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SUBCRITICAL PERTURBATIONS OF RESONANT LINEAR
PROBLEMS WITH SIGN-CHANGING POTENTIAL

TEODORA-LILIANA DINU

ABSTRACT. We establish existence and multiplicity theorems for a Dirichlet
boundary-value problem at resonance. This problem is a nonlinear subcritical
perturbation of a linear eigenvalue problem studied by Cuesta, and includes a
sign-changing potential. We obtain solutions using the Mountain Pass lemma
and the Saddle Point theorem. Our paper extends some recent results of
Gongalves, Miyagaki, and Ma.

1. INTRODUCTION AND MAIN RESULTS

Let © be an arbitrary open set in RN, N > 2, and let V : Q2 — R be a variable
potential. Then we consider the eigenvalue problem

~Au=\V(z)u inQ, wuec HQ). (1.1)

Problems of this type have a long history. If € is bounded and V' = 1, problem
is related to the Riesz-Fredholm theory of self-adjoint and compact operators
(see, e.g., Brezis [3] Theorem VI.11]). The case of a non-constant potential V'
was first considered in the pioneering papers of Bocher [2], Hess and Kato [7],
Minakshisundaran and Pleijel [10] and Pleijel [11]. Minakshisundaran and Pleijel
[10], [11] studied the case where Q is bounded, V € L>*(Q2), V> 0in Q and V > 0
in Qy C Q with |Q] > 0. An important contribution in the study of Problem
if Q and V are not necessarily bounded has been given recently by Cuesta
[5] (see also Szulkin and Willem [I4]) under the assumption that the sign-changing
potential V' satisfies

VT £0 and V€ L5(Q), (1.2)

where s > N/2 if N > 2 and s = 1 if N = 1. As usual, we have denoted
V*(z) = max{V(z),0}. Obviously, V = V-V~ where V™ (z) = max{—V(z),0}.

To study the main properties (isolation, simplicity) of the principal eigenvalue
of (L.1), Cuesta [5] proved that the minimization problem

min{/ \Vul|?de; v € HY(Q), / V(z)u?dx = 1}
Q Q

2000 Mathematics Subject Classification. 35A15, 35J60, 35P30, 58 E05.

Key words and phrases. Eigenvalue problem; semilinear elliptic equation; existence result;
critical point.

(©2005 Texas State University - San Marcos.

Submitted September 28, 2005. Published October 24, 2005.

1



2 T.-L. DINU EJDE-2005/117

has a positive solution @1 = 1 () which is an eigenfunction of corresponding
to the eigenvalue Ay := A (Q) = [, [Ve1|*dz.

Our purpose in this paper is to study the existence of solutions of the perturbed
nonlinear boundary-value problem

—Au=MV(z)u+ g(x,u) inQ,
u=0 on 01, (1.3)
uwZ0 in Q,

where V satisfies (1.2]) and g : 2 x R — R is a Carathéodory function such that
g(x,0) = 0 with subcritical growth, that is,

lg(x,8)| <ag-|s|"" ' +by, forallseR, ae z€Q, (1.4)

for some constants ag, bg > 0, where 2 < r < 2*. We recall that 2* denotes the
critical Sobolev exponent; that is, 2* := 2N/(N — 2) if N > 3 and 2* = +oo if
N e {1,2}.

Problem is resonant at infinity and has been first studied by Landesman
and Lazer [§] in connection with concrete problems arising in Mechanics.

By multiplication with ¢; in and integration over 2 we deduce that this
problem has no solution if g # 0 does not change sign in 2. The main purpose of
this paper is to establish sufficient conditions on g in order to obtain the existence
of one or several solutions of the nonlinear Dirichlet problem (1

Set G(z, s) fo x,t)dt. For the rest of this paper, we assume that there exist
k, m e Ll(Q) with m > 0, such that

|G(z,s)| < k(z), forallseR, ae z€ (1.5)
1imi(r)1f % =m(z), a.e z€. (1.6)

The energy functional associated to Problem ((1.3) is

1
F(u) == / (|Vu* = MV (z)u?)dz —/ G(z,u)dx,
2 Ja Q
for all uw € H} (D).
From the variational characterization of A\; and using (|1.5)) we obtain

Plu) > —/QG(x,u(m))dx > _|k)1 > —o0,

for all w € H}(Q) and, consequently, F is bounded from below. Let us consider
Uy = angol, where ozn — o00. Then the estimate [, |Vri|?de = A\ [, V(z)pide
yields F = fQ x, anp1)de < |k|1 < co. Thus, lim, . F(u,) < co. Hence
the sequence (un) C H () defined by u,, = o, 1 satisfies |Ju,|| — oo and F(u,,)
is bounded. In conclusion, if we suppose that holds, then the energy functional
F is bounded from below and is not coercive.

