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MULTISCALE ELLIPTIC-PARABOLIC SYSTEMS
FOR FLOW AND TRANSPORT

MALGORZATA PESZYNSKA, RALPH E. SHOWALTER

ABSTRACT. An upscaled elliptic-parabolic system of partial differential equa-
tions describing the multiscale flow of a single-phase incompressible fluid and
transport of a dissolved chemical by advection and diffusion through a hetero-
geneous porous medium is developed without the usual assumptions of scale
separation. After a review of homogenization results for the traditional low
contrast and the e2-scaled high contrast cases, the new discrete upscaled model
based on local affine approximations is constructed. The resulting model is
mass conserving and contains the effects of local advective transport as well as
diffusion, it includes non-Fickian models of dispersion and works over a broad
range of contrast cases.

1. INTRODUCTION

We construct a new family of differential models of flow and transport in het-
erogeneous porous media, a system consisting of an elliptic equation for stationary
flow coupled to a parabolic equation for the transient advection-diffusion. The new
features of these models are (i) they work over a range of coefficient and geometry
scales, (ii) their discrete form is amenable to numerical simulation, (iii) the mass
conservation property is preserved in the process of upscaling, and (iv) they retain
the variational structure and well-posedness of the initial-boundary-value problem.
Our work was originally motivated by a particular experiment [57] which provides a
unique testbed for multiscale modeling in the presence of not well separated scales.
However, the results immediately apply to a general class of physical phenomena
of flow and transport in variously heterogeneous geological formations.

The separation of scales is not assumed in this paper. By this we understand any
of the following. First, the ratio € of the diameter of a typical cell or representative
elementary volume to the diameter of the physical domain is very small and in
traditional homogenization or volume averaging techniques is driven to 0 to obtain
the upscaled model. By contrast, here we consider a fixed € = ¢y > 0. Second, the
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separation of scales of flow or diffusion requires the ratio of fast to slow coefficients
to be either bounded, the low contrast case, or O(¢~2), the high contrast case.
The latter leads to the double porosity models. However, here we permit a wide
range of such ratios from low through intermediate to high constrast of coeflicients.
Thirdly, with strongly separated scales the dominating effect is diffusion, whereas
here we capture a range of advection—diffusion—dispersion phenomena. In addition
to being computationally tractable, these new model systems give qualitative in-
formation about macroscopically observable quantities and their time scales and
rates, and they allow us to observe the transition between various regimes of flow
and transport.

Traditional methods of homogenization [I3], 48] B6] B] strive to determine co-
efficients of an effective partial differential equation (PDE). When the fine-scale
solutions vary substantially both in space and time, the solutions of these effec-
tive equations fail to convey essential information. The double-porosity models
[1Tl, 541 [6], 7, [, 10, 23], B5], 52] retain nonlocal effects in time from cell problems on
the original scale. In hydrology applications related models, also called multi-rate
models or power-law models, are widely used; see [31] 32, 29] [33]. The goal is to
capture both short-term and long-term tailing due to diffusive storage and adsorp-
tion. The need for new models has been pointed out for example in [47, [19], in [[9],
p.217) and in [16] where the regimes were studied carefully. The recently proposed
models in [39] and [57 27] work well for some regimes of flow and transport but
not across all.

We describe the model problem below, a heterogeneous system with combined
fast and slow flow regimes. In Section [2] we review known homogenization results
for the elliptic and parabolic subproblems of that coupled system. We shall exploit
this theory but will not contribute to it. In Section [3| we propose the differen-
tial system of central interest in this paper, one PDE coupled across interfaces to
a collection of cell problems. Local affine approximations extend the traditional
constant approximations of constraints on cell interfaces and introduce additional
nonlocal terms which are carefully constructed so that the mass is preserved. The
variational setting leads to well-posedness of the system. In Section @] we compute
the nonlocal terms as convolutions and derive the continuous limit of the generic
effective differential model. The model has a form strikingly similar to those dis-
cussed in [28] 21], [25], [56] and displays the various flow regimes [16, [39]. Finally, in
Section 5] we return to the original flow and transport system and construct the
effective model. This includes the velocity and dispersion terms which are lost by
traditional piecewise constant interface approximations.

