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A CLASS OF NONLINEAR DIFFERENTIAL EQUATIONS ON
THE SPACE OF SYMMETRIC MATRICES

VASILE DRAGAN, GERHARD FREILING, ANDREAS HOCHHAUS, TOADER MOROZAN

ABSTRACT. In the first part of this paper we analyze the properties of the evo-
lution operators of linear differential equations generating a positive evolution
and provide a set of conditions which characterize the exponential stability of
the zero solution, which extend the classical theory of Lyapunov.

In the main part of this work we prove a monotonicity and a comparison
theorem for the solutions of a class of time-varying rational matrix differen-
tial equations arising from stochastic control and derive existence and (in the
periodic case) convergence results for the solutions. The results obtained are
similar to those known for matrix Riccati differential equations. Moreover we
provide necessary and sufficient conditions which guarantee the existence of
some special solutions for the considered nonlinear differential equations as:
maximal solution, stabilizing solution, minimal positive semi-definite solution.
In particular it turns out that under the assumption that the underlying sys-
tem satisfies adequate generalized stabilizability, detectability and definiteness
conditions there exists a unique stabilizing solution.

1. INTRODUCTION

The extension of deterministic linear-quadratic control to the stochastic case has
been a notable and active research area and has many applications. Let us consider
a linear-quadratic stochastic optimal control problems of the form

dz(t) = [A(t)x(t) + B(t)u(t)] dt + [C(t)x(t) + D(t)u(t)] dw(t),
l‘(to) =Xy,

J(u) = E{x(tf)TQfx(tf) +/tf (igg)T (%(é)) ég) (igg) dt} (1.2)

to

(1.1)

where the state z(¢) and the control u(t) are stochastic processes, and where w(t) is
a standard Wiener process (Brownian motion) on some probability space (2, F, P).
Moreover, assume here that u(t) is non-anticipating with respect to w(t), zg is
independent of w(t) and that A, B, C, D, M, L and R are sufficiently smooth
functions defined on a right unbounded interval Z C R with values in R™*"™, R™*™
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Rmxn Rmxm o Rnxn REXT and R™*™ | respectively. For the basic definitions from
stochastic control theory see [28] and — in the infinite dimensional case [§].

It can be shown (see [28]) that the optimal control for , is determined
by the solution of the following terminal value problem for a generalized Riccati
matrix differential equation:

d

X O+ ATOX (@) + X(OA() + M(t) + CT(HXHC@)

—{X®)B(@)+CT()X(t)D OHRE) +DT®X®)DE)Y " (13)
x {X()B(t) +CT(1)X (t)D(t)+L(t)} =0, X(ty)=Qy.

The main goal of this paper is to show that several of the nice properties of standard
symmetric matrix Riccati differential equations (which have been summarized in
Chapter 4 of [1]) remain valid for the solutions of rational matrix equations of the
form

X(t)+ AT ()X (1) + X (1) A(t) + M(t) + L (£)[X (1))
— {X()B(t) + o (O)[X (8)] + L) H{RE) + L0 X ()]} (14)
< {X(®)B(t) + H12(t)[X(t)] +LH} =0

and also of a slightly more general form. Here and below we assume that

_( IL@®X]  Ihp(t)[X] .
(1) [X] := <(H12(t)[x})T Hz(t)[X]>, X esn,

is a bounded and continuous operator valued function, which is in addition positive,
i.e. X > 0 implies II(¢)[X] > 0.

Note that contains, as particular cases, and also many other matrix
Riccati differential equations arising in connection with various types of control
problems associated to linear control systems both in deterministic and stochastic
framework. In particular in I1(t) takes the form

T()[X] = (C(t) D))" X (C(t) D).

Equations of the form 7 the corresponding algebraic equations (in the time-
invariant case) and certain special cases have been studied recently (see [5], [9], [16],
[1I7], [21], [28]) and can on account of their properties be considered as generalized
Riccati-type equations.

In the case where R is invertible, II; is linear and positive, IIs = 0 and II;2 =0
(1.4) coincides with

d T
X&)+ AT(OX(0) + X () A) + M(t) + T (O[X (1)) (L5)

—{X()B(t) + L(t) )R~ ) {X(6)B(t) + L(t)} =0.

The latter class of perturbed Riccati differential equations appears among others in
control problems with stochastically jumping parameters (see [14] and [1], Section
6.9); the corresponding algebraic equations and inequalities play also an important
role in the application of the Lyapunov-Krasovskii method to linear time-delay
systems.

dt
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First steps concerning the theory of the rational matrix differential equation
have been performed by Hinrichsen and Pritchard [2I], Ait Rami et al. [3] [4]
and Chen et al. [5l [6] [7], who obtained under additional assumptions sufficient
conditions for the existence of the solutions of on a given interval for certain
initial values. The algebraic equation has been studied in detail by Damm
and Hinrichsen [9] (see also [10]).

Dragan and Morozan (see [12] and the papers cited therein) considered in the
case of time-varying coefficients coupled systems of differential equations which can
be transformed to the form ; they investigate properties of stabilizing and
bounded solutions of these differential equations and provide a theorem on the
existence of the maximal solution - the case of periodic coefficients is studied as
well. Moreover [I1] contains a rigorous analysis of linearly perturbed matrix Riccati
differential equations of the form . For a discussion of the infinite-dimensional
version of (1.5) see [g].

The work by Freiling and Hochhaus (see [I5], [I6], [I7] or, alternatively, Chap-
ters 6.7 and 6.8 of [I]) contains, in particular in the time-invariant case, a unified
treatment of the class of equations and of the discrete-time version of these
equations.

The main goal of the authors of this paper is to investigate several important
problems concerning the solutions of time-varying nonlinear differential equations of
the form by combining the methods developed in their above-mentioned work
(see also [14], [18] and [19]). Although the differential equations cannot - in
contrast to standard Riccati differential equations - be transformed by a nonlinear
transformation to a linear system of differential equations, it turns out that it
is possible to show that their solutions behave in various aspects similar to the
solutions of matrix Riccati equations.

In the first part of the paper we shall investigate the properties of the linear
evolution operators associated to a class of linear differential equations on the space
of symmetric matrices, namely, linear differential equations generating a positive
evolution. For such a class of differential equations we provide a set of conditions
which characterizes the exponential stability of the zero solution. The stability
results presented in Section 2, which are of independent interest, can be considered
as extensions of the classical stability results of Lyapunov and their generalizations
by Schneider [25] and serve as a basis for the proof of the existence results presented
in the second part of this work.

Sections 3-6 contain the main results concerning differential equations of the
form . We provide necessary and sufficient conditions which guarantee the ex-
istence of some special solutions for the considered nonlinear differential equations
as: maximal solution, stabilizing solution, minimal positive semi-definite solution.
In particular it turns out that under the assumption that the system underlying
satisfies adequate generalized stabilizability, detectability an definiteness con-
ditions there exists a unique stabilizing solution X of ; moreover, in the case
of periodic coefficients,

lim [X(t) — X,(t)] =0
t——oo
for any solution X of with X (t) > 0.

In Section 7 we indicate that the results derived explicitly in this paper remain

valid for more general classes of nonlinear differential equations.
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2. LINEAR DIFFERENTIAL EQUATIONS GENERATING POSITIVE EVOLUTIONS

2.1. Preliminaries. Let R™*™ be the linear space of real m x n matrices. On
R™*"™ we consider the usual inner product

(A,B) := Tr B A = trace BT A (2.1)

for all A and B € R™*"; throughout the paper the superscript T' stands for the
transpose of a matrix or a vector.

The norm induced by the inner product is
1Al = (A4, 4)'72, (2.2)

which is known as the Frobenius norm of a matrix. Together with the inner product
(2.1) and the norm (2.2)) on R™*" we consider also the Euclidian norm (or spectral
radius) of the matrix A, that is

[All2 = \/m. (2.3)

Since R™*™ is a finite dimensional linear space it follows that the norms and
(2.3) are equivalent.

Let 8™ C R™ ™ be the linear subspace of symmetric n x n-matrices. It is obvious
that the inner product induces on 8™ the structure of a Hilbert space while
the norm induces on 8™ the structure of a Banach space.

Let S := {S € 8" | § > 0} be the convex cone of positive semi-definite matrices.
Then S7 induces an order on S™: X > Y if and only if X —Y € S}.

An operator T': S™ — 8™ is a positive operator if T'(S}) C SY*; in this case we
shall write T > 0.

The following properties of the positive linear operators will be used often in the

paper.
Lemma 2.1. IfT: 8™ — 8" is a linear operator then the following assertions hold:
(i) T > 0 if and only if T* > 0, T* being the adjoint operator of T with respect
to the inner product .
(i) If
| T]| == sup{||TX[2 : X € 8", ]| X[]2 <1} (2.4)
then T > 0 implies ||T|| = |T1,||2 where I, is the identity n X n-matriz.

2.2. Linear differential equations generating positive evolutions. We note
that the continuity assumptions made on the coefficients of the differential equations
appearing in this paper are not essential — most results remain valid for locally
integrable and bounded coefficients if we consider solutions of in the sense of
Caratheodory.

Let £:Z — B(S™) be a continuous operator valued function where Z C R is an
interval and B(S™) denotes the space of linear operators defined on S™ with values
in 8™. On 8™ we consider the linear differential equation

d
25 = LOSO)]- (2.5)

For each ty € 7 and H € 8™ we denote by S(-, to, H) the solution of with the
initial value S(to,to, H) = H. Based on known uniqueness arguments we obtain
that the function H — S(-,to, H) is linear. For each (¢,tg) the linear operator
T(t,tg): 8™ — 8™, T(t, to)[H] := S(t,to, H) is well-defined.
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T(-,-) will be termed the linear evolution operator on S" defined by the
linear differential equation ([2.5)).

The next proposition summarizes well known properties of linear evolution op-
erators:

Proposition 2.2. We have:

(i) T(t,s)T(s,7)=T(t,7) forallt,s, T €.

) T(t,t) = Isn (the identity operator on S8™).

)t T(t,s) satisfies LT(t,s) = L()T(t,s).

v) s T*(t,s) satisfies =T*(t,s) + L*(s)T*(t,s) = 0.
) If L(t) = L then

el k
_ L) N~ E=8)T
T(t,s)=e = E i LY,
k=0

where LF is the k-th iteration of the operator L.
(vi) If there exists 6 > 0 such that L(t + 6) = L(t) for all t € R, then T(t +
0,s+6)=T(t,s) forallt,s € R.

Let A: 7 — R"™ ™ be a continuous function. Set
LAt)[S]:= At)S + SAT(t) forall SeS". (2.6)

By direct computation we may check that the linear evolution operator defined by
the linear differential equation (2.5)) in the particular case of ([2.6]) is given by

Ta(t,to)[H] = D a(t, to) HOY(t, t0), (2.7)
where ® 4 (¢, 1) is the transition matrix of the linear differential equation
x(t) = A(t)x(t).
The corresponding adjoint operators £% (¢) and T (¢,t9) are given here by
L5(1)S = AT(t)S + SA(t)
and
Ti(t,to)[H] = P4 (¢, to) HP A(t, to)- (2.8)

Remark 2.3. jFrom (2.7) and (2.8) it is seen that both T4 (¢, ) and T (¢, ) are
positive operators.

Motivated by the above remark we define

Definition 2.4. The linear differential equation (2.5)) (or equivalently, the linear
operator valued function £) generates a positive evolution if

T(t, tg) >0 forall t,tg€Z, t>tp.

The next result shows that the property that generates a positive evolution is
preserved under some perturbations:

Proposition 2.5. Let L(t) := Lo(t) +111(t) be such that Lo(t) generates a positive
evolution and I11(t): 8™ — S™ is a positive linear operator. Assume additionally
that t — Lo(t) and t — TI1(t) are continuous operator valued functions. Under
these assumptions the operator valued function L generates a positive evolution.
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Proof. Let To(t,to) be the linear evolution operator defined on 8™ by the linear
differential equation

d
%S(t) = Lo(t)[S(1)].

By assumption it follows that To(t,t9) > 0 for all t > to, t,to € Z. Let S(t) =
S(t,to, H) be the solution of the initial value problem

%S(t) =L(t)[S(t)], S(to,to,H)=H, H>0.

We have to show that S(t) > 0 for ¢t > ty, t € Z. The solution S(t) admits the
representation

S(t) = To(t,to)H + / To(t, s)ILy ()[S(s)] ds.

to

Let {Sk(t)}x>0 be the sequence of Volterra approximations defined as
So(t) = To(t,to)H, t Z to,

S(t) = To(t,to)H+/ To(t, )y (5)[Se_1(s)]ds, £ >to, k> 1.

to
It is known that
S(t) = lim S(t), ¢ to. (2.9)
— 00

On the other hand we obtain inductively that S (t) > 0, hence, from (2.9) we get
S(t) > 0. Since T(t,to)H = S(t,to, H) it follows that T(¢,t9) > 0 and thus the
proof is complete. O

From Proposition and Remark 2.3 we obtain the following result.
Corollary 2.6. Let L4y, (t): 8" — S™ be defined by
Lam, (t)[S]:= A(t)S + SAT(t) + T, (t)[9], (2.10)

where A: T — R™ " TI;: T — B(S™) are continuous functions and I11(t) > 0 for
allt € T. Then L generates a positive evolution.

Remark 2.7. The adjoint operator of L4 11, (¢) defined by (2.10) is given by
(OS] = AT(6)S + SA(t) + 1I5(¢)[S] forall S e S™ (2.11)

The operators and contain as particular cases the Lyapunov-type
operators studied starting with pioneering works of Wonham [26] 27] in connec-
tion with the problem of exponential stability of the zero solution of a linear It6
differential equation (see also [24] Section 4.6]).

For A and II; not depending on ¢ the operators and were also
considered by Damm and Hinrichsen [J], Freiling and Hochhaus [I7] (see also [2],
), [14), [18], [19).