Our first result is the following.

Theorem 1.1. Assume that for all w C Q with |Q\ w| > 0 we have

/ limsup G(x, s)dx <0 and G(z,s)dx <0 (1.7)

[s|—o0 Q\w
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and
/ limsup G(z, s)dz < 0. (1.8)
Q

\s|—>oo
Then Problem (1.3|) has at lest one solution.
Denote V' := Sp(¢1). Since 1 = dim V' < oo, there exists a closed complementary

subspace W of V, that is, W NV = {0} and HZ(Q2) =V ® W. For such a closed
complementary subspace W C HE (), denote

fQ|Vw| dr

Jo V(@)w?dz’

The following result establishes a mult1phc1ty result, provided G satisfies a cer-
tain subquadratic condition.

Theorem 1.2. Assume that the conditions of Theorem[I.]] are fulfilled and that
Aw — A1
2
Then Problem has at least two solutions.

/\W::inf{ EW,w;«éO}.

G(z,s) < V(z)s®, foralls€R, ae. x €. (1.9)

In the next two theorems, we prove the existence of a solution if V' € L*(£2) and
under the following assumptions on the potential G:

G(z,s)

limsup ——= Br <b< oo uniformly a.e. z€Q, q¢>2; (1.10)
|s]—o0
gz, 5)s — 2G(x, 5) , :
lllr‘nl nf G >a >0 uniformly a.e. z € §; (1.11)
-2
lim sup 9z, 5)s = 2G(, s) < —a <0 uniformly a.e. z € Q. (1.12)

|s|—o0 |3|H

Theorem 1.3. Assume that conditions (1.10), (L.11) for (1.12)] and
2
limsup% <a<M<p< hmlnfm
5—0 S |s]—o0 52
with 4 >2N/(q—2) if N >3 orp>q—2if 1 <N < 2. Then Problem (1.3)) has
at least one solution.
Theorem 1.4. Assume that (1.12)) [or (1.11))/ is satisfied for some p >0, and
lim L(i’ )
|s|—o00 S

Then Problem (1.3)) has at least one solution.

uniformly a.e. x € Q, (1.13)

=0 wuniformly a.e. x €. (1.14)

The above theorems extend to the anisotropic case V' # const. some results of
Gongalves and Miyagaki [0] and Ma [9].

2. COMPACTNESS CONDITIONS AND AUXILIARY RESULTS

Let E be a reflexive real Banach space with norm ||-|| and let I : E — R be a C*
functional. We assume that there exists a compact embedding E — X, where X
is a real Banach space, and that the following interpolation type inequality holds:

Jullx < 1[1(u)1*t||u||t, forallue F, (2.1)
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for some t € (0,1) and some homogeneous function ¢ : E — R, of degree one. An
example of such a framework is the following: E = H} (), X = L), ¢¥(u) = |ul,,
where 0 < p < ¢ < 2*. Then, by the interpolation inequality (see Brezis [3]
Remarque 2, p. 57]) we have

1-—-t t

1
t
. h _ —+ —.
9 Wereq m +2*

Julg < Jul,~" u

The Sobolev inequality yields |u|a« < c||ul|, for all uw € H (). Hence
luly < k|u|/1ft|\u||t, for all u € H(Q)

and this is a (Hy) type inequality.
We recall below the following Cerami compactness conditions.

Definition 2.1. (a) The functional I : E — R is said to satisfy condition (C) at
the level ¢ € R [denoted (C).] if any sequence (uy), C E such that I(u,) — ¢ and
(L4 flunll) - 1T (un)|| g+ — O possesses a convergent subsequence.

(b) The functional I : E — R is said to satisfy condition (C) at the level ¢ € R
[denoted (C).] if any sequence (uy,), C E such that I(u,) — ¢ and (1 + |ju,]]) -
[l (un) || g« — O possesses a bounded subsequence.

We observe that the above conditions are weaker than the usual Palais-Smale
condition (PS).: any sequence (uy,), C E such that I(u,) — cand || I'(uy)|| g+ — 0
possesses a convergent subsequence.

Suppose that I(u) = J(u) — N(u), where J is 2-homogeneous and N is not 2-
homogeneous at infinity. We recall that J is 2-homogeneous if J(7u) = 72J (u), for
all 7 € R and for any u € E. We also recall that the functional N € C'(E,R) is
said to be not 2-homogeneous at infinity if there exist a, ¢ > 0 and g > 0 such that

[(N'(u),u) — 2N (u)| > ap(u)* —c, forallueE. (2.2)

We introduce the following additional hypotheses on the functionals J and N:
J(u) > k|ul|?, forallucE (2.3)
IN(u)| <bllul|% +d, forallueFE, (2.4)

for some constants k, b, d > 0 and q > 2.

