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BOUNDARY-VALUE PROBLEMS FOR SECOND-ORDER
DIFFERENTIAL OPERATORS WITH NONLOCAL BOUNDARY
CONDITIONS

MOHAMED DENCHE, ABDERRAHMANE MEZIANI

ABSTRACT. In this paper, we study a second-order differential operator com-
bining weighting integral boundary condition with another two-point boundary
condition. Under certain conditions on the weighting functions, called regular
and non regular cases, we prove that the resolvent decreases with respect to
the spectral parameter in LP(0, 1), but there is no maximal decrease at infinity
for p > 1. Furthermore, the studied operator generates in LP(0, 1), an analytic
semi group for p = 1 in the regular case, and an analytic semi group with
singularities for p > 1, in both cases, and for p = 1, in the non regular case
only. The obtained results are then used to show the correct solvability of
a mixed problem for parabolic partial differential equation with non regular
boundary conditions.

1. INTRODUCTION

In space LP(0,1) we consider the boundary-value problem
L(u) =" = f(z),

Bi(u) = a;u(0) + biu'(0) + c;u(l) + diu'(1)

/ R;(t)u(t)dt + /1 Si(t)u' (t)dt =0,
0

where i = 1,2 and the functions R;, S; belong to C([0,1],C). To problem (1.1 in
L?(0,1) we associate the operator

(1.1)

LP (u) = u”7

with domain D(L,) = {u € W%?(0,1) : B;(u) = 0,i =1,2}.

Many papers and books give the full spectral theory of Birkhoff regular differen-
tial operators with two point linearly independent boundary conditions, in terms of
coefficients of boundary conditions. The reader should refer to [9] 13| 24} 25| 26} [33]
30, [37] and references therein. Few works were devoted to the study of a non regular
situation. The case of separated non regular boundary conditions was studied by,
Eberhard, Hopkins, Jakson, Keldysh, Khromov, Seifert, Stone, Ward (see Yakubov
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and Yakubov [37] for exact references). A situation of non regular non-separated
boundary conditions was considered by Benzinger [2], Denche [4] [5] [6], Eberhard
and Freiling [10], Gasumov and Magerramov [16, [17], Khromov [22], Mamedov [23],
Shkalikov [29], Silchenko [31], Tretter [34], Vagabov [35], Yakubov [38] and Yakubov
[39].

A mathematical model with integral boundary conditions was derived by [IT, 27]
in the context of optical physics. The importance of this kind of problems has been
also pointed out by Samarskii [28].

In this paper, we study a problem for second order ordinary differential equation
with mixed nonlocal boundary conditions combined weighting integral boundary
conditions with another two point boundary conditions. The regular case was
studied in the space L1(0,1) by Gallardo [I5]. The Particular case where S;(t) = 0,
and nonregular boundary conditions is studied by Silchenko [31]. A situation of a
variable coefficient of u”(x) in the equation has been treated in [12}[32]. The integral
boundary conditions are again non regular but they assume less restrictions on the
functions R;(t) (here again S;(¢t) = 0, a; = b; = ¢; = d; = 0). In particular the
corresponding estimate in Ly (0, 1) has been established.

Following the technique in [5] [6], T4} [T5], [24] 25] [26], we should bound the resolvent
in the space L”(0,1) by means of a suitable formula for Green’s function. Under
certain conditions on the weighting functions and on the coefficients in the boundary
conditions, called non regular boundary conditions, we prove that the resolvent
decreases with respect to the spectral parameter in LP(0, 1), but there is no maximal
decreasing at infinity for p > 1. In contrast to the regular case this decreasing is
maximal for p = 1 as shown in [14, [I5]. Furthermore, the studied operator generates
in LP(0, 1) an analytic semi group with singularities for p > 1. The obtained results
are then used to show the correct solvability of a mixed problem for a parabolic
partial differential equation with non regular non local boundary conditions.

2. GREEN’S FUNCTION

Let A € C, ui(z) = ui(x, ) and us(z) = ua(x,\) be a fundamental system of
solutions of equation

L(u) — Au=0.
Following [24] , the Green’s function of problem is
N(z,s,))
= — 2.1
G, = a2 )

where A(A) is the characteristic determinant of the considered problem defined by

Bi(u1) Bi(uz)

AR = By(ui) Ba(us)

; (2.2)

and
up(x)  we(x)  g(z,s,A)
N(.T, S, )\) = B1 (Ul) B1 (’U,Q) B1 (g)JU 5 (23)
Ba(u1) Ba(uz) Ba(9)s

for x, s € [0, 1]. The function g(z, s, \) is defined as follows

luQ(s)ul(:c) — ug(x)uy(s)
2w (s)ua(s) — ui(s)us(s)’

g(x,8,A) =+
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where it takes the plus sign for x > s and the minus for x < s. Given an arbitrary
d € (0, %), we consider the sector

>, ={reClag)] < g+6,A7é0}.

For X € s, define p as the square root of A with positive real part. For X # 0, we
can consider a fundamental system of solutions of equation u” = Au = p?u given by
ui(t) = e7?t and uy(t) = €. In the following we are going to deduce an adequate
formulae for A(X) and G(z, s, \). First of all, for ¢, j = 1,2, we have

Bi(u;) = a; + (—1)7 pb; + ;e ™V’ 4 (=1) pd;e~1)7P
1 .
+/ (Ri(t) + (—1)7 pS;(t))e =D Ptat.
0
So we obtain from (2.2)),

1
AQ) = (a1 = pby +cre™” = pdie™ + / (Ri(t) — pSu(t)e™*dt)
0
1
X (az + pby + c2e” + pdae’ + / (Ra(t) + pSa(t))e” dt)
0
1
= (az = pby + coe™" — pdpe™ + / (Ra(t) — pSa(t))eP'dt)
0

1
% (ay + pb1 + cre? + pdye? + / (Ru(t) + pSa(D)eldt),  (2.5)
0

and g(z, s, \) has the form

L(erle=s) _er(s=2)) if g > 5,

glx,s,\) = { dp

L(erts=) —erle=9)) if g <5,

Thus we have
efs B B
Bi(9). = 1) [ai — pb; —cie” P + pdie”?