The next result can be proved following step by step the proof of [I1, Proposition
4.4).

Proposition 2.8. Let £ be an operator valued function which generates a positive
evolution on S™. If t — ||L(t)|| is bounded then there exist o, 3 > 0 such that

T(t,to)l, > Be 0 and  T*(t,to)l, > fe” -t ],
for allt > tg, t,tog € L.
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2.3. Exponential stability. In this subsection Z C R is a right unbounded inter-
val and £: T — B(S™) is a continuous operator valued function.

Definition 2.9. We say that £ generates an exponentially stable evolution
if there exist «, § > 0 such that

| T(t, to)|| < Be=Ft) for ¢ >tg, t,to € L.

Our goal is to provide some necessary and sufficient conditions for exponential
stability in the case when L generates a positive evolution.

Theorem 2.10. Let £: Ry — B(S™) be a bounded and continuous operator val-
ued function such that L generates a positive evolution. Then the following are
equivalent:

(i) L defines an exponentially stable evolution.

(ii) There exists some 6 > 0 such that

¢
IT(t, s)||ds <& forall t>ty, to € Ry
to

(iii) There exists some § > 0 being independent of t and to with

¢
/ T(t,s)l,ds < I, forall t>tg, to € Ry. (2.12)
to
Proof. (i) = (ii) obvious (from definition).

(ii) = (iii) follows from 0 < T'(¢, $)I,, < [|T(t, s)|/Ln.

It remains to prove (iii) = (i). Therefore let H: Ry — S™ be a bounded and
continuous function. This means that there exist 1,72 € R such that I, <
H(s) < 73l for s > 0. Since T'(t, s) is a positive operator we obtain

nT(t,s)L, <T(t,s)H(s) < yT(t,s)],,
hence
t t t
71/ T(t,s)I,ds S/ T(t,s)H(s)ds < 72/ T(t,s)I,ds.
0 0 0
Using Proposition and inequalities (2.12) we get

t
Al, < / T(t,s)H(s)ds <Aql, for t>0
0

with some constants 7;, 92 € R. So we have obtained that ¢t — fot T(t,s)H(s)ds is
bounded for arbitrary bounded and continuous functions H(s). Applying Perron’s
theorem (see [20]) we conclude that there exist a, 8 > 0 such that

| T(t,to)|| < Be~2Et0) forall ¢ >ty >0,
and the proof is complete. 0

Throughout the paper a function H: Z — S" is termed uniformly positive
and we write H(t) > 0 if there is a constant ¢ > 0 such that H(t) > ¢I,, > 0 for all
tel.

The next theorem is a time-varying version of results that have been summarized
e.g. in [9] and [I4] and generalizes classical results from Lyapunov theory which are
in the time-invariant case essentially due to Schneider [25].
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Theorem 2.11. Let L: T — B(S™) be a continuous operator valued function such
that L generates a positive evolution and t — ||L(t)|| is bounded. Then the following
are equivalent:

(i) L defines an exponentially stable evolution.
(ii) There exist o, /1 > 0 such that

1T (t, to)|| < Bre™ %) for all t>ty, t,to € T.
(i) There exists § > 0 being independent of t with

/ T*(s,t)I,ds < 6I, forall teT.
t

(iv) The differential equation

d
%K(t) + LK)+ 1, =0 (2.13)
has a bounded and uniformly positive solution K: 7T — S™.

(v) For every continuous and bounded function H: T — S™ with H(t) > 0 the

differential equation

d

@K(t) + L) [K (@) + H(t) =0 (2.14)
has a bounded and uniformly positive solution.

(vi) There is a continuous and bounded function H: T — S™, H(t) > 0, such
that the corresponding differential equation (2.14) has a bounded solution
K(t)>0,teZ.

(vii) There exists a bounded C'-function K:Z — S™ with bounded derivative
and K (t) > 0 which fulfills the linear differential inequality

LK)+ LKD) <0 (2.15)

Proof. First we prove (i) < (ii). Let |||T||] be the norm of the operator T induced

by (2.2) and ||T'|| be the norm defined by (2.4). Since the norms defined by (2.2)
)

and are equivalent it follows that there exist positive constants ¢, ¢ such that
al|T(t, to) || < T to)lll < c2lIT (¢, to) |
and
[T (@, to)ll < T (& o)l < 2l T (2, to)]-
Taking into account that |||T(¢,0)||| = |||T*(¢,to)||| one obtains that

C1 * C2
— [T, to)ll < [[T7(L, to)l| < — [IT'(£, to) |
C2 &1

which shows that (i) < (ii).

The implication (ii) = (iii) is obvious.

We prove now (i) = (iv). Let Ko(t) := [ T*(s,t)I, ds. From (iii) it follows
that Ky is well defined and bounded. Applying Proposition we deduce that
there exists d; > 0 such that Ky(t) > 611,. By direct computation, based on
Proposition we get that K is differentiable and it solves equation .

We prove now (iv) = (iii). Let K: Z — 8™ be a bounded and uniformly positive
solution of equation . For all t < 7, t,7 € Z we can write the representation
formula

K@t)y=T"(r,t)K(7) + /tT T*(s,t)I, ds.
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Since T™*(r,t) is a positive operator and K is a positive and bounded function, we
conclude that

0< / T*(s,t)I, ds < K(t) < 61,
t

for all t < 7, t,7 € Z, where § > 0 does not depend on ¢t and 7. Taking the limit
for 7 — oo we obtain that (iii) holds.

We prove now (iii) = (v). Let H: T — S™ be a continuous function with the
property 0 < 111, < H(s) < wl, for all s € T with v, v5 being positive constants.
Since T*(s,t) is a positive operator we obtain

nT*(s,t) L, <T*(s,t)H(s) < voT*(s,t)1,,
which leads to

2 /T T*(s,t) 1, ds < /T T*(s,t)H(s)ds < v /T T*(s,t)I, ds.
t t t
Taking the limit for 7 — oo and invoking (iii), we deduce that for ¢ in Z,
vy /OO T*(s,t)I, ds < /OO T (s,t)H(s)ds < v /OO T*(s,t)I,ds < vo01, .
t t t
We define K (t) := [5T*(s,t)H(s)ds. Applying Proposition [2.8 we get
ulgfn < K(S) <wydl, forall teT.
Using Proposition we obtain
K(t) =T*(1,t)K(1) + /T T (s,t)H(s) ds,
t

which shows that K is a solution of and thus (v) is fulfilled.

(v) = (vi) is obvious.

We prove now (vi) = (ii). Let K: Z — S™ be a bounded solution of equation
(2.14) such that K(t) >0,teZ. Foreacht <, t, 7€, we write

K(@t)=T*(r,t)K(r) + / T*(s,t)H(s) ds.
t
Since T*(7,t) > 0 and 0 < K(t) < pI,, for p > 0 not depending on ¢, we deduce
that .
0< / T*(s,t)H (s)ds < K(t) < pl,,
t

which leads to 0 < [ T*(s,t)H(s)ds < pl,, for t € . Based on Proposition
we deduce that there exists pg > 0 such that

pol, < / h T*(s,t)H(s)ds =: K(t) < pI,,. (2.16)

Let tp € Z be fixed and let us define G(t) := T*(¢,to) K (t) for all t > to. It follows
that G(t) = [~ T*(s,to)H(s)ds. We have directly

%G(t) = —T*(t,to)H(t) forall t>tg. (2.17)

On the other hand there exist positive constants v;, i = 1,2, such that

Vl-[n S H(t) S 1/2.[”,
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which leads to
nT*(t,to) I, < T (t,t0)H(t) < vaT*(t,t0) 1. (2.18)
From (2.17) and (2.18) we infer
d
aG(t) < —nT*(t,to)I, forall t>to.

On the other hand from (2.16)) we get
poT* (t,t0)In < G(t) < pT*(t,t0) I, (2.19)

v

which leads to %G(t) < —aG(t) where a = “+. By a standard argument we get
G(t) < e~(t=t)G(ty) for all t > ty. Using again (2.19) we deduce that

T*(t, to) I, < Le—alt=to)g,.
Po
Hence [|T*(t,t0) |2 < pﬁoe’o‘(t’to), therefore (ii) follows from Lemma , (ii).
(iv) = (vii) is obvious since any bounded and positive solution of (2.13) is also

a solution of ([2.15)).
(vii) = (vi). If K: T — 8™, K(t) > 0, is a bounded C'-function with bounded

derivative which solves (2.15), we define H(t) := — 4 K (t) — £*(t)[K (t)]. Therefore
K is a bounded and positive semi-definite solution of (2.14}) corresponding to this
particular choice of H and the proof ends. ([

Corollary 2.12. Let L := La, be defined as in (2.10) with II1(t) > 0. If L
defines an exponentially stable evolution then the zero state equilibrium of the linear
differential equation

is exponentially stable.

Proof. Using the equivalence (i) < (vii) of Theorem we deduce that there
exists a bounded C'-function X : Z — 8™ with bounded derivative and X (¢) > 0
which satisfies (2.15]). Then it follows that

d

X0+ AT(H)X(t) + X(t)A(t) < 0,
which guarantees the exponential stability of the zero solution of the linear differ-
ential equation defined by A(t) and the proof ends. O

The next result extends to the case of operators generating positive evolutions,
a well known result concerning the uniqueness of bounded solutions of Lyapunov
equations.

Theorem 2.13. Let L: T — B(S™) be a continuous and bounded operator valued
function which generates a positive and exponentially stable evolution. Then:

(a) For any bounded and continuous function H: T — S™ the differential equa-
tion (2.14) has a unique solution bounded on I. This solution has the
representation

K(t) = /tC>O T*(s,t)H(s)ds for teT, (2.20)

T(s,t) being the linear evolution operator defined by the linear differential

equation (2.5).
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(b) If H(s) > 0 then K(t) >0, and if H(s) >0 then~l~((t) > 0.
(¢) If L, H are periodic functions with period 0, then K is a 0-periodic function,
and if L(t) = L and H(t) = H, then K(t) = K is constant with

K=—(£")"'H] = /OOO e“ *Hds.

Proof. (a) Since L(t) defines a stable evolution [ T*(s,t)H(s)ds is convergent

for each t € Z. Hence K (t) = [5T*(s,t)H(s)ds is well defined. For each 7 > t,
T,t € T we write

R(t) =T*(r,)K(r) + /t " (s, 1) H(s) ds.

Based on Proposition we conclude that K is differentiable and it solves (2.14)).
Let now K be another bounded solution of (2.14]). We may write

K(t) =T*(r,t)K(r) + /tT T*(s,t)H(s) ds. (2.21)

Based on exponential stability and boundedness of K we deduce

lim T%(r,t)K (1) = 0.

Taking the limit for 7 — oo in (2.21) we get

K(t)= /too T(s,t)H(s)ds = K(t),

and thus the uniqueness of the bounded solution is proved.

(b) If H(s) > 0, then T*(s,t)H(s) > 0, which implies K (t) > 0. If H(s) > ul,,
then, applying Proposition we obtain that K’(t) > pl, for allt € 7.

(c) Let us suppose that there exists > 0 such that £(¢t+0) = L(t) and H(t+0) =
H(t) for all t € Z. We have

f{(t+9):/

t+6

oo

T*(s,t+ 0)H(s)ds = / T (c+0,t+0)H(oc +0)do
t

— /too T*(o,t)H (o) do = K(t),

hence K is a #-periodic function. Let now £(t) = £, H(t) = H, t € Z. In this case
the representation formula becomes

K(t) = / X O H ds = / e“*Hds = K(0) forall teTZ,
t 0
which shows that K is constant.

On the other hand the fact that £ is a linear operator defined on a finite dimen-
sional Hilbert space together with exponential stability implies that the eigenvalues
of the operators £ and L£* are located in the left half-plane. Hence L£* is invertible.
This shows that K := —(£*)"![H] is a constant solution of but from the
uniqueness of the bounded solution of it follows that K = K, thus the proof
is complete. ([
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Let H: Z — 8™ be a fixed continuous function. If £(¢): 8™ — S™ is a linear
operator and ¢ — L(t) is a continuous function then we associate with £ two linear
differential equations on S™:

%X(t) — LX) + HY) (2.22)
and
%Y(t) + LAY ()] + HE) = 0. (2.23)

Any solution of equation ([2.22)) has the representation

X(t) = T(t,t0) X (o) —&—/tT(t,s)H(s) ds for t>tg, t,tg el (2.24)

to

while any solution of equation (2.23) admits the representation
ty
Y(t)=T"(t1,0)Y (t1) +/ T*(s,t)H(s)ds for t<ty, tel. (2.25)
t

Remark 2.14. (a) The representation formulae and suggest to
term equation as the forward equation defined by £ and equation
as the backward equation defined by L.

(b) From it is seen that if H is bounded and £ generates an exponen-
tially stable evolution then all solutions of the forward equation are
bounded on any subinterval [tg, 00) C Z. Under the same assumptions the
backward equation has a unique solution which is bounded on all
subintervals [tg,00) C Z, namely the solution given by .

(c) From (2.24), it follows that if £ generates a positive evolution and
H(s) > 0 for s € T and if there exists 7 € Z such that X(7) >0, Y (r) >0
respectively, then X (t) > 0for allt > 7 and Y (¢t) > 0 for all t € (—o0,7]NZ,
respectively.

The next result shows that, in the case when Z = R, a version of Theorem [2.13
for the forward differential equation (2.22)) holds.

Proposition 2.15. Let £: R — B(S™) be a continuous and bounded function.
Assume that L generates an exponentially stable evolution. Then:

(a) For each bounded and continuous function H: R — 8™ the forward differ-
ential equation (2.22) has a unique bounded solution on R,
t

X(t) :/ T(t,s)H(s)ds.

(b) If L generates a positive evolution and H(t) > 0, then X(t) > 0 for all
t € R, and if H(t) > 0, then X(t) > 0.