Theorem 2.2. Assume that (2.1), (2.2), (2.3), (2.4) are fulfilled, with qt < 2.

Then the functional I satisfies condition (C), for all ¢ € R.

Proof. Let (un), C E such that I(u,) — ¢ and (1 + ||un|) || (un)||z+ — 0. We
have

(T (u),u) = 21 (u)| = [(J'(w) = N'(u), u) — 2J (u) + 2N (u)]
= [(J"(u), u) = 2J (u) = ((N(u),u) — 2N (u))|.
However, J is 2-homogeneous and
J(u+tu) — J(u)
t
This implies (J'(u),u) = 2J(u) and
(' (u),u) — 21 (u)| = [(N"(u),u) — 2N (u)|.
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From we obtain
(I (), u) = 21 (u)| = [(N"(u),u) — 2N (u)| > ap(u)" — c.
Letting u = u,, in the inequality from above we have:
atp(un)" < e+ | (un) |l g+ lun |l + 211 (un)] -

Thus, by our hypotheses, for some ¢y > 0 and all positive integer n, ¥ (u,) < ¢
and hence, the sequence {t(u, )} is bounded. Now, from (H;) and (H,) we obtain

J(un) = I(un) + N(un) < bllun% +do < b3(un) T~ | + do

E*

Hence
J(un) < bollun||” +do, forallnmeN,
for some by, do > 0. Finally, (H3) implies

cllun|l? < bol|un || +do, foralln € N.
Since gt < 2, we conclude that (uy)y, is bounded in E. O

Proposition 2.3. Assume that I(u) = J(u)—N(u) is as above, where N' : E — E*
is a compact operator and J' : E — E* is an isomorphism from E onto J'(E). Then

conditions (C'). and (C). are equivalent.

Proof. Tt is sufficient to show that (C). implies (C).. Let (uy), C E be a sequence
such that I(u,) — cand (1+||u,||) |1’ (un)| .

g« — 0. From (C). we obtain a bounded
subsequence (uy, )k of (un)n. But N'is a compact operator. Then N’(up,, ) 4 e

E*, where (unkl) is a subsequence of (uy, ). Since (unkl) is a bounded sequence and
(L + [[tng, DI (tny, )| 5= — 0, it follows that [[I'(un,, )| — 0. Next, using the
relation -

unkl =J (I/(U’nkl) +N’(unkl))7

we obtain that (uy,, ) is a convergent subsequence of (un)n. O

3. PROOF OF THEOREM [L.1]

We first show that the energy functional F' satisfies the Palais-Smale condition at
level ¢ < 0: any sequence (uy), C Hg(£2) such that F(u,) — c and ||F'(u,)||g-1 —
0 possesses a convergent subsequence.

Indeed, it suffices to show that such a sequence (uy,),, has a bounded subsequence
(see the Appendix). Arguing by contradiction, we suppose that ||u,| — oco. We
distinguish the following two distinct situations.

Case 1: |u,(z)| — oo a.e. & € . Thus, by our hypotheses,

¢ = liminf F(u,)

1iminf{1/ |Vun|2dxfﬁ/ V(m)uidaz/a(x,un(z))dm}
n—oo (2 Jg 2 Jo Q
> lim inf (_ / G(a:,un(x)))dx)

n—oo Q

= —limsup/ G(z,un(z))dx
Q

n—oo

= —limsup/ G(z,s)dx.
Q

|s]—o0
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Using Fatou’s lemma we obtain

lim sup/ G(z,s)dr < / lim sup G(z, s)dz .
[s|—o0 Q |s]—o0

Our assumption (|1.8]) implies ¢ > 0. This is a contradiction because ¢ < 0. There-
fore, (uy), is bounded in H}(Q).