Throughout the paper we use the following notation. Let D C R? be an open
bounded set with boundary D. (We restrict ourselves to R? for simplicity only; this
is consistent with [57]). In area integrals we use the symbol dA and use dS in surface
integrals. The characteristic function of a set D is xp, and (f)p = |Tl7| (fD f(x) dA)

is the average of f over D. At times we use the notion of a translate D(x) with
centroid at the point x. In such cases the spatial variable is denoted by y € D(x).

THE MODEL PROBLEM

Consider flow and transport in a heterogeneous porous medium, an open bounded
domain Q C R%2. We denote by n the unit normal vector out of 2 on the bound-
ary 0f). The flow of water is described by conservation of mass and Darcy’s law,
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respectively,
V.-v=0, v=-KVp, xeQ, (1.1)

an elliptic equation for the pressure p(x), where v = (vy,v2) = [v1,v9]T is the
volumetric flux (velocity), and K : R? — R%*2 is the symmetric uniformly posi-
tive definite conductivity representing permeability divided by fluid viscosity. The
flowing water contains a dissolved conservative dye of concentration ¢(x,t). The as-
sociated model of transient advection—diffusion—dispersion is the parabolic equation
[12, 26]

¢%+V'(vc7D(v)Vc) =0, xeQ, (1.2)

The coeflicient ¢ is the porosity of the medium, and the diffusion-dispersion tensor
is given by

D = D(v) = dpoil + [V|(dE(V) + di (I — B(v))). (1.3)

Here d,,o1, d;, d; are coefficients of molecular diffusivity, longitudinal and transversal
dispersivity, respectively, and the dispersion tensor E(v) = ﬁvivj is a rank two
tensor. The coupled problem f with appropriate boundary and initial
conditions is well understood under standard assumptions of mild variation on
coefficients. The difficulties arise when the coefficients ¢, K and, consequently, v
and D(v), have a highly heterogeneous character and differ by several orders of
magnitude.

As in [57], we assume the coefficients are locally piecewise constant on an asso-
ciated collection of local interfaces separating two disjoint regimes of flow; the sub-
scripts f, s are associated with the fast, and slow regions, §1¢, 25, respectively. These
are disjoint open sets covering 0, Q = Q7 UQy, with an interface I'fs = 9Q N IQs.
The region €1y is connected, but Q, = Uf\i‘fl Q;s where each inclusion €, is a
connected and simply connected region with Q;, N Q;, =0, i # j. We also denote
the local interfaces by I'; = 09, N 08¢, so 'y, = |J,; T's. In what follows n; denotes
the unit normal to I'; pointing out of Q;s. In the context of fractured (fissured)
media [23] 9, 35 2] Qf is called a fracture system and €25 the matriz composed of
blocks Q;s, a totally fissured medium [22].

We further assume that €2 can be covered by a union of rectangular subdomains
Q;,i=1,... Nipcg with each §2; containing exactly one inclusion €2;,. We denote by
Q;r = ;N the fast part surrounding €2; so that Q; = Q,;,UQ;UI';. Furthermore,
we assume that each 2; is congruent to a generic cell Qg of size ¢g = diam(€p)
and that each €, is congruent to a generic Qys. It follows that the interfaces
I'; are congruent to I'g and €;f is congruent to some ;. Such assumptions of
periodicity of 2 make the model amenable to homogenization but are not required
for our development.

Denote by x¢ the centroid of Q;, and by ¥;(x) the characteristic function of the

cell ;. Also, we denote by 0 = ‘Ingoﬂl the volume fraction occupied by the “fast”
region. Analogously 6 = ‘%Oosll is defined with 65 =1 — 6;.
We consider scalar coefficients of the form
— . — . af, X € Qf
a(x) = alay,as;X) = agxo, (x) + asxo, (x) = { g xeQ, xeN (1.4)
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where ayr,a, > 0 are given constants, as well as isotropic tensor valued coefficients
A(x) = A(Ay, A x)T = Apxa, (x)I + Agxa, (x)I, x € Q. (1.5)

