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ON SECOND ORDER PERIODIC BOUNDARY-VALUE
PROBLEMS WITH UPPER AND LOWER SOLUTIONS IN THE
REVERSED ORDER

HAIYIN GAO, SHIYOU WENG, DAQING JIANG, XUEZHANG HOU

ABSTRACT. In this paper, we study the differential equation with the periodic
boundary value

u(t) = f(t,u(t),u (), te€lo,2n]
u(0) = u(2m), o' (0) =u/(27).

The existence of solutions to the periodic boundary problem above with ap-
propriate conditions is proved by using an upper and lower solution method.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the second-order periodic boundary-value problem
u”(t) = f(t,u(t),u'(t), te]|o,2n]

w(0) = u(27), o' (0) =u/(27), (1.1)

where f(t,u,v) is a Caratheodory function. A function f : [0,27] x R? — R is said
to be a Carathrodary function if it possess the following three properties:
(i) For all (u,v) € R?, the mapping t — f(t,u,v) is measurable on [0, 27].
(ii) For almost all ¢ € [0, 27], the mapping (u,v) — f(¢,u,v) is continuous on
R2.
(iii) For any given N > 0, there exists gn(t), a Lebesgue integrable function
defined on [0, 27], such that

|f(t,u,v)| < gn(t) fora. e tel0,27],

whenever |ul, |v| < N.

To develop upper and lower solutions method, we need the concepts of upper
and lower solutions. We say that 3 € W?21[0,27] is an upper solution to (L.1), if it

satisfies
B"(t) < f(t,8(t),5'(t), tel0,2n]

B(0) = p(2m), B'(0) < B'(2m). (1.2)
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Similarly, a function a« € W?1[0,2n] is said to be a lower solution to (L.I)), if it
satisfies
a'(t) = f(t,a(t), o/ (1), te€[0,27]
a(0) = a(27), o'(0) > o'(2n).
We call a function u € W21[0, 2] a solution to , if it is an upper and a lower
solution to .

Under the classical assumption that «(f) < ((¢), a number of authors have
studied the existence of the methods of lower and upper solutions or the monotone
iterative technique [I} [, 4, [l [8 [6l 10, 1T, 16, I7]. Only a few have study the
case where «(t), 8(t) satisfy the opposite ordering condition 5(t) < «(t); see [IL
2, [7, @, [13], 14, 15, 18] Wang [I8] has investigated a special case of where
flt,u,v) = —kv+ F(t,u) and F(t,u) is increasing with respect to u, in the presence
of a lower solution «(t) and an upper solution §(t) with 5(¢) < a(t). Rachunkova
[15] has recently proved that has at least one solution wu(t) under the case
B(t) < a(t). However, the proof of the result in [I5] is not constructive and is
not able to guarantee that u(t) satisfies 5(t) < u(t) < a(t). Recently, Jiang, Fan
and Wan [7] have studied by means of a monotone iterative technique in the
presence of a lower solution «(t) and an upper solution 3(t) with 3(¢) < a(t). To
develop a monotone method, the following hypotheses are needed in [7].

(A1) For any given 8, € C[0,2n] with 8(t) < «(t) on [0, 27], there exist 0 <

A < B such that

A(vg —v1) < f(t,u,v2) — f(t,u,v1) < B(va —v1)

(1.3)

or
—B(ve —v1) < f(t,u,v2) — f(t,u,v1) < —A(vg —v1)
for a.e. t € [0,27] whenever 3(t) < u < a(t),v1,v2 € R, and v; < vs.
(A2) Inequality
AQ
ft,ug,v) — f(t,ug,v) > —T(ug —uy)

holds for a.e. ¢ € [0,27], whenever 3(¢) < uj < us < a(t),v € R.

The purpose of this paper is to prove the existence of solutions to under
the assumption that there exist a lower solution «(t) and an upper solution ((t)
of with B(t) < «(t) and f(¢,u,v) only satisfies one side Lipschitz condition.
We use the upper and lower solutions method and prove that the solution u(t) of
satisfies 5(t) < wu(t) < a(t). Our result extends and complements those in
[18, [15L [7].

To develop upper and lower solutions method, we need one of the following
hypotheses

(H1) For any given (3, a € C[0, 27] with 5(t) < a(t) on [0, 27], there exist A > 0

and B > 0 such that B? > 44 and

f(t,UQ,’UQ) — f(t,ul,vl) Z 7A("U,2 — Ul) —+ B(’UQ — ’1)1) (14)
for a.e. t € [0, 2] whenever 5(¢) < u; < ug < a(t), v1,v2 € R, and v1 < vs.

