Electronic Journal of Differential Equations, Vol. 2021 (2021), No. 55, pp. 1-17.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

TURING INSTABILITY ANALYSIS OF A SINGULAR
CROSS-DIFFUSION PROBLEM

GONZALO GALIANO, VICTOR GONZALEZ-TABERNERO

ABSTRACT. The population model by Busenberg and Travis is a paradigmatic
model in ecology and tumor modeling because its ability to capture interest-
ing phenomena such as segregation of populations. Its singular mathematical
structure enforces the consideration of regularized problems to deduce prop-
erties as fundamental as the existence of solutions. In this article we perform
a weakly nonlinear stability analysis of a general class of regularized problems
to study the convergence of the instability modes in the limit of the regu-
larization parameter. We demonstrate with some specific examples that the
pattern formation observed in the regularized problems, with unbounded wave
numbers, is not present in the limit problem because of the amplitude decay of
the oscillations. We also check the results of the stability analysis with direct
finite element simulations of the problem.

1. INTRODUCTION

Busenberg and Travis [4] introduced a class of singular cross-diffusion problems
under the assumption that the spatial relocation of each species is caused by a
diffusion flow which depends on the densities of all the involved species. In the case
of two species, if u; and us denote their densities, the flow, in its simplest form,
may be assumed to be determined by the total population u; + us, and thus the
conservation laws for both species lead to the system

Opuq — div (u1(VU1 + Vuz)) = f1(u1, u2), (1.1)
6tu2 —div (uz(Vul + VUQ)) = fQ(Ul,UQ). (12)

Here, the functions f; and fo capture some ecological features of the populations,
such as growth, competition, etc., and the equations are complemented with non-
negative initial data and non-flow boundary conditions.

System — is called a cross-diffusion system because the flow of each
species depend upon the densities of the other species. We call it singular because
the resulting diffusion matrix is singular. Indeed, when rewriting — in
matrix form, for u = (u1, us), we obtain the equation

du — div(A)V bu) = (u), with A(u) = (“1 “1) :

U2 U2
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where the divergence is applied by rows. The full and singular structure of A
introduces serious difficulties in the mathematical analysis of the problem, as we
shall comment later.

In his seminal paper [I4], Turing introduced a mechanism explaining how spa-
tially uniform equilibriums may evolve, small perturbations mediating, into stable
equilibriums with non-trivial spatial structure. He considered a system of the type

Orur — Aug = fi(ug,ug), (1.3)
Oug — 0 Auy = fo(uy,u2), (1.4)

with ¢ > 0, and proved that when o is small or large enough then the stable
equilibrium of the dynamical system

O = f1(v1,v2), (1.5)
Opva = fa(v1,v2) (1.6)

is not stable for the diffusion system (L.3)-(L.4), being replaced by a non-uniform
equilibrium with spatial structure or patterns. This mechanism is known as Turing
instability or Turing bifurcation.

In this article we study Turing instability for the cross-diffusion singular sys-
tem -. We already know that some cross-diffusion systems, such as the
paradigmatic SKT model introduced by Shigesada, Kawasaki and Teramoto [13],
exhibit Turing instability when cross-diffusion coefficients are large in comparison
with self-diffusion coefficients, see e.g. [I0L [I1]. However, the singularity of the dif-
fusion matrix of the system —, not present in the SKT model, introduces
important mathematical difficulties to the analysis of this system.

Regarding the existence of solutions of —, it has been proved only in
some special situations: for a bounded spatial domain  C R (Bertsch et al. [2]) and
for Q = R”™ (Bertsch et al. [3]). In their proofs, the following observation is crucial:
adding the two equations of — we deduce that if a solution of this system
does exist then the total population, u = u1 + uo, satisfies the porous medium type
equation

Opu — div(uVu) = f(u), (1.7)
for which the theory of existence and uniqueness of solutions is well established.
In particular, if the initial data of the total population is bounded away from zero
and if f is regular enough with f(0) > 0, it is known that the solution of
remains positive and smooth for all time. This allows to introduce the change of
unknowns w; = w1 /u into the original problem — to deduce the equivalent
formulation

Opu — div(uVu) = Fy (u,wy), (1.8)
Oywy — Vu - Vwy = Fa(u,w), (1.9)

for certain well-behaved functions F; and F5. This change reveals the parabolic-
hyperbolic structure of the problem, which is handled by Bertsch et al. [2 [3] by the
vanishing viscosity method, adding the regularization term —dAw; to the left hand
side of , and justifying the passing to the limit § — 0 in the corresponding
sequence of solutions.

