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Abstract 

Software for computing Delaunay tetrahedralizations is dcscribecl The software is tlesigned to bc used 
ar part of a larger system and has a simple uspr interlace. Numerically stable Ilouseholtlcr t ransforn~at~ons 
are used to irnplernent orientation and insphere tests in floating-point arithmetic. A backward crror 
analysis is don(. for the orientation lest. 

keywords: geornctry soft~vare, Delaunay tetrahc.dralixat,ion, IIo~~seholdt-r transform;rt,ions, flo;~ting poi111 
arithrnctic 

1 Introduction 

t i  Delau~ray brtrahedralization is a rlecor~ipouitiori of tlit, convcx hull of a finite s r l  of ~)cjir~ts in 1hrt.r- 
dimclrsional Euclitlcan sl>ncc: into 6ctrahctlra. I t  11a.q an a b u n d a ~ ~ c c  of applications, i~~cluclir~g sur-f;lct. ill- 
terpolation and finite-element niesh generation. \Vc describe an implcrncntnt.ion of rr facet-bi~scd algoritl~n-I 
for Delalinay tetrahcdralizations. 

The software uses a sirriple algorithm tlrat never deletes totratreclta once tllt:y are tliscoveretl. [ J s i n ~  
a modificatioii of Dwycr's[l] algorithm, the software starts  with a lriarigular face of tl~r. col~vt~x l lu l l  slid 
constructs a sequence? o f  tetrahectra hy repeatedly finding art apc:s for ill1 cxist.i~~,g Uc:lit~l~iay f;tcct. 'I'lle apex 
calculation uses t.he orientation and inspherc predicates. 

The software is designed to be used as part of a larger systcnl and has a well-def n c ~ l  usrr irlterfncc, wli,:rr 
all comrnunicatio~i is tlrrough t.he pararnet,er list a~rcl no illput or output. is yroclucetl by tlic sctft.w;lrc. 'l'hc. 
t,ctrahedrnlizatiori is rc.present,ecl by two arrays containing ver1,ex ant1 i~cljacc.rlcy ir~forlr~slio~r.  Nur~~~trically 
stable Householder tra~isforrnations are used in t h e  floating-point irr~plcrnentations of Llie oricnt.atiuri arrcl 
irlspllere tests alrd the gift,wrappins pritnibive. Tlic software was r c c c ~ ~ l l y  usc.tl by Irr t~ik I h y ,  n rcwarctr 
scientist a t  McDonald Observatory, University of 'l'es:ls at  Austin, in t . 1 1 ~  intcrpc>latiolr of therrrral volurnctric 
data  in steel telescope primary mirror structurcs[2]. C and Fortran cotlc arc av;~ilablc from tlrc ;iutllor. 

A Delaunay tctrnhedralizat.ion can be cornputcd clirectly in an increrrlcntal fnsliio~i (Watsor~ [3], F'icld[4], 
(:avenclish ct  trl,[:i] ancl Rajan[6]). These rnettiods I~egiu with nri initial t.ctr;ihrdraIizatiorl of a few poilits 
arrcl update thc existing tetrahedralization as points arc added. Dwyc-[[I] prcsclrts a linear cxptrcLr.tl tirr~c 
analysis of a facct-based techriique for points uniformly clistribu~ed iri ;r 1111it ti-ball. 

Cline ant1 Renka(71 ancl Fortune[X] descrit)e implt:~rie~~t,ations of irrc:rc~rr~ent;~l t.\rro-tli~r~f?r~sional ~ ) ~ > I ; L I I I I H Y  
triangulation algoritlrrrls. I;ortune[9] lrses a swcpp-line f,cchr~iquc? for co~rll)~rI.ir~,q F)~l;tlir~:~y I.riar~glrlat.iorrs. 
R~nka ' s  inrrrrriental cotlr[lOj and Fort~~ncl's swerplir~e rode are av;tilnt,lr fro111 net.li\>. (~~l':OhllJrlC'li I-)? 
Barry Jot.[l I ]  conta~ns  C O ~ P  for compirt.ing t.~trahedralizat.ions. 
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Abstract

Sonw~re for computing Delaunay tetralteJraLizations is described. The softw,lIC is designed 10 be lIse,l
a.'! part of a laq;er system and has a simple user interfa.ce. Numerically stable Householder 1ransforoutiollS
arc lI!1ed to implement orientation a.nd inspnere tests in f1oil.tin~-point arithmetic. A hackward error
analysis is done for t he orientation tesl.
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1 Introduction

A Delaunay trtrahedralization is a c.Iecom{lusiLioll of tIl(' convex hull of El. finite ,.;do of points in lhrct'
Llimcnsiollal F:udideitl\ space into t.etrahedra. It It,L~ an abundance of application.s, illcludillg ~urfac(' in
terpolation and finite-element mesh generation. We descri.bf' an implementation (.If" facet-biL'ied al~orithm

for computing Delallnay tetrahedraljzations.
The soft.ware uses Cl !limple algorithm that. never deletes tetrahedra once they are discovered. Usinp;

a. modifica.tion of Dwyer's[l] algorithm, the software st<~rts with a. trianl-\ula.r face of Ute cO/Jvex hull and
constructs ,. sequellc~ of tetrahedra by repeatedly finding all apex fur flJI ('XiSI.illp; lklfUlt\<ty faccl. The apex
calculation uses the orientation and insphere predicates.

The software is designed to be used as part of a larger system and has a wcll-clenlH'd USN interface, whl~rc

all communication is through the paramet.er list and no input or output. is produced by the software. The
tctrahedralization is n·pl'cscnt.ed by two arraYil wiltaining vertex and adjaceucy information. Nunwrically
IlI,able Householder transformations are used il\ the f1oEl.tinp;-point ilJlplcmentations of the oril'nt.atioll and
insphere tests alJd the giftwrappinll; prirnitivc. The soft ware was r(,(c'ntl)' used LJy Frank Hay, ::I rl'S~<lrch

scientist at McDonald Observatory, University of Texas at. Austin, in 1.111' iuterpolation of thermal volumetric
data in steel telescope primary mirror structures[2]. C anu Fortran code arc available from the <luthor.

A DeJaunay tetrahedralization can be computed directly in an incremental fashion (Watson [:lj, FieJd[1],
Cavendish ct al,[51 and Rajan[6]). These In.~thods begin with an lnitial ldrahcdralizatioll of a few points
and update the existinp; telrahedralization as points are nddcd. Dwyt'r[1] presents a linear t.'xl.wcLt'd tiUle
a.nalysis of a facct-bast'd technique for points uniformly distributed in iI- nllit d-ball.

Cline and Renka[7] a.nd Fortune[R] describe illlpl~~mf'lIt.il.tiom;of illCrt'trlf!nt.al t.\\'o-djrrwilliiunal r)d;~'IIIn.y

triangulation algorithrns. F'ortunp[9j lI~es a sweep.line technique for complll.illg DelalllHty 1.rianp;lllatioJls.
Rt'n kll.'s in(n~rnent31 codt'[ IOJ and Fort.llne's sWP-l'pline ('Ode <tre ava.ihble from nf't.1ih. (; 1'~OM I'A(' l\ hy
Barry JOf'[ll] contams mde for compul.inp; tel rahedr"lizat.iollS.



Many people havc stutlied the problems of irrlplementing gconletric computations. Fortune and Van 
Wyk[l2] develop efficient, exact arithmetic for geomeitic calcr~lations. F,dctlshr~lniier and hlucke[l3] and 
Yiip[l4] pert.urh object,s to avoid degeneracies. 

