‘”,I‘)u =g

L‘{p—l—pr min(”;}‘”,F)v — fQ min(‘ﬁ#,I‘)Tvq =K(u—a)

. Tuv . T uv ~ .
Liq + CIfQ min(L5, Tu — fQ min(Eg2, T)Tup = —L(v—1a) in Q
(4.45)
u(z,t) =u’ v(z,t) =" on Qx0
u(z,t) =v(z,t) =0 on ¥
(4.46)

p(z,T)=q(z,T) =0 on QxT

p(xz,t) = q(z,t) =0 on X.
exist and are unique in the solution space [V]* .

Proof: The existence of the saddle point implies the existence of u,v and
then the existence of p,q. The optimality system for a strictly convex-concave
functional completely characterizes its saddle points &

5 Summary

We have proved that a two person zero sum game described by a system of
parabolic equations with competitive interactions can be controlled via the non-
local kernels of the interacting terms, and the saddle point can be represented
in terms of the optimality system.
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