" /oS(Ri(t) = pSi(t)e”"dt + / (—Ri(t) + pSi(t))e""dt]

4
’ 1
- / (Ri(t) + pSi(t))er'dt + / (Rit) + pS:(0))e""d],
0 s

where i = 1,2. For z,y € {a;,b;,¢;,d;} and F,G € {R, S}, we introduce A,, =
T1y2 — T2y, Bpp(t) = 21F2(1) — 22F1(t), Ar(t, §) = Fi(t)F2(§) — F2(t)F1(§), and
Apc(t,€) = F1(t)Ga(§) — Fa(t)G1(€). After a long calculation, formula (2.3) can
be written as

[—a; — pb; + c;e” + pd;e”

N($7Sa)‘) :(p(va;)‘)'i_@i(xﬂ&)‘)v (2'6)
where
o(,5,N)

1
- % [ep($+s){(Aac — p(Aaq + Ape) + PzAbd)eip
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- / (Acr(t) — p(Agr(t) + Acs(t)) + p*Ags(t))e "D at
0
1
+ / (AGR(t) - p(Aas(t) + AbR(t)) + PQAbS(t))e_ptdt

1 s
+ / / (Ar(E.t) + p(Ars(t.€) — Aps(€.)) + 2 As(E, 1))e "ED dedt)
+ e_p(x—i_s){(Aac + p(Aad + Abc) + P2Abd)€p

_ /OS(ACR(t) + p(Agr(t) + Acs(t)) + PzAds(t))ep(t+1)dt
* / (Aar(t) + p(Dpr(t) + Das(t)) + p* Dps(t))edt

[ [ @aen) + olanrs() — Ars(t. ) + p*As(e,0)er PV dean)]
s 0

(2.7)
and the function @;(x, s, \) is given by
e ={2000 W2 s
with
w1(z,8,A)
= 2*1/) [ep(%s){(—Aac + p(Aad — Ape) + p* Apa)e™”

- 2phas + /0 (Bart) + p(Bas(t) + Aor(t)) — p*Aps(t))edt
+ /0 "(Bor(®) + p(Bos(t) — Dart)) — P Aas(t)e Dt
— [ (@anlt) o 0rlt) = Bus(0) = s (t)e

1 s
+ / / (AR(,€) + p(Ars(E,t) — Aps(t,6) — P As(t, )P Ddedt)
0 0
+ ep(s_z){(_Aac + p(Abc - Aaai) + P2Abd)€p - 2pAab

N /OS(AaR(t) + p(Aor(t) = Aas(t)) — p*Dps(t))e " dt
+ /0 (Bor(t) + p(Bar() — Dus(t)) — p*Aus(£))e 1Dt
/ (Bart) + p(Das(t) — Aor()) — P Aps())edt

- 0
[ [ @a6) — plans() + Ars(t. ) — 22509 Odeany].
o (2.9)
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and

wa(x, s, )

1
- 27p [ep(zis){(_Aac + p(Abc - Aowl) + PQAbd)ep - 2pAad

- / (AaR(t) + p(AaS(t) — AbR(t)) — p2AbS(t))€ptdt
B / (Acr(t) + p(Des(t) = Aar(t)) — p*Das (1))~ Vat
1
/ (Acr(t) + p(Agr(t) — Acs(t)) — p*Ags(t))e? T Ddt

/ / (Ag(&,1) — p(Ars(t, &) + Ags(E, 1) — p2As(E, 1)) S~ dedt)

+ e (Ao + p(Aag — Ape) + PP Ava)e ™" + 2pAcq
B 11<AaR<t> + p(Aur(t) = Aas(1) = p* Ays (1)) dt

- /Sl(AcR(t) + p(Aar(t) = Acs(t)) — p*Aas(t))e’
- /01<A0R<f> + p(Acs(t) = Aar(t)) = p*Aas () Dt

[ [ @nen) + plans(t.6) + Ars(e ) — p?As(e,0)er O dear)]
o (2.10)

3. BOUNDS ON THE RESOLVENT
Every A € C such that A(X) # 0 belongs to p(Lp), and the associated resolvent
operator R(A, L,) can be expressed as a Hilbert Schmidt operator
1
(M= L,)""f = RO L) f = _/ Gl s N f(s)ds, feLP(0,1).  (3.1)
0

Then, for every f € LP(0,1) we estimate (3.1),

1/p
1RO L) 0 < (sup / G5 MPdx) Ly
and so we need to bound

( sup / |G(z, 55 \)[Pdz) /P = # ( sup / |N(z, 5, \)[Pdz)'/P. (3.2)
0<s<1 |A( ) 0<s<1

3.1. Estimation of N(z,s,A). We will denote by | - || the supremum norm for
functions in one and two variables. Since

if
N(z,s,\) = oz, $,\) + p1(x, s, \) 1 T > s,
QO(I, Sa)\) + @2(‘%, S, A) if ¢ < s,

it follows that
IN(, 8, [P < 207 (Jo(x, 5, AP + |@i(a, 5, \)[P).
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Form (2.8), we have

/ |N(z,s,\)|Pdx
0 (3.3)

1 1 B
§2”_1(/ |90(x,s,)\)|pd:v+/ |901(:v,s,/\)|pdx+/ |901(37,3’)‘)‘pdx)'
0 s 0

From (2.7), we have

1
/ (i, 5, \)Pde
0

2p—2
< —— |(lp 2 Abd +|p Aad + Abc + Aac )p
e s [Pl + 10l + 30) + 2o

v <(6ps Re(p) _ gp(s—1)Re(p)) 4 (cP(1=8) Re(p) _ o=ps Re(p)))

+ (e s+ (sl + 18D + 80
% ((ePRe(P) ) ( _ 6(8—1)Re(/0))p + (1 _ e—pRe(P)) % (e(l—s) Re(p) _ 1)p)
+ (e (P18 + 1ol Baml + 185 ) + 1 8crl)) ¢ (e 1)
« (e s—1)Re(p) _ —Re(P)) +(1— —pRe(P)) x (e Re(p) e(l_s)Re(p))p)
+ (e Al + 21l nsl + |oP1As1)) x () 1)
x (e*Re(P) _ 1)P x (¢=5Re(p) _ o= Re(p)yp 4 (1 — ¢=PRe(p))

x () — B (1 - e Reyr)],

from ([2.9)), we have
1
/ |1 (z, 8, A)|Pdx

p—1

5
< o) 1P 18l + 1112l + 0]
FBael)? x (R0 — P ) (PR — RO - (2] A
1
(ol*[1As | + ol (1 Aas || + || Asz])