Ottmann, Thicmt,  and Ullrich[l5], and Dobkin ant1 Silver[lG] usc more than oue kirltl of arithmetic to  
achieve nurrierical stability for geometric cornput.nt.ior~s. I-Ioffinnn, Ilopcroft, and Karasick[l7] maintain exact 
incidence informat.ion and approximate numerical information about objectls to achieve r01111st computations. 
Li and Milenkovic usc rounded arithmetic to approximate curve arrnngemcnt,s[l8] and convex h~~l ls . [ lS]  
Guibns, Salesin, arid St.olfi[20) use interval arithmetic and I~acBwnrd error analysis to produce the exact 
answer to a perburbed p r a h l e ~ r ~  as  well as a bound on the size of the perturbation. Fort.une[21] analyzes 
floating point error for basic geometric cdcillat~ions that  are user1 it1 computing triangula,t,ions. Fieltl[$] 
details a case study on the problems encountered in implcmenling Watson's algorithm for triangulations [3]. 
Hoffmann[r22] compares several approaches and calls for more rasea.rr.h 011 the  t,opic of geornct.ric cornputslion. 

In Section 2 the  basic algorithm is presented; in Section 3 the implementation of floating point functions 
using FIouseholdcr transforrnabions is describetl; in Section 4 cxperinietltal results are reported. 

2 Facet- Based Tetrahedralization 
The three vertices of a triangle uniq~lely cieterminc a. plane. 'The plane partitions E" into two open half 
spaces and the plane itself. The union of the plane and an open half space is a closed half space. T h e  
triangle has two sides, one corr~sponding to  each of the half spaces. 

If a triangle is a facet of a tetrahedron, the tehrahedron is in exactly ont: of the closed half spaces defined 
by the facet, or  on one side of the facet,. The tetrahedron vcrtcx tSllat is not in the facet is cnllctl the apex 
of the facct. 

pre: P is sct of n points i n  P3 
post :  T is a Delaur~ay telrnhedralization of P 

'r - gc 
g + initial- f ncrt ; 

Q -s; 
while (& # Q)) do 

f - f r o n f ( Q ) ;  
a + g e t a p ~ r ( f ) ;  
I + conv( f U { a ) ) ;  
7 ' - T u { t ) ;  
for g a fiicct of 1 do 

if ( g  # 9) 
t h e n  Q -- Q U { g ) ;  
else Q -- Q - ( 9 ) ;  

// known tct,rah~c\ra 
// in I m ~ ~ n d a r y  
// ~ 0 0 1  of facets 

// get, arl oper~ racrt 
// find its a1)c.x 
// n r v  trtrnhrdron 

/ /  g is open 
// g now closed 

Figure 1: Facet-Basrd Delaunay Tctrxhrdralization 

Lemma 1 provit1t.s a basis for the zrlgorilhm shown i n  Figure I 

Lemma 1 In n tclruhrdmhzafzon of P ,  et1r7y facet of a trtruhcdr.on 1s ellher a forel o f  exnr l l y  I?oo ! e ( ~ n h ~ d r a .  
or 2n Ihe boundary of !he conttex hull of 1' artrl a facet of P X R C I ~ ~ I  o i ~ r  f t > [ r a h ~ d r o n .  

As i1lust.rat.etl in Figure 2, the i l lgor~thn~ first finds a facct of a tetxahedron s in 7' that 1ic.s 111 111e 
boundary of t<ke cor~vex hr~ll o f  P.  All thc points af P are on ont* sidc of y 'L'liet~ thc ;~pc,x c of {J I I I  s is fo~ind 

Many people have studied the problems of implementing geometric computations. Portune and Van
Wyk[12] develop efficient, exact arithmetic for geometric calculations. Edclsbrunner and Mucke[13] and
Yap[14] pert.urb objects to avoid dep;encrucics.

Ottmann, Thiernt, and Ullrich(15J, and Dobkin and Silver[16] usc more than one kind of arithmetic to
achieve numerical stability for geometric comput.at.ions. HotTman, Hopcroft, and Karasick(l7] maintain exac.t
incidence informat.ion a.nd approximat.e numerical information abont objer.f.s to achinve robust computations.
Li and Milenkovic us(' rounded aritlm1ctic to approximnte curve arrangements[18] and convex hults.[19)
Guibas, Salesin, and Stolf1[20} usc interval arithmetic a.nd backward error ana.lysi3 to produce the exact
a.nswer to a perturbed problem as well as a bound on the sir-c of the perturbation. Forr.unf'(21J anltlyzes
floating point error for basic: geometric ca.lculations that are used ill computing triangula.t.ions. F'ield[4]
details a case study on the problems encountered in implp-menting Watson's algorithm for triangulations [3].
Hoffmann[22J compares several approa.ches and calli:; for more regea.rch on the t,opic of geomet.ric computation.

In Section 2 the basic algorithm is presented; in Sect-ion :3 the implementation of floating point functions
using Householder transformat.ions is dcscrihed; in Section II experimental results are reported.

2 Facet-Based Tetrahedralization

The three vertices of Ii triangle uniquely determine a plane. The plane partitions E:J into two open half
spaces and the plane itself. The union of the plane and an open half space is a dosed half space. The
t.riangle has two sides, one corresponding to each of the half spaces.

If a triangle is a facet of a tetrahedron, the tehrahedron is in e.xadly one of the closed half spaces defined
by the facet, or on one side of the facet.. The tetrahedron vertex that is not in the facet is calbl the apex
of the fac~l.

pre:
post:

P is set of n poi nls in f)J

T is a Delaul1ay tetrahedralization of P

te~~( P, T)

T ...... 0;
:; +- initiaLfaat;
Q l- g;
while (Q f. 0) do

f ..... jronl(Q);
a+- getapex(f);
t l- conv(j U {a});
'l' ...... TU{t};
for 9 <1 facet of l do

if(g t/:. Q)
then Q - Q U {g};
else. Q ~ Q - {g};

! / known te\'rrllwrlra
/ / in hOllnd",ry
/I pool of fa.cds

1/ get an Opt'll [acet
/ / find its apex
/ / n(~1V tdralwdron

/ / g iii open
1/ g now dosed

Figure 1: Facet-Based Delaunay Telrahcdralizatiol1

Lemma. 1 provides a basis for the algorithm shown in Figure I

Lemma 1 In a. tclrahedraliwlion of P, Cl!r.1Y facet of a tetrahedron is either a tard of exaclly two le.lmhedra..
or in the boundary of Ihe com/ex hull of P alld a facet of eraclly one IclrahcdT'on.

As illllsr.t;\ted in Figure '2, the algorithm first finds a facet. U of a tetrahedron s in T tbat lips \11 the
boundary of t1w convex hull of P. All l.h~ points of P are on ant' side of g. Then the apl'X C ()[ g ill S is fonnd



arrlong the points of P. Let j be a facet of s that  contains c, let b be the apex of j in s ,  and Ict A ,  be the 
set of points of P that  arc on the opposite side o f f  from b. If A is empty, f is in the boundary and it11 of its 
trtral~eclra have bee11 f o ~ ~ n d .  Otherwise, there is another tetrahetlron t that  contairls f ,  and its apex n must 
he fot~nd. The  facets of t that  conta~n a will be explored, in turn,  t o  see if they fornl part of the boundary 
or yield yet another tctrahcclron. As the process continues, the construction may wrap back on itself so that  
~ e ~ r a l ~ u d r o n  t has already been found and no constructiol~ is neccssary. T h e  algorithnl terminates when no 
unexploretl facets arc Irft. 

