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EXISTENCE OF NON-OSCILLATORY SOLUTIONS TO
HIGHER-ORDER MIXED DIFFERENCE EQUATIONS

QIAOLUAN LI, HAIYAN LIANG, WENLEI DONG, ZHENGUO ZHANG

ABSTRACT. In this paper, we consider the higher order neutral nonlinear dif-
ference equation

A™(z(n) + p(n)z(1(n))) + fi(n, z(01(n))) — f2(n, 2(02(n))) =
A™(z(n) + p(n)z(1(n))) + f1(n, I(Ul(n))) — fa(n, z(02(n))) = g(n),
A" (z(n) + p(n)z(r(n))) + Zb =0.

We obtain sufficient conditions for the existence of non-oscillatory solutions.

1. INTRODUCTION

Consider the difference equations
A™(x(n) + p(n)z(r(n))) + fi(n, z(01(n))) — f2(n,z(o2(n))) = 0, (1.1)
A" (xz(n) + p(n)z(r(n))) + fi(n, z(01(n))) — f2(n, z(02(n))) = g(n),  (1.2)

!
A™ (@(n) + p)a(r(n)) + 3 bi(n) 0, (1.3)
=1
for n > ng, where 7(n),0;(n) are sequences of positive integers with 7(n) < n,
limy, 00 7(n) = 00, lim,, o 05(n) =00, ¢ = 1,2,...,1. Also where p(n), g(n),b;(n),
j=1,2,...,1 are sequences of real numbers, f;(n,z), i = 1,2 are continuous and
nondecreasing for z, f1(n,x)fa(n,2) > 0. There exists b # 0 such that
D (s =n) I fi(s,b)| < 00, i=1,2, (1.4)
sS=n

(s =)™ V]g(s)| < oo, (1.5)
(

>

(s —n) ™M™=V b,(s)] < 0. (1.6)

s=n
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Recently, there has been an increasing interest in the study of existence and
oscillation of solutions to differential and difference equations. The papers [2] [5],
], [9] discussed the existence of non-oscillatory solutions of differential equations.
The papers [0 [7] discussed the oscillation of difference equations. But there are
relatively few which guarantee the existence of non-oscillatory solutions of difference
equations, see [3] [].

This paper is motivated by the recent paper [10], where the authors gave sufficient
conditions for the existence of non-oscillatory solutions of some first-order neutral
delay differential equations. The purpose of this paper is to present some new
criteria for the existence of non-oscillatory solution of —.

A solution of ((1.2) (L.3)) is said to be oscillatory if it has arbitrarily large

zeros; otherwise it is said to be non-oscillatory.

2. MAIN RESULTS

To obtain our main results, we need the following lemma.

Lemma 2.1 ([I]). Let K be a closed bounded and convex subset of °°, the Banach
space consisting of all bounded real sequences. Suppose I is a continuous map such
that T(K) C K, and suppose further that T'(K) is uniformly Cauchy. Then T has
a fixed point in K.

In the sequel, without loss of generality, we assume that f;(n,z) > 0, ¢ = 1,2
and (|1.4]) holds for b > 0.

Theorem 2.2. Assume that 0 < p(n) < p < 1, (L.4) holds, then (L.1) has a
bounded non-oscillatory solution which is bounded away from zero.

Proof. Choose N > ng, such that
No i=minf inf {(r(n)}, inf {o1(n)}, inf {o2(n)}} > no.

Let BC be the collection of bounded real sequence in Banach space I*° and ||z (n)|| =
sup,,> v [z(n)|. Define a set Q2 C BC as follows:

Q={z(n) e BC,0 < M; <z(n) <My <bmn>ng},

where M7 < (1 —p)Ms. Then Q is a closed bounded and convex subset of BC. Set
¢ =min{Ms — o, — pMs — M, }, where pMy + M7 < o < My. From (1.4), we get
that there exists Ny > N, such that for n > Ny,

i (s —(Z:ll);”_l) fils,b) <e i=1,2.

s=n

Define two maps I'y and I's on Q as follows:

—
—
[\v]
&
s
~—
I
X
=
@
B
Q
S
V2]
~—
S~—
S~—
|
o
@
8
—
Q
S
—~
Va)
N~—
S~—
=

n Z N1
(L) (N1), No<n<M



EJDE-2007/09 EXISTENCE OF NON-OSCILLATORY SOLUTIONS 3

For any x,y € 0, we have
(Tiz)(n) + (F2y)(n) < a+c < Mo,
(T12)(n) + (T2y)(n) > o — pMs — ¢ > M.
That is Tyz 4+ Tay € Q. Since 0 < p(n) < p < 1, it is easy to check that 'y is a
contraction mapping.