Case 2: There exists w CC 2 such that |\ w| > 0 and |u,(2)| /4 co for all x €
2\ w. It follows that there exists a subsequence, still denoted by (uy,)n, which is
bounded in ©\ w. So, there exists k > 0 such that |u,(z)| < k, for all z € Q\ w.
Since I(uy,) — ¢ we obtain some M such that I(u,) < M, for all n. We have

1 A
I i/ V(an2ds — [kl < I(un) < M as [[un] — oo
It follows that fQ z)uZdz — oco. We have

/ V(z)udr = V(z)u?dx +/ V(z)u2de < E2|Q\ w| ||V +/ V(z)udz.
Q QN\w w w

This shows that [ V(z)uidz — co. If (uy), is bounded in w, this yields a contra-
diction. Therefore, u,, ¢ L>(w). So, by Fatou’s lemma and our assumptions (|1.7))

and ,

¢ = liminf F(uy,)

n—oo

> —limsup/ G(z,un(z

n—00

= —limsup < o G(z,un(x ))d:c—f—/ G(z, un(x))daz>

n—oo

> —limsup Gz, up(z))dx — hmsup/ Gz, up(z

n—00 Q\w n—o00

> —limsup G(z,un(z))dx — / limsup G(z, s)dx > 0.

n—oo JOQ\w w |s|—o0

This implies ¢ > 0 which contradicts our hypothesis ¢ < 0. This contradiction shows
that (uy,), is bounded in H{(£2), and hence F satisfies the Palais-Smale condition
at level ¢ < 0.

The assumption is equivalent with: there exist §, \, 0 and &, € L'(f)
with |ep]1 — 0 such that

/ %z’s)dx > [ m(x)de — / en(x)dz, forall 0 < |s| < d,. (3.1)
Q S (9] Q

However, |e,|1 — 0 implies that for all € > 0 there exists n. such that for all n > n,
we have |e, |1 <e. Set e = [, m(z)pidz/||¢1]|3~ and fix n large enough so that

L= / m(z)e: (z)dx — |en|1]|¢1l|7~ > 0.

Take v e V such that ||v]| < 8,/|¢1llz. We have F(v) = — [, G( ))dz. The
inequality (3.1 is equivalent to

/QG(QU?s)dxz/Qm(x)Sde—/QEn(x)stx
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and therefore,

/ G(z,v(z))dz < — / m(z dm—i—/ﬂ n(@)v?(z)de . (3.2)

By our choice of v € V = Sp(p1) we have

5
[o(@)] = laf o1 (2)] < lallerllz= < lal

o]
However, from (3.2)),
Fv) < — /vadm—i—/ envide < — /m|a|2<p dx—|—|04|2/ enlle1]3 e dz
Q

~ lof? ( / miide + [eal: |sol||Lw) — _Ljaf = —L|lv|?.

Therefore we obtain the existence of some vy € V such that F'(vg) < 0. This implies
[ = inf mi(o F < 0. But the functional F satisfies the Palais-Smale condition (P-
S)e, for all ¢ < 0. This implies that there exists ug € H}(Q) such that F(ug) = I.
In conclusion, ug is a critical point of F' and consequently it is a solution to .
Our assumption g(z,0) = 0 implies F/(0) = 0 and we know that F(ug) =1 < 0,
that is, ug # 0. Therefore ug € H}(Q) is a nontrivial solution of and the proof
of Theorem is complete.

4. PROOF OF THEOREM
Let X be a real Banach space and F : X — R be a C'-functional. Denote
K.:={u€e X; F'(u)=0and F(u) = c},
Fe:={ueX; F(u) <c}.
The proof of Theorem uses the following deformation lemma (see Ramos and

Rebelo [13]).

Lemma 4.1. Suppose that F' has no critical values in the interval (a,b) and that
~1({a}) contains at most a finite number of critical points of F. Assume that the

Palais-Smale condition (P — S). holds for every ¢ € [a,b). Then there exists an

F-decreasing homotopy of homeomorphism h : [0,1] x F*\ K}, — X such that

R(0,u) =u, for allu € F°\ Ky,
h(1,F*\ K;) C F°,
h(t,u) =w, forallue F*.
We are now in position to give the proof of Theorem [1.2] Fix n large enough so
that

F(v) < —L|v|*, forallveV with |v] < ——
l[e1 ||L

Denote d := supyp F, where B = {v € V; |[v|| < R} and R = 6,/||¢1]|p~. We
suppose that 0 and ug are the only critical points of F' and we show that this yields
a contradiction. For any w € W we have

F(w) = % </Q|Vw|2dm)\1/QV(o:)w2dx) f/QG(:z:,w(z))dx.
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Integrating in (1.9)), we find
AL — A
—/ G(z,w(x))dx > ﬂ/ V(x)w?dz . (4.1)
Q 2 Q
Combining the definition of Ay with relation (4.1) we obtain

1 —
F(w) > 7/ |Vw|?dx — ﬁ/ V(z)w?dx + M/ V(z)widz
2 Ja 2 Ja 2 Q

_1 </ |Vw|2d:cf)\w/ V(x)w2dx) >0.
2 \Ja Q

Using 0 € W, F(0) = 0 and relation (4.2) we find infyy F = 0. If v € 9B then
F(v) < —LR < 0 and, consequently,

d=supF <inf F =0.
B w

(4.2)