In [9] we followed a different approach to prove the existence of solutions of the
original system — for a bounded domain 2 C R. We introduced a parabolic
regularization of the original system by adding a cross-diffusion perturbation term
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while keeping the porous medium type equation satisfied by u. More concretely,
we considered the system

Oy — div (ur (Vuy + Vug)) — gA(ul(ul +ug)) = fi(u1,ug), (1.10)

us — div (ua(Vuy + Vug)) — gA(uz(ul +ug)) = fa(uy,ug), (1.11)

and then used previous results for cross-diffusion systems [7, [6l 12] to establish
the existence of solutions of the approximated problems. Then, estimates of the
bounded variation (BV) similar to those in [2] allowed us to prove the convergence
of the sequence (ug‘;), uéé)) to a solution of the original problem. Let us mention that
the system — is a limit case of a general type of problems with diffusion

matrix given by
111 AUy
A(u) = )
a21U2  aA22U2

for which, if a; > 0, for i = 1,2, and ajias2 > ajsas1, then the existence of
solutions is ensured for any spatial dimension of €, see [§]. In addition, it has been
recently shown that this kind of systems, when set in the whole space 2 = R"™, may
be rigorously deduced as mean field limits [5].

Concerning Turing instability, since the diffusion matrix corresponding to the
system —, A(u), is singular, the linearization of this system at an equilib-
rium of the dynamical system (L.5)-(L.6)) does not provide any information on the
behavior of the equilibrium in the spatial dependent case. Thus, our approach to
Turing instability for the system 1] relies on the study of this property for
regularized problems like — and their limit behavior.

For the regularized problems, we prove that linear instability is always present
for § small enough. Interestingly, the linear analysis also establishes that the main
instability wave number is unbounded as § — 0.

For understanding this convergence of a increasingly oscillating sequence of func-
tions to a BV function (the solution of (L.I)-(L.2) ensured in [2, M]), we perform a
weakly nonlinear analysis (WNA) which allows to gain insight into the behavior of
the amplitude of the main instability mode as § — 0. As expected, we find that the
amplitude of the main instability mode vanishes in the limit 6 — 0 and is, therefore,
coherent with the BV convergence. In addition, this result also suggests that the
uniform equilibrium is stable for the original problem. We, finally, illustrate our
analytical results with some numerical examples.

2. MAIN RESULTS

For simplicity, we study Turing instability for the one-dimensional spatial setting
which has also the advantage of a well established existence theory for the case of
a bounded domain [2 [0]. Redefining the functions f; and fs, we can fix without
loss of generality 2 = (0, 7) and then rewrite problem (L.I)-(1.2) together with the
auxiliary conditions as

Oguy — Oy (ul(ﬁxul + 8mu2)) = fi(ui,u2) in Qr, (2.1)
Ogug — Oy (uz(axul + ﬁqu)) = fo(ui,u2) in Qr, (2.2)
U1 (Opu1 + Opta) = ua(Opuy + Ozuz) =0 on I'p, (2.3)

u1(0,+) = u1g, w2(0,-) =ugy in Q, (2.4)
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where Q7 = (0,T) x Q and the initial data wjp, ugo are non-negative functions. We
assume a competitive Lotka-Volterra form for the reaction term, this is, f;(u1,us) =
u;i(a; — Bitur — Bigug), for ¢ = 1,2, and for some non-negative parameters «;, 55,
fori,j=1,2.

To deal with several types of regularized problems we introduce, for positive §
and b, the uniformly parabolic cross-diffusion system

Oyuy — Oy (d‘fl(u)azul + d‘fz(u)azug) = f’(u) in Qr, (2.5)

Oyus — 0y (dSy (W) 0pur + dy(0)Dpuz) = f2(u) in Qr, (2.6)

d3, (0)dpuy + dy(0)Dpuy = dS, (W)Dpuy + doe(u)dpus =0 on I'p, (2.7)
u1(0,+) = u1g, w2(0,-) =ugy in Q, (2.8)

where the diffusion matrix D°(u) = (d‘igj(u)) and the Lotka-Volterra function
b(u) = (fP(u), f2(u)) satisfy the following assumptions.
Assumption (H1):
(1) D?(u) is linear in u and affine in §, so that it allows the decomposition
D’(u) = D°(u) 4+ 6D (u) = DM uy + D*?uy, (2.9)
for some matrices D% for i = 1,2, being the coefficients of D°(u) given by
() = difuy + dij ur6 + dijus + d7} ugé,
for some non-negative constants d;’;”, for i,j,m=1,2 and n=0,1.
(2) We assume that d;(u) > 0 for i = 1,2, and that det(D?(u)) is an increasing
function with respect to § satisfying det(D?(u)) > 0if § > 0 and u € R%.
(3) For i,j = 1,2, f2(u1,us) = ui(ab — BYuy — Bhus) for some non-negative
af,ﬁfj such that o — a; and 6% — fBij as b — 0. Moreover, using the
0 = q; and B?j = fi;, we assume, for b > 0,