More general forms of (1.4)), (1.5) taking different values in each inclusion €;, are,
respectively,

a(x) = a(af7 (ai)i\iricl ;x) =afxa; (X) + ZaiXQis (X), X € Q7 (1.6)
A(x) = A(Ay, (AZ)ZI\;“1 ;x)I = Arxay, (x)I+ ZA»L‘XQ“ (x)I, x € Q. (L.7)

In particular, as in the experimental setup in [57], we assume that the coefficients
o, K satisfy , and , respectively. On the other hand, we allow the diffusion—
dispersion coefficient D(x) to depend, in general, on 7 as in , because it depends
on the local velocity v; which in turn depends on K; and on the local flow in €2;;.
The transmission form of the coupled system f displays the heterogene-
ity of the coefficients as well as the conservation of momentum and mass across
interfaces,

V-vy;=0, vi=-K;Vps, z€Qy, (1.8a)
V-vi=0, v;=—-K,Vp;, 2€8Q;, t=1,...Npq (1.8b)
pi =ps, Vi-n=vy-n, recly, (1.8¢)

8Cf
Srg; — V- (DsVer —vie) =0, x €Qy, (1.9a)

de:

@-% — V- (D;Ve —vic) =0, x€Q;, i=1,... Nipa (1.9b)
c¢i=cp, (DyVer—vyer)-n=(D;Ve; —vie;)-mn, xeT. (1.9¢)

The system 7 is the ezact discrete model for the problem from [57]. Theo-
retically, it can be solved numerically, if enough computational resources are avail-
able. Also theoretically, the computed values of p and ¢ could be verified pointwise
thanks to currently available experimental and visualization techniques such as the
imaging equipment used in [57].

The discussion of [57] centers around identification and fitting of coefficients
v, D(v) to known upscaled versions of . Depending on the ratio %, three
distinct regimes of flow and transport are discussed. These are, respectively, % =
6,300, 1800, and are called respectively, the low contrast, intermediate, and fLigh
contrast cases. It is concluded that this approach gives satisfactory results in the
low and high contrast regimes where, respectively, and its double-porosity
modification are used, but that neither of these is satisfactory in the intermediate
case. In the last case it is impossible to fit the observed breakthrough curves with
available models. The differential model developed below works across all regimes
of flow and transport from low to high constrast and includes the intermediate
regime.

2. HOMOGENIZATION OF PROBLEMS WITH DISCONTINUOUS COEFFICIENTS

We review traditional homogenization of elliptic and parabolic partial differential
equations. Various approaches to upscaling of periodically varying discontinuous
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coefficients exist, and the two main classes can be distinguished by the use or not
of €?-scaling. Here we review these results and motivate the need to go beyond
them. A novel and pivotal observation is that the “obstacle” problems [36] provide
a bridge between classical models without scaling [13], [48] [36] and double-porosity
models with €2-scaling [23] [10].

The following applies to both the elliptic problem for the flow part (1.8) of
the coupled system and the parabolic problem for the transport part the
discussion follows [[48], I1.5], [[36], Ch.5]. Consider the parabolic problem,

(b% -V (BVu) = f xeQ, (2.1a)
u = 0, x€0Q, (2.1b)
u(x,0) = wup(x), x €N, (2.1¢)

a special case of ([1.2)) in which dispersion and advection are ignored and with a
source/sink term f: Q — R. Assume that the coefficient ¢(x) = ¢(¢y, ¢s; x) satis-

fies (1.4)) and that B(x) = B(By, B,; x) satisfies (1.5]). (The elliptic case is obtained

by setting ¢ = 0.) The transmission form of (2.1 highlights the heterogeneity,

0
qbf%—V(BfVuf) = ff, XEQf (2.2&)
(bs% -V- (stul) = fi, X € Qis, 7= 1,...Nin,31 (2.2b)
u = up, yely (2.2¢)
(BfVus) - n = (BsVu;)-n, yel; (2.2d)
up = 0, x €09, (2.2¢)
ur(x,0) = wujp(x), x€Qf (2.2f)
ui(x70) = uiO(X)7 Xe Qis . (22g)

Two issues of scale appear in the behavior of u(x,t). The first multiscale feature is
associated with the local spatial variations of u(x,t) due to variations of B. The
second multiscale character is associated with the time scale of getting to stationary
equilibrium determined by the proportions of ¢,B in Q; and €, [16] [39]. Three
situations of upscaling are described in the following.