(H1’) For any given 8, «a € C[0,27] with 8(t) < «(t) on [0, 27], there exist A > 0
and B > 0 such that B? > 44 and

[t uz,v2) = f(tur,v1) 2 —A(uz — wa) + B(vr — v2) (1.5)
for a.e. t € [0,2n] whenever () < u; < ug < aft), v1,v2 € R, and v1 > vs.
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We remark that condition (H1’) is equivalent to
(al) For any given (3, a € C[0, 27] with §(t) < a(t) on [0, 2], there exists B > 0
such that
ft,u,v1) — f(t,u,v2) < —B(vy — v2)
for a.e. t € [0, 2] whenever () < u < a(t), v1,v2 € R, and vy > vs.
(a2) There exists A > 0 such that B? > 4A4 and

f(t ug,v) — f(t,ur,v) > —A(us —uq)
holds for a.e. ¢ € [0, 27], whenever () < uy < ug < a(t), v €R.
Also we remark that (H1) or (H1’) weaker than (A1)-(A2) in [7].
Let m < 0 and M < 0 be two real roots to the equation 2% + Bz + A = 0, then
m+M=—-B, mM=A.
Let mg > 0 and My > 0 are two roots to the equation 22 — Bx + A = 0, then
mo + My = B, moMy = A.
Let
At) :== ' (t) + ma(t), B(t):= B3 (t) +mp(t), (1.6)
and
Ao(t) = a/(t) + moa(t), DBo(t) := B'(t) + mop(t). (1.7)
The main results of this paper are stated as follows.

Theorem 1.1. Suppose that there exists a lower solution a(t) and an upper solution
B(t) of such that B(t) < a(t) on [0,27], and f(t,u,v) is a Caratheodory
function satisfying the hypothesis (H1). Then A(t) < B(t) on [0,27] and has
a solution u € W20, 2] such that

Bt) <u(t) <aft), At) <u'(t) +mult) < B(?).
Theorem 1.2. Suppose that there exists a lower solution a(t) and an upper solution
B(t) of such that B(t) < a(t) on [0,27], and f(t,u,v) is a Caratheodory

function satisfying the hypothesis (H1’). Then Bo(t) < Ao(t) on [0,27] and (1.1
has a solution u € W10, 2n] such that

Bt) <wu(t) <al(t), Bo(t) <u'(t)+mou(t) < Ag(t).

2. PROOF OF THEOREMS [[.1] AND

To prove the validity of upper and lower solutions method, we use the following
maximum-minimum principle, see [7].
Lemma 2.1. Let y € W0, 27], and satisfy
y'(t)+ Ly(t) >0 fora. e. t€|0,2n],
y(0) = y(27),

where |L| > 0. Then Ly(t) > 0 on [0,27], i.e., when L > 0 the minimum of y(t) is
nonnegative; when L < 0 the mazimum of y(t) is nonpositive.

Lemma 2.2. Suppose that there exists a lower solution a(t) and an upper solution
B(t) of (1.1) such that B(t) < «(t) on [0,27], and f(t,u,v) is a Caratheodory
function satisfying the hypothesis (H1). Then A(t) < B(t) on [0,27].
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Proof. It follows from and that
A'(t) + MA(t) > f(t,at), A(t) — ma(t)) + (m + M)A(t) — m?a(t), te€]0,2n]
A(0) > A2r),
and
B(t) + MB(t) < (¢, 5(t), B{#t) — mB()) + (m + M)B(t) — m?6(t), ¢ € [0,2]
B(0) < B(2n).
Let y(t) = A(t)—B(t), then y(0) > y(27). Assume that y(¢) > 0 for some t € [0, 27].
Indeed, if y(t) > 0 on [0, 27], then by (H1) we have
y'(t) + My(t) > f(t a(t), A(t) — ma(t)) — f(t, B(t), B(t) —mp(t))
+ (m + M)y(t) — m*(a(t) - A(t))
> —(A+ Bm+m?)(a(t) — B(t) + (B+m+ M)y(t)
=0, te][0,2n],
then by Lemma we have y(t) < 0 on [0, 27], which is a contradiction.

If y(0) < 0 (then y(27) < y(0) < 0), and hence there exists s € (0,27) with
y(s) > 0, then there would be 0 < a < s < b < 27 such that y(t) > 0 in (a,b) with

y(a) =y(b) =0. By and (L.3)), we have
Y (t) + My(t) 20, t€lab], yla)=y)=0.

This leads to y'(t) > —My(t) > 0 on [a, b], which is again a contradiction.

If y(0) > 0, then there exists a € (0,2w) such that y(t) > 0 on [0,a) with
y(a) = 0. So we have y/(t) + My(t) > 0 on [0, a), hence y'(¢) > 0 in [0,a), which
implies that y(0) < y(a) = 0, this is also a contradiction. The proof of Lemma
is completed. O

Similarly, we have the following result.