V=
B30} — Blyab >0, Bl ab — B3a8 >0,
det(B®) >0, tr(B%) >0, where B’ = ( fj) .
Observe that (2.10) ensures the existence of a stable coexistence equilibrium for the
dynamical system (|1.5)-(1.6)), given by
u* = (UT,U,;) — ( 617326211} — /81112204:2: 7 Bbi)lczg — B%la;{ )
B11Baz — B1aB31 B11P2s — Brafa
There are two examples of D°(u) in which we are specially interested. The first
is chosen because of its simplicity for the calculations,

_ (]. + 5)U1 Ul
D%(u) = < o a +§)u2) , (2.12)

with det(D?°(u)) = §(2 + 6)ujuz. According to [§], the second hypothesis of (H1)
guarantees the well-posedness of the problem — corresponding to this dif-
fusion matrix. The second example corresponds to the approximation used in [9]
for proving the existence of BV solutions of the original problem —:

D) ((1 FO)ur + Suy (14 D)y > | (213)

notation «

(2.10)

(2.11)

(1 + g)U,Q gul + (1 + (5)1,62
for which det(D°(u)) = $6(1 + 6)(u1 + uz)>.
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Our first result provides conditions under which linear instability arises. The
following notation is used,

b % b %
K =DpP(ur) = (P _512“1> . 2.14

(u’) <531“2 —B35u3 214)
Theorem 2.1 (Linear instability). Assume (H1), with b > 0. Let u* be the coex-
istence equilibrium defined by (2.11). If

tr(K~'D°(u*)) >0 V&6>0 (2.15)

then there exists . > 0 such that if 6 < &, then u* is a linearly unstable equilibrium
for problem (2.5)-(2.8). In such situation, the wave number of the main instability
mode tends to infinity as 6 — 0.

Condition (2.15) is equivalent to
dy (") Byus + ddy(u*) BYyut < dy(u*) B us + diy (u*) Bhyuf (2.16)

and introduces a further restriction on the competence coeflicients. Roughly speak-
ing, for B’ to fulfill and (2.16), its elements must be such that intra-
population joint competence is larger than inter-population joint competence (con-
dition ) and one of the inter-population competence coefficients is large in
comparison with the others (condition ) A numeric example we shall work
with along the article is

b

B = (1 2) . withbe (0,1). (2.17)
2 1

Assuming the forms of D?(u*) given in Experiments 1 and 2, see and ,

we have that the conditions and on B’ are satisfied if § < b/4 (Ex-

periment 1) or § < bujub/(u} +us)? (Experiment 2), which are always true for the

case of interest: ¢ close to zero.

Our second result allows to estimate not only the instability wave numbers pro-
vided by the linear analysis but also the amplitude corresponding to these modes.
The approximation of the steady state solution is obtained by using a weakly non-
linear analysis (WNA) based on the method of multiple scales.

Theorem 2.2. Assume the hypothesis of Theorem and let € = (5. — 8)/d. be
a small number. Then, there exist sets of data problem such that the stationary
WNA approzimation of the solution u of problem (2.5)-(2.8) is given by

v(z) = u* + ep\/ Ano c08(kex) + € Ano (Voo + Voo cos(2k.x)) + O(e®),  (2.18)

where k. € 7 is the critical wave number corresponding to ., A 1S a positive
constant and p,vag and Voo are constant vectors.

Our third result focuses on the limit behavior of the critical parameters and
the amplitude when § — 0, this is, when the solutions of the regularized problems
converge to the solution of the original singular problem. For the sake of simplicity,
we limit our study to the following example:

8tu1 — 8m (ul(amul + 3muz)) = u1(1 — ul), (219)
815712 — 6$ (uQ(E)mul + 8mu2)) = u2(4 — (2U1 + UQ)), (220)
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whose solutions we approximate by the two-parameter family of solutions of

Orur — Oy (ul((l + 6)8$U1 + Gxug)) = U1(1 — (ul + g’U,Q)), (2.21)
Orug — Oy (uQ(amul + (1 + 5)5}11@)) = u2(4 — (2U1 + UQ)) (222)

On one hand, Theorem [2.I] ensures the existence of §. > 0 such that, for any b > 0,
the equilibrium u* = ﬁ(l —2b,2) of — becomes unstable for § < d.,
with an associated critical wave number such that k., — oo as 6 — 0.

On the other hand, for 6 < b/4 and b — 0, the sequence of solutions of —
(2.22) converges to a solution of (2.19)-(2.20) in the space BV (0,T,L>(Q)) U
L>(0,T7; BV (€)). Therefore, for the approximation (2.18) provided by the weakly
nonlinear analysis to remain valid for all § > 0, the corresponding amplitude A,
must vanish in the limit § — 0, making in this way compatible the increase of
oscillations with its BV regularity.