2.1. Classical upscaling. When the geometry and coefficients are assumed pe-
riodic, and the ratio of coefficients is independent of €, problem is upscaled
by homogenization [13] 48, [3, [34] to obtain an effective equation [[48], I1.5.(5.13)].
This equation is satisfied by the limit @ of the local averages of solutions to as
the number of inclusions N, — 00, or, equivalently, as the size of the inclusions
€ — 0, and it has the same form,

é% —-V-(BVa)=f, xeqQ, (2.3)

but with the local averages f(x) = (f)q, and constant coefficients. The first is the
local average of ¢ defined by

¢

() = ﬁ@fmof\ - 64]04]) = D705 + Dby (2.4)
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The effective constant matrix B = B(By, B) is defined as [[48], I1.2.9]

- 1 -
Bljx = 57 [ Bim¥)(Omr + Omor(y))dA, (2.5a)
€0l Jaq
where @;,j = 1,2 is a solution of the local periodic cell problem [[36], Ch.1(1.35),

1.45a)]

{ -V -BV@;(y) =V-(Bej), y <€ (2.5b)

w;j is Qg — periodic
It is understood that the condition “w; is Qg-periodic” in constrains not
just the values of the function @; on 9§, but also its normal ﬂux BV&; -n. The

effective equation ([2.3)) describes very well this “low contrast” case, and the fine-
scale variations of coefficients have been averaged out of the problem.

2.2. Obstacle problem. Consider the special case with ¢4, =0, By =0, and f; =
0. This arises when the coefficient B in is replaced by B°(x) = B(By, 0;x).
It is also known as perforated domain case, see [3] or references therein, or soft-
inclusion in material science, see [I8], [[36], Section 3.1]. Denote by @°(x,t) the
corresponding solution of the upscaled model,
~0
5
where f* = (f)a, = 07(f)q,,- Note that there is no storage in Qs and the local
cells are impermeable. The upscaled constant coefficient B* is given as before by

Bk = o [ Bim) Ok + 03 (y))dA. (2.7)
1920l Jay,

-V - (B*Va’) = f*, (2.6)

where @"(x) is defined as the solution over €; of the cell problem

—V-V&?(y) =0, y € Qoy
Vol(y) n=—e;-n, yely, (2.8)
@Y is Qq — periodic.

J

0

We note that in some references [36] the function @ is extended to all of Qy and

that agrees with .

Let us briefly compare the solutions @ and @° when f; = 0. The former describes
the evolution in time of local averages over )y, the latter is concerned with the
averages over {loy. The former, at least formally, captures the transient storage
in both regions gy and o, while the latter is only considered with evolution of
storage in Qo¢. Finally, @° is the formal limit of @ as Bs; — 0.

2.2.1. Double porosity models. Here we follow the presentations [[10], (3.4)], [34].
and [[B], Section 4]. In the last reference, this is called the highly heterogeneous
case. Assume f; = 0 and that the coefficient B, is scaled by €2, i.e., B, is replaced
by €2B, throughout (2.2). This has the effect of balancing the decreasing size
of the inclusions with the permeability to retain the coupling of the two regimes.
(By contrast, in the obstacle case, the inclusions are impermeable.) The upscaled
solution u* satisfies the equation

‘Q / <z5s QOdA V- (B*Vu") = f*, x € Q, (2.9a)
0
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in which the second term contains the solution u}, of a problem on Qo,(x) at every
x € (),
ug,

2y

-V (stuzo) =0,y¢€ QOS(X)7 (29b)
usolr, = u*(x,1). (2.9¢)

Here we make a distinction between global variable x €  and a local variable
y € Qos(x), where the local inclusion g4(x) is centered at x. This is the double-
porosity model for single-phase slightly compressible flow first developed in [23] and
derived formally in [I0] and discussed in this form under the name “distributed
micro-structure model” in [52 53]. The asymptotic expansions and the special
weak convergence proof which preceded the two-scale convergence ideas appeared
in [23, (10, [7].