Re(p)
+ | AarlD)? x ((e7P* Re(p) _ e*PRe(P)) % (e(1+8) Re(p) _ 1)P + (epRe(P)

x (ep(l—S) Re(p) _ ep(s—l)Re(p)) +(

_ ebs Rc(p)) x (1— e—(H—S)RC(P))P) + (L

Re(p) |
+ HACS”) + ||ACR||))p « ((e—psRE(p) _ e—pRe(p)) % (ep(s+1)Re(p) _ epRe(p))p
1
W(”ARH
+ 20l Ars| + o1 As]))? x (€773 RW) — emPRele)) 5 (ReP) — 1P

x (e Re(p) _ 1P + (eP Re(p) _ ops Re(ﬂ)) x(1—e” Re(p))p x (1 — este(p))p) )

o1 Aas | + lpl(| Aazl|

+ (ePRelp) _ gpsRe(p)y o (o= Relp) _ o=(1Fs) Re(p))py 4 (
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From ([2.10)), we have
[ lestesnpas
0

517*1 2
< ——— A A, Ape
< o Tac L1 18]+ 1112l + s

+ | Age|)? x ((ePRelp) — ep=s)Relp)y o (p(s—1)Re(p) _ o—pRe(p)))

20p[|Awa])? psRe(p) _ ,—psRe(p) 2|IA A,
+ Clplldeal)” x (e ) (o U 180s -+ 1ol s

+ [ Aurll) + 1 2ar )P x (7P — 1) x (eI Reld) 1)

+ (L= e PR s (1 — elm DR 4 ( o1 Aasll + |l (1 Aar]

L
Re(p)
+ 1 Acs) + [Acr))P x ((ePFReP) — 1) x (1) Rele) _ o= Relo)yp

+ (1 — e PR 5 (eRele) — = RPNy 4 ( (IAR[l + 2|pl[[Ars]]

1
(Re(p))?
+ [Pl As]D)P x ((ePReW) — 1) x (BB —1)P 5 (1 — ™ Rel)yp
4 (1 — e PSRe(0)) 5 (eRele) _ )P 5 (1 = e(H)Re(p))p)]

So that
1
/ |N(z,s,\)|Pdx
0

2p—1 % 5p—1

~ 2p|p|P Re(p)
x 2(ePRe(P) — e=PRe(0)) 4 (2]p[|Ags|)? ¥ (ep(lfS)Re(p) — ePls—D Relp)

[(|p|2|Abd| + ‘pmAadl + |Ab6|) + | Age])?

+ (20pl| Acal)? x (e7*ReW) — empsRele)) 4 ( Re( (P 1Aus1l + [o1(1 Aas]

+ |1 Asr|) + | Aarl))?P x ((e;DRe(P) —1) x (1— els— I)Re(p))p
+(1— e—pRe(p))(e(l—s)Re(P) —1)P + (e7P* Re(p) _ e—pRe(p)) « (e(1+s) Re(p) _ 1)

+ (ePRelp) _ gpsRe(p)y (] _ o=(Fs)Re(p)yp 4 (gpsRe(p) _ 1) 5 (e(1=5)Relp) _ 1)p

+ (1 — e PR (1 — em DRy (RT(/))(IpIZIIAdsH + ol Aarl

+ | Acs|) + ||ACR‘|))p((epRe(ﬂ) —1) x (e(sfl)Re(P) — e Re(p))p +(1— epre(p))
x (eftelp) — g(1=s)Re(p)yp 4 (g=psRe(p) _ =P Re(p)) 5 (p(s+1) Rel(p) _ ppRe(p)yp

(epRe(p) ePs RE(p)) x (e~ Re(p) _ o—(1+s) Re(ﬂ))p + (e?* Re(p) _ 1)
(e(l s)Re(p) _ ,— Re(p))p +(1—ePs Re(p)) % (eRe(p) —els=1) Re(p))p)
+ (=5 (1ARI + 2lpll Ars| + o[ As]))? x (P B —1)

(())

« (esRe(p) —1)? x (e—sRe(p) e Re(p))p +(1—eP Re(p)) ™ (eRe(p) — €8 Re(ﬂ))p
x(1—e™® Re(p))p + (e7P* Re(p) _ e*pRe(p)) > (eRe(P) —1)” x (¢° Re(p) _ 1)P

+ (epRe(p) — P8 Re(p)) x(1—e” Re(p))p x(1—e® Re(p))p + (e?® Re(p) _ 1)
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> (6(175) Re(p) _ 1P x (1—e” RE(p))p +(1—ePs Re(p)) > (eRe(p) —1)"
x (1— e(s—l)Re(p))p)].

Since Re(p) > 0, we obtain

1 1/
sup (/ \N(m,s,/\)\pdaz> :
0

0<s<1
2(2*%) % 5(1*%)
<z rxo
p? |pl(Re(p))*/»
3

+ [pl(|Aaal + |Abe| + [Acal) + [Aac| + m(lpl2\\AbsH + ol Aas
3

+ 1 Asrl) + |Aarll) + m(\p\zllAdsll + [pl([Adrl + | Acs]])

(IAR] + 20l ARs] + o1 As])]. (3.4)

R |p[2| gl

3
+ [[Acrll) + Re(p))?
From the above inequality, (3.2)) and , we obtain
2(2-2)  5(1-3)
[A()ll(Re(p) /rp! 7 3

A A, Aol + =——(Ip2(J|A A
+ [ Aas| + [Acal) + | ac|+Re(p)(|p| (lAssl + | Aas )

+ [pl(1Aar] + [ Acs]l + [[Aas ] + 1 Avrl) + 1Akl + [[Aarl])

R [ (oI Apal + 1011 Aaal + A4

[R(X, Lyl <

+ (RN + 2lolllAns]l + 1o As]D]