(¢) If £ and H are O-periodic functions, then X is 0-periodic function too. If
L(t) =L and H(t) = H for all t € R, then X is constant, and it is given
by

X = —L7YH].

Proof. The proof is similar to the one of Theorem [2.13] and it is based on the
representation formula ([2.24)). O
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Associated with £: R — B(S™) we define £f: R — B(S™) by Li(t) := L*(—t).
If t — L(t) is continuous then ¢ +— L£¥(¢) is also continuous.

Let T*(t,ty) be the linear evolution operator on S™ defined by the differential
equation

d
25 = LEB)[S(2)-

Proposition 2.16. The following assertions hold:
(1) TH(t, to) = T*(—tg, —t) for all t,ty € R, T(-,-) being the linear evolution
operator defined by .
(ii) £ generates a positive evolution if and only if L* generates a positive evo-
lution.
(iii) £ generates an exponentially stable evolution if and only if L* generates an
exponentially stable evolution.
(iv) X: R — 8" is a solution of the forward equation if and only if
Y (t) = X(—t) defines a solution of the backward equation
d
dt
Proof. (i) follows directly from the uniqueness of the solution of a linear initial

value problem.
(ii) and (iii) follow from (i), while (iv) is obtained by direct calculation. O

Y (1) + [CFO)]* (Y (1) + H(~t) = 0.

Remark 2.17. If £(t) = £ for all t € R, then £* = £*. In this case Proposition
[2.16] recovers the well-known fact from stationary framework that the operator £
generates an exponentially stable evolution if and only if its adjoint operator L£*
generates an exponentially stable evolution. In the time-varying case the fact that
the operator £ generates an exponentially stable evolution does not guarantee that
L* generates an exponentially stable evolution.

Combining the results from Theorem [2.11] and Proposition [2.16| one obtains
necessary and sufficient conditions for exponential stability expressed in terms of
the forward differential equation (2.22f) in the case Z = R.

Theorem 2.18. Let £L: R — B(S™) be a continuous and bounded operator valued
function which generates a positive evolution. Then the following are equivalent:

(1) £ defines an exponentially stable evolution.
(ii) There exists some 6 > 0 such that

t
/ T(t,s)l,ds <dI, forall teR.

— 00
(iii) The forward differential equation

d

%K(t) =LK (@) + I,
has a bounded and uniformly positive solution.

(iv) For any bounded and continuous function H: R — S™ with H(t) > 0 the
differential equation (2.22) has a bounded and uniformly positive solution
on R.

(v) There is a bounded and continuous function H: R — S™ with H(t) >
0 such that the corresponding forward differential equation (12.22) has a

bounded solution X : R — S™ with X (t) > 0.
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(vi) There exists a bounded C'-function K: R — S™ with bounded derivative
and K(t) > 0 with satisfies

d
ﬁK(t) —LA)K(@) >0 forall teR.
Remark 2.19. (a) When L is a periodic function with period 6, then the

function K in (vi) may be chosen as a #-periodic one.
(b) If L(t) = L then the results stated in Theorems and reduce to the
known results from the time-invariant case [9] [17].

At the end of this section we shall prove a time-varying version of the result in
[I7, Lemma 3.7].

First we introduce the following concept of detectability which extends the clas-
sical definition of the detectability of a linear system to this general framework.

Definition 2.20. If L4, is defined as in and if C: 7 — RPX" is a
bounded and continuous function then the pair (C, L4 11,) — or equivalently the
triple (C, A,II;) — is called detectable if there exists a bounded and continuous
function K: 7T — R™ P such that the operator Layxc m, generates an exponen-
tially stable evolution. A function K having the above-mentioned properties is
called a stabilizing injection.

Applying the implication (vii) = (i) in Theorem and taking into account
the form of the adjoint operator of L4+ k¢ m, (t) we obtain immediately:
Corollary 2.21. Let A: Z — R"*", C: 7 — RP*"™ and I1;: T — B(S™) be contin-
uous functions with Iy (t) > 0 for allt € Z. Then the following are equivalent:

(i) (C, A,I1y) is detectable.
(ii) There ezist a bounded C*-function X : T — S™ with bounded derivative and

X(t) > 0 and a bounded and continuous function D: T — R"™ P which
solve the linear differential inequality
d
X0+ L, OX O]+ DEHCE) + cT(t)DT(t) < 0. (2.26)
Moreover if (X, D) is a solution of (2.26) with X(t) > 0 then K(t) := X~1(t)D(t)
is a stabilizing injection.
Definition [2:20] of the detectability can be extended in a natural way to the case
of operators which generate a positive evolution:

Definition 2.22. If £: 7 — B(S™) is a bounded and continuous operator val-
ued function such that £ generates a positive evolution and if C': Z — RP*™ is a
bounded and continuous function then the pair (C, £) is called detectable if there
exists a bounded and continuous function K: Z — R"™*P such that the operator
LE(t): 8" — S™ with

LE)]S] == L()[S] + K(t)CO(t)S + SCT () K™ (¢) (2.27)
generates a positive and exponentially stable evolution.

Now we prove the following result.
Theorem 2.23. Let L: T — B(S™) be a bounded and continuous operator valued
function, and let C: T — RP*™ be a bounded and continuous function. Assume:
(i) L generates a positive evolution;
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(ii) (C, L) is detectable;
(iii) The backward differential equation

d
PO+ L 0[PE)] + cTwe@) =0 (2.28)
has a bounded and positive semi-definite solution P: T — S™.

Under these assumptions the operator L generates an exponentially stable evolution.

Proof. Our proof extends the ideas of [I4] Lemma 3.2] to the time-varying case.
Let (to, H) € Z x S} be fixed and let X (t) = X (t,t9, H) be the solution of the
linear differential equation

%X(t) — LOO[X ()], X(to) = H. (2.29)

Since £ generates a positive evolution we have X (t) > 0 for all t > ¢,. If K is a
stabilizing injection then equation (2.29) may be rewritten as
4
dt
where £X is defined in (2.27). Moreover if T (¢, s) is the linear evolution operator
defined by £X on S™, then there exist o, 8 > 0 such that

ITE(t,5)|| < Be 229 for t>s t,s€T.

Consider the perturbed operator £. defined by L. (¢)[X] := LE (t)[X] +&2X, t € T,
X € 8", and let T.(t, s) be the linear evolution operator defined by £. on S™. By a
standard argument, based on the Gronwall-Bellman Lemma, one obtains that there
exists g9 > 0 such that for arbitrary e € [0, o]

X(t) = LEX@X ()] - KOCH)X () - X(O)(K#)C)T, (2.30)

IT(t,s)|| < Be =% for t>s, t,s€T. (2.31)

Let € > 0 be fixed such that (2.31)) is fulfilled, and let Y'(t) = Y (¢,t0, H) be the
solution of the initial value problem

%Y(t) =LY @)+ 5%K(t)C’(t)X(t)C’T(t)KT(t)7 Y(ty) = H. (2.32)
Since X — 2X is a positive linear operator and £X generates a positive evolution
then by Proposition [2.5|one obtains that £. generates a positive evolution. Thus we
may conclude that the solution of the forward differential equation satisfies
Y (t) > 0 for all ¢ > . Set Z(t) := Y (t) — X(¢). Subtracting from (2.32) we
obtain

d

L2 = L(2(1)] + GO, Z(to) =0,
where G(t) := (eI, + LK (t)C(t)) X (t)(eL,, + LK (t)C(t))" > 0 for t > to.

Invoking again the fact that £. generates a positive evolution, one obtains that
Z(t) > 0,ie. 0< X(t) <Y(t), t > to which leads to
IX@ll2 <Y (#)]l2 for &> to. (2.33)

Further we write

V() = Tt to)H o+ % [ Tt ) K()C()X(5)CT (KT (5)ds.

to
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With (2.31)) we get
t
YOl < et Gp [ eI CT (5] ds, £ 10, (234)
to

where p := sup,c7 | K(s)||3. On the other hand
IC(5)X ()CT (5)ll2 = Amax[C ()X (5)CT (5)]
< Te[C(s)X (s)C7 (5)] = (CT(5)C(s), X (5)).-

Using we infer
(CT (5)C(5), X(s) = ~ (- P5), X () — £ (5)[P(s)], X (s))
= —(LP(s), X ()~ (Pls), X (5)) = —-(P(s), X (s))
So we have

IC(5)X (5)CT (s)l|2 ds < (P(to), X (to)) — (P(), X (1)) for ¢ > to.

to
Since (P(t), X(t)) > 0 and P is bounded, we deduce that there exists p > 0 such
that

¢
1C ()X (5)CT (s)||2ds < p||H|o for t>to.
to
Hence, we get for 7 > tg

// e 7| O(5) X (5)C7 (s) |2 ds dt
_ /t ! / " =0l e[| () X (5)CT () |2 ds (2.35)
<2 [ Ie@x T 6)lds < L)l

Combining (2.34) with (2.35]) we obtain
/ 1Y (8)l|2dt < 5| H|ls for T > to, (2.36)
to

where § := g(l + ££) is independent of (o, H). Taking the limit for 7 — oo in
(2.36) and using (2.33]) we obtain that

o0
/ IX(0)|l2dt < S|Hz for to €T, He ST, (2.37)
to

For every H € S™ there exist H; € 8%, ¢ = 1,2, such that H = H; — Hs and
[Hll2 = max{||Hi|2, [|[Ha[[2}. Since X(t,to, H) = X(t,to, H1) — X(t, 10, H2) we
may infer that holds for arbitrary tg € Z and H € §™. The conclusion in the
statement follows now from Datko type criteria for exponential stability and the
proof is complete. O

Finally we remark that the result proved in Theorem [2.23|is an alternative for
implication (vi) = (i) in Theorem for the case when H(t) is not uniformly
positive but only positive semi-definite. Here the loss of the uniform positivity of
the forcing term of equation is compensated by detectability.
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3. A GENERAL CLASS OF RICCATI-TYPE DIFFERENTIAL EQUATIONS

3.1. Notation and preliminary remarks. In this section we deal with nonlinear
differential equations of the form

X(t) + AT(O)X () + X (8)A() + M(t) + L (£)[X (1))
—{X®)B(t) + Wia(t)[X ()] + L) H{R(E) + ()X ()]} (3.1)
x {X()B(¢) + M ()X (1)] + L(t)} =0,

where A: Z - R B: T —-R"™™ L: 7T >R M:7T—8"and R:Z — S™
are bounded and continuous functions on some right unbounded interval Z C R,
and II: Z — C(8™,8"™™), C(8™,8™""™) being the space of continuous operators
defined on 8™ with values in S"*™, with

I (£)[X] . 112 (t)[X]
Mo (1) [X])" Ta(t)[X]
is a bounded and continuous operator valued function.

Throughout this section we assume that X — TI(¢)[X] satisfies the assumptions:

(I1;) X — TI(¢)[X] is uniformly globally Lipschitz
(Hg) H(t)[Xl] < H(t)[Xg] for t € Z and Xl,XQ € 8™ with X7 < Xy
(Ils) II(£)[0] = 0.

dt

I(t)[X] = ( ( ) , Xesm (3.2)

Remark 3.1. (a) Condition (IlI3) is satisfied without loss of generality since
if TI(¢)[0] # 0 we can modify the values of M (t), L(t), R(t) to achieve
II(¢)[0] = 0.
(b) If assumptions (IIz) and (II3) are fulfilled then for each ¢, TI(t) is a positive
operator.

In some particular cases of the operator II equation was investigated in
connection with certain control problems for linear control systems. Thus, if IT = 0,
reduces to the well-known Riccati differential equation intensively studied in
particular since the pioneering work of Kalman [22]; we shall show that the solutions
of have many of the nice properties of the solutions of symmetric matrix
Riccati differential equations.

In the special case

(t)[X] = (C(t) D) X (C(t) D)) (3.3)

the corresponding equation was considered in several papers, in connection
with the linear-quadratic optimization problem with indefinite sign for linear sto-
chastic system with multiplicative white noise (see [3 [4, [B]). Systems of coupled
rational differential equations of type with TI(¢) as in were studied in
[12).

Equation was investigated in detail in [16] and [I7], where it partially was
assumed that A, B, L, M, R and II(X) are constant. In this paper we present
various results which extend [12] [I7] to the general case of equations of type (3.1)).
We mention that it is also possible to derive discrete-time versions of these results
obtained in this section, in the time-invariant case they can be found in [I5] and
[1, Chapter 6.8].
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Definition 3.2. A C'-function X:Z; C T — S™ is a solution of equation if
det {R(t) + o (t)[X(#)]} £0 forall teZy
and if X verifies the relation on 7.
We introduce the notation
D(R) := {(t,X) € T x 8": det {R(t) + II,()[X]} # 0}
and R: D(R) — 8™ by

R(t, X) = AT ()X + X A(t) + T, (t) [ X] + M(¢t)

—{XB(0) + Ma(O)[X] + LOHRO + LX) (3.4)
x {XB(t) + o (£)[X] + L)}
So equation can be written in a compact form as
L) + R, X (1)) = 0. (3.5)

dt

As we can see the operator R and consequently equation (3.5)) are associated to the
quadruple ¥ = (A, B, 11, Q) where (A, B,II) are as before and Q is defined by

(M) L)

We introduce the so called generalized dissipation matrix A\*: C1(Z,8") — S*+m
associated to the quadruple ¥ by

B A (t) XB(t) + o (t)[X] + L(?)
#00 = ((p mmaom s oof mo o )
where

d

and C1(Z,8") is the space of C'-functions defined on the interval Z taking values
in 8™. Notice that

X(t) + AT ()X (1) + X (1) A(t) + T (8) [X ()] + M(t)

d
%X(t) +R(t, X (1))

is the Schur complement of R(t) + I (¢)[X (t)] in A= (¢, X (2)).
The following two subsets of

Cy(Z,8") ={XeCY(Z,8"): X, %X are bounded }
will play an important role in the next developments:
I = {X € C}(Z,8"): \W[X(1)] >0, R(t) + () [X(t)] >0, t € T},
I ={X e€CHZ,S8"): \E[(X(t)] >0, t€T}.