Figure 2: Hasic 'I'etrahedron Construction 

Since a Delaunay trtrahedralization iriduces a Delaunay triangulat.iun on the facets of the corivex hull. an 
initial facrt car1 be obtained by computing a convex hull facet, and,  if necessary, a Delalinay triangulation of 
 he facet. The giftwrilpping algorithm [23] provides a conver~ient way to cotr~putc: a single c o ~ ~ v r ~ x  hull f a c ~ t .  

h l t l ~ o u g l ~  cvery facct in a Delaunay tetrahedralizatio~~ of P has the property statvd in Lenlma 1,  while 
the algorith111 is executing, the information we have at  hand is incomplete. Each facet falls into onc of three 
cat egorics: 

r~nknowrt: t l ~ r  h c r t  belongs to no tetrahedroll (facer g in E'lgurr 'La) 

o p m :  the facet hclongs to  one known t.etrahpdron and no horundary information is kno\vn, or the facet 
belongs to no known t -~t rahe( l ra  and is known 1.0 he in r.hr: houn(lary (init.ia1 facet only) (facet, / in 
Figure. 2c, facct. !I in Figure 2a) 

closrd: t.hr Fncrt hclongs to two known tctrahcdrn, or t h r  facet belongs to one known tc3trnhrdron and 
IS known to he in thc b o ~ ~ n d a r y  (facets j and g in 17iplre 2d) 

Open fac.cts arc k(.pt in a queue, which is implelrrt!ntrd i ~ s  a llmh t,ahlc for faster searching. 
Xpf:x construct,ion depcntls or1 t.l~e following properties of ir~t,t,rstlctir~g balls. 

Lerr~~na 2 I f  l w o  halls ll a n d  C ~ n f r r s ~ r t ,  t he l r  rmtrrsrctaon ts (1 d t sk  D.  Thc d lsk  t ic t rn1r~nc .s  a plunr and  
opr9t hnlf sparcs H S  a n d  H - .  Lrl  I?* = Rfl H* a n d  (:* = ("fl H* Thr/len e znc t l y  o n e  o j  t he  assel-tzons 
U +  C C+ a n d  C+ C I?+ cs t r u e ,  nnd  the znclu.saon zs rczlpisrd 111 H-. 'I'll01 rs. zj R+ c C f ,  l h r n  ('- C B e ,  
and  tf r+ C H S ,  l h r n  R- C C'-. 

Lemma 3 I , r t  f bc a Inang le  ria /,'", ! I +  a n  o p f n  hnl f ipacc  d r t t r n ~ l n c d  by  j ,  a n d  l r t  C bp t h c  lznr lhrough 
Ihr rrrcr~nrrcnter  o j  o n d  n c ~ n n t l l  lo j .  l'hr potnt a zn E l f ,  let  I*,, br fhr ball drfinerl h!j n c~nd thr t1c.rtzct.s of  
j tcilih r ~ n t r r  c, a n d  m d z n s  r, aiid I P ~  (:: = C, n I!+, I9nposc n o n e - d ~ r n ~ l a s a o n a l  roordanair . s ~ l v l r n ~  on  L 
l ~ ~ i h  0 zn t h e  plane o f /  nrzd posli iz~c dirtctzoii  In / I f ,  a n d  I F !  I,,  br f h r  L -coord l~za i e  of c,. 

1 j a  and h arc pornts 111 / I+ ,  Iht n I,, < l t b  tf a n d  o n l y  ?f(.',;'- C c': 

Proof: Let (: ( E ; )  1,c tllc it~tctrsc:ct.ion of the b a ~ ~ n d a r y  of (,:, ( C Y b ) ,  l i~ic C, nlid halfspace N*. Hy 1,crntna 
'L it, sl~fliccs to show that  F$ is closer than f;f to j ,  or t h ; ~ t  l'b is closer 1hi~11 I.; to j .  7 '11~ tlist:~ncc fro111 B: 
tjo f is r e ,  f C,,,  and t,llr distance from $ to f is rb f IXb. I f  r., < rb, ll~c,n r,, f I,, < rb + I Z h ,  so Ct is closcr 
than Et to j . If rb < I.,, t t ~ c r ~  rb - I,b < r ,  - L a ,  so E L  is closcr tt~nli b,; to j . 

This r t ls~~lt  yic!ltls i r r  ;I str:iight,forwartl nlnrlner a c:harncteriz;\tion of 111c apex of FL facri, i r l  a I)c.la~lrlay 
tc t rahcdr ;~l iz ; l~ io~~.  

aHlong the points of P. Let f be it facet of $ that contains c, let b be the apex of f in 8, and Jet A, be the
:iet of points of P t.hat arc: on the opposite side of f from b. If A is empty, J is in the boundary and all of its
tetrahedra have been found. Otherwise, there is another tetrahedron I that cont.ains f. and its apex a must
be found. The facets of I that contain a will be explored, in turn, to see if they form part of the boundary
or yield yet another tetrahedron. As the process continues, the construction may wrap back on itself so that
tetrahedron t has already been found and no construcLioli is necessary. The algorit.hm terminat.es when no
unexplored facets arc left.

c

g

iI.

s
g

b.

,a,
'- t'-

'-
,

c f C..... ..... f
s s ..... \

]y. ~ ..... \- .....g g .....
'-

c. d.

Figure 2: Basic Tetrahcnron Construction

Sinc(' a Delaunay t('trahedralizat.ion induces a Delaunay triangulat.ion on the facets of the convex hull. an
initial f,w,t can be obtained by computing a convex hull facet, and, if necessary, a Delaunay trianF;ulation of
the facet. The giftwrapping algorithm [2::1) provides a convenient way to compute a single COIIVCX hull facet.

Although every facet in a Delaunay tetrahedralizatioll of P has the property statt~d in Lemma 1, while
Lhe algorithm is executing, the information we have at hand is incomplete. Each facet falls into one of three
catl'l!;orit's:

• nnknown: til(-' facet belongs 1.0 no tetrahedron (facet. !I in Fig\l[~ 'til.)

• open: tht' facet hrlongs to one known tetrahpdron and no houndary information is known, or the facet
hP.1ongs to no known t.f't.rahpdra. and is known 1.0 he in t.he boundary (init.ial facet only) Unepf, J in
Fi~lIn~ 2c, facet. !l in Figurf' 2a)

• dosf'd: t.he facf't hdongs t.o two known tetrnhedrn., or the' facet belongs to ant' known tt'l.raht><!ron and
is known to be in thi' boundary (facet.s f and 9 in Figurr 2d)

Open fact'ls are kC'.pt in a queuf', which is implemented as a hash t.<lbll' for faster searching.
APf~X construction dt'pends on t.he following propertif'~ of int.t'rst~ctin~ halls.

Lemma 2 If two balls nand C inlersect, their inlrrsr:r.!ion is (j disk D. The disk drlrrminfs a plane and
OpC1l halJ spaces H+ and H-. Let 8± = 8 n H± and C± = (' n H±. Then exarlly onc oj thr assertions
/1+ C (;+ and C+ C n+ i$ tr'ue, and the inclusion is rCN:l'liu/ i1/ H-. Thai is, if R+ C C+, then (,'- C B-,
(lnd if C+ c /1+, Ihen R- C C- .

Lemma 3 Lei f bf, a lT1allgle in }.;:' , 1/+ all open half~parc ddermmcd by f. and /r.l.c he thc line through
'hr eirrumcrnter of lind nonnnlin f. For point a in If+, let C n be thr ball dr.fincd hll (I lind Ihr' lIfTlleeS of
f with r.enler rn and mdius rn and Id (.': =Cn n H+. Impose 11 one-dimensional rnordinatc system on .c
with () in Ihr plane oj J and po"itivr direr.tion in H +. and h:l I." be lhr. .c-cooTdinate of c".