Lemma 2.3. Suppose that there exists a lower solution a(t) and an upper solution
B(t) of such that B(t) < a(t) on [0,27], and f(t,u,v) is a Caratheodory
function satisfying the hypothesis (H1’). Then By(t) < Ag(t) on [0, 27].
Proof. Tt follows from (1.2]) and (1.3)) that for ¢ € [0, 27],
Ap(8) + Mo Ao(t) > f(t, a(t), Ao(t) — moa(t)) + (mo + Mo) Ao (t) — mia(t),
A()(O) Z A0(27T)
and for t € [0, 27]
By(t) + MB(t) < f(t, (1), Bo(t) — mof(t)) + (mo + Mo) Bo(t) — mgf(t),
Bo(O) S B0(27T)

Let y(t) = Ao(t) — Bo(t), then y(0) > y(27). Assume that y(¢) < 0 for some
t € [0,27]. Indeed, if y(t) < 0 on [0, 27], then by (H1’) we have

y'(t) + Moy(t) = f(t, a(t), Ao(t) — moal(t)) — f(t, B(t), Bo(t) — mo(t))
+ (mo + Mo)y(t) — m(a(t) — B(1))
> —(A = Bmo +mg)(a(t) — B(1)) + (=B +mo + Mo)y(t)
=0, te]l0,2n],
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then by Lemma we have y(t) > 0 on [0, 27, which is a contradiction.

If y(2mr) > 0 (then y(0) > y(27) > 0), and hence there exists s € (0,27) with
y(s) < 0, then there would be 0 < a < s < b < 27 such that y(t) < 0 in (a,b) with
y(a) = y(b) = 0. By and (L.3)), we have

y'(t) + Moy(t) 20, t€a,b], yla)=y(d)=0.
This leads to y'(t) > —Mopy(t) > 0 on [a, b], which is again a contradiction.

If y(27) < 0, then there exists a € (0,27) such that y(¢) < 0 on (a,2x] with
y(a) = 0. So we have y'(t) + Moy(t) > 0 on (a, 2], hence y/(t) > 0 in (a, 27|, which
implies that y(27) > y(a) = 0, this is also a contradiction. The proof of Lemma
[2:3]is complete. O

In the following arguments, we only give the proof of Theorem since the
proof of Theorem [1.2| can be treated in a similar way.
Let
At), x < A(Y),
p(t,x) =< =, A(t) < x < B(t),
B(t), = > B(t).
It is interesting to give an introduction to Lemma [2.4] and a reference where it can
be found.

Lemma 2.4. If m > 0, then for any q(t) € L'[0, 27], the problem
o' (t) + mu(t) = q(t), for a.e. t € 0,27

u(0) = u(27),

has a unique solution u € W11[0,2x], and
2
u(t) =L7q(t) = [ Gu(t,s)q(s)ds,
0

where

Y 0<s<t<2m

Gm(ta S) = evﬁ(s—t)
1) 0<t<s<2m.

By Lemma [2.1] we have
at) = L7'A(t), B(t)=L7'B(t), B(t) <L 'p(t,z) < aft).
Now we consider the modified problem

(1) + Mx(t) = f(t,Lilp(t,x(t)), (I — mLil)p(t,x(t)))

N (2.1)
+(m + M)p(t, x(t)) —m” L™ p(t, x(t)), (0) = x(27).
For each = € C[0, 27|, we define the mapping @ : C[0, 27| — C]0, 27],
2m
(®x)(t) :/0 G (t, s)(Fzx)(s)ds, (2.2)

where
(Fa)(t) == f(t, L7 plt, 2(1), (T = mL~)p(t, (1)) )
+ (m + M)p(t,z(t)) — m> L™ p(t, z(t)).
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Since p(t, z(t)) and L~ p(t,z(t)) are bounded and f(t,u,v) is a Caratheodary func-
tion, there exists g(t), a Lebesgue integrable function defined on [0, 27| such that

[(Fz)(t)] < g(t) for a. e. t €[0,27].

Thus (®x)(t) is also bounded.

We can easily prove that ® : C[0,2x] — C[0, 27] is completely continuous. Then
Leray-Schauder fixed point Theorem assures that ® has a fixed point = € C|0, 27]
and

2m
x(t) = / G (t, s)(Fx)(s)ds, (2.3)
0
thus the modified problem (2.1)) has one solution = € W1[0, 2r].