We emphasize that the constant tensor B* which made the inclusions imperme-
able in the limit for the obstacle problem is precisely that obtained by the use of
€2 — scaling [23,[10]. This scaling is important for the parabolic problem. Note that
for the corresponding elliptic system discussed in [[34], pp18-22,Section 6.5.2,145],
a closer look at the problem reveals that u},|o,, = const and therefore the second
term of vanishes and the system is uncoupled. See Corollary for further
details and consequences.

The e2-scaling was first proposed in [54]; it can be also justified heuristically as
in [23]. On the contrary, in the model of molecular diffusion as in [24], no scaling is
applied. A general family of scalings using € with v # 2, was considered in [4]. See
also [46], [40]. In multiphase flow models in [I4] [I5] the scaling by v < 2 was used
while v = 2 was used in [5]. Other models known as dual (double) porosity models
similar to had been proposed in applications [I1, [65] prior to the introduction
of formal homogenization methods and prior to [23]. These models have a structure
similar to but feature a general exchange/memory term ¢*(t) corresponding
to a variety of problems on 2, which in turn are coupled by interface conditions.
They all have the form

*

e ou

ot

In some cases, these memory terms can be written as nonlocal Volterra terms in
convolution form,

+¢" -V -(B'Vu')=0,x€Q. (2.10a)

C]* = T x L(u*) , (2.10b)

where L(u*) is some differential operator and 7 is some convolution kernel. In the
double-porosity model , the convolution kernel 7 behaves, for small times, like
7(t) = % [35, [42] and acts on L(u*) ~ aa—f.

In applications to flow and transport, it is the term ¢* that gives rise to the
tailing in diffusion/dispersion [3I]. The dynamic and possibly delayed response of
the cell Qs and its effect on the global solution are quantified by representing it
as a nonlocal-in time term . Depending on the singularity of 7 at 0 and on
its long-term behavior one has more or less significant memory effects: for more
singular kernels the memory is short-term, for less singular kernels the memory is
long-term. In some cases considered in applications is shown to be multi-
rate or its Prony series can be truncated [45] to capture effects most significant
for the given case study [31], 57]. In general, a stochastic representation of
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has to be used to account for uncertainty. In [24] the term ¢*(t) = quaa—f when
Dy represents molecular diffusion only; this amounts to identifying the convolution
kernel 7 with Dirac distribution dg. Finally, it was shown recently that the different
terms ¢* relate to a particular choice of 7y in e-scaling, see for example how the model
in [I1] was derived in [51].

In summary, the choice of which scaling and family of effective models to use
should depend on both the ratio %ﬁ and the size €. In particular, since the limiting
model is derived assuming € — 0, its use may be of limited value when ¢ is
not small or % is not large. Finally, the method of upscaling chosen for the elliptic
flow equation directly influences and sometimes inappropriately eliminates the
advection terms in the upscaled transport equation . These modeling issues
motivated by experimental results in [57] are combined in the following in order to
describe a broad range of not well separated scales.

3. DISCRETE DOUBLE POROSITY MODELS WITH LOCAL APPROXIMATIONS AND
PROJECTIONS

Here we construct a discrete version of . Our development does not require
taking the limit as € — 0. The upscaled system contains as a special case discrete
counterparts of the double-porosity parabolic model .

We begin with the exact discrete model and construct an upscaled model
which uses a local approximation on the interfaces I'y; this refines the approxima-
tions in [7, ). In order to conserve mass and, equivalently, to prevent creation of
sources and sinks in the upscaled model, we derive a compatibility condition be-
tween the two approximations used in interface conditions and . The
variational framework is used to obtain a consistent discrete form of ¢* in
and to establish well-posedness.

At the end in Section we consider a stationary elliptic limit to the parabolic
problem ([2.10) and its discrete double-porosity counterpart. The result will be used
in Sectior the flow part of the coupled flow-transport model (L.1)-(L.2).

3.1. Variational form of exact discrete model. The well-posedness of (2.1
or equivalently is standard; for double porosity models it was considered in
a slightly different setup in [7, [52] and many other works. We begin by recalling
the variational formulation which shows the dynamics are governed by an analytic
semigroup. We use standard notation for Lebesgue spaces, L?(D), and Sobolev
spaces, H*(D),H"(0D), s,r € R, and a standard symbol (z/,2) = (2/,2)x to
denote duality pairing between elements of a space X and its dual X' [I].