Now we show that I's is continuous. For any € > 0, we can choose ny > Nj, such
that

2 (s —mnp+1)m=1 ,
Z ( (r(rJL — 1))! fi(s,b) <e, i=1,2.
s=ngo

Let {zr(n)} be a sequence in €, such that limy_. ||zx — 2| = 0. Since § is a closed
set, we get that x € Q and

|(Tax)(n) — (az)(n)]

7121

-n m—1)
< Z i 1 (15 20(01())) — fa(s, 201 ()]

T’L21

s—n41)m=1
+ Z +—1(f2(s,xk(02(s))) — fa(s,2(02(5))))| + 4e.

Since f; is continuous for z, we get that limg_,o [|[Toxy — I'az|| = 0. We also know
that T’y is uniformly bounded and for for all € > 0, there exists Ny such that for
my > mg > Ny and for all z(n) € Q,

[Tox(my) — Taz(ma)|

m11

S—n (m—1)
< 3 L T ot o) st < =

From the dlscrete Krasnoselskii’s fixed point theorem, there exists z € €2, such that
z =Tz, ie.

#(n) = o — pl)(r(n)
5 —-n m—1)
- 12 U (5o lor(90) — alosalox(6).

Note that x(n) is a bounded non-oscillatory solution of (1.1) which is bounded
away from zero. O

Theorem 2.3. Assume that 1 < p; < p(n) < po, (L.4) holds, 7(n) is strictly
increasing, then (1.1) has a bounded non-oscillatory solution which is bounded away
from zero.

Proof. We choose N1 > ng, such that
No = min{r(N), inf {ov(m)}, inf {m2(n)}} > no.
Let BC be the collection of bounded real sequences in the Banach space [°° and
lz(n)|| = sup,>n, |2(n)|. Define a set X C BC' as follows:
X = {x )€ BC: Az(n) <0,0 < M; <z(n) <p1M; <bforn>N
T(n) = T(n,) for Ng <n < Nl}
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Then X is a closed bounded and convex subset of BC'.
Let ¢ = min{a — My, p1 My — o}, where My < o < pyM;. We choose N > Ny,
such that for n > N,

— (s —n—+1)m=1
z_:( (m—l))! fi(s,b) <c.

S=n

For z € X, define

o (=)' la(r—(n))
p(n) = 2=t mGay o PEN

where 70(n) = n, 7(n) = 7(r*"Y(n)), 77 (n) = 7Y v~V (n)), Ho(n) = 1,
H;(n) = H;;Ep(rj(n)), i =1,2,.... From M; < z(n) < pyM;, we know 0 <
Y(n) <piMy,n > N.

Define a mapping I" on X as follows

0o s—n (m—1)
at+ ()", %
Tz(n) = ¢ x[f1(s,9(01(s))) = fals,¥(02(s)))], n=N
Note that I' satisfies the following three conditions:
(a) T'(X) C X. In fact, for any x € X, T'z(n) >a—c> My, Tz(n) <a+c<

p1M;.
(b) T is continuous. Let {zx(n)} be a sequence in X, such that limg_, ||2g —
x| = 0. Since X is a closed set, we know 2 € X. For any £ > 0, we can

choose ny > N, such that

2 (s —ng +1)m=D ,
Z ( (7?1—1))' fi(s,b) <e, i=1,2.

S=no

[Tz (n) — Ta(n)]

ng—1 s—n (m—1) _2
<> DTS o klon(sD) i o) + 4

So limy e [Tz, — Tzl = 0.
(¢) I'X is uniformly Cauchy. For all ¢ > 0, there exists ng such that for
my > mgo > ng and for all z(n) € X,

[Tx(mq) — Tax(ms)]

mlfl

s—n (m—1)
< Y CEmE I s (o (9) - fals wloa(e) <

S=mo
This shows that I'X is uniformly Cauchy.
From Lemma 2.1} there exists z € X, such that z = I'z, i.e.

= (s—n (m=1)
o) = a+ (17 Y S 460 — ol boals))]

s=n
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for n > N. Since (n) + p(n)y(r(n)) = z(n), we obtain

(n) + p(n)i(r(n))

- ymt Z —ntl) o 2 (5, (01() — Fals, lals))]

So 1(n) satisfies for n > N, and 2=L2(771(n)) < ¢(n) < z(n). O

P1p2

Theorem 2.4. Assume that —1 < p < p(n) <0, and (L.4) holds. Then (1.1 has
a bounded non-oscillatory solution which is bounded away from zero.

Proof. Let BC be the set of bounded real sequence in the Banach space [ and
lz(n)|| = sup,,>,, [#(n)|. We choose My, Ma, o such that 0 < M; < o < (1+p)Ma.
Define Q = {z € BC,M; < z(n) < Ms, n > ng}. Let ¢ = min{a — My, My — a},
from we get that there exists NV such that for n > N,

—1'2 —ng+ DMV fi(s,b) <e, i=1,2.