_ 3
(Re(p))?
for p € Zg ={pecC:largp| < T+ g,p # 0}, we have (Re(p))~! < m.
Then
[R(A, Ly)|l

2(2—%) > 5(1—%)

Re(p) 2
S A oz 1 gt LUel1Bual + el R
4 2

3
5 (ol (I1Aws ]l + ([ Aas]l)

+ |Abc| + |Abc| + ‘Aab| + |A6d|) =+ |Aa0| + IR Y

|plcos(F + 3)

+ o[ Aarll + [Acsll + | Aas]l + [ Aerll) + | Acrll + [[Aarl)

R

(Io] cos(§ + §))2

Finally, we obtain, for A = p? € 3,
[ RN, Lp) |

¢ Re(p) 2
< Te ([o[*[Abal + |pl([Aab] + [Aadl
[A(P?)]lp] 7 [
+ | Ave| + [Acal + [|Ass| + [[Adsl]) + [Aac| + [[Aas]| + [ Aorll + [|Aarll
1 HARH}

+ HACS” + ||AS'|| + m(”AaRH + ||ACR|| + 2HARSH) + |p|2

(IAR[l +2lpll[Ars|| + |p|2||As|I)]
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H
l(f{ (3.5)
lp| 7
where
eRe(p) )
H(p) = 130y 07180 + 16 (1Bas] + A
+ | Abe| + [Acal + |Aps|| 4 [Adsll) + [Aac| + [[Aas|| 4+ Aozl + [|Adrll
1 AR
#8asl + 1850+ (18l + 18l + 208nsl) + 1280 (a)
and

2(2=3) « 51-3) 1 3 3

(cos(3))'/" (cos())" > (cos<3>>2+é)'

Cc = max(

pl/P

The following step is to analyze the function H(p) in order to determine the cases
for which it is bounded in the sector ) /2

3.2. Estimation of the characteristic determinant, regular case. The next
step is to determine the cases for which |A(\)| remains bounded below. It will
then be necessary to bound |A(M)| appropriately. However, formula is not
useful for this purpose, it will be then necessary to make some additional regularity
hypotheses on the functions R; and S;, and so we assume that the functions R; and
S;,i=1,2, are in C1([0,1],C). Integrating twice by parts in , we obtain

A = €| = p*Boa+ p(Baa = Boe + Aas(0) = Aos(1) + Aue

+Bus(D) + Acs(0) = Aur() = Aar(0) + As(1.0)+ 5 (Bun(1) (3.7

~ An(0) + Ars(0,1) + Ags(1,0)) + p%(ARm, 1))+ (s)|,
where
B(p) = 26" [p(Dap + Aea + Ags(0) — Aps(1)) + %(AcRm

— Agr(0) — Ags(0,0) — Arg(1,1))]
x € 2P[p* Apg + p(Dad — Doe + Aas(0) — Aps (1)) — Age — Ags(1)

— Acs(0) + Apr(1) + Agr(0) — Ag(1,0) + %(AGR(l) — Acr(0)

+ Aps(0,1) + Aps(1,0)) + p—i(ARa,om

- ;[/Ol(AaR/(t) + p(Ausi (t) — Apre (1) — p*Apsr (t))e? TVt

1
+ A (AQR’ (t) + p(AbR/ (t) AN (t)) — p2AbS’ (t))efp(prl)dt

+ [ B0+ B () = Bare (1) = P ()2

[ @0+ o ar (1) = Ao (1) = P ()6
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1 1
+ ;[/ (Arr(t,0) — p(Ars(t,0) + Ars (0,1) — p*Asis(t,0))e?tDdt
0

1
+ / (Arr(0,8) — p(ARis(0,t) + Agsi (,0)) + p*Agrs(1,1))e PVt
0
1
+ / (AR’R(L t) + p(AR’S(la t) + ARS'(tv 1)) + pQAS’S(t7 1))6p(t_2)dt
0
1
+ / (Arp(t, 1)+ p(Ars(t, 1) + Ars (1,t) + p*Agrs(1,t))e Pldt
0

1 1

+ / / (Br(€) + p(Drrs(t,€) + A (6,))
0 0

— p*Agi ())e”E IV dedt).

Suppose first that Apg # 0. From (3.7)) we can write the characteristic determinant
in the form

AN) = p* Apae’ (=1 + F(p))
for a certain function F'(p), It is not difficult to see that a constant ¢ can be chosen

in order that |F(p)| < 1 for [p| > rg. Thus, for p € rg —l—zg, we have

1
AN = [p*|Apale® @ (1 = |F(p)]) = §|pl2\Abd\6Re(”)~
Finally, from ([3.6)) we obtain

2 1
H(p) < —— {|Abd| + —(JAap| + [Aad| + [Ape| + [Acal + [|Abs]| + |Aasl)
|Apal 70

1
+ 5 ([Bacl + [ Aas ]| + [Avrll + [|Adr] + [Acsll + | As])
0

: JAl
o (18arl + 1 Acr] + 21 Ags]) + 1221 =
7"0 ’I“O

which proves that H(p) is bounded by a constant Hy in the sector ro + E% The
other cases can be treated in a similar way [5l [6l [I3], [I5], and we do not include
them here for lack of space. After doing the complete analysis of cases, we obtain
that H(p) is bounded by a constant Hy > 0 in a sector of the form ro + Z%, only
in the following five cases
(1) Apg #0
(2) Apg=0and Ayg — Ape — Aps(1) + Ags(0) #
(3) Aup = Aua = Ape = Apa = Acg = 0, Aps =0,
Acs(0) — Apr(1) — Agr(0) + Ag(1,0) #0
(4) Aap = Aue = Aud = Ape = Dpg = Aca = 0, App = 0,A4r = 0,An5 =
0,A,s =0,As =0, Ags =0, As =0 and AGR(l) 7ACR(O) +AR5(O, 1) +
Agrs(1,0) #0 o
(5) a; :bi = C; :di :O,SZ‘ Eo,iz 1,2 and AR(O,l) 750

0
Ags =0 and Aac-i-Aas(l)—i-

Definition 3.1. Suppose that R;,S; € C1([0,1],C), i = 1,2. The boundary con-
ditions in ([1.1)) are called regular if they verify one of the conditions above.