Theorem 2.3. Set a = (1,4), and let D (u) and B® be given by [2.12)) and ([2.17),
respectively, for b < 1/2 and 0 < § < b/4. Then, there exists 0.(b) > 0 such that if
§ < 6(b) then u* = 2(1 — 2b,2) is linearly unstable for problem [2.5)-[2.8). In
addition,

ll;l—r;%) 50(6) = Oa %1_133) kc(b) = 00,
and the amplitude provided by the weakly nonlinear analysis satisfies
%gr(l) As(b) = 0.

In particular, the weakly nonlinear approximation v given by (2.18)) satisfies v.— u*
uniformly in 0 as b — 0.

3. NUMERICAL EXPERIMENTS

To analyze the quality of the approximation provided by the WNA, and the
properties stated in Theorems we compare it to a numerical approximation
of the evolution problem computed with the finite element method (FEM).

For the FEM approximation, we used the open source software deal.II [I] to
implement a time semi-implicit scheme with a spatial linear-wise finite element
discretization. For the time discretization, we take in the experiments a uniform
time partition of time step 7 = 0.01. For the spatial discretization, we take a
uniform partition of the interval Q = (0,7) with spatial step depending on the
predicted wave number of the pattern, see Table

Let, initially, t = to = 0 and set (u{,uY) = (u10,u2). For n > 1, the discrete
problem is: Find uf,u € S" such that

1 n n— n n n n h
;(ul — U 1’X)h + (d(lsl(u )Ozui + d?Q(u )aIUQvaxX)
= (f(ut, uz), 0"

n n— n n n n h
(“2 Uy le)h + (dg1(u )Ozuy + de(u )890“273@)()

= (fg(u?aug)aX)ha

for every x € S*, the finite element space of piece-wise Q-elements. Here, (-,-)"
stands for a discrete semi-inner product on C(£2).

S0

(3.2)
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Since (3.1)-(3.2) is a nonlinear algebraic problem, we use a fixed point argument

to approximate its solution, (uf,u}), at each time slice ¢t = ¢,, from the previous
o - — 0 - 0 -

approximation (u}?"* uy "), Let u}® = u?™! and u)® = uf ™. Then, for k > 1

the linear problem to solve is: Find (u}"* uj™*) such that for for all x € S"

1 _ _ _ h
— (" =) (A (0 - () D", Dax)

K Jk—1 k-1
= (U71L (alf - i)lu? - f2ug )’X)h,
1

_ _ _ h
;( g’k —uy 17 X)h + (dgl(unyk 1)896“?’16 + de(un,k 1)81'”72%}67 390)()

Ko b b, nk—1 b nk—1\ \h
= (ug (a3 — Boyuf — Boguy )X)"
We use the fixed point stopping criteria

n,k—1

max (Hu’fk — uj okl

H2’Hug7k_u2 Hz) < tolgp,

for values of tolpp chosen empirically, and set (u},u}) = (u*, u)*). Finally, we

integrate in time until a numerical stationary solution, (uf,u3), is achieved. This
is determined by

max ([|uf"" = up ™ o, ! = ug ™ 2) < tols,

where tolg is chosen empirically too. In the following experiments we always fix
tolpp = 1.e — 07 and tolg = 1.e — 12.

Experiment 1. We investigate the behavior of the instabilities arising in the solu-
tions of the approximated problems (2.5)-(2.8) when § — 0. Our main objective is
checking if the predictions of the weakly nonlinear analysis stated in Theorem [2-3]
are captured by the FEM approximation too. Thus, we use the diffusion matrix
D?(u) and the competence parameters B given by and , respectively.
We run three simulations according to the choice of b, see Table and fix
d = 0.956.(b) in all of them, so that u* is unstable and pattern formation follows.

TABLE 1. Data set for the Experiment 1. Wave numbers and times
are rounded. Execution time measured for a standard laptop with
i7 processor.

Simulation 1 | Simulation 2 | Simulation 3

b 3.85e-02 9.91e-03 4.42e-03
5(b) 4.53¢-05 2.94e-06 5.83¢-07
k(D) 10 20 30

Ao (D) 1.21e-02 3.1e-03 1.4e-03
Number of nodes 128 256 512
Time steps to stationary 3.e+04 1.9e+05 4.4e+05
Execution time (hours) 1.67 19.26 84.77

In Figure [I] we show the typical onset and transmission of disturbances found in
all the experiments. In this figure and in the following we plot only the first com-
ponent of the solution, being the behavior of the second component similar. After
a fast decay of the initial data towards the unstable equilibrium, a perturbation
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with the wave number predicted by the linear analysis grows from one side of the
boundary to the rest of the domain until reaching the steady state, see Figure
In the latter figure, we may check the good accordance between the FEM and the
WNA approximations which, in numeric figures, have a relative difference of the
order 1072,

In Figure [3] we show three interesting behaviors of solutions when ¢ — 0. In
the left panel, the shrinking amplitude of the stationary patterns while the wave
number increases. The equilibrium has been subtracted from the solution to center
the pattern in y = 0. The center panel shows the time evolution of the amplitude
(log scale) as given by the exact solution of the Stuart-Landau equation .
We readily see that the stabilization time is a decreasing function of §. This fact
together with the increment of the wave number when § — 0 results in very high
execution times, see Table Finally, the third panel shows how the variation of
the numerical stationary solution

/ 101 (T, 2) | d
Q

is an increasing function of § and tends to zero as § — 0, in agreement with the
regularity of solutions stated by the theoretical results.