1f (l Ilnd II arr pOll/Is ill /1+. then I'a < 1'0 if aud only If (:.i c C:

Proof: Let (; ({~) be the intr.r~ect.ion of the boundary of C" (Co). Iinc.c, anel halfspacc H±. By Lemma
2 it suffices to show that f~ is doser than ft La f. or that f'; is closer than t;; to f. The distance frolll f;;=
1.0 f is T'" ± e", and t.he distance from et to f is Tb ± l-b- If"a < rb, llwll r" + La < To + 1'0, SO (~ i~ clo~cr
than rt to f . If rb < l·n • lIwn Tb - Lb < Tn - La, so f'; ill r.!oscr than f..-:; to J . 0

This rt'sult yields in it straight.forward manner a characterization of til<' apex of a facet. in il Ddaullay
tdrahcJralizat ion.



Theorem 1 Let j be a facet zn n Delaunay tetrahedrulitaiion, rrnd let Pf bc t he  s.ub.set of P o n  one  side 
o f f .  If P+ is c m p t y ,  fh.en f i s  a boundary facet.  Otherwise a poi7il of P+ l k n i  generates th.e center  of 
rn in imum L-coordinate 1s Ihe apex of facet j in  a D ~ l n u n a ? ~  t e t m h e d m l i ~ a t i o n .  

Theorern 2 Algorithm iess s h o w n  zn F ~ g u r e  I produces a D~lnu7~a? l  te irnhedruhza2~on of P In O(n2)  space 
and O(n3) tzme In the uiors! case. 

Proof: By Theorern 1 each tetraherlron producd by algorithm tess  is a Delaunay tetrahetlron. These 
tetrahedra intersect in rnut.ual faces and have circumballs, the intc?riors of which arc. free of points of P. If 
the convex hull of P is riot. coverecl by these tetrahedra, Ly T,crrln~a 1 there will be  a t  least one facet. int.erior 
to  the convex hull of P that  belongs to exactly one tetrahedron. This is impossible, since open facets remain 
in the facet pool and prcvcrrt. termination of the algorit,hrn, so  t8he convex hlill of P is covered by tctrahcilr;r 
and that  P is the set of vert.ices of tetrahedra. 

Since n o  facet is added to  the pool more than oncc, and a facct is rerrloved in each iteration, tlie while 
loop, and therrfore the algorithm, t.erminate. 

Construction of the initial facet requires O(n) t i~rie.  Finding the apex of a single tetrahedron requires 
O(n)  time. 'The number of Delaunay tetrahedra in a t.et-rahedralization of n points can bc ns great as O(n2) 
[21]. I7 

For many point set,s t,he Delaunay tetraliedralization has size O(r1). 

Corollary 1 If t he  s i t e  of the  Zetrahedmlization is O(n ) ,  algori thm less requires O ( n )  space and O(n2)  tirne. 

A Delaunay tetrahedralization is unique r~liless five or more points of P lie on the  circumball of a tetra- 
hedron. The convex hull of the points on the circumball definc a unique polytope, any t.et.ralieclralization 
of which is a Delaunay tetrahedralization. It is possible for several points to  generate the minimurn L- 
coordinate, and therefore lie on a cornrnon sphere. Any of the points car1 be used as the apex, since this 
is exact,ly the situation where the Dclaunsy tetrahedralization is not unique. However, oiir algorithm can 
cover the convex hull with multiple set,s of tetrahedra. The two-dimensional example in Figure 3 i l l~~st ra tes  
the problem. In the two-dimensional cme, facets arc cdgcs of  t.riiir~gles. Event,ually Aczbc, A a c d ,  A a b d ,  nntl 

- - 
opcn facets in lhe qucuc CJ = {c tb ,ad)  - - 
r is fount1 as a11 apex for 2 Q = {ad ,  h r , ~ )  -- 
b is found ns an apex for 2 CJ = {G,ii?, ab, bd} 

12ip;ure 3: Problerr~ with Cospllerical I'oints 

Abcd will be addetl tc, the bc~trahrtlralization. The convex hull of the cospherical poiuts is covcrr,tl witti tcwo 
sets of triangles, ant1 facet 2 is incorrectly added to the queue for a second tirnc. 

l'liis problem can be avoided by enforcing solrle consistent, nret,hotl for choosing an apex. One mcthotl is 
illust,rated in Figure 4 .  Let i\ t)e t.he set of p0int.s that  generatt. the minimum L-coortlinate with rcspcct to 
facet f ,  and let U = .4 U {vcrtices of f}. Let a. be the point of rninimum index iu P anlong the 1)oint.s of N. 
Itre arbitrarily choose t.11e apex so that  point a  is a vert,cx of every tet.rahcdron with vc:rticrs in fl. If ( L  is 

Theorem 1 Let f be a Jaeet HI a Delarmay tetrahedra/ization, and let P+ be the subsel oj P on one side
of f· If P+ is empty, then f is a boundary facet. Otherwise a point of P+ that generates the centa of
minimum .c.-coordinate IS the apex of facel f In a Delaunay tetrahedm/ization.

Theorem 2 Algorithm tess shown in Figure 1 produces a Ddallnay tetmhedralu.ation of P in 0(n2 ) space
and 0(n3

) lime in the worsl case.

Proof: By Theorem I each tetrahedron producd by algorithm tess is a Delaunay tetrahedron. These
tetrahedra intersect in mut.ual faces and have circumballs, the interiors of which are free of points of P. If
the convex hull of P is not covered by these tetrahedra, by Lemma 1 there will be at least one facet interior
to the convex hull of P that. belon~s to exactly one tetrahedron. This is impossible, since open facets remain
in the facet pool and prevent. termination of the algorit.hm, so the convex hull of P is cuvered by tdrahedra
and that P is the set of vertices of tdrahedra.

Since no facet is added to the pool more than once. and a facet is removed in each iteration, the while
loop, a.nd thert'fore the algorithm, t.erminate.

Construction of the initial facet requires O(n) time. Finding the apex of a single t.etrahedron requires
O(n) time. The number of Delaunay tetrahedra in a tet.raheclralization of n points can be a'i great as 0(n2

)

[2<1].0

For many point sets the Delaunay tetrahedraJization has size O(n).

Corollary 1 [f the size of the tetrahedralizalion is O( n)! algorithm tess requires 0(71) space and O(n2 ) time.

A DeJaunay tetraheclralization is unique unless five or more point~ of P lie on the circllmball of a tetra
hedron. The convex hull of the points on the circumb,t.Il define a unique polytope, any td.rahedralization
of which is a Dela.unay tetrahedraJization. It is possible for several points to generate the minimum £
coordinate, and therefore lie on a common sphere. Any of the points can be IIsed as the apex, since this
is exact.ly the situation where the f)daunay tetrahedralization is not unique. Howf'ver, Ollr algorithm can
cover the conv(~x hull with multiple sets of tetrahedra.. The two-dimensional example ill Figure :1 illustrates
t.he problem. In the two-dimensional CMe, facets arc cages of triangles. Eventually 6.abr, 6.acd, 6.abd, and

c

open faCf~ts in the queue
c is found as all apex for ab
Ii is found ac; an apex [or ad

Q = {ub,ad}
Q = {ad,br,ac}
Q = {br.,ac,ab,bd}

Figure 3: Problem with Cospherical Point.s

6bcd will be a<.lJeci to the t.drahedralization. The conv~x hull of t.he cospherical POiUlS i;; covprf'd with t.wo
sets of triangles, and facet ab is incorrectly added to the queue for a second time.