The above arguments prove the following theorem.
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Theorem 3.2. If the boundary value conditions in (1.1) are regular, then ) s C
p(Ly) for sufficiently large || and there exists ¢ > 0 such that

C
IR(A, Lyl < A = +oc.

AR
Remark 3.3. From theorem [3.2) results that the operator L, for p # oo, generates

an analytic semi group with singularities [30] of type A( ;%}, ?;f:ll ).

Remark 3.4. For p = 1, the decrease of the resolvent is maximal and the operator
L, generates an analytic semi group [I5].

3.3. Estimation of the characteristic determinant, non regular case. As
in the regular case Formula is not useful for the estimation of the charac-
teristic determinant, it will be then necessary to make some additional hypotheses
on the functions R; and S;, and so we assume that the functions R; and S; are in
C?([0,1],C), i = 1,2. Integrating twice by parts in , we obtain

AN =e?| — p*Apa + p(Aga — Ape + Aas(0) — Aps (1)) + Age
+ Ags(1) + Acs(0) — Apr(1) — Agr(0) + As(1,0) + Apsr (1)
B (0) 5 (Bar(1) = Acr(0) + Ao (1) = g (1) + A (0)
— Agr(0) 4+ Agrs(0,1) + Ars(1,0) + Ags(1,0) + Ags/(0,1))
1

+ ?(AR(O, 1) — ARy (O, 1) + ARS’(LO) — AR’S(LO) + ARls(O, 1)

~ Banr(1) = A (0) + 5 (Arn(1.0) + App(0.1) + (0. (33)
where
B(p) = 2672 [p(an + Bea + Bus(0) = Aas(1)) + - (Ben(])
— Aur(0) + Agr(1) = Acs/ (1) + Ausr(0) — Apr(0) — Ars(0,0)
- Ans(L1)+ Ags(1,1) + Aes(0,0) + =5 (Arr (1, 1) + Arr(0,0)

+ e [p* Apa + p(Aaa — Dpe + Ags(0) — Apg(1)) — Age — Ags(1)
- Acs(O) + AbR(l) -+ AdR(O) — As(l, 0) - AbS/(l) — Ads/(O)

" %(AaRu) — Acr(0) + Ao (1) = Ausr(1) + Agsr (0) — Agrr(0)
+ Ags(0,1) + Ars(1,0) + Ags/(1,0) + Ags:(0,1))

1
+ ?(AR(C” 1) = Aprs(0,1) + Ars(1,0) — Ars(1,0) + Arrs(0,1)

~ Aur () — Mg (0)) + %(AR/R@ 0) + Arr(0,1)]

1 1
i ?[/ (Aarr (1) + p(Dasr (t) = Aprrr(t) — p* Apsr(t))e? Dt
0

1
+ / (Acrr () + p(Acsr (t) = Aarr (1) — p* Dagn (t))er =) dt
0
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1
- / (Aarr (t) + p(Dprr (t) — Dagr (b)) — p2Apsn (t))e PtV at
0
1
- / (Acrr (1) + p(Dar (1) = Acs (1)) = p* Aasr (t))e ™" dt
0
1 1
+ {(/ (RY(t) — pSh(t))e Ptdt) x (/ (RY(t) + psi(t))ep(t—l)dt)
0 0

— ([ (B0 = psienean) < ([ (y(e)+ psylenean)]

1 1
+ 3 [ - / (Arrr(1,t) + p(Ars (1,t) + Agrs(t, 1))
0

+ pzAsus(t, 1))€p(t_2)dt

1
+ / (ARR”(O7 t) + p(AS”R(tv 0) + ASR”(Ov t)) + pZAS”S(t7 O))eip(ﬂkl)dt
0
1
+ / (AR”R(ta 1) + p(AR”S(Lt) + ARS//(l,t)) + pzAss/l(l,t))e_ptdt
0

1
B / (Arrr(t,0) + p(Arrs(t,0) + Arsi(0,1)) + pzAssH(O, t))ep(tfl)dt .
0

After a straightforward calculation, we obtain the following inequality valid for
pPE. 5, with |p| sufficiently large,

[2(p)l
< 2¢ ftel?) [IpI(IAabI +|Acal + [[Avsl + [[Aas )
1

+ H(IIAcRH F 1 Aarll + 1Aar | + [[Acse || + [[Aas | + [[Apr]

1
+2[Asrl + 2||AS/SH)W(”ARR/” + 1Arr )

+ e RO Apal + [pl(| Aaal + [Ave] + | Aasl| + | Ass )
+ [Aae| + | Abg|l + [ Aas|| + [[Agrll + [[Acs|| + [|Adgs || 4 | Aps ||
1

+As] + m(IIAaRH Ak + [1Aer | + [[Aas | + [[Acs |

1
+ | Aare || + 2||Ars || + 2||Asis]) + 5

|p|2 (”AaR’” + HACR’”

2
+ [[ARll + 2[[Ars || + 2[|Arrs || + WHAR’RH

1 — he
[(1Alare] + 1ol (1 Aas | + 1 2urr ) + 1o Apse ) x (1 — ™ )

"I ReG)
(1Acrr [l + ol Acs | + [|Adr 1) + 1?1 Qs ||) x (e B — em2Rele)y
(lAar |+ o1l Aasr [+ [ Aprrll) + [pl?[| Apse]]) x (e Rel@) — e=2Rele))
(el + 111 Acso | + 1 Aarer ) + L6l Aas ) x (1 — = Fele))

1 _
sIAR I+ 2lpll[Ars || + [P As[l) x (1 — e~ FeP)? +

+
+
+
T PE®e()

2
Ip|® Re(p)
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< (1Arrll + ol (18R | + | Ars[]) + o[ Assr]l) x (e7FeW) — em2Rel))

2
+ AR”R + p AR”S + ARS” + p2 ASS// X 1—6_Re(p) .
ey 1wl + 111 8RS + [ Ars: ) + 16 Ass ) x ( )
Then
4

[®(p)| < = (1108w + Acal + 1845 + | Aas])

PP (cos(5 + )2

1
+ 1Al + Aol + [ Aar |+ [Acs |+ Aas | + 1 A0 |
1
+2Asnl +2Ass)) s (1arw | + [ Arm )

1
+
20 (cos(5 + 3))°
+1Bael + 1 86m] + [Basl + 1 Aar + [ Acs] + [ Aas| + s |

(161?124l + 1pI(| Aaal + [Ape| + [ Aas]| + [[Avs])

1
+ [[As]l + m(HAaRH + 1Ar|l + [[Apre || + |Aas | + [[Acs ||
1
+ [[Aarr|| + 2[|Ars || + 2[|Asrs]) + W(HAaR'H +[[Acr ||
2
+ |Ag| + 2||Ars || + 2| Ars| + W”AR/R“]

2
+ -
|pf? cos(§ + 5)
+ (1Acr | + ol (1Acs Il + [ Aar[l) + |P|2||Ad5“||)]
. 1
[pl*(cos(§ + 3))?

