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EXTINCTION FOR FAST DIFFUSION EQUATIONS WITH
NONLINEAR SOURCES

YUXIANG LI, JICHUN WU

ABSTRACT. We establish conditions for the extinction of solutions, in finite
time, of the fast diffusion problem u; = Au"™ 4+ AuP, 0 < m < 1, in a bounded
domain of RN with N > 2. More precisely, we show that if p > m, the
solution with small initial data vanishes in finite time, and if p < m, the
maximal solution is positive for all ¢ > 0. If p = m, then first eigenvalue of
the Dirichlet problem plays a role.

1. INTRODUCTION
In this paper we are concerned with the porous medium equation
u = Au" + P, e, t>0,
u=0, €0, t>0, (1.1)
u(z,0) =up(x) >0, z€Q,

with 0 < m < 1 and p, A > 0, where Q C RV, N > 2, is an open bounded domain
with smooth boundary 0€2. We are interested in the extinction of the nonnegative
solution of .

The phenomena of extinction have been studied extensively for with A < 0.
When A < 0, for the case of slow diffusion, see [6, 12} 13|, 14l 17, 18, 23]. For m =1
we refer the reader to [I6]. And for the case of fast diffusion, see [5, @, 20, 211 22].
When A =0 and 0 < m < 1, we refer the reader to [3 4} &, [19, 10, [11].

For with p > 1, it is well known that the solution blows up in finite time for
sufficiently large initial data; see [I5], 25]. In this paper we show that the solution
of vanishes in finite time for sufficiently small initial data. If 0 < m < 1 and
p > m, there is a maximal positive solution of . If p < m and p = m, the first
eigenvalue \; of the problem below plays a crucial role:

—AY(x) = X(x), xeQ Y[, =0. (1.2)
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The existence and uniqueness for (|1.1)) have been studied in [Il 2]. To state the
definition of the weak solution, we define class of nonnegative testing functions

F = {5 : gthé-? |v€| € Lz(QT)a f >0 and gl(GQ)T = O}
Definition 1.1. A function u(z,t) € L>®(Qy) is called a subsolution (supersolu-
tion) of in Qp if the following conditions hold:
(i) u(z,0) < (=) up(z) in Q,
(i) u(zt) < (=) 0 on (991,
(iii) For every t € (0,T) and every £ € F,

/Qu(x,t)é(x,t)dx < (>)/Quo(x)£(x,0)dx+/Ot/ﬂ{uft+umAf+up§}dxds.

A function u(z,t) is called a (local) solution of (L.1)) if it is both a subsolution and
a supersolution for some 7" > 0.

According to [I, Thm. 2.1} and [2, Thm. 2.1, 2.2, 2.3], if p > m or p = m and
A < A1, the nonnegative solution of is unique. Moreover, if ug > vy > 0, then
u>v. If p<morp=mand A > A, then the maximal solution U(z,t) of
with ug = 0 has U(xz,t) # 0, and U(z,t) satisfies a subsolution comparison theory.
Put

v(z,t) = g(t)p!/ " (@), (1.3)
where 9(z) is the first eigenfunction of (1.2)) with max(x) = 1. If g(¢) satisfies
the ordinary differential equation

g =A=XM)g" (), g(0)=0,
g(t) >0, fort>0,
it can be verified easily that v(z,t) is a subsolution of for p=m and A > A;.
If p < m, let g(t) in be the solution of
g'(t) = =Ag™ () + Ag"(t), 9(0) =0,
g(t) >0, fort>0.
Then v(z,t) is also a subsolution of (1.1). The fact that U(z,t) > 0 in Q for all

t > 0 follows from the subsolution comparison theory. From the above, we have
the following statement.

Theorem 1.2. Assume that p < m or p=m and A > \;. Then for any nonneg-
ative initial data ug € L>®(82), the mazimal solution U(x,t) of (1.1} can’t vanishes
in finite time.

For the case p = m and A = A\, k¢(z), k > 0, is a steady state solution of
(T.1). Then for any nontrivial nonnegative initial data, the solution u(x,t) of
satisfies that u(x,t) > 0 in €2 for ¢t > 0 or u(z,t) is identically zero.

In the next section we consider the case p > m or p =m and A < A;.

2. EXTINCTION IN FINITE TIME

The regularities of the solution of (1.1)) can be found in [24]. Multiplying the
first equation of ((1.1)) by u*~1, s > 1, and integrating over 2, we obtain

1d 4 -1 mto—
—— [ u’dx + M/ |Vu™ 2 ' |dx = )\/ uPts1dx. (2.1)
S dt o) (m + S — 1)2 Q Q
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Theorem 2.1. Assume that 0 < m < 1 and p > m. Then the unique solution of
m vanishes in finite time for small initial data.

Proof. We consider first the case p < 1. For Né <m<l,lets=14+min
By the Holder inequality and the embedding theorem, we have

m_ _ N-—2
O < 191755 a0,
m _ N-—2
S ’y | Q ‘1+m 2N ||vum(,t)||2’g

where v is the embedding constant. This remarks in (2.1) yields the differential
inequality

d _ N—-2_ 2m _ptm

ZeleC Olliema + 21017 T [ful, )P mg < QT T [, O 0
Choose ,

p—m 2
luoll}m o < A7ty 72| T
Then p
e 1eC Dllme +ellul Ollma <0, (2.2)

where

er =210 T — AR fuollF L o
Integrating (2.2]) gives

||U( )||1+mQ < ||UOH1+mQ (1_m)01t,
as long as the right side is nonnegative. From this,
(1 )Clt