Remark 3.3. (a) In the case when II5(t) is the zero operator then in the
definition of the set '™ we ask R(t) > 0 which is the usual condition used
in the case of Riccati differential equations of deterministic and stochastic
control. If TI5(¢) is not the zero operator it is not necessary to make any
assumptions concerning the sign of R(t).
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(b) We shall see later that if A, B, II, Q are #-periodic functions and if I'* is not
empty (f‘E is not empty, respectively) then I'” contains also a f-periodic
function (I'> contains also a f-periodic function). Moreover, we shall show
that if A(t) = A, B(t) = B, II(t) = 11, Q(t) = Q for all t € R and if T'*
is not empty, (I'* is not empty, respectively) then there exists a constant
symmetric matrix X € I'> (X € I'”, respectively).

(c) Based on the Schur complement one obtains that I'* contains in particular
all bounded solutions of equation verifying the additional condition
R(t) + T2 (¢)[X (¢)] > 0.

The following result will be used frequently in the proofs of the remainder of the
paper, it follows easily by direct calculation (see [I7, Lemma 4.2]).

Lemma 3.4. If W: T — R™*"™ js a continuous function, then for all (t,X) € D(R)
R(t, X) = [A(t) + BOOW ()T X + X[A(t) + B{t)W(t)]
— W) - FX()]"{R(t) + T () [X]} [W () — F¥ (1))

(ufy) om0 (i)

where here and below
FX(t) == —{R(t) + To()[X]}~ {X () B(0) + Ma(0)[X] + L)}
is the feedback matriz defined by X.
In the following we will use operators L4 pw (t): S* — S™, where
Laspw()X] = [A(1) + BOW ()X + X[A@t) + BO)W(1)]"
and Iy (t): 8™ — S™ defined by

Moy (6] = (WI@))TH@[X] (wiy)- (36)

It is clear that Iy (¢) is a monotone increasing operator for all ¢.
With these notations R (¢, X') can be rewritten as

R(t, X) = Loy pw (O[X] + w (0)[X] + Mw (t)
— [W(t) = X)) {R(t) + Ta()[X]} [ (1) — F¥ (1))

where

My (1) = (WI@))T o) ()

3.2. A comparison theorem and its consequences. First we present a result
which extends the conclusions of Remark (¢), to a nonlinear framework. The
proof of this result is based on the techniques of Volterra approximations (as in
Proposition and it is omitted for shortness.

Proposition 3.5. Let £: T — B(S"), II: T — C(S™,8™) be bounded and contin-
wous operator valued functions. Assume that L generates a positive evolution and
I1 satisfies the assumptions (I1y) — (Ilg).

Let H: T — 8% be a continuous and bounded function. Under these conditions

the following hold:
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(i) If X: T — 8™ is a global solution of the nonlinear differential equation
d .
X (0) = LOX @] + HE)[X(@)] + H(2)
such that X (1) > 0 for some 7 € Z, then X(t) > 0 for allt > 7.
(ii) IfY:Z — 8™ is a global solution of the nonlinear differential equation

%Y(t) + LEOY )]+ @) [Y @)+ H(t) =0

such that Y (1) > 0 for some T € Z, then Y (t) > 0 for allt € (—oo, 7| NZ.

As a consequence of the above Proposition one obtains the following important
result concerning the monotonic dependence of the solutions of equation with
respect to the data (which was already proved in [I7] under the additional assump-
tion that X +— TI(¢)[X] is linear; for an elementary special case see [3, Corollary
3.4]).

Theorem 3.6 (Comparison Theorem). Let R be the operator ([3.4) associated to
the quadruple ¥ = (A, B,11, Q) and R be the operator of type (3.4) associated to the

quadruple ¥ = (A, B,11, Q) where A, B, I are as before and Q(t) = (év(lt()t% }I;Eg),

o(t) = ( gg; Iggg) with L(t),L(t) € R™™, NI(t), M(t) € S* and R(t), R(t) €
S™. Let X;: Ty CZ — 8", i = 1,2, be solutions of

d . d .

%Xl(t) + R(t, X1(t)) =0, an(t) + R(t, X2(t)) = 0.

Assume that

(a) O(t) > O(t) for allt € T;
(b) R(t) + Iy (t)[Xa(t)] > 0 fort € Iy;
(c) there exists T € Iy such that X1(7) > Xa(7).

Under these conditions we have X1(t) > Xo(t) for all t € (—oo, 7| NZ;.
Proof. Let

Fy(t) = —{R() + T ()[X2 (0]} { X1 (8) B(£) + Mo (8)[ X1 ()] + L(1)}
and
Fy(t) i= —{R(t) + Ta(t)[Xo(£)]}~ { Xa () B(t) + Ty (1) [Xa(1)] + L(£)} .
Applying Lemma[3.4] for W (t) = Fy(t) one obtains
LX)+ Lo, (00X (0] + T, (D1 (0] + M (1) = 0
and
d

5X2(0) + Loy g, O1Xa2(0)] + 1k (X2 ()] + MF, (t)

— [Fu(t) = Ba(t)] T {R(t) + Ta(6) [ X2 (8)] } [F1 () — Fa(t)] = 0.
This leads to
DX~ Xo0)] + Ly, (02 (0) ~ Xo(0)] + 100 [X2 (1)~ Xa(0)] + H1) = 0,
where

H@[Y] := g (Y + Xa(4)] — r, (1) [X2(2)]
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and
H(t) = [Fi(t) — Fa(t)] {R(t) + Ta(0)[Xa (O]} [Fa(£) — Fa(t)] + M, (£) — M, (1),
Since
- . L\ - I
o — n o n >

it follows that H(t) > 0 for all t € T;.

On the other hand it is not difficult to see that the above operator II(t) verifies
the hypotheses (II1) — (II3).

Applying Proposition (ii), to the backward equation verified by X; — Xo

one gets that X;(¢t) — Xa(t) > 0 for all t € (—o0,7] NZ; and thus the proof is
complete. O

Using the above theorem we prove the following result concerning the maximal
interval of definition of a solution of (3.1)) with given terminal conditions.

Theorem 3.7. Assume that ¥ = (A, B, 11, Q) satisfies T* # (). Let
D(R) := {(T,X) € D(R): 3X € I such that X > X(r)}
and let X (-, T, ){0) be the solution of equation (3.1)) with X (7,7, X) = Xo.
If (1, Xo) € D(R) then the solution X (-, 7, Xo) is well defined on (—oo, 7] NZ.

Proof. Let I, x, C (—o0, 7] be the maximal interval on which X (-, 7, X) is defined
and let X € I'” be such that Xy > X (7). Obviously there exists a bounded and
continuous function My: Z — S™ such that M,(¢) <0 and

d -~ .
ﬁX(t) +R(t, X (1)) + M(t) =0.
Applying Theorem for the quadruples ¥ = ¥ and & = (A, B, 11, Q) with

300y . (M) +Me(t)  L(t)) _ My(t) 0

Q) := ( e r) O 0 o
we conclude that

X(t,7,X0) > X(t) forall teZ,x,. (3.8)

Let Y be the solution of the terminal value problem

%Y(t) FATOY (1) + Y (AR + LY ()] + M) =0, Y(r) = Xo. (3.9)

Since Y — II;(¢)[Y] is uniformly globally Lipschitz it follows that Y (¢) is well
defined for all t € Z. By direct calculation we obtain that

% [Y(t) = X(t)] + La@ V() - X)) + @) [Y(t) - X(8)] + H(t) =0 (3.10)

for t € I, x, where X (t) = X(t,7,Xo). Here
A(t) = FT(O{R + L)X (O]} P()
with F(t) := FX(t), and the map Y — II(£)[V] is defined by
H(0)[Y] = T (B + X ()] - T X (0],
(From and assumption (IIz) we deduce that
R(t) + Ty () [ X (¢)] > R(t) + My (t)[X (t)] > 0.
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So H (t) > 0 for t € Z, x,. Proposition (ii), applied in the case of equation
B10), gives

X(t) <Y(¢) (3.11)
for all t € Z, x,. From (3.8), (B:11) and X € T'™ it follows easily that X (t,, Xo) is
defined for all t € (—oo, 7] NZ and thus the proof ends. O

The proof of Theorem shows that — as a consequence of the Comparison The-
orem — each element X € T'® is providing a lower bound for the solution X (-, 7, Xo)

of (3.1)) (see (3.8)), whereas the solution Y of (3.9)) gives an upper bound.

Corollary 3.8. Assume that 0 € I'>. Then for all (1, X,) € T x S} the solution
X(-,1,X0) of equation is defined on the whole interval (—oo, 7)NZ and fulfills
there the inequality

0< X(t,7,X0) <Y(t),
where Y is the solution of . Moreover if Xo > 0 then X (t,7,Xo) > 0 for all
teZ witht <.

Proof. Since 0 € T it follows that Z x S C D(R). So from the above theorem
one obtains that X (¢, 7, Xo) is well defined for all t € (—oo,7] NZ for arbitrary
(T,Xo) €I x 8_7_

The inequality X (¢, 7, Xo) > 0 is just for X(t) = 0. On account of
it remains to prove that X (¢, 7, Xo) > 0 if Xy > 0. To this end we set X(t) =
X(t,7,Xp) and F(t) = FX(t) for t € Z with t < 7. Applying Lemma for
W (t) = F(t) one obtains

%X(t) + Lo prOX @] + Tp@)[X(8)] + Mp(t) = 0.

Further we write the representation formula
X(t) =04, pp(T, ) XoPaypr(T,1) +/ Y pr(s, t)H(s)Paypr(s,t)ds,
t
where ® 4, pr(s,t) is the fundamental matrix solution defined by

%(I)AJrBF(Svt) = [A(s) + B(s)F(s)|®atpr(s,t), Parpr(t,t)=1

and where
H(s) =Ip(s)[X(s)] + Mp(s) for se€Z with s<r.

The assumption 0 € I'” is equivalent to

R(t) >0 and (%((tt)) ]Ié((g) > 0. (3.12)

From ({3.12) and the monotonicity of II(s)[-] we conclude that H(s) > 0foralls € T
with s < 7. From the representation formula we obtain that

X(t) > @, pp(r, ) Xo®aspr(T,t) > 0.

For the last inequality we have taken into account that X > 0 and ® 44 gp(7,t) is
invertible, thus the proof is complete. (I

The next result provides a set of sufficient conditions which guarantee the exis-
tence of the minimal positive semi-definite solution X of equation (13.1)).

Theorem 3.9. Assume that:
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(a) 0 €T,
(b) The nonlinear differential equation (3.9) has a bounded solution X : T — S"
such that X (t) > 0.

Under these conditions the diﬁereptial equation (3.1) has a solution ):(: 77— 8"
with the additional property 0 < X'(t) < X(t) for all t € I, for any bounded and
positive semi-definite solution X : T — 8™ of equation (3.1)). }
Additionally if A, B, II, Q are periodic functions with period § > 0, then X
is a periodic function with the same period §. Moreover if A(t) = A, B(t) = B,
II(t) = U, Q(t) = Q for allt € I, then X is constant and it solves the nonlinear
algebraic equation
ATX + XA+ TL(X) + M — [XB +15(X) + L]
x [R+T(X)] ' X B +115(X) + LT =0.

Proof. For each 7 € T let X,(t) = X(¢,7,0) be the solution of (3.1) such that
X, (1) = 0. From Corollary [3.8 we have that X, is well defined on (—o0,7]NZ and
X, (t) >0 forallteZ witht <.
We show that:
() X, () <X, (t)forallteZ witht <7 <ma.
(B)  X,(t) <Y(t) for all t € T with t < 7, where Y is a bounded and positive
semi-definite solution of equation .
If 4 <7 €Z,then X, (1) > 0= X,,(71). Then, based on Theoremwe obtain
that X, (t) > X, (¢) for t € (—oo0, 7] NZ and thus item «) is valid.
On the other hand if Y: 7 — 8™ is a bounded and positive semi-definite solution
of equation then for arbitrary 7 € 7 we can write

a
dt
where

(3.13)

V(1) = X, ()] + £4(0) [V(6) = X ()] +T00) [V(0) = X ()] + Ho (1) = 0

H(#)[2] =T (H)[Z + X-(1)] — L (8)[X-(1)]
and
H.(t) = FY(){R(t) + M2 (t) [ X, (t)] } F-(t)
where F,.(t) := FX+(t). It is easy to verify that Z — TI(¢)[Z] satisfies the assump-
tions (IL1) — (II3) and that H(t) > 0. .
Taking into account that Y'(7) — X (7) = Y(7) > 0 we obtain via Proposition
(ii), that Y'(¢) — X (t) > 0 for all t € 7 with ¢ < 7, and thus item () holds.
From (a) and (3) we deduce that X: T — 8™ is well defined by
X(t):= lim X, () for ted. (3.14)
Obviously 0 < X (t) Sj/(t). In a standard way we can show that X (t) is a solution
of equation (3.1). If X:Z — S™ is a bounded and positive semi-definite solution

of (3.1)), then, using Theorem we obtain that X, (t) < X(¢) for all t € T with
t<rT.

So, invoking (3.14) we conclude that 0 < X () < X (t) for all t € Z, which shows

that X is the minimal solution in the class of bounded and positive semi-definite
solutions of the differential equation ((3.1)).
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Let us assume that A, B, II, Q are periodic functions with period § > 0. We
have to show that the minimal solution X is also a periodic function with period 6.