Obviously,

l= inf F<infF<d=supkF.
Hg () oB aB

Denote

a = inf sup F(y(u)),
yeDl ueB

where T' := {y € C(B,H}(Q));y(v) = vforallv € dB}. It is known (see the
Appendix) that v(B) N W # (), for all v € T. Since infy F = 0, we have F(w) > 0
for all w € W. Let u € B such that v(u) € W. It follows that F(y(u)) > 0
and hence o > 0. The Palais-Smale condition holds true at level ¢ < 0 and the
functional F' has no critical value in the interval (I,0), So, by Lemma we obtain
a F decreasing homotopy h : [0,1] x F°\ Ko — Hg(Q) such that
h(0,u) =u, forallue F'\ Ky=F°\{0};

h(1, F)\ {0} € F' = {uo};

h(t,u) =u, forallue F'.
Consider the application vy : B — H}(Q) defined by

. i o] < R/2
Yo = —||v v ]
h(w, R ) if [Jv]| > R/2.

2ol

Since yo(v) = h(1,v) = ug if ||v]| = R/2, we deduce that ~, is continuous.

If v € OB then v = Ryp; and F(Rp;) < 0. Then v € F°\ {0} and hence
vo(v) = v. Therefore we obtain that 79 € I'. The condition that h is F' decreasing
is equivalent with

s>t implies F(h(s,u)) < F(h(t,u)).
Let us consider v € B. We distinguish the following two situations.
Case 1: |v]| < £. In this case, v0(v) = ug and F(ug) =1 < d.
Case 2: |v|| > &. If |jv| = R/2 then v(v) = h(1,v) and if [[v|| = R then
Yo (v) = h(0,v). But 0 <t <1 and h is F decreasing. It follows that
F(h(0,v)) = F(h(t,v)) = F(h(1,v)),
that is, F\(y(v)) < F(h(0,v)) = F(v) < d.
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(From these two cases we obtain F(vy(v)) < d, for all v € B and from the
definition of o we have 0 < o < d < 0. This is a contradiction. We conclude that
F has a another critical point u; € Hg({) and, consequently, Problem has a
second nontrivial weak solution.

5. PROOF OF THEOREMS AND [[4]
We will use the following classical critical point theorems.

Theorem 5.1 (Mountain Pass, Ambrosetti and Rabinowitz [I]). Let E be a real
Banach space. Suppose that I € CY(E,R) satisfies condition (C)., for all c € R
and, for some p >0 and uy € E with ||ui|| > p,

max{I(0),I(u1)} <& < 3 < ” nhlf I(u).
ull=p
Then I has a critical value ¢ > B, characterized by
¢

= iréfr Jnax, I(y(7)),

where I' := {y € C([0,1], E); 7(0) = 0,7(1) = w1 }.
Theorem 5.2 (Saddle Point, Rabinowitz [12]). Let E be a real Banach space.

Suppose that I € CY(E,R) satisfies condition (C)., for all ¢ € R and, for some
R >0 and some E =V & W with dimV < oo,

Iw)<a<f< inf I(w).
el 1) S @ <P 1)

Then I has a critical value ¢ > B, characterized by

¢ = inf I(h
€7 hervevilol <R (h(v))

where T = {h € C(V(\ Bg, E); h(v) =v, for allv € 0BR}.
Lemma 5.3. Assume that G satisfies conditions (1.10) and (L.11) Jor (1.12))/, with

w>2N/(q—2)if N >3 orpu>q—2if 1 <N <2. Then the functional F satisfies
condition (C). for all c € R.

Proof. Let
N(u) = ﬁ/ V(m)qu:c+/ G(z,u)dz and J(u) = 1||uH2
2 Ja Q 2

Obviously, J is homogeneous of degree 2 and J’ is an isomorphism of £ = H}(Q)
onto J'(E) C H~'(Q). It is known that N’ : E — E* is a compact operator.
Propositionensures that conditions (C). and (C). are equivalent. So, it suffices
to show that (CA')C holds for all ¢ € R. Hypothesis is trivially satisfied, whereas
holds true from . Condition implies that

G(z,t
inf sup (2,1) <b
[s1>0¢> s ]

Therefore, there exists sg # 0 such that

G(z,t)
sup
[t]>]s0] |t|q

<b and G(z,¢t) <blt|9, for all t with [t] > [so].