This problem can be avoioNJ by enforcing some consistent method for choosing an apex. One method is
illust.rated in Figure <1. Let II be the set of point.s that generate t.he minimum .c.-coordinate with respect to
facet I, and let B = A U {vertices of n. Let a he the point. of minimum index in P amon~ the points of B.
We arbitrarily choose t.he a!wx so that point a is a Vt~rt.ex of every tetrahedron wilh v/;rtirr's in n. If (L is



.&I = {a, b ,  c ,  d )  :I = { b ,  c, d,  c }  

B =  { a , h , c , [ l , c , y )  D =  { u , / ~ , c , d , c , , y )  
a @ j SO choose (I (I E f so choose r 

Figure 4: Solution to Cospherical Points 

in A ,  choose a as thc apex o f f ;  if a is a vertex o f f ,  choose thc  point of niinirnum intlvs tha t  giftwraps the 
edge o f f  that  d o e  not contain a. 

R~rt .hcr  inve~tigat~inn is needed to see if other select.ion crit,eria may be more desirable. 

3 Using Householder Transformat ions 

Geornctric problems are often poorly conditioned in the: sense that. a srriall chilngr in ~)robletn parameters 
rrlay result in a large difference in the answer [25]. t\s an exarnplc, consicler the c o ~ ~ r p ~ ~ t ; ~ t i o n  which, givc!~~ a 
linc and a point., ret.urns the value t rue  if the point, is o11 tlir line a ~ ~ d  fn l se  ottlersvisc;. A slight perturbat,ion 
o f  t.he coordinat,es of t,hc point or t,hc cocficients of t3hc c-c.lttation c ~ f  thc line may cha11gc3 t l ~ c .  rr .sl t l t .  from false 
t,o t,rue. 

Oloatinp; point con~putations in our algorithm arc confined t a  a variant of the orirnt.ation t.est-, in which 
tvc trst if two points lie on opposite sides of a plane (opp test); n variant of the inspherr test. namely t.he C- 
c.oordiniitc ca lcula t io~~ for tletern~ioing an a.pex of a fac~t . ;  an(! the gift.wr;+ppilig prir~~it,ive. l l ~ r f :  \VC present a n  
implementation of the opp test ant1 apes  eomp~tt.atiori using numerically st,n.ble I-lo~~seholtler Lrartsforr~~at~ions 
(Stewart [26], Golub ant1 \:an Loan [27]), ant1 hascd on a tlrvrloprncr~t hy i \ l a ~ ~  Clir~c. [28]. Thc  gift.tr.rapping 
prirnit.ivt3 is similar to the apes compr~tation. 

Ilouseholtler transfor~tl:rt.ions, also known aii element.ary reflectors or elen~entary tIcr~il i t ia~i rllatrices, l~nve 
tllc form Q = I - 2utrT,  where I is the identity r11at~ri.u and t sT1 l .  = I ?  aud are ~lu~rierically stablr ,  orthogolial 
(QTQ = I), syrrmetric, ~ L I I ~  is0111etric (for any vector y: IIyII = IIQyll) ill [,he Euclidvan nornl. (;c:onwtric:rlly. 
when Q is applied to  a vector LV is reflrct.ed in the plccnc nor~nnl  to tr. 

3.1 Opp Test 

Given points zl and 2 2 .  and a facet with non-collinei~r vertices p l ,  pz ,  and p:,, the opp test r r t r~rns  t,he 
value Irxe  i f  rl ant1 22 are on the same side of t,hc plane dcfincd by the facet. and fnlsr.  ot.hrrwise. I,et 

P be the matrix [ p2 - P I  p3 - P I  1 ,  ant1 computr the Householtlrr Qh' factorizat,ior~ [Ti], [26] to obt,;~ir~ 
P = Q1Q2K, where Q I ,  Q2 are Householder transformations and Id is nppclr t . r iang~~lar.  I f  c = QIQ2e3 ,  
where eg = (O,O, l l T ,  t,hcn has unit lengkll, since Q1 anti Q2 are isor~lt?t,ric. In atltlit.io11, 

sincc the ihirtl row of R is 0. T l ~ a t  is, v is a ~ tn i t  norrrlal to the facet. Thcrefarc, points zr a11(1 2:  arc on t h c !  
same side of the  plane rlrfi~letl b y  pl :  p2, and p:) i f  ancl only if t hc signs of (:I - pl)'I't3 ant1 ( z 2  - p1)'1, arc 
thc sanlc. 

g

e
v-""",;::::::::'_-~jd
a~:---_-1 c

b

A = {a,b,c,d}
B = {u,b,c,d,c,y}
a !/. f so choose (l

..l = {b,c,d,e}
H = {a, bJ, d. f; , !J }
(l E f so choose f

Figure 4: Solution to Cospherical Points

in A, choose a as the apex of f; if a is a vertex of f, choose the point of minimum inclf'x tllat giftwraps the
edge of f t.hat does not contain a.

Furt.her investigat.ion is needed to see if other selection criteria may be more r1esirRble.

3 U sing Householder Transforlnations

Geometric problems arc often poorly conditionpd in the sense that. a small change in problem parameters
llIay result ill a larp;e di.fTerence in the answer [2flJ. As an example, consider the cumputation which, giY(~n a
line and a point., returns the value true if the point is on thf' line and false ot.her\\'isf~. A slight pert.urbation
of t.he coordinat,es of th!' point or the coefficient.s of t.he: equation of tllP line may change the rr·sult. from raise
t.o t.rue.

Ploating point compu tations in our algorithm itrc confined to a variant. of the ori"nlittion t,cst., in which
we test if two points lie on oppositl':' sides of a plane (opp test); a \'ariant of the insphere test. namely t.he [
coordina.te calculation for determining an apex of it fae!"t; and the gift.wrapping primitive. Hf'rc we present an
implementation of the opp teflt. and apex computation using numerically st,able Householder transformat.ions
(Stewart [26J, Golub and Van Loan (27]), and ha."f~d on a dewlopment by Alan Clint' [28J. The giftwrapping
primit.ive is similar to the apex computation.

Householder transformations, also known as elementary reflectors or elementary Hermitian matrir('s, have
the form Q = l- 2ltuT , where I is the identity mat.rix and ItT!t = 1, and are lIl11ncrically stable, orthol!;onal
(QTQ = I), synunetric, and isomet.ric (for any vector Y, Ilyll == IIQylll in the Euclidean norm, Geomdrically.
when Q is applied to a n:ctor 11, t' is reflected in the plane normal to II.

3.1 Opp Test

Given points .2'1 amI .2'~. Rnd a fact't with non-collint"ar vertices PI, P2, and P:l, tht" opp tf'st rpturns t.he
value true if 2"1 and =2 itre on the same side of the plane defined by the facet. and fal.~r. ol.hf'rwise. [.e,t
P be the matrix [ P2 - PI P3 - PI ], and compute' the HousehohlPr QR factori"'at.ion [27], [2fiJ to obt.ain
P == QIQ2R, where Q" Q2 are Householder tra.nsformations and f? is upper triangular. If v = QIQ2 P3.
where C3 == (0,0, l)T, then 11 has unit length, since QI and Q2 are isomet.ric. In addition,

pl'IJ = R'J'Q1C211' = re'l'c;1 = 0,

since t.he third row of R is O. ThaI. is, v is a unit normal to the faed. Thf'ff>fore, points Z'l and ::~ art' on Ilw
sa.me side of the plane defilled by PI, P2, and P:l if and only if tlw sir;ns of (=1 - TJll"r l' and (=~ - l)dT I' are
the same.