Let X (t) = X;40(t +0). It is easy to see that X, is a solution of (3.1) which
satisfies X.(7) = 0. From the uniqueness of the solution of this terminal value
problem it follows that X, (¢) = X, (t) for all ¢t € (—oo, 7] NZ. We have

X(t) = lim X, () = lim X, (t) = lim X,4(t +60) = X(t +6)

for all ¢ € 7 which shows that ):( is a periodic function with period §. Finally, if
A(t)= A, B(t) = B, TI(t) =11, Q(t) = Q then X is a periodic function of arbitrary
period. Therefore it is a constant function and thus the proof ends. O

Lemma 3.10. Assume that A, B, Q and Il are periodic functions with period
0 > 0. If the symmetric solution X1 = X1(-,t0, Xo) of exists on an interval
Ty containing the interval [to — 20,t9] such that R(t) + Ia(t)[X1(¢)] > 0 for all
t €1y and if

Xi(to—0) O X4 (tg) for some Oe{<,<,=,>,>},

then X1 (t —0) O X1(t) holds on the mazimal common interval Ty C T N (—o0,to]
of existence of X and X (- — 0); in this case X; is called cyclomonotonic on Z;.

If in addition 77 = (—o0,tg] and X1 is bounded on I with R(t)+1Ils(t)[ X1 (¥)] >
0, then

Xoo: R—= 8" with X (t) := klim X1(t—k0), to—0<t<ty, (3.15)
exists and defines a 0-periodic solution of (3.1)).

Proof. Let O => (the other cases are treated similarly). As in the proof of Theo-
rem it follows that A(t) := X;(t — 0) — X, (¢) satisfies (on its maximal interval
of existence Z; C (—o0, o))

SN + L, OIAD] + TG+ HO =0, Alto) >0,

where H(t) > 0 for ¢t € Z;. Therefore Proposition (ii), yields that A(t) > 0 on
71 — this proves the first assertion of the lemma.

If in addition Z; = (—o0,tp] and X; is bounded on Z; then the limits in
exist since the sequences (X1 (t — k#)), _ are monotonic and bounded. Therefore
the #-periodic function X, defined by is obviously a solution of with
R(t) + T5(t)[X oo ()] > 0. O

Theorem 3.11. The following statements are equivalent:
(i) Equation (3.1) has a 6-periodic solution X with the additional property
R(t) + () [X (t)] > 0 for allt € R.
(ii) There exist two O-periodic functions X¢, X,, and tg € R with
(8) Xe(t) < Xu(t) for t € R,
(b) LX,o(t) + R(t, Xe(t)) > 0 and R(t) + I (t)[X,(t)] > 0 for all t < to,

() g Xu(t) + R(t Xu(t) <0 fort <t.
(iii) There exist symmetric matrices Xo, X1 with:

(Oé) XO S Xl.
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(8) The solution X (-, t9, Xo) of is defined on an interval I; contain-
ing [to — 20,to] such that R(t) + I (t)[X (¢, t0, Xo)] > 0 for allt € Iy
and XO < X(to — g,to,Xo).

(v) The solution X (-,tg, X1) of is defined on an interval I, contain-
ing [to — 26,to] such that R(t) + s (¢)[X (t,to, X1)] > 0 for allt € Ty
and X1 Z X(to — o,tO’Xl).

Proof. (i) = (ii) is trivial since a), b), ¢) are fulfilled with X, = X,, = X for any
#-periodic solution X of (3.1)).
(ii) implies that there are functions @, Q,, with Q(t) <0 < Q,(t) and

SX0)+ R(t, Xe0) + Qult) =0,
SXult) +R(E X)) + Qult) = 0

for t < ty. From (ii), a) and the Comparison Theorem we infer that for ¢ <t
Xo(t) < X(t,t0, Xe(to)) < X (¢, to, Xu(to)) < Xu(t).

Since X, and X, are periodic, the last inequalities imply in particular that

Xo(to — 0) = Xe(to) =: Xo < X(to — 0, to, Xo)
and

Xu(to - 6) = Xu(to) =: X1 Z X(to - 9,t0,X1).
Hence (ii) implies (iii).

Assume that (iii) is valid. Then it follows from Lemma and Theorem
that X (-, %9, Xo) and X (-, 9, X1) are cyclomonotonic with
X (t,to, Xo) < X(t—0,t9, Xo)
S X(t — 9,t0,X1) S X(t, to, Xl) for ¢ S to.

Hence the limits
ono(t) = khm X(t - k‘e,to,Xj)
= klim X(t — (k‘ F 1)9),t0,X]‘) = ono(t + 9)

exist for j = 0,1 and ¢ < tg. Consequently (i) holds, since Xpo, and Xjo are
obviously both periodic solutions of (3.1) (which may coincide). O

Remark 3.12. Although it is in general difficult to prove that has a @-periodic
solution we can use criterion (iii) of Theorem m (in connection with Lemmam
and the Comparison Theorem) to test if such an equilibrium exists. Notice that
it follows from Corollary (below) and Corollary that the conditions of
Theorem (iii), are fulfilled with Xo(¢) = 0 and the (stabilizing) function X
constructed in the first step of the proof of Theorem (below) if

(a) (A4, B,1I) is stabilizable;
(b) 0 €T*.

Here b) ensures the existence of X and a) the existence of X7 > Xj.
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4. MAXIMAL SOLUTIONS
Throughout this section we assume that X — II(¢)[X] is a linear operator.

Definition 4.1. A solution X : T — S™ of equation (3.1]) is said to be the maximal
solution with respect to I'” (or maximal solution for shortness) if X (t) > X (t)
for arbitrary X € I'>.

In this section we prove a result concerning the existence of the maximal solution
with respect to I'* of equation . First, we give a definition which will play a
crucial role in the next developments. That is the concept of stabilizability for the
triple (A4, B, II).

Definition 4.2. We say that the triple (A, B,II) is stabilizable if there exists a
bounded and continuous function F': Z — R"*" such that the operator L4, FIT%,
generates an exponentially stable evolution. The function F' will be termed a sta-
bilizing feedback gain.

We shall show later (Corollary that if A, B, IT are periodic functions with
period 6 and if the triple (A, B,II) is stabilizable then there exists a stabilizing
feedback gain which is a periodic function with period 6. Moreover if A(t) = A,
B(t) = B, II(t) = II for ¢t € R, and if the triple (A, B, II) is stabilizable, then there
exists a stabilizing feedback gain which is constant.

In the particular case when II(¢) is of the form then the above definition
of stabilizability (see also Section 7.3) reduces to the standard definition of stabi-
lizability for stochastic systems (mean-square stabilizability — see [I4]).

Applying Theorem we have the following result.

Corollary 4.3. The triple (A, B,1I) is stabilizable if and only if there exists some
X € CHZ,8™) with X(t) > 0 and a bounded and continuous function F: 7 —
R™*"™ such that

d

%X(t) + Lo prm, (O[X ()] <0 foral tel.

In the case Z = R, using Theorem [2.18] we get the following corollary.

Corollary 4.4. For T =R the following are equivalent:
(i) The triple (A, B,II) is stabilizable.
(ii) There exists a bounded C*-function X: R — 8™ with bounded derivative,
X(t) > 0 and a bounded and continuous function F: R — R™*™ which
satisfies

d
%X(t) — »CA+BF,H} t)[X(t)] > 0. (4.1)
Remark 4.5. In the particular case when the coefficients do not depend on ¢, (4.1))

can be converted in an LMI which can be solved using an LMI solver (see [4]).

Now we state an auxiliary result which together with Lemma [3.4] plays a crucial
role in the proof of the main result of this section and follows directly from (3.7)).

Lemma 4.6. If W:Z — R™*" js a continuous function and if X is a solution of
the differential equation

LX) + L, (DX + Miw (1) =0
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and if det {R(t) + o (t)[X (t)]} # 0 then X satisfies also the differential equation

GX(W) + L gy (DX (0] + Mr(t)

+ [Ft) —w®)] e, X)) [Ft) - W()] =0
where F(t) := FX(t) and O(t, X (t)) :== R(t) + Ha(t)[X (t)].
The main result of this section is as follows:

Theorem 4.7. Assume that (A, B,11) is stabilizable. Then the following are equiv-
alent:

(i) T* #£0. )

(i) Equation (3.1) has a mazimal and bounded solution X : T — S™ with R(t)+

IL(¢)[X (t)] > 0.
If A, B, 11, Q are O-periodic functions, then X is also a 0- periodic function.
Moreover, if A(t) = A, B(t) = B, II(t) = II, Q(t) = Q, then the mazimal

solution of equation (3.1) is constant and it solves the nonlinear algebraic equation
(13.13)).

Proof. (ii) = (i) is obvious, since X € I'>.
It remains to prove the implication (i) = (ii). Since (A4, B,II) is stabilizable it

follows that there exists a bounded and continuous function Fy: Z — R™*" such
that the operator L44p Fo Iy, generates an exponentially stable evolution.
Let € > 0 be fixed. Using Theorem [2.13| one obtains that equation
d *
5 X O) + Laypr,a;, (OX O]+ Mp,(t) +eln =0 (4.2)

has a unique bounded solution X;: Z — S". We shall show that X1 (¢) > X (t) for
arbitrary X € I'>. If X € I'* then we obtain immediately that X fulfills
d

%X(t) +R(t,X(t) >0 for teT;

consequently X solves the equation
d 4 A .
aX(t) +R(t, X (t)) — M(t) =0, (4.3)

where M (t) = %X(t) +R(t, X(t)) > 0. Applying Lemma (4.3) may be written
as

d . i
2 X () + Loy pr, g, OX (O] + Mp, (1)

A T A A S
— [Fo(t) = F()]" ©(t, X (1)) [Fo(t) — F(t)] — M(t) =0,
where F(t) := X (t). From ([£.2) and [@.4) we deduce that ¢ — X;(t) — X(t) is a
bounded solution of the differential equation
d

ay(t) + £T4+BF0,H;O O ()] + Hi(t) =0

(4.4)

with
Hi(t) = el + [Fo(t) — F(8)]TO(t, X(6))[Fo(t) — F(8)] + M(D).
Clearly H;(t) > eI, > 0. Hence Theorem implies X (t) — X (t) > 0. Therefore

R(t) + o (t)[X1(t)] > R(t) + o (t)[X(t)] > 0 for t € Z. Thus we obtain that



28 V. DRAGAN, GERHARD FREILING, A. HOCHHAUS, T. MOROZAN EJDE-2004/96

Fy(t) :== FX1(t) is well defined. We show that Fy is a stabilizing feedback gain for
the triple (A, B,II). To this end, based on Lemma we rewrite equation (4.2))
as

d .
%Xl (t) + £A+BF1,H}1 (O[X1 ()] + M, () + el
+ [Fi(t) = Fo()] Ot X, (6) [F1(1) = Fo()] = 0.
On the other hand, based on Lemma equation (4.3]) can be rewritten as

GX(W) + Ly, DX O] + M (1)~ N (1)

— [F(t) = E@)] e, X(0)[Fi(t) — F(t)] = 0.

(4.5)

Subtracting the last equation from (4.5 we obtain

LX)~ X0 + Ly, (OXa() — XO] + A@) =0

where
H(t) = el + [Fi(t) = Fo(t)] Ot X1(8)[F1() — Fo(t)]
+ [Fi(t)— B 0, X (1) [Fi(t) — B(t)] + M(t) > 0.

Applying the implication (vi) = (i) in Theorem we infer that Lay pr mm;, gen-
erates an exponentially stable evolution. This means that F; = FX1 is a stabilizing
feedback gain; notice that, as a consequence of Theorem Fy is constant (or
periodic) if the coefficients of are constant (or periodic, respectively).
Taking X4, F1 as a first step we construct two sequences { Xy }r>1 and {Fj }r>1,
where X}, is the unique bounded solution of the differential equation
€

d *
SXW0) + Lapre oy, OXO]+ Mi_, () + =1 =0 (46)

and Fy(t) := FX*(t). We show inductively that the following items hold:
(ar) Xp(t) — X(t) > pxl, for arbitrary X € T'>, pz > 0 independent of X.
(br) Fy is a stabilizing feedback gain for the triple (A, B, II).
(ck) Xi(t) > Xpp1(t) for t € Z.

For k = 1, items (a1), (b1) were proved before.
To prove (c1) we subtract (4.6)), written for k = 2, from (4.5) and get

91X~ Xo0)] + Lsmrg, (O (0) ~ Xa(t)] + Ar(0) =0,

where
Aat) = SIn + [FL(0) = Fo(®)] " O(t, X1 (8) [F1(t) — Fo(t)] > 0.

Invoking Theorem [2.13] (b), one obtains that X;(t) — X2(t) > 0 and thus (¢;) is
fulfilled. Let us assume that (a;) , (b;), (¢;) are fulfilled for ¢ < k — 1 and let us
prove them for i = k.

Based on (bg_1) and Theorem we deduce that equation has a unique
solution X;: Z — 8". Applying Lemma [3.4) with W (t) := Fj,_1(t) one obtains that
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(4.3) may be rewritten as
d 4 . N
%X(t) + £A+}3Fk,17117%71 (O[X(t)] + Mp,_, (t)
— [Fea(t) = E@)] 7Ot X (1)) [Fea(t) — F(t)] — M(t) = 0.
Subtracting this equation from (#.6) one obtains that t — Xj(t)— X (t) is a bounded
solution of the equation

%X(t) +Loarpr ., (OX O]+ Hi(t) =0,
where
Hy(t) = %In + [Fe1(t) — EW))TO(t, X (8))[Fr1(t) — F(t)] + M(t) > 0.

Theorem (b), that there exist
pre >0 such that X (t) — X(t) > ppl, for tez, (4.7
thus (ag) is fulfilled.
Let us show that (bg) is fulfilled. Firstly from we have
R(t) + T ()[Xk(1)] > 0,
therefore Fy, is well defined. Applying Lemma [4.6] to equation (4.6]), one obtains
that X} solves the equation
CXu0) + L, (X0 + M () + ST, ",
+ [Fe(t) = Fema (0] O(t, X (1) [Fr(t) = Fia (1)] = 0.
On the other hand, Lemma applied to equation gives
SR + Ly, (X W]+ M, (1)
— [Fu(t) = E(0)] T Ot X (1)) [Fr(t) — B(t)] — M (t) = 0.