The boundedness is provided by the continuity of the application [—sg, so] 2 t —
G(z,t). It follows that [, G(x,u)dz < blu|l + d. By the definition of N(u) and
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since g > 2, we deduce that holds true, provided |u|, < 1 then we obtain
(2.4). Indeed, we have |u|2 < klu|q because Q is bounded. Therefore, |u|2 <
klul2 < k[u|? and finally (2.4) is fulfilled. Hypothesis (2.1) is a direct consequence
of the Sobolev inequality. It remains to show that hypothes,1s ) holds true, that
is, the functional N is not 2-homogeneous at infinity. Indeed usmg assumption
(1.11)) (a similar argument works if is fulfilled) together with the subcritical
condition on g yields

)t — 2G (.t
sup inf 9(x,t) (2,)
15|50 [£1>]s] [t]#
It follows that there exists so # 0 such that
)t — 2G(x,t
o 9@t 26( )
|t[>]so] [t

>a>0.

Hence

glx, )t — 2G(x,t) > alt|*, for all |¢| > |so]-
The application t — g(x,t)t — 2G(z,t) is continuous in [—sg, So], therefore it is
bounded. We obtain g(z,t) — 2G(z,t) > a1|t|* — ¢1, for all s € R and a.e. x € Q.
We deduce that

(N (), u) = 2N (u)] =

/ (9(z,u)u — 2G(z,u))dx
Q
> ay|lullls — co, for all u € Hy(€).

Consequently, the functional N is not 2-homogeneous at infinity.

Finally, when N > 3, we observe that condition u > N(¢q — 2)/2 is equivalent
with pu > 2*(¢ — 2)/2* — 2. From 1/q = (1 — )/ + t/2* we obtain (1 —t)/u =
(2* — qt)/(2*q). Hence (2* — qt)/q < (1 —t)(2* —2)/(¢ — 2) and, consequently,
(g—2*)(2—tq) < 0. But ¢ < 2* and this implies 2 > ¢q. Similarly, when 1 < N < 2,
we choose some 2** > 2 sufficiently large so that u > 2**(¢ — 2)/(2** — 2) and
t € (0,1) be as above. The proof of Lemma is complete in view of Theorem O

Our next step is to show that condition (1.13)) implies the geometry of the Moun-
tain Pass theorem for the functional F. The below assumptions have been intro-
duced in Cuesta and Silva [4].

Lemma 5.4. Assume that G satisfies the hypotheses

lim sup G|(:E|’ 5) <b< oo wuniformlya.e. v €, (5.1)
ls|—oo 1S
2
lim sup w <a<M << l‘lrln inf G|(|x2,s) uniformly a.e. x € Q. (5.2)
s—0 S s|—o0 S

Then there exists p, v > 0 such that F(u) > v if |u| = p. Moreover, there exists
1 € H}(Q) such that F(tp1) — —o0 as t — oc.

Proof. In view of our hypotheses and the subcritical growth condition, we obtain

2 t
liminf ——+= 2G(z, 5) > [ s equivalent to sup inf G(;: ) > 0.
|s|]—o0 82 s#0 t1>ls| T

There exists sg # 0 such that 1nf‘t|>|60‘ ( 1) > ( and therefore % > 3,
for all [t| > |so| or G(z,t) > 1pt2, prov1ded [t| > |so|- We choose ty such that
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lto] < |so|] and G(z,t0) < 38|to[*. Fix ¢ > 0. There exists B(e,tg) such that
G(z,t9) > (B —¢)|to|> — B(e, ty). Denote B(e) = SUP|4y|<|so| B(€,t0). We obtain
for any given € > 0 there exists B = B(e) such that

1
G(x,8) > 3 (B—¢)|s]* =B, forallscR, ae zcQ. (5.3)
Fix arbitrarily e > 0. In the same way, using the second inequality of (5.2 and
(5.1)) it follows that there exists A = A(e) > 0 such that
2G(z,t) < (a+e)t? +2(b+ A(e))[t|?, forallt € R, ae. x€Q. (5.4)

We now choose € > 0 so that a+¢ < A; and we use (5.4)) together with the Poincaré

inequality to obtain the first assertion of the lemma.
Set H(z,s) = MV (z)s?/2 + G(z,s). Then H satisfies

H
lim sup (x;s) <b< oo, uniformly a.e. z€Q, (5.5)
| ‘—M)O B}
2H 2H
lim sup # <a< A\ <p< l‘lrln inf @, uniformly a.e. z € Q. (5.6)
s—0 S —00 S

In the same way, for any given £ > 0 there exists A = A(e) > 0 and B = B(e) such
that