Experiment 2. We repeated Experiment 1 replacing the diffusion matrix D°(u)
by that defined in . In Table [2| we show the relative differences in LP, given
by

RD, (61,00) = 11— ¢2ler. (3.3)

61l

in terms of the critical bifurcation parameter, d., the stationary solution of the
FEM approximation, u(7T,-), the WNA approximation, v, and the pattern ampli-
tude, Ao, corresponding to both approximations of the original diffusion matrix.
We see that although the critical bifurcation parameter is clearly affected by the ap-
proximation scheme, the FEM and WNA approximations provided by both schemes
are in a very good agreement, as well as the amplitudes of the instability patterns,
suggesting that in the limit 6 — 0 both sequences of approximations converge to
the same limit.

TABLE 2. Comparison between the results obtained with the ap-
proximated diffusion matrices corresponding to Experiments 1 and
2, given by and (2.13]) respectively. RD,, denotes the relative
difference in LP, see (3.3)).

Simulation 1 | Simulation 2 | Simulation 3

RDo. (6877, 5(F%) 0.136 0.117 0.113
RD2(uPV(T, ), uP2(T,.)) |  3.74e-06 8.68e-07 5.41e-07
RD,(v(FD v(E2)) 3.46e-06 2.13e-07 4.19e-08

RD. (A, AT?) 2.90e-03 6.82¢-04 2.99¢-4
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FiGure 1. Typical evolution of disturbances in Simulation 2.
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F1GURE 3. Experiment 1. Behavior of the patterns as 6 — 0.

4. PROOFS

2

We use the decomposition of the nonlinear problem (2.5)-(2.8)) in terms of its
linear and nonlinear parts. Let v = u — u*, where u is a solution of (2.5)-(2.8]).

Then, v satisfies

(4.1)

v =L+ N°(v),

where we split the reaction-diffusion terms into their linear parts

=V + Kv,

)0z

with K given by (2.14), and their nonlinear parts

*

u

v =D(

)

L

(4.2)

N? = 0,(D°(v)d,v) +7(v),

v, for 4,5 = 1,2 and i # j.

b2 b
iV — Pij

P(v) =B

being f -
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Proof of Theorem [2.1. We study the linearization of (4.1)), this is, the equation
ow = Low, (4.3)

satisfying Neumann homogeneous boundary conditions and with initial data wg =
ug — u*. This linear problem is well-posed due to the second assumption of
(H1). The type of boundary conditions lead to seek for solutions of the form
w = e cos(kz)W, with £ = 1,2, ..., where W is a constant vector. Replacing w in
(4.3) we obtain the matrix eigenvalue problem

AW = W, with 4, = K — k2D°(u").
Since, by hypotheses, tr(A4y) = tr(K) — k*tr(D°(u*)) < 0 for all k = 0,1,...; an

eigenvalue with positive real part (instability) may exist only if det(Ay) is negative
for some wave number k. We introduce the notation h(k?) = det(Ay):

h(k?) = det(D°(u*))k* + gs(u*)k* + det(K),
where g5 (u*) = df; (u*) B5yus + d3y (0*) By uj — (dfa(0*) B8 us + 3y (u*) BYyuy). The
minimum of the convex parabola h is attained at
Gy
2det(D?(u*))’
requiring gs(u*) < 0, which is true in view of (2.15). A necessary condition for
linear instability is h(k2,(5)) < 0, where

K2,(6) =

B qg(u*)Q

4det(Do(u*))’
In this expression, det(K) is a positive constant and gs(u*)? > 0 for all § > 0. Thus,
since gs(u*) and D°(u*) are monotone with respect to ¢ and det(D?(u*)) — 0 as

§ — 0, we deduce the existence of an unique d. > 0 such that h(k2 (d.)) = 0.
Therefore, for § < 6, we have h(k?*(8)) < 0 if k*(8) € (k% (8),k3(8)), where

—gs5(u*) £ /(g5(u*))? — 4det(D(u*)) det(K)

2 det(D?9(u*)) '
Because of the boundary conditions, the onset of instabilities only occurs when one
of the extreme values of the interval (k_(9),k(d)) is an integer number. Since
k4 (6) — oo as & — 0, this will certainly hold for ¢ small enough. We define the
critical bifurcation parameter, ., as such number, and the critical wave number,
k. € Z, as the corresponding root of h(k?). Finally, the last assertion of the theorem
is a consequence of the infinite limit of k4 () as § — 0. O