;From the last two equations one obtains

Since L+ Fio_1,IT% generates an exponentially stable evolution, we obtain from
k—1

L [Xu(t) = XO) + Ly, (OX0) — X(O] + Hylt) =0
with
Hy(t) = %1,1 + [Fu(t) = Fe1 ()] O, X5 (t) [Fi(t) — Fr1 ()]
+ [Fult) = F@)] O X () [Fu(t) = F®)] + V(1) > — 1.

Implication (vi) = (i) of Theorem allows us to conclude that Latpr,my,
generates an exponentially stable evolution which shows that (by) is fulfilled.
It remains to prove that (cx) holds. To this end we subtract equation ,
written for k + 1 instead of k, from equation and get
d

pr [Xk(t) = Xpera (8)] + E*A+BFk,H;k () [ X5 (t) = X+ ()] +

+ [Fu(t) = Froa (0] 7Ot Xi(t) [Fr(t) = For(8)] = 0.

e

— 1
k(k+1)"
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Since L44 B Fy T, generates an exponentially stable evolution one obtains, via The-
oremm, (b), that equation has a unique bounded solution which additionally
is uniformly positive. Therefore X (t) — Xp4+1(¢) > 0 and thus (¢x) holds.

Now from (ax) and (ci) we deduce that the sequence { X} },>1 is monotonically
decreasing and bounded, therefore it is convergent.

Set X (t) := klirgo Xi(t). In a standard way one obtains that X is a solution

of equation (3.1)). Invoking again (aj) one obtains that X(t) > X(t) for arbitrary
X € I'™. Hence X is just the maximal solution of equation and thus (i) =
(ii) is proved.

To complete the proof, let us remark that if A, B, II, Q are periodic functions
with the same period 6 then via Corollary (i), it follows that there exists a
stabilizing feedback gain which is a #-periodic function. Applying Theorem [2.13
(c), one obtains that Xy, Fj are #-periodic functions for all k and thus X will
be a #-periodic function. Also if A(t) = A, B(t) = B, II(t) = 11, Q(t) = Q and
(A, B, 1) is stabilizable, then from Corollary (ii), we obtain that there exists
a stabilizing feedback gain which is constant. Applying again Theorem [2.13] (c),
one obtains that X and F, are constant functions for all k¥ > 1 and therefore X is
constant. (]

5. STABILIZING SOLUTIONS

In this section we deal with stabilizing solutions of equation in the case
where X — II(¢)[X] is a linear operator. We shall prove the uniqueness of a
bounded and stabilizing solution and we shall provide a necessary and sufficient
condition for the existence of a bounded and stabilizing solution of equation .

Definition 5.1. Let X,: Z — S™ be a solution of equation (3.1)) and denote by
Fy(t) := FX:(t) the corresponding feedback matrix. Then X is called a stabilizing
solution if the operator L44pF, m:; generates an exponentially stable evolution

where IIp, is defined as in (3.6) for W (t) = Fs(t).

Theorem 5.2. Let ¥ = (A, B,I1,Q) be such that T # 0. If X;: T — S™ is
a bounded and stabilizing solution of equation (3.1) then X, coincides with the
mazximal solution with respect to T of equation (3.1)

Proof. Applying Lemma [3.4] we deduce that X, verifies the equation

D X0(0) + £ g, (OXL(0] + M, (1) = 0 (5.1)

where F, := FX:. Let X be arbitrary in IT'”. As in the proof of Theorem one
obtains that there exists M(t) > 0 such that X verifies a differential equation of
the form (4.3). Applying Lemma [3.4] to equation (4.3) we get

d

ﬁff(t) + Ly pr,m, (DX (O] + Mr,(8) - M(1)

— [F(t) — )" et, X (1) [Fu(t) — F()] = 0.

Subtracting the last two equations we obtain that ¢ — X,(t) — X (¢) is a bounded
solution of the backward differential equation

GX(W) + Lo, DX O] + Hy(1) = 0
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where

Hy(t) = [Fo(t) = F0))"O(t X (1))[F(t) — F(1)] + M(t) > 0.
Since L4 F,IT; generates an exponentially stable evolution one obtains, using
Theorem that X,(¢) — X(t) > 0 and thus the proof is complete. O

Remark 5.3. ;From Theoremit follows that if '™ is not empty then a bounded
and stabilizing solution of equation (3.1)) (if it exists) will satisfy the condition

R(t) + T2 (t)[Xs(t)] > 0.

Corollary 5.4. If ' is not empty then equation (3.1) has at most one bounded
and stabilizing solution.

Proof. Let us assume that equation has two bounded and stabilizing solutions
X;, i = 1,2. From the above remark we get R(t) + II5(¢)[X;(¢)] > 0. Arguing as in
the proof of Theorem we obtain both X (t) > X3(t) and X5(¢) > X1(t) hence
X1(t) = X2(t) and the proof ends. O

In the particular case, where II(¢) is of the form (3.3)), in [I2] the uniqueness
of the bounded and stabilizing solution of equation (3.1) was proved without any
assumption concerning I'*. In that case R(t) +I12(¢)[X:(t)] has not a definite sign.

Theorem 5.5. Assume that A, B, II, Q are periodic functions with period 6 and
that T* is not empty. Then the bounded and stabilizing solution of equation (3.1)
(if it exists) is O-periodic.

Proof. Let Xs: Z — S™ be a bounded and stabilizing solution of (3.1)). We define
X(t) := Xs(t + 0). By direct computation we obtain that X is also a solution of
equation ([3.1)). We shall prove that X is also a stabilizing solution of equation (13.1)).

Set F(t) := FX(t). We show that L, pF - generates an exponentially sta-
e

ble evolution. Let T(t, to) be the linear evolution operator defined by the linear
differential equation

d
S8(0) = Loy, OISO (52)
Because of the periodicity we obtain that

£A+BF‘,H} (t) = Latpr. oy (t+6) for tel.

If S(t,to, H) is the solution of with S(to,to, H) = H, then we have
d
dt

From the uniqueness of the solution of this initial value problem we infer that

S(tathH) = S(t+07t0 +07H)a
where ¢t — S(t,7, H) is the solution of

S(t,to, H) = Laypr,m, (t+0)S(t to, H).

%S(t) — Lavprm, (OS], S(rrH) = H. (5.3)

Thus we get T(t,to) = T, (t + 0,y + 0) where T, (t,ty) is the linear evolution
operator defined by (5.3]). The last equality leads to

1Tt to)| = | Tr, (¢ + 6,80 + 0)| < Be 07" for >t
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with a, 8 > 0, which shows that X is also a bounded and stabilizing solution of
equation .

Applying Corollary one obtains that X(t) = X,(t) for t € Z, that means
Xs(t+0) = X,(t) for all ¢, which shows that X is a f-periodic function and thus
the proof ends. ([l

Corollary 5.6. IfT* # () and A(t) = A, B(t) = B, I(t) =11, Q(t) = Q, t € R,
then the stabilizing solution of equation (3.1)) (if it exists) is constant and solves the

algebraic equation (3.13)).

Proof. Since the matrix coeflicients of equation are constant functions they
may be viewed as periodic functions with arbitrary period. Applying Theorem [5.5]
it follows that the bounded and stabilizing solution of equation is a periodic
function with arbitrary period. Therefore it is a constant function and thus the
proof ends. O

The following lemma which is a generalization of the invariance under feedback
transformations of standard Riccati differential equations will be useful in the next
developments. Since

W) = FX(0)]" {R(1) + TL(0)[X (1]}
= X()B(t) + M ()X (0)] + WT ()T ()X (8)] + L(t) + WT (1) R(1)
the conclusion of this lemma follows immediately from Lemma

Lemma 5.7. Let W:Z — R™*"™ be a bounded and continuous function. Then
X:1y C I — 8" is a solution of equation associated to the quadruple ¥ =
(A, B,I1, Q) if and only if X is a solution of the equation of type (3.1) associated
to the quadruple ¥V = (A+BW, B,TIY , QW), where IV (t): 8™ — S"*t™ is given
by

w _ In 0 T Hl(t)[X] H12( )[X} In 0
m o= (7 ) ({Hm(t)[X]}T nowa) (Wi 1)
:< Iy () [X] . Me0X ]+WT(t)H2(t)[X]>
(T (t)[X] + WT (H)IL(t)[ X]} Iy (£)[X]

2" )= (yiy f?n)T@’((?) w0) (Wi 1)

_ My (t) L(t) + WT(t)R(?)
LT (t) + R(t)W (t) R(t) :
Theorem 5.8. Under the considered assumptions the following assertions are
equivalent:
(i) (A, B,1I) is stabilizable and the set T> is not empty;
(ii) (3.1) has a stabilizing and bounded solution Xs: T — S™ satisfying
R(t) + I (t)[Xs()] > 0.

Proof. (i) = (ii). If (i) holds then Theorem [4.7) yields that equation (3.1) has a
bounded maximal solution X:Z — S™. We show that X is just the stabilizing

and
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solution. If F is the feedback matrix associated with X then (£.3) may be written
as

SR+ L4, i, O O]+ Ma(t) = 8100

— [F@t)— E@)] e, X)) [F(t) - B(t)] = 0.

Since X € T'” it is a solution of an equation of type (.3) with M (t) > 0. Using

again Lemma one obtains that ¢t — X(¢) — X(¢) is a bounded and positive
semi-definite solution of the backward differential equation

d
@X(t) + ﬁLBﬁ,Hg OX @)+ H(t) =0,

where
H(t) = M(t) + [F(t) — F(t)] o, X (1) [F(t) — F(1)].

Since M(t) > 0 it follows that H(t) > 0. Applying implication (vi) = (i) of
Theorem one gets that £, p P generates an exponentially stable evolution
which shows that X is a stabilizing solution of equation (3.I).

We prove now (ii) = (i). If equation has a bounded and stabilizing solution
Xs: T — 8" then F, := FXs is a stabilizing feedback gain and therefore (A, B, II)
is stabilizable.

Applying Lemma [5.7] with W (t) = F,(t) we rewrite equation as

DX + L ey, (DX O] + Mo, (1)
P (1. X(£)O(t X (1) Pr. (1, X(1) = 0,

where X — Pp,(t,X): S* — R™*" is given by

Pr,(t, X) = {XB(t) + iz (1) [X] + FT (0)TIa(8)[X] + L(t) + FL () R()}
and O(¢, X) being as in Lemma Let TF, (t,t9) be the linear evolution operator
defined by

%S(t) = EAJ,-BFS,H}S (B)[S(t)]-

Since Fj is a stabilizing feedback gain it follows that there exist a;, 3 > 0 such that
1T, (£ to)]| < Beet=).

Let Cy(Z,S8™) be the Banach space of bounded and continuous functions X : 7 —
S™. Since O(t, X(t)) > 0 for ¢ € Z, it follows that there exist an open set U C
Cy(Z,8™) such that X, € Y and O(¢, X(t)) >0 forall X e Y. Let V: U xR — C},
be defined by

VX)W = [ Th (00)[Mr(0) + 1,
t

— ’PII;S (0,X(0))0 o, X (0))Pk, (o, X(a))] do — X (t).
We apply the implicit function theorem to the equation

T(X,6) =0 (5.4)
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in order to obtain that there exists a function Xs € U such that
X;5(t)

= /00 Ty (o,t) [MFS (o) +0I, — Pﬁ (o, Xg(a))G_l(J, X5(0))Pr, (o, X(;(O')] do

for |0] small enough.
It is clear that (X, 0) is a solution of (5.4). We show now that

dl‘l’(XS(-), 0) : Cb(I, Sn) — Cb(I, Sn)
is an isomorphism, d; ¥ being the derivative of ¥ with respect to its first argument.

Since 1
di1¥(X,,0)Y = lir% —[V(X, +¢€Y,0) — ¥(X,,0)]

e—0 ¢
and Pr, (0, Xs(0)) = 0 we obtain that d;¥(X,,0)Y = =Y for all Y € CW(Z,S™).
Therefore d; ¥(X,,0) = —I¢,, where I¢, is the identity operator of Cy(Z,S™) which
is an isomorphism. Also we see that d; ¥U(X,d) is continuous in (X,d) = (X5, 0).
Applying the implicit function theorem we deduce that there exists §>0anda
smooth function Xs(-): (—=6,8) — U which satisfies ¥(X5(-),d) = 0 for all § €
(=0,0). It is easy to see that if & € (—4,0) then Xs(-) € '™ and the proof is
complete. ([

Corollary 5.9. Assume that A, B, 11, Q are periodic functions with period 6 > 0.
Under these conditions the following are equivalent:
(i) (A, B,1I) is stabilizable and T> is not empty.
(ii) Equation has a bounded, 0-periodic and stabilizing solution Xs: T —
8™ which verifies R(t) + a2 (t)[X(t)] > 0.
(iii) (A, B,II) is stabilizable and T'> contains at least a 0-periodic function X .

Proof. (i) < (ii) follows from Theorem [5.8|and Theorem [5.5] (iii) = (i) is obvious.
It remains to prove (ii) = (iii). In the proof of the implication (ii) = (i) in
Theorem @ we have shown that there exist 6 > 0 and a smooth function § —
Xs5(): (—0,0) = Cp(Z,S™) which satisfies
d
%X(;(t) + R(t, Xs(t)) + I, = 0.
Let &, € (=0,0) and set ¥ := (A, B,II, Q;) with
_ (M) + 611 L(t)
It is easy to see that if § € (—0,d;) then X;s(-) € I>'. Applying implication (i) =
(ii) of Theorem one obtains that the equation
d
%X(t) +R(t, X))+ 611, =0

has a bounded and stabilizing solution Xgl. Based on Theorem one obtains
that X, is a periodic function. The conclusion follows since Xs, (-) € I'* and the
proof is complete. U

With the similar proof based on Corollary and Theorem we obtain:

Corollary 5.10. Assume that A(t) = A, B(t) = B, II(t) = II and Q(t) = Q.
Then the following are equivalent:
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(i) (A, B,I0) is stabilizable and T'> is not empty;
(ii) Equation has a bounded and stabilizing solution X, which is constant
and solves the algebraic equation ,
(iii) (A, B,TI) is stabilizable and there exists at least a symmetric matriz X such
that X € T'>.