We begin with the source-free case, f = 0. The weak formulation of the initial-
boundary-value problem is

d
u(t) e V: 7 (pu(t),w)y + (BVu(t),Vw)g = 0, YweV, (3.1a)
u(-,0) = w(-)e H (3.1b)
where we have denoted by (-,-)y the scalar product in H = L?*(Q) and set V =
HJ(€2). The operator on H associated with the bilinear elliptic form (BVu, Vw) g

on V is known to be (the negative of) the generator of an analytic semigroup on
H, and this leads to the following standard result.
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Proposition 3.1. Let ug € H. Then the initial-boundary-value problem (3.1) has
a unique solution u(-) € C([0,00), H) N C*((0,00),V).

The corresponding transmission form suggests an equivalent formulation
which connects more naturally with the upscaled equation . Note that the
space L2(Q) can be identified with the product L2(Qs) x ]2 L2(;s), and the
Sobolev space H}() is similarly identified with

Ninel
{(wy, (wi)25) € HY(Qp) x [T H' () :
=1

(2.2¢) are satisfied by wy,w;; (2.2¢)) is satisfied by wy}. (3.2)

To get the weak form directly, we multiply (2.2a) and (2.2b) by the appropriate
components of test functions, integrate over Q and |J, ;s and add the equations.

The weak form follows: find U = (uy, (Uz)fifl) € V such that
Ouy Ou;
(¢fﬁvvf)L2(Qf) + ;((%E’W)L?(Qis)
+ (BfVUf, V’Uf)LZ(Qf) —+ Z(stu“ VUi)LQ(QiS)
= Z/ (BfVusvs — BsVuv;) - nds, YV = (vy, (vi)f\i‘fl) eV (3.3)
i YT

Using (3.2) we see that (2.2d]) holds exactly when
Z/ (BfVusvs — BVuw) -n =0, YV = (vf, (v;)n) € V, (3.4)
@ YT

that is, the right side of (3.3) vanishes. The system takes the form

U@)eV: (gzsa(,)—?,V)H +B(U,V)=0, VYV €V, (3.5)

where B(-,-) is the continuous and coercive bilinear form

B(U,V) = (BfVuf,va)Lz(Qf) + Z(BSVUi,VUi)LZ(QiS) s U, Vev.

This is the essential ingredient for the proof of Proposition [3.1]

Remark 3.2. One can add advection terms in the preceding. For a b € (L>(Q))4,
the conclusion of Propositionholds [50] if the bilinear form is supplemented with
first-order terms

(BVu(t) + bu(t), Vw) g . (3.6)

A condition analogous to (3.4]) is crucial in the derivation and analysis of the
upscaled problems: it ensures that no internal sinks or sources are created in the
process of upscaling.
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3.2. Discrete upscaled model. Now we propose and analyze an upscaled version
of leading to a discrete analogue of . The model includes as special cases
the situations in [7,[52], some elements of [8,[19], the applications models [311[32} 27],
and a discrete version of . The gist of the construction is to identify properly
the two-way coupling between the global equation and the local equation
(2-10b), and to define ¢* accordingly.

Comparing , , and , we expect an upscaled form

ol aaut* +¢"(x,t) = V- (B*'Vu*) = 0, x€Q, (3.7a)
b5 agfi — V- (BVui) = 0, ye, (3.7b)

wile, = (), (3.7¢)

vt = 0, x€09Q, (3.7d)

u*(x,0) = u’(x), x€N (3.7¢)

uy;(v,0) = w(¥), ye€ Qs (3.7f)

where IT and ¢*(x,t) are to be defined below. We intend for (3.7¢c|) to approximate
(2.2c) while (2.2d)) is realized by the flux term ¢* in (3.7a). Clearly one could come

up with many heuristic reasonable independent choices for IT and ¢*. We argue
that in order to conserve mass and preserve the variational structure exhibited for
the exact problem , these choices cannot be made independently. We show
below that ¢* must contain the dual operator to IT.