Proof of Theorem[2.3. We retake the whole nonlinear equation ([4.1]) for v = u—u*.
The idea of the weakly nonlinear analysis is to look for an approximation of v for a
value of § near the critical bifurcation parameter §.. This approximation is defined
as an expansion in terms of the small parameter ¢ = (3, — 6) /6., for § < 6.. We
consider the expansions
§=10.—€d) — €205 — 353 + O(€*),
t = ety + 2ty + 33 + O(e*),

vV =¢€v] + €2V2 + 63V3 + 0(64),

h(ky (9)) = det(K)

K2(6) =

and then introduce these expressions in equation (4.1) and collect the resulting
equations in terms of powers of e. Since this procedure is standard, we give the
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results and omit intermediate calculations for the sake of brevity. We obtain Order
€.

Lov; = 0. (4.4)
Order €2:
Loy = 9y, vi + 6, D (u*)0pe vy
1 (4.5)
- §(QK(V1,V1) + 0zx Qpoe (Vl,Vl)) —8psc(vi) = F.
Order €3:

£50V3 = (at1V2 + 8t2v1) + D1<u*)awz((51V2 + (52V1)

1
- QK(Vl,Vz) — 022 Qpoe (V17V2) + §§1ammR1(Vl) - RQ(V17V2) (4~6)
+ 51R3(V1) = G.

Here, D*(u*) is given by (2.9),

QK(X y) (2511371.@1 + 612($1y2 + x2y1)>
’ 2859 x2y2 + B3, (12 + T2y1)

dtz1y1 + df3xays
X B 9
Ops(x.y) <dg%3«”1y1 + d332y2

_ d117]28x1}1 + d121118 (%]
SD5(V) - aﬁt ( 217}281@1 +d227}18 Vg

_ (dii(vn) d%(vlz)z
Ralvi) = (dé%(vu) 2+ d3y(v12)?)

dB 120,011 + div110,012
Ralvi) — 8 11 (& 12 'z 7
3(v1) ‘ (d%%vwaﬂn + d3v110,v12

N di“f (v1203V21 + V220;v11) + d?él(vnawvn + v210,v12)
Ro(vi,va) = 0z | 5k Sl
d55” (01205021 + V2205v11) + dog (V1104V22 + V210,v12)

where we introduced the notation d‘sm A +od;2t, for m = 1,2 so that d‘S (v) =

dfjlvl + d?fvz. Observe that d¢! d‘s2 are the elements of the matrlceb D‘s1 D52

177 )
introduced in the first assumption of (H1). Observe also that ( may be written
as

Ny = %(QK(V, V) + 042 Qps (v, v)) + Sps(v).
We now compute the solutions corresponding to each order in the expansion.
Order e: The solution of is given by
vi(ti,ta,2) = A(t1,ta)pcos(kex), with p € ker(K — k2D (u*)),

where A is the amplitude of the pattern, unknown at the moment. Observe that
ker(A ) is a one-dimensional subspace, implying that the vector p is defined up to
a multlphcatlve constant. We shall fix this constant later.

Order €2: We start by expressing F in terms of A and p. We have
O, v1 = Oy, Acos(kex)p
51D (u*)0,, vy = —061 Ak? cos(k.x) D' (u*)p
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On noting that Qp (v, vy) = A2Qu(p, p) cos?(k.x), for U = K, D%, we find

1 1 .
5 (Qu(Vi,v1) + 000 Qpsc (vi,v1)) = 1A% Y M;(p. p) cos(jkex).
§=0,2
with M; = Qg — j%k?Qps.. Using standard trigonometric identities, we obtain
Spse (V1) = —k2A2%p1 ps cos(2k.x)d, where d = (d252 + dSt, d3s? + dig'). Gathering
the above expressions, we obtain

1
F = [9,,Ap — 01 Ak} D" (u*)p] cos(k.z) — 1A2 Z M;(p, p) cos(jk.x)
j=0,2

+ k2 A% py pad cos(2k,. ).

By Fredholm’s alternative, (4.5 admits a solution if and only if (F, )2 = 0, where
(-,-)12 denotes the scalar product in L?(0, ), and v € ker((£%)*) is of the form

W =mncos(kex), with n € ker((K — k2D% (u*))*). (4.7
Observe that i, for similar reasons than p, is defined up to a multiplicative constant.
We fix i1 at the end of this proof, and also show that (p,n) # 0.