%(5—6)8 — B < H(z,s) <

for all s € R, a.e. z € Q. Then we have
F(u) = |u||2 /H x,u)d

*II [ 5(@4+6)\U|2 Alulg

1 et
2(1— ) bal? = Akl

We can assume without loss of generahty that ¢ > 2. Thus, the above estimate
yields F(u) > ~ for some v > 0, as long as p > 0 is small, thus proving the first
assertion of the lemma.
On the other hand, choosing now £ > 0 so that 8 — ¢ > A; and using 7 we
obtain
0 —e
2

(+¢)s? + Als|?, (5.7)

l\J\H

| \/

v

1
Fu) < 5 lull® - 5+ Blal.

We consider ¢1 be the Aj-eigenfunction with ||¢1|| = 1. It follows that

F(tpr) < ; ( ﬁ)\:&) t? + B|Q)| — —00 ast — oo.

This proves the second assertion of our lemma. (I
Lemma 5.5. Assume that G(x,s) satisfies (1.12) (for some p > 0) and
G
‘ llim @ =0, uniformly a.e. x€ Q. (5.8)
s|—o0 S

Then there exists a subspace W of H}(Q) such that H}(Q) =V @ W and
(i) F(v) = —o0, as ||v|| =00, v eV
(ii) F(w) — o0, as |Jw| — oo, w e W.
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Proof. (i) The condition is equivalent to: There exists sp # 0 such that
g(x,8)s —2G(x,s) < —als|*, forall |s| > |so] = Ry, a.e. x € Q.
Integrating the identity
iG(I,S) g(z, 8)s? — 2|s|G(x, 5) _g(z,s)|s| —2G(x, 5)

ds |s|2 st |3
over an interval [t,T] C [R,00) and using the above inequality we find
Gz, T) G(z,t) T y—3 a 1 1
T2 T g S—a/t s d8—2_/i T ")

Since we can assume that p < 2 and using the above relation, we obtain G(x,t) >
at* for all t > Ry, where a = 2%“ > 0. Similarly, we show that

G(z,t) > alt|*, for|t| > R;y.

Consequently, limjy_., G(z,t) = oo. Now, letting v = tp; € V and using the
variational characterization of i, we have

Fv) = */ Gz, v)dr — —o0, as [lv]| = [t|[lpa] — oo
Q

This result is a consequence of the Lebesgue’s dominated convergence theorem.
(ii) Let V = Sp(p1) and W C H}(2) be a closed complementary subspace to V.
Since A; is an eigenvalue of Problem (|1.1)), it follows that there exists d > 0 such
that

Jo [Vw|?dx

inf S ——— >\ +d.
Owew Jo V(z)w?dz ~ L
Therefore,
|w|* > (M +d)|w|3, forallweW.

Let 0 < € < d. From (G4) we deduce that there exists 6 = d(¢) > 0 such that for
all s satisfying |s| > § we have 2G(z,s)/s* < ¢, a.e. x € Q. In conclusion

1
G(z,s) — 5652 <M, forallseR,

where

1

M := sup (G(m,s)— 552> < o00.
BE é

Therefore,

F(w) = %||w||2 - % /Q V(z)w? — /QG(:U,w)d:v

\%

1 A 1
Lol = 2w - Lty - M
> 1 <1 A +e€

=2 _)\1+d

)||w||2—M:N||w||2—M, for all w e W.

It follows that F(w) — oo as ||w]| — oo, for all w € W, which completes the proof
of the lemma. O
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Proof of Theorem[I.3 In view of Lemmas[5.3]and [5.4] we may apply the Mountain
Pass theorem with u; = t1¢1, t1 > 0 being such that F(t1¢1) < 0 (this is possible
from Lemma [5.4). Since F(u) > v if |lul| = p, we have

max{F(0), Flu1)} =0=a < HiﬂipF(u) =4.

It follows that the energy functional F' has a critical value ¢ > B > 0 and, hence,
(1.3) has a nontrivial solution u € HZ (). O

Proof of Theorem[1.4) In view of Lemmas and we may apply the Saddle

Point theorem with § := inf,ew F'(w) and R > 0 being such that sup, = £'(v) :=

& < 3, for all v € V (this is possible because F(v) — —oc as |Jv]| — 00). It follows

that F has a critical value ¢ > (3, which is a weak solution to (|1.3)). ([
6. APPENDIX

Throughout this section we assume that Q@ C RY is a bounded domain with
smooth boundary. We start with the following auxiliary result.