For backward error analysis of the opp test ,  we want t.o show that  the c o m p ~ ~ t e d  answer is the exact 
answer to  a slightly pert.urbed problem. The  opp t,est requires the following computations: compute Q 1 ;  
compute Q2; v + Q1Qze3;  compare (2, -p i jYv  antl (4 -pl)Tv. Following I~ortnr1e,[21] we use approximate 
arithmetic, or float,ing-point arithmetic without underflow or overflow, with error bound co on a single 
arithmetic operation. The comparison can be done exact.ly, so  we nced only analyze a computation of the 
form (I - p)'QI Q2c3 

We first cxamine separat.ely the errors incr~rcecl by apprmitnatc ari t l~metic in computing dot prodoct,~,  
vector difference, IIouseholder transformations, and vector multaiplication by a product of Ilouscholder trnns- 
formations. Where thcre is a choice, we arnortize the error uniformly over the appropriate valut,s. 

Consider tile dot product cornputation x:=l (libi .  I,et s I)e t,he rc!sult computccl i n  approxi~nate aritti- 
rnetic. Using standard techniques it can be shown thilt 

whcrc ] O i l  < ( i t  - i + 3)co/2 for i = 1, .  . . , n. 111 this context., n = 3 ,  so loi[ 5 5c0/2 for i = 1, . . . , 3 .  
Let d be the difference between two vectors, ( I -  6,  cornputed in approxirr~ate ari thn~etic.  Frorn the bound 

011 approximate arit.htnetic d = a(1 + u, )  - b ( l  + us),  where the colnponcnt.s of error vcbctors u, and 7 r b  have 
absolute value less than cn. 

Suppose Q is it ~ o m p u t ~ e d  Householder t.rnnsforrnat.ion of order three. According t.o Goluh and Van 
Loan,[27], if m is t.he c o m p u t ~ d  result of multiplying .?-vector z: by Q. then rn = Q(o  + e) ,  where llell 5 
Sccoll.v((, antl c is a constant of order unity. Applying this to the  co~nputeti value t of Q I Q 2 z ,  we have 1 = 
& I ( Q z ( T + ~ ~ ) + ~ I ) ,  w l l e r~  IIj211 5 9~6011xII an(l IIfiII I gccollQ2(x+j2)II I gccnIlx+f~,II 5 !JccoII~11(1+9c~o), 
since Q2 is isometric. Finally, t = Ql(Qz(r + f 2 )  + f l )  = QIQa(x  + h ) ,  whcrc h = f2 + 9% j l ,  and 
llhll 5 !)c~~llzll(:! + 9 c c o )  5 27~6~11~11. 

Let r be the computed ros111t of ( Z - ~ ) ~ Q C ~ ,  whcrc? (2 = QIQz. Using the abovc results, r = c:=~ [(zi(l+ 
u z ) - ~ i ( l + ~ p ) ) ( l  +fl)I . [ (Q(e3+f)) i( l+0)]!  w h c t ~  ]uzl < ~ o ,  \ up ]  < t o ,  181 < 5co/2, and I l f I I  5 27cc~lle311 = 
27cco. 

Now =i(l  + u , ) ( l  -t 0 )  = ,-,(I + b ) ,  and p i ( l  -I- up) ( l  + 0 )  = pi(l + h ) ,  where 161 < 4ti,. 
Furthcrmorc, (Q(c3 + J ) ) , ( l  + 8 )  = ( Q e 3 ) i  + ((2(.3);0 + ( Q  + (Qf) iO = (Qc:lji + d , ,  where lldll < 

t o  + 27cco + 27ct; 5 2 ' 3 ~ ~ " .  lic!~ssernl)ling vectors frurn rornpor~ents, ( Q ( q  + f ) ) ( l  + 0 )  = Q ( p n  + f )  + (l  = 
Q(es + f )  + Qg = Q(cs + 1 1 1 ,  llhll = 11111 + 11g11 i 27ctn + lldll 5 56ce(r. 

Finally, 
3 

r C[~i(l + 0 )  - pi( L + b ) ]  . [(()(c:c + h)) i ] ,  
t = l  

wllcre 16) 5 4to ar~rl 1111I1 5 5Fcc0. ' I l lat  is, the cor l~pu~et l  valur~ ol' bhe opy test is t.lic3 c'xact value of n slightly 
pertur1)t~tI prohlen~. 

As c\iscussed ~)ravior~sly, t,hr allex of a facct is t l ~ c  point t l ~ n t  gcnerntcs a cc:ntc;r of r t ~ i ~ ~ i r n u m  L-coordi~~:it.e 
among all the points on one sidi. of the facc,t, say i r ~  I I t .  I f  wr fix a facet, 1vit.h three rron-collinenr vcrtices 
p l ,  pi, ant1 p ~ ,  then we can tlcfine a funct.ion I, ~ l ~ a t .  associates a p o i ~ ~ t .  1) i l l  I J +  wit.11 t l ~ e  L-co~tr(iinat~e of 
tlrc center of the c i r c ~ ~ ~ n h a l l  rlt~fi~~ccl by p, 1 1 1 ,  112 .  aatl ?i:r The f ~ ~ n c ~ . i o n  I, can ;ilso 1)tt implenit~ntcd wit.11 
Hooseholder transfor~~~at.iotls. \VP compl~t,e 1 1 ,  a 1111it r~or i~la l  to facet,, c ,  the circurnrent.~r of thc facet,, 
and finally the L-coordinat.~ of ~ I I P  cent.er of tile ball. 111 practice v ant1 c are cornp~~tr t l  once for each facet.. 
Factor P = [ pz - 1'1 1'13 - p1 1 ,  SO P = Q1Q2 1{, where Ql , Q? are Householder transformations and fZ is 
upper t,riangular, and let Q = QIQa As in thc opp tcst, t,llr? unit normal is QIQ2e:] = Qe3 Since c is in the 
plane of t,he facet., e - pl can be writ,ten as Q?y, where the third component of y is 0. Then 

For backward error analysis of the opp test, we want to show that the computed answer is the exact
answer to a slightly pert.urbed problem. The opp test requir~s the following computations: compute Q,;
compute Q2; v -- Q,Q2e:l; compare (Z,-Plf'v and (':2 _pJ)T v . Following Fortulle,[21] we use approximate
a.rithmetic, or floating-point. arithmetic wit.hout underflow or overflow, with error bound to on a single
arithmetic operation, The comparison can be done exactly, so we need only analy~c a comput.ation of the

Trorm (z - p) Q,Q2C3'
We first examine separately the errors incurred by approximate arithmetic in computing dot products,

vector difference, Householder t.ransformations, and vector multiplication by a product of Householder trans.
formations, When~ lh(~re is it choice, we arnorti~e the error uniformly over the appropriate vaIUt~s.