4
W(”AR”RH + ol AR s || + [1ARs ) + 101 | Ass|))-
4 2
(3.9)

Where we have used that Re(p) > [p|cos(Z +2), 1 —e™ RelP) < 11— e72Rel0) < 1,

p[2e™BelP) < 2(cos(Z + 3))72 and 2[p|?e 2Re(P) < (cos(Z + 3))72. There are

several cases to analyze depending on the functions R; and S;, i =1, 2.

[(1Aar [+ [pl(1Aasm | + 1 Aor ) + loI* [ Abs 1)

(ARl + 2lpl| AR s [l + o[ As]l)

Case 1. Suppose that Apg =0, Agg — Ape + Ags(0) — Aps(1) =0,
max(|Aqp|, |Aadl, [Avel, [Acdl, [[Avs |, [|Aas|l) # 0
and k1 = AQC—FAGS(1)+Acs(0)—AbR(l)—AdR(O)-i-As(l,O)—"-Absl(l)—‘rAdS/ (0) 75 0
From (3.3)), we have for |p| sufficiently large
A > RO |A e + Aus(1) + Acs(0) = Apr(1) = Aar(0) + As(1,0)

- ﬁ|AaR(1) — ACR<0) + AbR/(l) — Aasl(l)

+ Acgr (O) — Agr (0) + ARS(O, 1) + ARs(l, 0) —+ ASS/(I, 0) + Aggr (0, 1)|
1
|p[?

+ Apsr (1) + Ays (0)]

|AR(O7 1) — ARS/(O7 1) + ARS’(LO) — AR’S’(LO) + AR’S’(O7 1)
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1
= Bare (1) = Ber(O) = Dl Aw(1,0) + A (0, )] - 2(p)]
From (3.9) we deduce for p € ng lp] > ro > 0.

c(ro)
|®(p)| < oL

Then, we have
IAN)] > eRP|Age + Aus(1) + Aus(0) — Apr(1) — Agr(0) + Ag(1,0)

S

+ Apsr (1) + Agsr (0)| — [Aur(1) — Acr(0) + Apr/ (1) — Apsi (1)

Ipl
+ Ao (0) — Agr (0) + ARS(O, 1) + ARs(l, 0) + Assl(l, 0) + Aggr (07 1)|
1
- W'AR(Q 1) = Ars(0,1) + Ars(1,0) — Aris(1,0) + Ars(0,1)
1 c(r
- (1) = A (0~ 5lAmn(1,0) + Arr(0. )] - S,

we can now choose rg > 0, such that

%\Aam) — Aer(0) + Ay (1) — Mg (1) + Asr(0) — Agrr(0)

1
+ Ars(0,1) + Ags(1,0) + Ags (1,0) + Ags/(0,1)| + T'AR(O’ 1)
02
— Aps/(0,1) + Ars/(1,0) — Aris(1,0) + Aris(0,1) — Agre (1) — Acr(0)]

c(ro)

ol

1
+ 73|AR/R(1,0) + Arr(0,1)] +
0

< 318w+ Bus(1) + Aes(0)
— Apr(1) — Agr(0) + As(1,0) + Apsr (1) + Agsr (0)],
then, for p € Z%, lp| > ro > 0, we get
eRe(p)
[Alp)| 2 —5
From , we deduce the following bound, valid for every |argp| < § + %, p#0,

Hp) . 1 cH(p)
L =l el

K.

C
|R(X, Ly)|l <
ol

where
H(p) et
ol 1A(?)]lp]
+ [ Aasll) + ([Aacl + [[Aas]l + | Asrll + [[Aarll + [|Acs|]
1 HARH]

+1As) + m(HAaR” + [ Acrll + 2| Ars]) + FE

[ol(JAs] + [Agal + [Ave| + [Acal + [[Aps]|

eRe(p)

= 1A
1
+ m(|Aac| + | Aas|l + | Avr]l + |Aar|l + || Acs]] + | As]])

|Aap| + [Aaal + [Abe| + [Acal + [[Aps || + [[Aas]|)
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AR
||2<||AGR||+||ACRH+2||ARSH> ”pg'J
2
< m[(maﬂ + | Agd| + | Ave| + [Acd] + [|Abs|| + [[Aasll)
1
(0l Das] + 180l + [ Al + | Acs] + 1As1)
1 ™

| |2(||AaR||+||ACRH+2||ARSH) ‘p‘g ]7

as |A\| — 400, where

cH
) < 0l ] 18]+ 18] + [ s+ sl =
then
€1
1RO L) < =
A

Case 2. If Ayp = Apa = Dpe = Apg = Ay =0, Aps =0, Ays =0, Aac+AaS(1)+
Acs(0) = Apr(1) — Agr(0) + As(1,0) =0,

max(|Aacl, [[Aas |l [[Acsl; Azl [Adrll, |As]]) 7 0

and ko = Ayr(1l) — Acr(0) + Aprr (1) — Ausr (1) + Arsr (0) — Ayr (0) + Ars(0,1) +
Aps(1,0) + Agg/(1,0) + Agsr(0,1) # 0, we have the following bound, valid for
A€ >, and |A] big enough,

cH(p) _ 1 cH(p)

R\, Ly)|| < X ,
| < lp|tte = ol

where

H(p)  efe
ol IplIA(p?)]