For z € ), define:

kp— i (2 7 kn
o(n) = {Zi—o%—u () + (DR BT 02 N

1_7_51\]; o S n S N
where we take k, such that ng < T,(Lk") < N, T,SO) = n, 7'7(;1) = Tn, 77(12) =
- ) - (0) _ =1, n _ (s) _ It
Tpr o in — T£k71)7 Dn Pn” = Pns---3Pn" = PnPr, - p (“*1) is easy

to prove that z(n) = ¢(n) + p(n)e(r(n)), n > N and M; < ac( ) < p(n) < f\_ﬁ)
Define a mapping I" on  as follows:

) —1)™ (s—n (m-1)
a+ Zs:n L (;171;1_1)

Tz(n) = ¢ x[fi(s,2(01(5))) = fa(s, 2(02(s)))], n>N
Iz (N), No<n<N

Forany z € Q, M1 < a—c<Tz(n) <a+c< My, we get I'Q C Q. Similar to
the proof of Theorem we can obtain I' is continuous and uniformly Cauchy. So
there exists x € ) such that z = I'z. The proof is complete. O

Theorem 2.5. Assume that p1 < p(n) < pa < —1, and (L.4) holds. Then (1.1)

has a bounded non-oscillatory solution which is bounded away from zero.

Proof. We choose positive constants Mi, Ms, a such that —p1M; < a < (—pa —
1)Ms. Let Q = {x € BC, My < z(n) < Ma, n > ng}, c = Imn{%l]mm (—=p2 —
1)Msy — a}. Choosing N sufficiently large such that for n > N,

ﬁ i(s —n+ 1)V fi(s,b) <e, i=1,2.

" s=n
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Define two maps I'1, I'y; on Q as follows:

e =)

le(N); nOSnSN
) (_1)771—1(5_7_—1(n)_,’_l)(rn—l)
2ssr-i(n) Dl 1(m)
Dax(n) = ¢ x[fi(s,2(01(s))) — fa(s,2(02(8)))], n>=N
Laz(N), No<n<N
For each x,y € (,
—« c — M2 C
Tiz(n) +Tay(n) > — + — > My, Tiz(n)+Ty(n) < — — — — — < M.
P1 b2 b2 b2 P2

So that T'yz(n)+Tay(n) € Q. Since p; < p(n) < py < —1, we get Iy is a contraction
mapping. We also can prove that 'y is uniformly bounded and continuous. Further
we know I's is uniformly Cauchy. So by discrete Krasnoselskii’s fixed point theorem,
there exists x € Q such that I'iz + I'yx = z. ie.

R o (0) B o Vi
prTm)  pri(n)  (m— Dip(r ()

oo

x Y (s=7 )+ )T fis (01(s)) = fals, w(oa(s)]-

s=7-1(n)

xz(n) =—

The proof is complete. O

Theorem 2.6. Assume that p(n) satisfies the conditions in one of Theorems

and (1.4), (L1.5) hold. Then (1.2) has a bounded non-oscillatory solution which

is bounded away from zero.

Proof. Set g, (n) = max{g(n), 0}, g_(n) = max{—g(n),0}. Then g(n) = g (n) —
g—(n). Also can be written as

A" (z(n) +p(n)z(r(n))) +[f1(n, 2(01(n)) +9-(n)] = [fa(n, 2(02(n))) + g+ (n)] = 0.

Let Fi(n, 2(01(n))) = fi(n, 2(01(n))) +g-(n), Fa(n,z(02(n))) = fa(n, z(02(n))) +
g+(n). Similar to the proof of Theorems 2.5] we obtain the conclusion. O

Theorem 2.7. Assume that p(n) satisfies the conditions in one of the Theorems
and (1.6) holds. Then (1.3)) has a bounded non-oscillatory solution which

is bounded away from zero.

Proof. We prove only the case 0 < p(n) < p < 1. Let BC be the set of bounded
real sequence in the Banach space [*° and |lz(n)|| = sup,,, [2(n)|. We choose
My, My, asuch that pMa+M; < o < My. Define Q = {z € BC, M; < x(n) < M},

¢ = min{ O"pl]‘/f\jz’Ml, Aﬁ;za} N is sufficiently large such that for n > N

1

o D) e =120
m— 1)

s=n
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Define two maps I'1, I'; on Q as follows

a—pn)x(r(n)), n>N

F =
12(n) Lz (N), ng <n <N,
s—n (m—1)
FQx(n) _ (_l)m—l Z?in % Zé:l bi(s)x(ai(s)), n Z N
Tyz(N), ng<n<N

For each z,y € Q, T'1z(n) + Toy(n) > a — pMy — IMye > My, T1x(n) + Toy(n) <
a+IMsc < My, that is T1z(n) 4+ Tay(n) € Q. Ty is a contraction mapping and T’y is
continuous and uniformly Cauchy. So there exists € Q such that I'yz + oz = z.
The proof is complete. O
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