Consider the dot product computation I:7=lllibi. LeI s be the result computed in approximate arith
metic. Usin/!; standard techniques it can be shown that

n

s::: Lo;(l +tJ,)bi(1 +Oi),
i=!

where 10;1 ~ (n - i + :3)£0/2 for i = 1•...• n. Iu this context.. n = :3, so 10il :S 5co/2 for i = I, .. , .3.
Let d be the difTerence between two vectors, (1- b, computed in approximate arithmetic. From the bound

all approximate arithmetic d = a(1 + tl a ) - b(l + Ub), where the components of error vI'clors Un and Ub have
absolute value less than (0'

Suppose Q is a comput.~d Householder t.ransformat.ion of order three. Accordin/l; t.o Golub and Van
Loan,[27], if m is the computed result of multiplying ~-v('ctor v by Q. then m = Q(v + e.), where lIell ~
9ccollvll. and c: is a const.ant of order unity. Applying this to the computed value t of QIQ'2X, we have l =
Ql(Q2(X+12)+ fd, where 111211 ~ 9Ctollxll and II/III ::; 9ccoIIQ2(x+ 12)11 ~ 9ccollx+ hll ~ 9ccollxll(1 +9cco),
since Q2 is isometric. finally, i = Q,(Q2(J' + h) + /I) = Q1Q'2(X + h), where h = 12 + QT fI, and

Ilhll ~ lJcfollxll(2 + 9Cto) ::; 27etollxll·
T 3Let r be lhe computed rf~slilt of (z - p) QC3' where Q ::: QI Q'2> Using the above results. r::: I:.=, [(Zi(l +

u, )-Pi(l +up»)(l +0)] . ((Q(e.:l +f)i(l +0)], where lu z I::; (0, IUpl ::; fO, IlIl ::; 5(0/2, and II/II ~ 27CtQlleJII =
27cfo.

Now zi(1 + uz)(l + 0) == Zi(l + 6), and Pi(l + ltp)(l + 0) =/Ji(J + 6), where Ihl ~ 'It(j.
FUrthermore, (Q(C3 + J))i(i + 8) = (Qe3)i + (QI'3)i O+ (QJ); + (QJ);O = (Qr:l); + dr, wlwrc Ildll :S

(0 + 27(;to + 27Ct 6~ 2l)r.to. R,~assembling vectors from rornponcnts. (Q("3 + J))( 1 -;- 0) = Q(~:l + J) + d =
Q(e:l + f) + Qg =Q(e:\ + iI), where llhll = IIJI\ + Ilg)l ~ 27('(0 + Ildll ~ 56No,

Finally,
3

r:::: :2):;(1 + h) - Pi( l + b)]· [(Q(C:I + h));],
1=1

where 161 ~ 1to ami 11"11 ~ ;)()cto. That is. t.he cOlllput.ed valtw of the opp test is !.lw exact value of a sliglltly
perturbed problem.

3.2 [-coordinates

As discussed previously, t.hC' apex of a facet is the point that generat.es a ccnt.er of minimum £-coordinat.e
among all the points on one sine of t.he facet, say in ff+, If \\'(' fix a facet. wit.h three non-collinear wrtic('s
PI, P2. and P3. t.hen we Cill] d(~fine a funct.ion f, that associates a point. p in p+ wit.h tllf' £-coordinatl' of
the center of the cirCllmoall ddillN! by P, PI, 1)2, and ]i:l' The funct.ion L can also Iw imrlenwnted with
llouseholdf'r transforruat,iolls. We compute 1', a unit. !lOrrnal to the facet., c, the circlIlT1o'nt.er of the faret.,
and finally the £-coordinat(' of th(' cent.er of the ball. In practice v and c are computed once for each facet.
Factor P ::: [ P2 - /It 1';\ - PI 1, so P =Qt Q2 [{, where Qt, Q2 are Householdt>r transformations and Ii is
upper t.riangular, and let Q:::: QlQ2' As in t.he opp trst, the unit normal is Q\Q2e;l :::: Qe3' Since c is in the
plane of the facet, r. - PI can 1)(' written as Q1I, wherl' the third component of y is O. Then

lie-PIll = IIQyl1 = II!JII,



since Q is i son~e t r ic .  For j = 1 . 2 ,  the j-t.h column of P can be writrten a s  p j + ~  - pl = I'ej = QRej = Qrj, 
where rj is t h c  j - th  column of R. Therefore, 

Since c is t h e  circomcenter of t h e  facet, it is equidis tant  f rom the vertices, and, for j = 1,2, I(y((  = - rJ 11. 
Since R is upper  triarigular, when j = 1, 

yielding 
Yl = r11/2, 

and, when j = 2, 
2 2 + y; = (111 - TI?) + (y2 - ~ 2 ~ ) ' .  

yielding 
yz = (7-22 + (r12/~22)(r12 - 2+1))/2. 

Now we are  ablc to coniputc Qy t o  obtain c, t h e  center of t h e  facet 
T h e  center s of t h e  ball can be written as c + Lv,  where 1: is thc C-coortlinntc~ of s. Since s is ecluitlistant 

from pl  a l ~ t l  p, 

iVriting Q ' ( ~  - y l )  a s  r! wc have Q T ( p - p l )  = r  = QT&r, and (p - p i )  = Qr. Rt:cnlling that  ( c  - p l )  = Qy 
and v = Qc3,  \VC gtt. 

I I Q Y  + LQe311 = I I Q Y  + LQe3 - Q1.11, 
ant1 

IIQ(Y + [c3)11 = IIQ(Y + L C : ~  + r)ll. 

Since Q is orthogonnl, 
I ~ Y  + Cesll = Ily i- Ce:3 + rll. 

Squaring I)ot h sidw tvc- get. 

which r r t l i~crs  to 
T O = r T r  - 'Lr y - 21:rTr:,. 

to t h e  final for111 

C = ( P  - PI IT(p - P\ - 2(c - PI ) T ( ~  - PI ) 
z l T ( P  - Pl) 

since Q is isometric. for j =- 1. 2. the j-t.h column of P can be writ.ten as Pj+1 - PI =- Pej =- QRej =- Qrj,
where Tj is tht: j-th column of R. Therefore,

II - PHIII = ll(e - pr) - (Pj+l - pdll = IIQ1I - (Jl'j II = 1111 - f'j II, ( 1)

Since c is the cirCllmcenter of the facet, it is equidistant from the vertices, and, for j =- \, 'l, Ilyll ::: II!! - rjll.
Since R is upper triangular, when j =- I,

yielding

and, when j =- 2,

yielding

Y2 ::: (Tn + hdrd(1'12 - 2Yd)/2,

Now we are able to compute Qy to obtain c, the center of the facet
The center s of the ball can be written as c + .cv, where £. is the L-coordinate of s. Since s is equidistant

from PI and p,

lis - Pili
II(e + LV) - Pili
11(,'- PI) + Lvii

lis - Jill
II(e + LV) - pll
II(e - PI) - (p - PI) + Cr'lI

Writing Q7'(p - pd as r, we have QT(p_ pd ::: r =- QTQr, and (p - PI) ::: Qr. Rl:calling that (c - pr) =- Qy
and v =- Q('3. we g('!

IIQy + .cQe311 =- IIQy + .cQe3 - Qrll.
and

Since Q is orthogonal,

Squaring both sidp,; we .e;et

which r('([lIu's to

Ilence

to the final form



4 Experinlental Results 

The insphere test was implemented with and without Basic Linear Algebra Subrou t in~s  (BLAS),[29] which 
abstract vector operations. The tirnir~gs in Table 4 for the illsphere test were clone on one node of an nCUBE 
n~otlel 2E computer, which has a BLAS library available. The numbers represent average cost per hrnction 
evaluation, amortizing lhe one-time setup over all trials. 

Bouseholtler I.Iouscholder 
IIO library 

thials blrrs blas 

Ilouseholdcr 
fortran 

blks 

I3LAS Timings 

Tabltt 4 contair~s rr~ntirilr. da ta  on one node of the nCUBF, 2E for the insphere trst  implemented with 
Householder transforniations without RLAS and with deternlinants. 'I'lle rlumt,rrs again represer~l average 
cat per fiuiction cvaluatiuri, arnortizing the on-birne setup over all t,rials. Sct-up fix tllo I-lousr:I~ol~-ler 
vt?rsiori incllrdcs computing tht! trarisformations; for the detcrmininants, tho one-tirnc. ccat, is for con~prrting 
the minors. 'I'he rr~ntinws are nhout the sarnc vvcr a range of trial sizes. 