Lemma 6.1. Let g: QxR — R be a Carathéodory function and assume that there
exist some constants a, b > 0 such that

lg(z,t)] < a+Db|t]"/*, forallteR, aexc.
Then the application p(x) — g(x, o(x)) is in C(L"(Q2), L*(Q)).
Proof. For any u € L™(§2) we have

[ 1ot uta)ide < [ (@ blu’*)da
Q Q
g?i/ms+WmVMx
Q

§c/(1+|u|r)dx<oo.
Q

This shows that if ¢ € L™(2) then g(z,¢) € L*(2). Let uy,, u € L™ be such that
|un, —ul — 0. By Theorem IV.9 in Brezis [3], there exist a subsequence (uy, ), and
h € L" such that u,, — v a.e. in Q and |u,, | < h a.e. in Q. By our hypotheses it
follows that g(un,, ) — g(u) a.e. in Q. Next, we observe that

|9(un, )| < a+blup, |"* < a+blh|"/* € L3(Q) .

So, by Lebesgue’s dominated convergence theorem,

19(tny) — g2 = /|gunkf wlde % 0.

This completes the proof of the lemma. O
The mapping ¢ — g(z, ¢(x)) is the Nemitski operator of the function g.

Proposition 6.2. Let g : Q@ x R — R be a Carathéodory functz’on such that
lg(z,s)| < a+bls|"~1 for all (x,s) € Q x R, with2 <r <2N/(N —2) if N > 2 or
2<r<ooifl <N <2 Denote G(x,t) fo x,8)ds. Let I : H}(Q)) — R be the
functional defined by

:%ANWM—%AVmﬁM—AG@MWW
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where V€ L*(2) (s > N/2if N >2,s=14if N=1).
Assume that (up), C H(Q) has a bounded subsequence and I'(u,) — 0 as
n — 0o. Then (uy), has a convergent subsequence.

Proof. We have

(I' (u) /Vqudm—)\l/QV(:c)uvdw—/g(m,u(m))v(m)dm.

Q
Denote by

(a(u),v) = /Vqudx
A1/1/ 2dx+/Gxu

(J'(u), ) :)\1/QV(:c)uvder/Qg(z,u(:r))v(x)dx

and I’(u) = a(u) — J'(u). We prove that a is an isomorphism from Hg(£2) onto
a(H} () and J' is a compact operator. This assumption yields

= (I () + ' (wn)) = lim o™ (' (un)))

It follows that

But J' is a compact operator and (uy, ), is a bounded sequence. This implies that
(J'(un))n has a convergent subsequence and, consequently, (u,), has a convergent
subsequence. Assume, up to a subsequence, that (u,), C H(Q) is bounded.
From the compact embedding H{ (Q) — L"(Q), we can assume, passing again at a
subsequence, that u, — u in L"(2). We have

[PACYERAD]

< ”ihlgl /(g(x Un(x)) — g(z,u(x))) v(r)de +\|i1|\121 A1 /V n — w)vdz
< s [ ot (@) — gl ueNlio(@lde + 0 sup [ V@)ool

r—1
< sup (/ lg(x,upn) — g(x u)rildx> ' |v|- + A1 sup / |V (2)(uy — u)v|de
||v|<1 lvll<1 /@

e
< ¢ sup (/ lg(z,un) — wu)rrldx) o]l + M|V Ls - Jun — ula - |v]g,

[Jv]|<1

where «, 8 < 2N/(N — 2) (if N > 2). Such a choice of o and 3 is possible due to
our choice of s. By Lemma we obtain g € C(L", L"/("=1)). Next, since u, — u
in L" and u,, — u in L?, the above relation implies that J'(u,) — J'(u) as n — oo,
that is, J’ is a compact operator. This completes our proof. (I

Set
I':={yeC(B,H}(Q); v(v)=wv, for all v € OB}
and B = {v € Sp(p1); |[v|l £ R}. The following result has been used in the proof
of Lemma

Proposition 6.3. We have v(B) W # 0, for ally € T.



EJDE-2005/117 SUBCRITICAL PERTURBATIONS 15

Proof. Let P : H}(2) — Sp(p1) be the projection of Hi in Sp(¢1). Then P
is a linear and continuous operator. If v € OB then (P o vy)(v) = P(y(v)) =
P(v) = v and, consequently, P o~y = Id on 9B. We have Po~ ,Id € C(B, H})
and 0 ¢ Id(0B) = 0B. Using a property of the Brouwer topological degree we
obtain deg (P o v,IntB,0) = deg (Id,IntB,0). But 0 € Int B and it follows that
deg (Id,Int B,0) = 1 # 0. So, by the existence property of the Brouwer degree,
there exists v € Int B such that (P o«)(v) = 0, that is, P(vy(v)) = 0. Therefore
v(v) € W and this shows that v(B) N W # (. O
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