As a simple consequence of Theorem we have:

Corollary 5.11. Assume that (A, B,1I) is stabilizable. Then:

(i) If A, B, II are periodic functions with period 0 then there exists a stabilizing
feedback gain F: R — R™*™ which is a periodic function with period 6.

(ii) If A(t) = A, B(t) = B, II(t) =11 for allt € R then there exists a stabilizing
feedback gain F € R™*™,

Proof. Consider the differential equation

%X(t) +ATO)X(t) + X()A®R) + L, + I, (1) [ X (1)]

—{X()B(t) + My (t)[X (¢)] }{ Ly + 112 (t)[x(t)]}—l (5.5)
< {X(#)B() + M (IX )]} =0,

Equation is an equation of the type corresponding to the quadruple
Yo := (A, B,II, Q) where A, B, II are as in and Qg = (IO" I?n). It is seen
that A™(0) = (% I?n) > 0 and hence 0 € ™. Therefore equation has a
bounded and stabilizing solution X, with the corresponding stabilizing feedback
gain
-1 T
Fi(t) = —{In + ILO[X, )]} {Xs()B(t) + T2 (1) [Xs(1)]}
If the matrix coefficients of are periodic functions with period 6 then by
Theorem we obtain that F is a periodic function with the same period 6. If
the matrix coefficients of the equation are constants then by Corollary one
obtains that Fy is constant and thus the proof is complete. [

The result of Corollary shows that if A, B, II are periodic functions then,
without loss of generality, we may restrict the definition of stabilizability work-
ing only with periodic stabilizing feedback gains. Also, if A, B, II are constant
functions, then, without loss of generality the definition of stabilizability may be
restricted only to the class of stabilizing feedback gains which are constant func-
tions.

6. THE CASE 0 € I'® AND II(t) IS A LINEAR OPERATOR

In this section we focus our attention on those equations (3.1]) associated to
the quadruple ¥ = (4, B,II, Q) which have the additional property 0 € I'* and
X — II(t)[X] is a linear operator. This is equivalent to conditions (3.12)).

Theorem 6.1. Assume that the quadruple ¥ = (A, B, 11, Q) satisfies the following
assumptions:

(a) (A, B,II) is stabilizable;

(b) 0 €T>.
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Then equation has two bounded solutions X:7T - 8", ):(: 7 — 8™ with the
property X (t) > X (t) > X(t) > 0 for all t € T for arbitrary bounded and positive
semi-definite solution X: T — S™ of equation . .

Moreover if A, B, 11, Q are periodic functions with period 6 > 0 then both X
and X are periodic functions with period 0. If A(t) = A, B(t) = B, l(t) = II and
Q(t) = Q then both X and X are constant and solve the algebraic equation ,

Proof. The existence of the solution X is guaranteed by Theorem The proof of

the existence of X is essentially the same as the proof of the existence of the minimal
solution provided in Theorem [3.9] There is only one difference which consists in
proving the boundedness of the sequence X,,7 € Z. There, in Theorem the
boundedness of that sequence was based on the existence of a bounded and positive
semi-definite solution of equation . Here the boundedness of that sequence is
based on the stabilizability of the triple (A, B,II) and on the Comparison Theorem.

If (A, B,II) is stabilizable, then there exists a bounded and continuous function
F: 7 — R™*™ guch that the corresponding operator L4 p FII; generates an ex-
ponentially stable evolution. Based on Theorem we deduce that the equation

LY+ Ly O (1) + Mre(t) =0 (6.1)

has a unique bounded solution Y (¢) > 0 on Z.

Let X, be the solution of the equation with X, (1) = 0. Let F.(t) be the
feedback gain associated to the solution X,. Applying Lemma equation
satisfied by X, can be rewritten as:

d

aXT(t) + Laypr,m;, (O[X-(0)] + Mp, (t) =0. (6.2)
On the other hand applying Lemma with W (t) = F. to equation (6.1) one
obtains

DY) + L nroms, OF O] + Mr (1)

dt
+ [Fr(t) — F(6)] T {R(t) + e (D)[Y ()]} [F-(t) — F(8)] =0

for t € Z,. From (6.2]) and (6.3]) one obtains

LI70) = X 0]+ L, OV ()~ Xo(0)

+ [Fr(t) — F(8)] T {R(t) + I ())[Y ()]} [F- () — F(¢)] = 0.
Since Y (1) — X, (7) = Y(r) > 0, invoking Remark (c), we conclude that
Y(t)— X, (t)>0 forall te (—oo,7]NT. (6.4)

Inequality (6.4) together with «) in the proof of Theorem shows that the se-
quence {X,(t)}rez is increasing and bounded, hence it is convergent. Define

(6.3)

X(t):= lim X, () for ted.

In a standard way one obtains that X is a solution of (3-1). The minimality property
of X and the periodicity follows as in the proof of Theorem O

Lemma 6.2. Assume that the quadruple ¥ = (A, B, 11, Q) satisfies
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(a) 0 €=,
(b) The triple (C, A+ BW,11}y,) is detectable, where W (t) = —R™*(t)LT (t) and
C is such that CT(t)C(t) = M(t) — L(t)R~1(t) LT (t).
Under these assumptions any bounded and positive semi-definite solution of equation
(3.1) is a stabilizing solution.

Proof. The proof has two stages. Firstly, the proof of the lemma is made in the
particular case L(t) = 0. Secondly we shall show that the general case may be
reduced to the particular case of the first step.

(i) Assume that L(t) = 0. In this case W(t) = 0 and Iy (¢) = II;(t) for t € T
and the assumption b) in the statement is equivalent to the detectability of the
triple (C, A,11}) where C' is such that CT(t)C(t) = M(t) for t € Z. Let X be a
bounded and positive semi-definite definite solution of equation and F := FX,
We have to show that L44p FI; generates an exponentially stable evolution.

Let (to, H) € TxS? be fixed and let S be the solution of the initial value problem

d

as(t) = La+prm ()[S@)], S(to) = H. (6.5)
We show that -
| Is@lade < b)),

to
where § > 0 is constant independent of ¢ty and H.
By the detectability assumption it follows that there exists a bounded and con-
tinuous function K such that the operator £44xc m, generates an exponentially
stable evolution, where

Larrem (OIX] = [A@) + KOCH]X + X [A@®) + K@CH)] " +TH@)[X]. (6.6)
Using equation may be written as
%S(t) = Lavrem ()[SH)] - K@)C(1)S(t) — SHCT (KT (1)
+ [MEO[S®)] - T ) [S@)]]-
We introduce the following perturbed operator X — L£.(t)[X] by
L.(V)[X] = Larrom )] X]+ X + 2115 (1) [X].
Let T'(t, s) be the evolution operator on 8™ defined by

%S(t) = Layrem (B)[S()]

Since Layxc,m, generates an exponentially stable evolution, we have

|T(t, s)|| < Be 2= for t>s, t,sel

(6.7)

for some constants «, 8 > 0. By a standard argument based on Gronwall’s Lemma
one obtains that for € > 0 small enough

IT.(t,s)|| < Be =) for t>s, t,s€T, (6.8)

where T, (t, s) is the linear evolution operator on S™ defined by the linear differential
equation
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Let € > 0 be such that is fulfilled and let Y () be the solution of the following
forward differential equation

LY (1) = LY (0] + SKOCHSOCTOKT () + (14 )RS, (6.9
where
p(t)[X] = F" () [X]F (1)

satisfying the initial condition Y (tg) = H. Set Z(t) := Y (¢t) — S(t). We obtain from

and that
4 20) = £.0[20) + UG, Z(0) =0,
where

U(t) = [el + éK(t)C(t)] S®)[ehn + éK(t)C(t)} LT (0[S (0)

with .
Eln EIn
i ex] = (5, ) mom (i,

Taking into account that S(tg) = H > 0 it follows that S(¢) > 0 for ¢t > t; and
hence U(t) > 0 for ¢t > tg. On the other hand X — £2X + ¢?I1;(¢)[X] is a positive
linear operator.

Since La1pkm, generates a positive evolution it follows from Proposition @
that L. generates a positive evolution.

Based on Remark (c), we conclude that Z(¢t) > 0 for t > 0, hence 0 <
S(t) < Y(t) which leads to

0 < [IS@ll2 < Y (E)]]2- (6.10)

Applying the representation formula (2.24]) to equation we may write

Y(t):Tg(t,to)H+/tTg(t,s)Ul(s)ds for &> to, (6.11)

to
where ) )
Ui(s) = ?K(s)C(s)S(s)CT(s)KT(s) + (14 E—Q)H}(s)[S(s)}
Taking into account the definition of the adjoint operator we obtain
I5(s)[S(s)] = T3(s) [F(s)S () T (5)].

This allows us to write Uy (s) as

Ui(s) = 5 K(5)C()S(5)C7 (5) K7 (s)

+ (1 + ;) TLy(s) [RV2(s)F()S(s) FT (s) R/ (s)],
where Y — II,(s)[Y] is defined by

IIo(s)[Y] := I3 (s) [R™Y/2(s)Y R™Y/3(s)].
Further we have

101 (s)]l2 < (1 + é)v[llC(S)S(S)CT(S)Ilz +[|RY2(s)F(5)S(s)F" ()R (s)]],
(6.12)
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where v = max{sup,c7 || K(s)||3, sup,cz |[T2(s)||}. From the definition of the norm
| 1|2 we deduce

IC(5)S(5)CT (s)ll2 + || RY? () F(5)S () F T () RY?(s)] 2
< Tr[C(s)S(s)CT ()] + Tr[RY?(s)F(s)S(s)FT (s)RY?(s)].
Using the properties of the trace together with we have
1C(5)S(5)CT ()2 + [[RY?(s)F(5)S () FT (5)RY2(s)]2
< (CT(s)C(s) + FT(s)R(s)F(s), S(5))-

Applying Lemma we may write equation (3.1]), verified by the bounded and
positive semi-definite solution X, in the form

(6.13)

%X(S) + Ly prng ()X (s)] + CT(s)C(s) + FT(s)R(s)F(s) = 0.

Thus we obtain

(CT(5)C(s) + FT(s)R(s)F (), 5(s))

=~ (X6.56) = (Carmrm, GXELSE)

) (6.14)
_ <dsX(s)7S($)> — <X(s),£A+BF,H*F(3)[S(3)]>
_ _dii<x(s),5(s)>.

From , we get
/t [IC(s)S(s)CT (s)ll2 + | RY/2(s)F (5)S(5) FT (s)R'?(s)||2] ds

< (X(to), S(to)) — (X(2), (1))

Taking into account that (X (¢),S(¢)) > 0 for t > tp and || X(t)||2 < pforallt €T
where p > 0 is a constant not depending on ¢, we obtain

[ lI6@SEICT 6) e+ B2 F(s)S(9)FT ()R (5) ] ds < plH]2 - (6.15)

to

for t > to. From (6.8)), (6.11) and (6.12) we have
1 t
I¥ 0l < 4o A 497 (14 5) [ CWSETOL

to
+|[RY2(s)F(5)S(s)F" (s)R'?(s) 2] ds
which leads to

/nY Modt < 2 Hl+ pv(1+ 5 // 2=9)[||C0(5)S(5)CT (3)]|2

+ | RY2(s)F()S(s)FT ()R (5)||2] ds dt.

Changing the order of integration and invoking (6.15)) we obtain
" B
Y @)llzdt < =1

to

+ (142 )%O]IIHIIQ =: 8]\ H]>.
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Taking the limit for 7 — co we deduce
/OO IV (8)|2dt < 5| H|ls forall toeT, He ST,
t
where ¢ is indeperoldent of typ and H. From it follows now that

/ IS(t)||2 dt < 8||H|ly forall to e, H € ST (6.16)

to
Since for any H € S™ there are H; € SV, ¢« = 1,2, such that H = H; — Hj
and | H||2 = max{||H1||2, || Hz2||2} one easily obtains that (6.16)) holds for arbitrary
to € 7 and H € 8™ and thus the proof is complete for the case L(t) = 0.

(ii) Let us consider the general case when L(t) # 0. Let X be a bounded and
positive semi-definite definite solution of equation (3.1). Applying Lemma for
W(t) = —R~'(t)LT(t) we obtain that X is a bounded and positive semi-definite
solution of the equation

d R
X O+ Ly ppoa e QX O]+ CTOCE) + T ()X (1)
— {X(®)B(t) + Mow ()[X ()]} { R() + Ha(t }_ (6.17)
x {X(H)B(t) + Thaw ()X ()]} =0,
where Iy (t) is defined as in (3.6)),
Myow () == 1l12(t) — L) R~ (H)12(2)
and
CT(t)O(t) = M(t) — L(t) R (1) LT (t).
Equation (6.17)) is an equation of type (3.1) with L(¢) = 0. Applying the first part
of the proof we deduce that X is a stabilizing solution of equation (6.17)). Let

E(t) = —{R(t) + T () X ()]}~ { X (&) B(t) + Thaw ()X ()]}

be the stabilizing feedback gain assoc1atfed to the solutlon X regarded as a solution
of (6.17). Then it is easy to see that F(t) — R~1(t)LT(t) = F(t), where F(t) :=
FX(t) is defined as in Lemma Hence,

A(t) — BE)R™'(t)LT (t) + B(t)F(t) = A(t) + B(t)F(t),

and
(i) (it "o ) (%)
(t)R™1()

:G&))T(IS O 0w (_pn Gy 1) ()

- <P{&)>T TI(£)[X] <FI&)> = lp(t)[X].