+Asl) +

[(1Aac| + [Aas]l + [|Aer]l + [Adrll + |Acs |

1 A
L1l + 18en] + 2| sl + ”| |’§”}

T l(Aac] + 1Aas| + [ Asrll + [|Adrll + [[Acs |l + [[As])

A
L (18ar] + Aok + 2| Ars]) + ”MEHL

+ J—
o]
as |p| — 400, we have

cH(p )
Ipl \kzl

S (1Al + 1Aas] + 1Asa]l + [Aar]l + 1 Aes ]| + [As]) = c3

then
C2

-~
A2

[R(A, Lp)[| <
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Case 3. If Aab = Aac = Aad = Abc = Adb = Acd = O, AbR = O,AdR = 0,
Aus =0, 8p5 =0, Acs =0, Ags =0, Agr(1)=Acr(0)+ARrs(0,1)+ARrs(1,0) = 0,
max(| Aarll, | Aerl, | Ars|) # 0 and ks = Ag(0,1) — Agg/(0,1) + Apgr(1,0) —
ARls(l, 0) + ARls(O, 1) — AdR/(l) — ACR/(O) 7é 0. Similarly, we get

cH(p) . 1 cH(p)

R\ L) < ) - y |
|| p H |p|l+; |p|1/p |p|
where
H 14 eRe(P) 1 A,
I/()I) ~ oA (?) {m(HAaRH + | Acrll + 2| Ars]) + |||p|2||}
oRe(p) o
= —oiara | (1Barll + Akl + 2 Arsll) +
oA LAl + 1Al +28nsl) +
2 A
< ? [(||AaR|| + ||ACR|| + QHARS”) + ujl’
o )

as |p| — 400, we have

cH(p) _ 2¢
ol 7 [ks]

(1Aarll + [Acrll + 2| ARs|) = ¢s

then, we have
C3

-
A2

1R(A Lp) || <

Case 4. If a; =b; =¢; =d; =0, S; = 0 where i = 1,2, Ag(0,1) =0, ||Ag|| # 0
and ks = Apg(1,0) + A g(0,1) # 0, again in this case, we have

cH(p) . 1 cH(p)

|R(X, Ly)|| < - < ,
PR T el
where
H(p) _ eRe(p) « ”AR” _ eRe(p) % ||ARH < EHAR”
ol [pllA)]  [pl? plPlA)] el T ka ’
as |p| — 400, we have
cH(p) = 2c
< ARl =ca
ol = TR
then
Ca
RN, Lp) || € ——-
AF

Definition 3.5. The boundary conditions in (1.1) are called non regular if the
functions R;, S; € C?([0,1],C), i = 1,2 and if and only if one of the following
conditions holds.

(1) Apg =0, Agg — Ape + Ags(0) — Apg(1) =0,
max(|Aapl, [Dadls [Avels [Acal, [[Avsll; [|Aas]]) # 0

and Aac + Aas(l) =+ Acs(O) — AbR(l) — AdR(O) + As(l,O) + Abs/(l) +
Ads/(O) #0
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(2) Aup = Dad = Dpe = Dpg = Acg = 0, Aps = 0,A45 =0, Age +A05(1) +
Acs(0) — Apr(1) — Agr(0) + As(1,0) =0,

max(|Aacl, [[Aas |, [[Acsl; Azl [Adrll, |As]]) 7 0

and Ayr(1) —Acr(0)+Apr (1) —Ausi (1) +Ars (0) — Agr (0)+ Agrs(0,1)+
Aprs(1,0) + Ass(1,0) + Agsr(0,1) #0

(3) Ay = Aae = Dag = Dpe = Agpy = Acg =0, Apr =0, Agr =0, Ays =0,
Aps=0,A5 =0, Ays =0, AaR(l)—ACR(O)—‘rARs(O, 1)+AR5(1,0) =0,
max([|Aqrl, [Ackll; |Ars|]) # 0 and Ag(0,1) — Ags(0,1) + Ags:(1,0) —
AR/S(170)+AR/S(071)7AdR'( ) cR/( )7&0

(4) Ifa; =b; =c¢; =d; =0, S; =0 where i = 1,2, Agr(0,1) =0, ||Ag| #0
and AR/R(I,O) + AR/R(O, ].) 75 0.

The above arguments prove the following theorem.

Theorem 3.6. If the boundary value conditions in (1.1 are non regular, then
Y5 C p(Lyp) for sufficiently large |\| and there exists ¢ > 0 such that

c
IR, Lp)[| < —
e
Remark 3.7. From theorem it follows that the operator L,, for p # oo, gen-
erates an analytic semi group with singularities [30] of type A(2p — 1,4p — 1).

Remark 3.8. As particular cases, we obtain the results of [5] [6].

Remark 3.9. Contrarily to the regular case, we have a loss of % in the resolvent
estimate.

Remark 3.10. It is not difficult to see that the above definitions of regularity
and non regularity of boundary conditions do not depend on possible elementary
simplifications on the boundary conditions or integrations by parts.

3.4. Applications. In the following, we apply the results obtained to study of a
class of a mixed problem for a parabolic equation with weighted integral boundary
condition combined with anther two point boundary condition of the form
ou(t, ) O%u(t, x)
_ = f(t
v f(t @)
Ly (u) = aqu(0,t) + byu'(0,t) + cru(1,t) + dyu'(1,t)

1
)d S ( d¢ =0,
v [ m@ugac+ [ sientn. o=
La(u) := aou(0,t) + bau' (0, ) + cou(1,t) + dou/(1,t)

/R2 t§@+/52 '(t,€)de = 0,
(O,Z‘) - UO( )7

where (t,£) € [0,7T] x [0,1]. Boundary-value problems for parabolic equations with
integral boundary conditions are studied by [Il B} [7, 18, 19} 21} B0] using various
methods. For instance, the potential method in [3] and [2I], Fourier method in
[1, 18], 19, 20] and the energy inequalities method has been used in [7], [8, 40]. In
our case, we apply the method of operator differential equation. The study of the
problem is then reduced to a Cauchy problem for a parabolic abstract differential

(3.10)
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equation, where the operator coefficients has been previously studied. For this
purpose, let E, E; and F5 be Banach spaces. Introduce two Banach spaces

Cu((0,T],E) = {f € C((0, T, B) : |l f] = o [ f @Il < +oo}, 120,

C(O,T],B) = {f € CLOTLE) < If| = sup_[|t* (D)
t€(0,T)
+sup|f(E+R) = IR < foo}, p>0, v € (0,1]
0<t<t+h<T
and a linear space
C'((0,T],E1, Es) = {f € C((0,T], E1) N C*((0,T), E2)}, FEy C Es,

where C((0,7T],E) and C'((0,T],E) are spaces of continuous and continuously
differentiable, respectively, vector-functions from (0,7] into E. We denote, for a
linear operator A in a Banach space E, by

E(A) = {u € D(A) : ||ull ga) = (| Aul? + [ul|?)?},
CH(0,T], BE(A), E) = {f € C((0,T], E(A)) : f' € C((0,T], E)}.