The compatibility condition implies
(D' w)pm)
(p,m)

Since the solution to this equation is an exponential function, we do not obtain
from it any useful indication on the asymptotic behavior of the pattern amplitude.
Therefore, to suppress the secular terms appearing in F, we impose

t1=0 and 4, =0. (4.8)
In particular, this implies A = A(t2).
Assuming these restrictions, the Fredholm’s alternative is satisfied, and moti-
vated by the functional form of F, we seek for a solution of (4.5)) of the form

Vo(ty, ) = A%(ts) Z vaj cos(jkex),
j=0,2

O, Aty ty) = 81 k> (t1,t2).

where vy; are constant vectors. The linear operator L% may be decomposed as

Lovy = A? Z Ljvajcos(jkex), with Lj = K — j2k2D% (u”).
§=0,2

Then, £%v, = F if the vectors vy, are the solutions of the linear systems

1 1
Lova = *ZMO(P, p), Lavas =klpipad — ZMz(P, p).

Order €3: We have to solve £%v3 = G, where, taking into account (4.8)),
G = atzvl + 62D1(U*)aajzvl - QK(V17 VQ) - 611, QD5C (v17 VQ) - RQ(V17 VQ).

Replacing the solutions obtained for the orders € and €2, i.e. vi = A(t2)pcos(k.x)
and va = A(t2)?(vao + Va2 cos(2k.z)) in G yields

1
G :(patzA — Ak?&ng(u*)p —_ A3 (Ml(p,VQO) + §M1(p, Vgg) + kgRl)) COS(kC.T)

1
— A3 (§M3(p, Vas) + kgRg) cos(3k.x),
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; 1 1
R = 57 (382 i) — ] + s oo (S —89) — i)

2
i n 1 2 9 1 1
Ré) = _3(dff2 [PZVéz) + §P1Véz)} + d?ﬁl [Pl"éz) + §P2V§2)D'

The solvability condition for problem (4.6) is (G, )2 = 0, with ¥ = ncos(k.x)
given by (4.7). This condition leads to the differential equation

<pa n>8t2A = <G17T’>A + <G2an>A37

where
G, = k25, D' (u*)p,
1 ) (4.9)
Gy = Mi(p,vao) + iMl(P, vao) + kR,
Thus, we deduce the cubic Stuart-Landau equation for the amplitude
Oy A =0A — (A3, (4.10)
with
G G
o= Cum ,__(Gam) (4.11)
(p.m) (p.m)

We, finally, fix the vectors p € ker(K — k2D%(u*)) , and n € ker((K —
k2D (u*))*). Since all the elements of both matrices are negative, we may set
p=(1,M)" and n = (1, M*)! for some M, M* < 0, implying (p,n) > 0. Thus, the
asymptotic behavior of the solution to is fully determined by the signs of the
numerators in .

When o and /¢ are positive, the amplitude stabilizes to a positive value, this
is, A(ta) — As := /0 /l as ta — oo. Therefore, in this case, the corresponding
solution v = evy + €2vy + O(€?), is given by

v = Ep\/i cos(k.x) + 62%(V20 + vag cos(2kez)) + O(€?).
An example of this situation is studied in Theorem [2.3 (]

Proof of Theorem[2.3. Our objective is to compute the coefficients of the Stuart-
Landau equation (4.10]). Specifically, we are interested in the ratio

g — <G17 T’>
¢ <G27 T’> .
Determination of (Gq,n). For the given data, we obtain gs(u*) = —ujuj(% — 26),

which is negative if b > 4. The corresponding roots of h(k2,) are positive and,
therefore, we take 6. = J_, so that for any § < 6. we have h(k2,) < 0. The
corresponding critical wave number is the minimum of h(k?), given by

5 b—44,

¢ 40,(24+6.)

The vectors p = (1, M) and n = (1, M*) are elements of ker(Aiz) and ker(Aiz)*,
respectively. Thus,
1+ k21 +6) o ui(l+k2(1+00)

M:—i M =
b4 k2 ub(2 + k2)
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From (4.9), we obtain G; = k252 (uj, us M), and then (G1,n) = k262 (uj+usMM*).

O
Lemma 4.1. Let ej; = 1+ M. Then we have:
lim 6.(b) = lim §"(b) = lim 6.k? = 0, lim k? = oo, (4.12)
b—0 b—0 b—0 b—0
1
limM=-1, lmM*"=——, (4.13)
b—0 b—0 2
lim k2epr = —1,  lim k2(1 +2M*) = 9. (4.14)
b—0 b—0
Taking into account that ds ~ 4., a first consequence of Lemma [£.1] is
lim(Gy,n) = 0. (4.15)
b—0

Proof of Lemma[/.1l For proving (4.12)), we use L’Hopital’s rule to obtain
(_3_ —6(4—3b)—3b2>
2/ —3b)2 _ 1?