Lemma 2.5. Suppose that (H1) holds. Assume that a(t) and 3(t) are lower and
upper solutions to and B(t) < a(t) on[0,2x]. Let x € WH1[0,27] be a solution
to (2.1)), then A(t) < z(t) < B(t) on [0, 27].

Remark 2.6. Lemmaimplies u(t) =L 1z(t) = 2 Gm(t, s)x(s)ds is a solution
to (L.1)), since u/(t) +mu(t) = z(t), u(0) = u(27) and A(t) < z(t) < B(t).
Proof of Lemma[2.5. Since a(t) = L™YA(t), B(t) = L~ B(t),
B'(t) + MB(t) < f(t,L7'B(t), (I —mL™Y)B(t)) — m*L™'B(t) + (m + M)B(t),
B(0) < B(2n)
and
A'(t) + MA(t) > f(t, L7YA(t), T — mL™ Y A(t)) — m2L7rA(t) + (m + M)A(t),
A(0) > A(2m).
We shall prove only that z(t) < B(¥)
by a similar manner. Let y(t) = z(

t) on [0, 27], because A(t) < x(t) can be proved
t) — B(t), then

) —
y(0) > y(2).
Assume that y(t) > 0 for some ¢ € [0, 27]. Indeed, if y(¢) > 0 on [0, 27|, we have

o' (t) + Mz(t) = f(t, L7 B(t), I — mL™Y)B(t)) — m*L~'B(t) 4+ (m + M)B(t)

> B'(t) + MB(t),
i.e., y'(t) + My(t) > 0 on [0,27]. Lemma [2.1]implies y(¢) < 0 on [0, 27], which is a
contradiction. Therefore, there would be a point s € [0, 27] with y(s) < 0.

If y(0) < 0 (then y(27) < y(0) < 0), and hence there exist 0 < a < s <b < 27
such that y(¢t) > 0 in (a,b) with y(a) = y(b) = 0. Then p(t, z(t)) = B(t) on [a,b]
and

y' (1) + My(t)

> f(t, L7 p(t 2 (t)), B(t) — mL™ p(t,2(t))) + (m + M)B(t) = m*L™"p(t, x(t))

— [f(t, L7'B(t), B(t) — mL~"B(t)) + (m 4+ M)B(t) — m*L~" B(t)]
> (A= Bm—m?*)(L™"'p(t,z(t)) — L7 B(1))

=0, te(a,b).

This leads to y'(t) > —My(¢) > 0 on (a,b), which is again a contradiction.
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If y(0) > 0, there exists a € (0,27) such that y(¢) > 0 on [0,a) with y(a) = 0.
So we have y'(t) + My(t) > 0, hence y'(t) > 0 in [0, a), which implies that y(0) <
y(a) = 0, this is also a contradiction. The proof is complete. O

By Remark [2.6] we have obtained the results of Theorem

3. EXAMPLE
In this section, we consider the periodic boundary-value problem
u’(t) + ku'(t) = F(t,u), te]|0,2n]
w(0) = u(2m), v’ (0) = u'(27),

where F'(t,u) is a Caratheodory function, & > 0 or k < 0.
We say that 8 € W?2[0,27] is an upper solution to the problem (3.1), if it
satisfies

(3.1)

B7(t) + kB'(t) < F(t,5(t), te€[0,2n]
B8(0) = B(2m), 5'(0) < B'(2m).

Similarly, a function o € W?21[0,27] is said to be a lower solution to (3.1), if it
satisfies

(3.2)

a’(t) + ka/(t) > F(t,a(t), te€l0,2n]
a(0) = a(27),a’(0) > o/ (27).
To develop the upper and lower solutions method, we also need the following hy-
pothesis:
(H) For any given §,a € C[0,2n] with 8(¢) < a(t) on [0, 2], the inequality

k2
F(t,UQ) — F(t,ul) Z —Z(Ug — ul)

(3.3)

holds for a.e. t € [0,27], whenever () < uy < ug < af(t).
Let A = k*/4, B = |k|, then (H1) holds when k < 0, and (H1’) holds when
k > 0. Hence the conclusions of Theoremhold when k < 0, thus o/ (t) + £a(t) <
B'(t) + £B(t) and problem has one solution u € W21[0, 27] such that

B(t) < ult) < (1), (1) + Sa(t) < /(1) + Sult) < (1) + SA().

The conclusions of Theoremhold when k > 0, thus o/ (t) + £a(t) > B/(t)+ 58(t)
and problem ({3.1)) has one solution u € W10, 27| such that

B(1) < ult) < alt), F(0)+ SB(0) < o/ (6) + oult) < (1) + Sar).

In [7, [18], the authors obtained one solution u € W?[0,27] of (3.1)) such that
B(t) < u(t) < at). Here we have improved the results of [7] [18].
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