'I'o crnpiricnlly trst  accuracy, wc sot up an insphere problem wit.11 coorclil~ittc:~ loss than t.\ro in ahso111t.e 
value with the origin on t , l~e  sphere, then lct the tesL point. approach the origin. 'I'r!st,s were run with 32-hit 
aritlrmetic. 'I'he Househol(ler version returr~ed a result. of zrro for points within of t.hr origin,wliich 
is e x p ~ c t r d ,  since it r~sc.s tiifferc~nccs het,wc.cn points: if point pl ha?, coordinates around size one, and p2 
is within l o - ?  of origirr p:ll thvn p2 - p l  ant1 113 - 111 will havr the s;lrrlca valuc i l l  32-hit i~rit.hrl~ctic. l ' h e  
tleterminants perforrnrtl l~c t t c r  than t . 1 1 ~  tlouseholtler trar~sforrilations i r ~  this cast.. giving corrcct sigr~s for 
points willlin 10-'" c.rf tlrr origin. 

,Is Fortunc[21] ohst~rvc~tl, poi~ltri that. are close tugvther 1)11t far frorr~ thc origil~ pctscx r~i~nlcrical t1iffic11lti1.s. 
\Lrt> construrt.cd a sccluence of insphere proble~lls by st.artirig wit11 a set of poirit coordirlates less thxrr t.wo i l l  

absolulc value and ~rarislating the same coordinate of each point by i ~ ~ c r c a s i ~ ~ g  puwcrs of 10. Ttlc. prol ) l r [~~s  
are solvcd using Householder traiisfornrations with and without I3L12S ancl t le t2crr~~ir~a~i ts  lrsi~rg an Alpha 
running VMS with clcfault compiler scttilrgs. 

There is no diffcrcticc in accuracy in thcse Lests betweer1 the versions of the IIouseliol(ler impi~n~cnt.at ion 
in 32-bit arit.hrnetic. 'The Ilouscholder versions fail a t  10%it,h a zero divide, whict~ is the poi11t at wl~ ic l~  
the points bcco~nc ir~tlist,ir~g~~isl~c~l,lc: in this Roating-point. systcm. The detertniniunt. version fails at 10" with 
an incorrect result.. 

The test was also run in 6.1-bit arithnlctic wit11 r ~ o  BLAS. 'l'l~e Householtler vcrsion has a zrro ~livitlc ;it. 
10". while tleterrnirinnls fail at  10' wit11 an  i~lcorrect. answer. 
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4 ExperiIllental Results

The insphere test was implemented with and without Basic Linear Algebra Subroutines (BLAS),[29] which
abstract vector operations, The timings in Table <1 for the insphere ~est were done on one node of an nCU BE
model 2E computer, which has a BLAS library available. The numbers represent averap;e cost per function
evaluation, amortizing t.he onc-time setup ovcr all trials.

Householder 11 ollseholder HOllseholder
no library fortran

t.rials bias bias bias

10000 0.25H753E-04 0.4506051 £-04 0.7514621£-04
20000 0:!;j,10057£-0i\ O. ·1506070E-0'1 O. 7'i 12n5E-().1
;;UOOO 0.2:142[86£-04 0,4505925£-0'1 o7512100E-0'1
40000 o.242360'IE-04 0.4506010E-04 0.75117t12E-0'1
50000 O. 23ti3036 £-01 01\505702£-01 07511496£-01
60000 0.2·139852£-0'1 o.rI50·~);j.53 E-O'l o75113:18E-()4
70000 0.2'116601£-04 0.4505539 E-04 0.75112:l-1E-Dt l
80000 0.2,108908£-0,' 0.4505610E-04 0.7511202£-04
90000 0.24l161.5C-Ol 0.150,)tJ65F.-04 0.70 III :~:m-04

100000 0.242159IC-04 0.tl505658E-04 0.751108'iE-04

I1LAS Timings

Table tJ contains mntirne data on one node of the nCUBE 2E for the insphcre (,rst implemented with
Householder transformations without ALAS and with determinants. The numbf'rs again represent avrrage
cost per function evaluation, amortizing the one-time setup over all trials. Set-up for tlw Householder
version includes compu ting the transformations; for the detcrmininantli, the one-t irnc cost, is for computing
the minors. The runtinws are ahout the same over a range of trial sizes.

To empirically test accuracy, Wf' sel up an insphere problem wit.h coordinates IPs;; than two in ahsoillt.e
vallie with the origin on the sphere, then let the test point. approach the origin. Tcst.s WNC run with :3:!-hit
arithmetic. The Householder version returJIed a result. of zt'ro for points within 10-7 of the origin.which
is f'xpf'cted, sinef' it lIses diffen'ncl's between points: if point pI has coordinates around size onf', and p'2
is within 10- 7 of origin [1:1. ttwn p'2 - pI and p:~ - 171 will haw the sail\(' vallie in :tl-bit arithrllctic. The
determinants performed bcttN than t.he Houschohl(~r transformations ill this ca.~('. givillg correct signs for
points within 1O-1~ of the origin.

As ForturJf'['2I] nhst'rved. points that are close to~dher but far from the origill I)()S(' nnmerical difficlllti,~s.

\Ve constructed a sequence of insphere problell\s by st.artin?; with a set of point. coorrlill<.lt('S If'sS thcHI two in
absolute value and trauslating the same coordinate of each point by increasing powers of 10. The problems
are solved using Householder transformations with and without £3LAS ami detcnninunts using an Alphc~

running VMS with dd'lUlt compiler scttilli!;s.
There is no differcnce in accuracy in these tests lJctween the versions of the Householder impll'll\cntation

in 32-bit arithmetic. The Householder versions fail at 108 with a zero divide, which is the point at which
tile points become indist.in~uishahleill tllis floating-point system. The determinant version faib at 1O~ with
an incorrect n~sull..

The test was also run in G4-lJit arithmetic wilh no BLAS. The Householder vl'rsion has a zero divid(' at.
1016 , while determinants fail at 106 wilh an incorrect answer.
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Ilouscholder Deterniinants 
trials no blaa Householder

trials no bias

100 0.244:3675£-01
200 0.261243U£-01
;300 0.2:310050£-01
400 0.2131148£-0/1
500 ().2:3350351:;-04
600 0.2452692E-04
700 0.2419856£-U4
800 0.2106037E-04
900 0.241:391:lE-0·1

1000 0.24:~085~E-04

10000 0.25477:13£-0·1
20000 0.2530957£-01
30000 0.:2342186£-04
40000 0.242360·1E-01
;)0000 O. 236;'j();W 1;-0·1
GOOOO 0 21J 3985 2£-0 11
70000 0.24 16601£-04
80000 0.240~!)08f:-04

90U()0 0.241101 S£-04
1000(H) 0.242Ui91E-04

Dp.terminants

o2391187E-04
0.293920,1 ~;-04

0.27556:l I£-04
02691151 £-04
o.2684300f:'04
o2694426E-04
0.27~W"14E-04

0.26:39701£-04
U.26954'16£-04
0.265li 1!J7E-Otl
o27051:lIiE-04
0.26869628-04
o2706156 £-0·1
r1.2579072E-0,j
o261:3:30J1::-01
l).:WlJ0:-l00E-()4
O~6G I089F>Ol'
0.2(H2l981::-01
0.26:\() 1\)f>E-U'\

O.L6:3~l itUl'.:-lH

rll~phere Till1illgs on nCl!8f.
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