Let ¢(b,8) = 4det(D%(u*) det(K) — g2(u*) = —4bd® + (8 — 6b)8 — b2/4. By the
definition of J., we have ¢(b,0.(b)) = 0 for all b € (0,1). Thus

. 1.
tim dc(b) = 7 lim

d
0= %¢(b7 3¢ (b)) = Opd(b, 3¢ (b)) + D5 (b, 0. ())dc (b). (4.16)
Since 0y¢(0,0) = 0 and 95¢(0,0) = 8, we deduce that §/,(0) = 0. We then have
b — 49, 1 — 40! b — 44,
. 2 _ 1: c —1; c — . 2 . E c —
e = I S o) T A s o) | Aok =i i,y T

The limits in (4.13)) follow easily from the definitions of M and M*. Finally, to
prove (4.14)), we use the definition of M to obtain

—1-kX(1+6) 5—-1-k2.

b b

b 2
3tk
Klen = k22—

)

from where the first limit follows. The second limit is computed in a similar way.
We write
kK2(1+2M*) = kg(l + 2204 M (2 - @))
Uy Uy
On the one hand, we have

s 24 k2 — (14 k2(1+ 6, 1 - k26,
B2(14 2 0r) = 2 Ut kel H0e) gl =hede )y,

u} 2+ k2 ¢ 24k2
On the other hand, using the definition of u* and k2, we obtain
ul 1 1 /b2
k2( _ i) — T AR2b,  with 4k2b = (7 _ 4b).
e\* 7 U 1—op e W= 5775\,

Using a concatenation of L’Hépital’s rule, lim,_, b%/8.(b) = 2lim,_,o 1/57(0).

Determination of (Gz,n). The following lemma gives the expression of this scalar
product. Since the calculation is straightforward, we omit the details.
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Lemma 4.2. We have
—<G2777> = Slvgo) + SZV + T1V( ) + T2V§2),

where
Vo = 1 (—u§(2 + bM) + bui M (M + 2))
Autui(1 —b) \2u3(2+bM) — 2u{M(M +2) )’
Vo = @(ng? + wik? + wo),
with
S— (—(1 + 8 )ub(ear + 0e) + ui M (ear + M(Sc))
us(enr +0c) — (1+ 5C)u}‘M(eM + M5.)
Wi

(400 Jus (5 + YY) — us(ear + 8e) + 4ui(M + 2)+bu’{M(eM+M5)
dud(3 + 20 + 2u3(epr + 6c) — (1+(5)u1(M—|— M Y —urM(en + MS,)

being det(Ly) = Yuius(2 4 6.)k46e, Ty = T3 + Tk, for i = 1,2, and

Mb b
S1=2+ - +2MM" + Kl (exr + ), Sa = +2M e + kZM* (enr + M),
1, Mb 1
b M*
TO(Q):ZJFJM*GMa T1(2)11+7(M*1+M50)'

Lemma 4.3. There exists a constant C < 0 such that k25.(G2,n) — C as b — 0.
Consequently, (Ga,m) — —00 as b — 0.

This result together with (4.15) implies that the solution of the Stuart-Landau
equation (4.10)), given by

A%(t) = !

g
1+ (Ag?g —1)e20t’
(

Ao = A(0), (4.17)

satisfies A — 0 uniformly in (0, 00) as b — 0, which completes the proof. O

Proof of Lemma[].3 We set
C25(TivY) + Tyvi?) = Lk + Lk? + Ip + ok 2,
with ¢ = 9ujud(2 + d.),
L= Wi 4 W7
Loy = wiITD) 4 WD T@

b= wT0 + WO 4 DT 4w,
fo = W + WD T W73 4 W7,
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As b — 0, we have wo — (—1,3/2) and (T, T{*) — (3/2,0), implying that
I,2k6’2 — 0 as b — 0. For I, we have

1 M* -1 1—M*M
114 = ((—u; +uiM)ep + (—ud + uTMQ)éc) ( 5 M + #50)
+ O(enrée) + O(82).
Since k262 — 0, k26.eps — 0 and k2e3;, — 1, we deduce
M*—1
3 4 : % * _
1113(1)[41% 74%13(1)( uy +uiM) 3 9.
For I, we have
wi' TV 4w
M M*—1 1-M*M
- (—2u;+4u;M(1+7) —u;bM)( s—eu : 50)

+ (= usT) + Qus — w; )T err + O(6,)

and wél)Tél) + WéQ)TéQ) = (—ujy +uiM)ep (1 — M*) + O(3,.). Since k25, — 0 and
kZepr — —1, we have

M\\M* -1
. 2 _ 1 o * * o ok (1)
fng fok? = —fmy (=20 4 40 (14 7)) T (i
Finally, for Iy, we have
* M2
wi TV + Wi = (= 2+ 00) 11V + (s — ui (M + =) +00) )11,

ng)Tél) + W§2)Té2)

- ( —2ul + 4u’;M(1 + M)) (T =T + Ob) + O(enr) + O(5)

2
= O(b) + O(enr) + O(52).
Therefore,
* 2
T — T [ 2™ (*,* %)w):?
pm o 21_1)%( o 1+ (e — (M + =) )T 4
implying limy_o k26.(T vy + T2v{Y) = 55,/288. O
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