We seek the weak formulation of (3.7]) which will lead to the appropriate com-
patibility condition. The solution to is an (Nipe + 1)-vector

Ninc
U* = (u”, (ul,)i) € H=L*(Q) x ] L*(us)-
i=1

Note that H is much more than and cannot be identified with H = L?(Q). The
weak solution U* should also belong to X x Y with

Ninci
X =HyQ), Y =[] #' ().
i=1

The operator IT which appears in (3.7c|) takes values in T';, so for w € X its i-th
component (TTw); € Z; = H'/?(T;), the restrictions (traces) to I'; of functions from
Y. Thus we define IT : X — Z, where

Ninc Ninci

7 = H 7Z; = H HY2(Ty).
i=1 =1

Recall also the characterization of the dual spaces,

Nincl
X' =H'Q), Z=]] H'*T).
i=1
We embed the interface conditions (3.7c) in the definition of the energy space

)

Vv
V = {(w, (W)Y € X x Y :wy|r, = (Tw);, Vi},

i=1
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where the constraint is understood in the sense of traces. For a sufficiently reg-
ular solution U* = (u*, (uf, )iv“fl) € V, the weak form of (3.7) is obtained by
multiplying ((3.7a) , 3.7b)) by the appropriate components of a test function W =

(w, wz)fv“f‘) € V and mtegratmg over  and €, respectively,

/qb dA-i—/Q (%, )w(x)dA—F/QB*Vu*Vw(x)dA:O, (3.8)

ou’*.
b0 iy, wi(y)dA + | BV, (y, t)Vuy(y)dA
Q. ot Q.

= /r qi(s, t)w;(s)dS, (3.9)

where we have denoted the flux ¢; € Z; by ¢;(s,t) = (BsVu}, -n)(s), s € I';. Sum
(3.9) over i, add the result to (3.8]), and use the relation w; = (ITw); which was
embedded in the definition of space V. The resulting system is

(U W)y + B(U", W) =

lzzz /F (s, t)(Tlw);(s)dS — A ¢ (x,H)w(x)dA

where B is the positive definite bilinear form

B(U*, W) = (B*Vu*, Vu)g + Z B,Vu?

, YW eV, (3.10)

Vi), (3.11)

S

If we have

/ 7 (6 wx)dd =Y / gi(s, 1) (Tw)(s)dS, W eV, (3.12)
Q i r;
then the weak formulation of (3.7) is (3.5) with (3.11). The condition (3.12)) can

be interpreted as a statement ensuring conservation of mass. It requires that the
term ¢* be compatible with the collection of fluxes q = (qz)Z 21 out of € so that
the right side of vanishes and there are no spurious sources or sinks in the
model.

In the general case, since (u;),” ‘““1 €Y, the fluxes (ql)l et across 0§ = I'; are
in Z’. On the other hand, (w;|r,);_ ‘“Cl €Z,so ZZ 21 Jr, ¢sw; is understood as the
duality pairing between Z and Z/, ( ,W)z. Similarly, the left side of for
w € X and ¢* € X’ is {(¢*,w)x, so we obtain condition in the form

(", w)x = (a, (TTw);)25")z = (q, Tw)z. (3.13)
This shows that
¢ =1I'q, (3.14)
where I’ : Z’ — X’ is the operator dual to IT: X — Z,
(g, w)x = (q,Mw)z, q€ Z',we X. (3.15)
With this characterization, the model is rewritten precisely as
" 8@15 I ((BSVu:i-ni)ZN:“id) V- (B'Vu) = 0, x€Q, (3.16a)

*

aus i
P55,

-V - (BsVu;,) = 0, ye€Q (3.16b)
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uyle, = (Tu*);,  (3.16¢)
u*(x,t) = 0, x €09, (3.16d)
u*(x,0) = u’(x), x€Q, (3.16¢)
ui(y,0) = ul(y), v € Q. (3.16f)

We summarize the preceding in the following.

Proposition 3.3. The weak formulation of the upscaled discrete system (3.7)) is
(3.16), and it is a well-posed initial-boundary-value problem. The evolution of the
solutions to the model (3.16]) is governed by an analytic semigroup on H.

3.3. The Operators II. It remains to define IT in the upscaled model 3.16?. Its
role is to provide an appropriate approximation to the boundary values in (3.16¢]) for
which the resulting discrete upscaled model is accurate and numerically tractable.