These facts allow us to conclude that X is a stabilizing solution of equation (3.1))
and the proof ends. O

Remark 6.3. Assume that the quadruple ¥ = (A, B, II, Q) satisfies 0 € T'>. Then
any bounded and positive semi-definite solution X : Z — S% of equation (3.1)) is a
stabilizing solution, and we have X (t) > 0 for t € Z.
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Theorem 6.4. Assume that the quadruple ¥ = (A, B, 11, Q) satisfies the following
assumptions:

(a) 0 €T
(b) (A, B,II) is stabilizable.
(c) (C,A— BR™ILT II},) is detectable where Iy is defined as in (3.6) for
W(t) = —RY(t)LT(t) and C is such that
CT(t)O(t) = M(t) — L(t) R (1) LT (t).
Then (3.1)) has a unique solution X : T — S¥ which is bounded and stabilizing.

Proof. Based on Theorem m we deduce that equation (3.1) has both a maximal
solution X and a minimal positive semi-definite solution X such that X () > X (t) >
X(t) > 0 for all t € Z, where X is an arbitrary bounded and positive semi-definite

solution of (3.1). Applying Lemmait follows that both X and X are stabilizing
solutions.

From the uniqueness of the stabilizing and bounded solution of equation (3.1))
we conclude that X (t) = X(t) for all t € 7 and thus the proof is complete. O

Remark 6.5. As we have seen in Theorem equation ([3.1]) has two remarkable

solutions, namely X:Z — 8", which is the maximal solution, and X: Z — S,
which is the minimal solution in the class of all bounded and positive semi-definite
solutions of . Theorem shows that under the assumption of detectability
these two solutions coincide. However in the absence of detectability these two
solutions may be different. If in addition to the assumptions of Theorem we
assume that 0 € I'™ — which is equivalent to Q(t) > 0 — then X > 0. This results

immediately from Theorem and formula (3.7) with X := X and W := F X,

We can see this in the following simple example. Consider equation (3.1)) with
constant coefficients and n =2, m = 1,

10 2 10
=lo3) 2o (l) (o)
L=0,R=1,11(X) =X, II;5 =0, II = 0. One obtains that
5 8 —21 3 1 0
X = (_21 63 ) and X = (0 O> .
It can be seen that X is just the stabilizing solution. On the other hand if X, is
the solution of (3.1) with X (7) = 0 we have

z(t) 0 . 1—e 501

Clearly lim,_ ., X (t) = X and therefore X is the minimal positive semi-definite
solution.

Theorem 6.6. Assume that A, B, Q and II are periodic functions with period
6 > 0 and that all the assumptions of Theorem[6.4) are fulfilled. Then

. lim (X(t,to, Xo) — Xs(t)) =0 for all Xo € SY; (6.18)

here X is the unique stabilizing 0-periodic solution of (3.1)).
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Proof. We choose a -periodic function M: R — S™ such that M(t) > M(t) and
S0 . (M) L(t)
o(t) := (L(t)T R(t)) >0

Then it follows from Corollary and Remark that the generalized Riccati
equation

CX(W) + AT(WX(1) + X(AW) + V() + T ()X (1)
—{X(OB() + M ()X (1)] + L) }{R() + (0 [X (0]} (6.19)
x {X(6)B(t) + Mo ()X (0] + L(1)} " =0

has a periodic and stabilizing solution X, (t) > 0. For given X, € St we choose
A > 1 such that Xy < AX, (0) and consider the functions Xy, = 0 and X, = AX.
We verify that X, and X,, satisfy the conditions of Theorem (ii). Since 0 € T'®
and X, (t) > 0 it is sufficient to show that

d

dt
Denote by R (t) the generalized Riccati-type operator associated to the quadru-
ple (A,B,II,\Q). Since Q(t) < AQ(t) it follows from [I7, Lemma 4.4] that
R(t, Xu(t)) < Ra(t, Xu(t)). Multiplying by A > 1 we infer that

Xo(t) + R(t, Xu(t)) <0 for t<0. (6.20)

SXu(0) + Ra(t, Xu(1) = A(M(0) = M(1) < 0.

Therefore (6.20) is valid.
As in the proof of Theorem it follows that X (-,0,0) and X (-,0, X, (0)) are

cyclomonotonically increasing (respectively decreasing) as t decreases, and both
converge to #-periodic solutions of (3.1). Moreover, by Theorem we have

0< X(£,0,0) < X(t,0,X0) < X(t,0,X,(0)) for ¢<O0. (6.21)
Since under our assumptions X, is the unique positive semi-definite 6-periodic
solution of (3.1)), (6.18) follows from (6.21)). O

Theorem shows that under its assumptions the dynamics defined by (3.1)) on
ST is very special and comparable to that of symmetric matrix Riccati differential
equations — this is the reason why we call (3.1)) (generalized) Riccati-type equation.

Remark 6.7. The proofs of Theorems [£.7) and [6.1] show in connection with Theo-
rem that the maximal and the minimal positive semi-definite solution (provided
they exist) both depend monotonically on Q. In the time-invariant case this has
already been mentioned in [9] and [I7].

7. GENERALIZATIONS

7.1. Generalization of the linear part. All the results for equation (3.1) ob-
tained in Sections 3-6 are still valid for equations of the form

9 X(0) + L300+ M) + T (X (1)
— {X®)B(t) + Ma ()X (1)) + L} R + Ta()[X ()]}
x {X(6)B(t) + Ma ()X (0] + L)} =0,
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where B,II, Q are as in (3.1) and Lo(t): S — S™ is a linear operator with the
properties
(a) Lo generates a positive evolution and
(b) the operator X — Lo(t)[X] + B(t)W ()X + X (B(t)W(¢))T also generates
a positive evolution for arbitrary W:Z — R™*".

Equation (3.1]) corresponds to the particular case Lo(t)[X] = A(¢)X + X AT (t), and
it has the above properties.

7.2. Generalized Riccati operators containing the Moore-Penrose inverse.
Define D(R4) as the set of all (¢, X) € T x 8™ with R(t) + I (¢)[X] > 0 and

ker { R(t) + Iy (t)[X]} C ker { L(t) + X B(t) + 12 (t)[X]}.
Then we may consider Ry : D(R4) — S™ where
Ry(t,X)=AT ()X + XA(t) + 11, (t)[X] + M(¢t)
— {XB(t) + T(#)[X] + L(t) H{ R, (1)[X]}
x { X B(t) + o (£)[X] + L(t)};

here Z* denotes the Moore-Penrose inverse of a matrix Z. Combining the methods
used in [I7] with the approach of this paper it follows that the assertion of the
Comparison Theorem remains analogously valid for two rational differential
equations

%X(t)+R+(t,X(t)):O and %X(t)+7é+(t,xu))=o,

where R4 is (analogously to R,) associated to a quadruple (4, B,II, Q). In this
case the assumption b) of Theorem can be replaced by the weaker assumption
(t, X2(t)) € D(Ry4) for ¢t € Z;. Moreover, in generalization of Theorem |4.7| we get

Theorem 7.1. Assume that (A, B,11) is stabilizable. Then the following are equiv-
alent:

(i) The set
¥ = {X e CHZ,8") : \°[X(t)] >0, t € T}
18 not empty.
(ii) The equation

%X(t) R (X (1) =0

has a mazimal and bounded solution X : T — S™.

7.3. An equivalent definition of stabilizability. Assume that the operator
X +— II(t)[X] is linear. Then as a consequence of [I7, Lemma 5.1] it follows that
the Fréchet derivative of

d
at X is given by

fi(t, H) = %H+R/X(t,H) = %H+£}X(t)[1{].
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Therefore (A, B,II) is stabilizable if and only if there is a function Xg: Z — S™
such that R’y (¢, Xo(t)) (or the corresponding differential equation) generates an
asymptotic stable evolution.

It is easy to see (compare [I7]) that the sequence (Xj)gen of functions defined
in the proof of Theorem [3.11] are generated by the Newton-Kantorovich procedure,
applied to the operator equation f(t, X) = 0. Notice that the stabilizability condi-
tion ensures the existence of a stabilizing initial function Xy. The condition I'> # ()
guarantees (as a consequence of the Comparison Theorem) that the decreasing
sequence (X )ken is bounded below and hence convergent to X.

In the time-invariant case it has been proved recently by Damm and Hinrichsen
that the Newton-Kantorovich procedure is also the adequate tool for proving results
on the maximal solution of nonlinear operator equations of the form f(X) =0 in
real Banach spaces provided f is concave on some domain D and certain additional
conditions are fulfilled (see [10] for details).

7.4. Sums of generalized Riccati operators. For 1 < x < k let quadruples
Y. = (Ag, Bi, I, Q) and associated operators R,: D(Ry) — S™ of type (3.4) be
given. Define

k k

Ro: D(Ro) = (| D(Rx) = 8", (£, X)— Y Ry(t, X).

k=1 k=1

Then (under analogous assumptions) all results that were obtained in Sections 3 —
6 can be derived analogously for the differential equation

SX (1) + Rolt, X(1)) = 0.

For example the following Comparison Theorem can be proved analogously to The-
orem

Theorem 7.2. For 1 < x < k let quadruples ¥,, = (AH,B,Q,HK,Q,Q) Y. =
(Ax, Bg, 11, Q) and associated operators R: D(Ry) — S™, R, D(Rk) — 8"
of type (3.4)) be given. Let X;: 7Ty CZ — 8™, i = 1,2, be solutions of

d k k

ZX()+ D Rult, X1(t) =0, —XQ z:: (t, Xa(t)) = 0.

k=1
Assume that
(a) Qu(t) > Qu(t) fort €T and k€ {1,... ,k};
(b) Ri(t) + 12, (¢)[X2(t)] >0 fort €Iy and k € {1,...,k};
(c) there exists T € Iy such that X1(71) > Xa(7).
Under these conditions we have X1(t) > Xo(t) for all t € (—oo, 7] NZ;.
As it was pointed out in [I7, Section 4] such a Comparison Theorem can be

used in order to derive in an elegant way existence results for nonlinear differential
equations.

Example 7.3. The main results of [23] on the existence of optimal controls for
certain stochastic control problems are based on the existence of the solution of the
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terminal value problem

d _
ZX () — ADX(t) - X(AT(t) + BO)R™H ()BT (t) - X (HQ(1) X (t) (7.1)
FOMXM[SHXE) +1]7'CT(t) =0, X(t;) = Xy,
where the coefficients A, B, C and S are bounded and locally integrable. Addition-
ally it is assumed that Q(t), S(t), Xy > 0 and R(t) > 0. Since S(t) has a square
root D(t) := S'/2(t) > 0 and
1

[SH)X(t)+1]  =1-D()[I+DH)X(t)D(t)] D(t)X(t),
we can rewrite as
%Y(t) A)Y () + Y (5 AT (t) + M (t) + Ty (£)[Y (1)]
—{(YO)B®) + W)Y ()] + LO MR + @)y @)~ (72)

x {Y()B(t) + M ()Y (£)] + L(t)} -
where B(t) := (Q/2(t) 0),
IL ()X (1) == C(H)XH)CT(t), ()X (#)]:= (0 CEH)X(t)D(t))

and

I (¢)[X] == (o D(t)X(t)D(t)) '

It is not difficult to see that

T
_( TL®)[X] M2 (8)[X]T\ C(t) C(t)
Helx] = <(H12(t)[X])T T,(t)[ X] ) - ( D‘Et) X D(zt)

is a positive linear operator. Corollary [3.8shows now that the solution X of

satisfies
0<X(t) < X,(t) for 0<t<ty,
where X, is the solution of the linear terminal value problem
d
ZXult) = A X(t) = Xu()AT(t) + B(OR™ ()BT (¢)

+OMX,()CT(t) =0, X,(t;) = X;.

Under suitable assumptions we may derive the corresponding results concerning the
existence of the maximal solution, stabilizing solution, minimal solution respectively
of equation ([7.2)) or equivalently of equation (|7.1)). Notice that Theorem could
also be applied to equation ([7.1)).

7.5. Forward Riccati-type differential equations. Together with (3.1) a qua-

druple ¥ = (A, B,1I, Q) defines also a so-called forward Riccati-type differential
equation

d

TV () = ADY (@) +Y () AT(¢) + M(#) + T ()Y (¢)]

—{Y(1)B(t) + M0y ()] + LOYRE) + @y @)y (73)
x {Y (1) B(t) + o (0)[Y (1)) + L)} .
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In the particular case where I1(t) = 0, L(t) = 0 and BT (¢) is the matrix coefficient
of an output the equation (7.3)) appears in connection with the filtering problem
[21].

With the same proof as of Theorem we may obtain the following comparison
theorem for the equation ([7.3).

Theorem 7.4 (Comparison Theorem). Let R be the operator ([B.4) associated to
the quadruple ¥ = (A, B, 11, Q) and R be the operator of type (3.4]) associated to the

quadruple ¥ = (A, B,T1, Q) where A, B, TI are as before and O(t) = ( M) ﬁ(t))7

_ N LT R(t)
o) = ( o ,éiii) with L(t), L(t) € R™™, NI(t), M(t) € 8" and R(t), R(t) €
S™. LetY;: T, CZ — 8™, i=1,2, be solutions of
d . d .

Assume that

(a) Q(t) > Q(t) for allt € I;
(b) R(t) +I(t)[Y2(t)] > 0 fort € Iy;
(c) there exists T € Iy such that Yi(T) > Ya(7).

Under these conditions we have Y1(t) > Ya(t) for all t € [1,00).

The proof of the above theorem is based on Proposition (1).

In order to derive results concerning the existence of the maximal solution, stabi-
lizing solution, minimal solution respectively for equation we need to assume
that 7 = R and apply the results of Theorem and Proposition [2.15| instead of
Theorem [2.11] and Theorem [2.13] The stabilizability concept used for the backward
differential equation will be replaced by a dual concept of detectability.
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