Let us derive a theorem which was proved by various methods in [30] and [37].
Consider, in a Banach space F, the Cauchy problem

u'(t) = Au , 0,7],
Q= 0, tp o

where A is, generally speaking, unbounded linear operator in F,ug is a given ele-
ment of E, f(t) is a given vector-function and w(t) is an unknown vector-function
in E.

Theorem 3.11. Let the following conditions be satisfied:

(1) A is a closed linear operator in a Banach space E and for some [ €
(0,1],a >0

IR\, A)|| < CIAA, |arg )| < g +a, |\ = +oo;

(2> f € Cl((OaT]aE> fO?“ some 7y € (1 - ﬁv 1]?# € [Ovﬁ)7
(3) Ug € D(A)
Then the Cauchy problem (3.11) has a unique solution
ue C((0,1], E) N CH((0,T], E(A), B),
and for the solution wu,
lu®)[l < C(|[Auol| + luoll + I fll ey 0,11,1)) t € (0, T,
[ @)1 + [[Au(@)]| < CE = (| Auoll + uoll) +°~#~ | fllca (0.0.:))-t € (0,T).
As a result of this we get the following theorem.

Theorem 3.12. Let the following conditions be satisfied:
(1) a#0, [argal < /2,
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(2) The functions R(t),S(t) € C?([0,1],C), i = 1,2, and one of the follow-
ing conditions is satisfied Apg = 0, Agg — Ape + Ags(0) — Aps(1) =
0, max(|Aap|; |Aadls [Apel, [Acdl, |Avs |, [[Aas]) # 0 and Aqe + Aqs(1) +
Acs(O) — AbR(l) — AdR(O) + As(l,O) + AbS’(l) + AdS’(O) 75 0 or Agp =
Apa = Dpe = Bpg = Aca = 0, Aps =0, Ags =0, Age+Aus(1) +Acs(0) —
Apr(1) — Agr(0) + As(1,0) =0,
max(|Aacl, [[Aas|; [[Acs |, [Avrll, [[Aarll; [As]) # 0
and AaR(l)_ACR(O)+AbR’(1)_Au,S’(l)"'_AcS’(O)_AdR’(O)+ARS(07 1)—|—
Agrs(1,0) + Asg(1,0) + Agsr(0,1) # 0 or Agy = Age = Dga = Dpe =
Agp=08cg=0,0r=0,A;=0,A,5=0,Ap5=0, Ars=0, Ags =0,
AQR(l) — ACR(O) + ARs(O, 1) + ARs(l, 0) =0,
max(||Aqrll; |Acrll, [|Ars]l) # 0
and Ar(0,1)—Aps(0,1)+Agrs/(1,0) = Aprs(1,0)+Ars(0,1) = Agr (1) —
Acr(0) £ 0 or If: a;=b;, =¢; =d; =0,5; =0 where i = 1,2, Ar(0,1) =
0, ||ARH 7é 0 and ARIR(LO) + AR/R(O, 1) 75 0
(3) feCy((0,T],L%0,1)) for some 7y € (1- i, 1] and some p € [0, i),
(4) uo € W29((0,1), Liu = 0,i = I, 2).
Then problem has a unique solution
u € C((0,T],L%0,1)) N C*((0,T), W*%(0,1), L9(0, 1))
and for this solution we have the estimates:
[u(t, Mzago,1) < e(lluollw2.a00,1) + 1 flle,(0,,L2(0,1)))5 t € (0,77, (3.12)
[ (¢, lago,1) + 1w/t )l zago,)
1 g
< e(t2 Huollwa.ago,1) + 2 * I flleg 0.4, L9(0,1)) € (0, T
Proof. In the space L?(0,1), 1 < g < 400, we consider the operator A defined by
A(u) = au(x), D(A) = {uecW?>»%0,1), Li(u) =0,i = 1,2}.
Then problem (3.10) can be written as
u'(t) = Au(t) + f(1),
u(0) = wo,
where u(t) = u(t,.), f(t) = f(¢t,.), and ug = ug(.) are functions with values in the

Banach space L%(0,1). From Theorem E we conclude that |[R(), A)|| < c|)\|7ﬁ,

for [arg \| < § + a, as [A| — +o00. Then , from Theorem the problem ((3.10))
has a unique solution

u € C((0,T],L%0,1)) N C*((0,T), W>4(0,1), L1(0, 1))

and we have the following estimates

(3.13)

[ut, )l Lao,1) < elllAuollLao,1) + wollLaor) + [1fllc.o.0.290.1))) s (3.14)
[’ (t, M zago,1y + [[Au(t, )l a1
< C(tﬁ71(||AU0||Lq(o,1) + lluollLaco,1)) + tiﬂhl||f||cl((o,t],Lq(o,1)))7
where t € [0, 77, from we get
llu(t, Mzao,1y < cllugllago,ny + lluollao,ny + [1flle.0.0,0900,1)))

(3.15)
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< c([luollw=ac0,1) + Ifllc,.0.6,L9(0,1))), €10, T].

And from ([3.15) we get

[’ (£, Il paco,y + " (¢ )llpaco,n)
1 1
< C(tzq Ylluollze(o,1y + lugllLaqo,n)) + £23 1||f||C;’((O,t],Lq(O,1)))

1 _ 1,
Sc(tmz Yuollwz.ao,y + 20 * 1||fHCl((0,t],Lq(0,1)))’ t<[0,T].
0
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