17n

u(, ) l4m.o < luolli4ma{l —
|| ||1+m Q

Next we take m in such that 0 < m < (N —2)/N. In (2.1)), let
N
By the embedding theorem and the specific choice of s, we obtain

('7t)

m+s—1
2

m+s—1
2

m+4s—
[uC, )l 0" = llu

We conclude that

()l g5, 0 <IVu

d _o 4m(s—1) m pac1
[u(, O)lls,.0 + 2(m+s 1)QIIU('ﬂﬁ)Hs,Q <Al lu(, % o
Choose ( )
dm(s —1 pts—1
< A 1y2 1
||u0| Y ( +S—1)2| |
Then J
i luC Dlls.e +eallul OliTe <
where ( )
_ 4m S ]. 7p+€ 1 m
r =7 L O
By integration, we have
Cgt
[u- ), < fluolls,0{l — }+
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For the case p > 1, for sufficiently small & > 0, it can be easily verified that
k™ (z) is a supersolution of (1.1)), where t(z) is the first eigenfunction of (1.2
with max(x) = 1. Then

u(z,t) < k:z/)l/m(a?), t>0,

by the comparison principle if ug(z) < ki'/™(x) in Q. From this (2.1) can be
rewritten as

1d 4 -1 m4s—1
,7/ wdr + M/ |Vu 5 |2d$ < )\k,p—l/ wdx,
S dt Q (m + s — 1)2 Q O

to which the above argument can be applied. The proof is completed. (Il

Remark 2.2. The method of the above proof is a modification of the argument in
[3, Prop. 10] and [7, Prop. VII. 2.1].

Theorem 2.3. Assume that0 < m =p <1 and A < A\1. Then for any nonnegative
initial data, the solution of (1.1)) vanishes in finite time.

Proof. First we apply the argument in the above theorem to get some results. We
consider two cases: %—13 <m<1and m < X=2 In the first case, let s=1+m in

N+2°
(2.1). Noticing that

A= Jo|VoPde
veHY(Q) w0 [ [v]2dz
we obtain
1 d . A .
Trmalt GO + (0= DIVe"(lEe <0

Since A < A1, as in the above proof of Theorem there exists T (up) < oo such
that u(x,t) = 0 for all t > T*(ug). In the second case, let s = 5(1—m) > 1in
(2.1). Then we have

1d dm(s —1) A mis—1 5

= —Ju, D)2 — )|V ot <0.

SdtHU(, )||9,Q+((m+5_1)2 )\1)H w2 (7 )HQ,Q—
Set

—1)?
N mAs =17y
dm(s — 1)
Then if Ay > A*, u(x,t) with any initial data vanishes in finite time.
To fill the gap where m < %—I_g and A < A1 < A", we apply a supersolution

argument. In fact this supersolution argument can apply to all the case of 0 < m <
1and A < A;. Denote by ¢ () the first eigenfunction of (1.2]) with max,eq ¥ (z) = 1.
Let g(t) be the solution of the differential equation

g'(t) == = Ng™ (1),
9(0) =0,
where 6 is chosen that ug(z) < 6(1)Y™(z) in Q. Thus v(z,t) = g(t)()"/™(z) is

a supersolution of (|1.1)). Since 0 < m < 1, ¢g(t) vanishes in finite time. Then the
theorem follows from the comparison principle. [
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We note that the unique solution of the problem
=Au™, z€Q, t>0,
u=0, x€0Q, t>0, (2.3)
u(z,0) =up(x) >0, x€€Q,

0 < m < 1, is a subsolution of (|1.1)). Since the solution of the problem (2.3)) is
positive everywhere in €2 unless it is identically zero, by comparison we conclude

that, denoting by T* < oo the extinction time of the solution of (1.1f), we have
u(z, T*) =0, and wu(z,f)>0 inQ, 0<t<T".
In the following we consider the solution of (1.1)) with negative initial energy. Define

1 A
Slult)) = §/Q|Vum|2dx—p+7mm/ﬂup+mdm

H(u(t)) = H% /Q W,

Differentiating £(u(t)) and H(u(t)), we obtain

m 4m l4m . 12
o) = = [wumyde = s [ [0,

and

d m
ﬁH(u(t))z/ﬂu updx

—/ |Vum\2dx+)\/up+mdx
Q Q

2m ptm
:—25(u(t))+)\(1—p+m)/ﬂu Mg

From this, £(u(t)) < 0 provided that £(up) < 0. Hence, if p > m, we have

%H(u(t))ZA(lf 2m )/Qup+mda;. (2.4)

p+m

By the Holder inequality, for p > 1,
d ptm
(D) 2 e 7 (u(v)),

where
p+m

2m
= A1 - Y@+ m) B d
3 = A( ptm ) (1 +m) = |Q
By integration, if p > 1, there exists T* < oo such that
lim H(u(t) = oo,
provided that H(ug) > 0. When p = 1, we have
lim H(u(t)) = oo,

if H(ug) > 0. For m < p < 1, integrating (2.4) over (0,t) gives

m //up+mdmds.
P m

H(u(t)) > H(ug) + A(1 —
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Suppose on the contrary that ||u(-,t)||ec,0 < M < oo for all ¢ > 0. Then,

M-P 2 ¢
uPTdx > H(ug) + M1 — 7m) / / uPTdz ds .
1+m Q p +m 0 JQ

The Gronwall inequality implies that

lim [ wPt™dz = oo,
t—o0 Q

which is a contradiction. Therefore, we have the following statement.

Theorem 2.4. Assume that 0 < m < 1 and p > m. If ul* € H}(Q) satisfies

5(UO) <0, H(UO) > 0,

then there exists T* < oo such that
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