We consider only at most linear polynomial approximations; for m = 0,1, we
use the space P, of polynomials of degree at most m. Denote by Z" = P,,(T;)
these polynomials regarded as functions on I';, and corresponding subspaces of Z
for the operator domain,

z"= 1] z" M.:X->2" (3.17)
i=1

Piecewise constant and affine approximations were used in [7, [52] and in [8], 19} [24],

respectively. The discussion of corresponding maps I1,, : X — Z™ for m = 0 and

m =1 are carried out in Section [3.3.1] and respectively. The calculations of

IT, lead to moments of ¢; € Z]. The zero’th and first order moments are

1 1
M (@) = m@i» Dz, Mi(g:) = m@i, (s=x))z, ¢ €Z. (3.18)
For smoother g; they are given by
1 1
Ma) =g [ s, Mi@) = o [ als)s xS, g € L),
%] Jr, €% Jr,

Recall that we have identified a constant or linear polynomial as a function on T';,
hence, an element of Z;, so these definitions make sense.

We will also use the following consequence of the Green’s formula applicable to
the first moments.

Lemma 3.4. For any smooth region D, smooth v = (v1,v3) and the centroid
xg € D of D, we have, for k=1,2

[ (@) -oGaa= [

Vv H(Ik - (x%)k)dS - / ’deA.
oD

D

3.3.1. Piecewise constant approzximations Ily. Here we discuss the local constant
approximations. Define ITy : X — Z° as the local averages over §;,

ITow ((How)i)ﬁ‘fl ) (3.19)

= - L w(x s ;
(Mow)i(s) = (w)i = o /Q (x)dA, seT;. (3.20)

The dual operator IIj, : (Z°) — X’ is computed as follows, assuming q is
sufficiently smooth, as it will be in the system. We have
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(q, Myw)z = Z/F_(How)i(s)%‘(s)ds = Z/r 1]

g ( / fa(X)w(X)dA> 4:(5)dS
oy e i ()

so we obtain the following characterization of (IIj,q); its second part follows by
divergence theorem.

Lemma 3.5. For q with integrable components we identify pointwise, in the sense
of distributions

(Iha)(x Z Xi(x) M (q;) (3.21)
Additionally, let g; = q; - n for some smooth q;. In this case
R 1
Mhfa- m) () = ¥y [ 7+ aia. (3.22)

Now we want to point out the formal connection between the discrete and con-
tinuous models obtained from the following simple considerations expressing the
convergence of piecewise constant approximations. Let € be fixed; as Niye — 00,
we have that diam(£2;) — 0.

For u € L?(R), define Ty, (u)(x) = ZZ X (x |Q I fﬂ y)dA. Then

Nincl

(T () x >>2—§;>€i<x>mli|2</m ) Z" |sz|/

1=

$0 || e (u) | L2(2) < ||tll L2~ For a smooth u € CO(€2), we have

— < —
Toua(0)() ~ G| £ e Jux) — uy)
which converges to 0. Thus limn,, ,—oo 7N, (w) = u in L?(2), and by density of
CY%(Q) in L?*(Q) we have

Ninei

lim Z Ri()(Mou); = u(-) in L*(Q) (3.23)

Ninc1—00

for each u € L?(2). Analogous properties hold for derivatives of a function in
H(Q).

Remark 3.6. We recognize now that the double-porosity model (2.9)) is the limit,
in the sense of (3.23)), of the model (3.16)) with the choice of IT = ITj.

3.3.2. Local affine projections II,. Now we consider local affine approximations
associated with the operator II; : H}(Q2) — Z!. These are needed to capture
the effects of advection and secondary diffusion in upscaled coupled models; see
Section [l

There are many ways to define local affine approximations. One way is to use
local Taylor approximations [24], but this requires extra smoothness. Another way
proposed in [8] which is mass conservative is to use local least-squares projections,
see Remark[3.9] Here we use affine approximations based on the moments defined by
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(3.18]). We refer to these as local H'(£2;)-projections. Define, for i = 1,2... Niy,
and s €I,

(Mw)i(s) = (Mow); + (TVw); - (s — x%) (3.24)

- @(/ﬂiw<y>dz4+g[/ﬂiakw<y>dfx] <sk<x?>k>>,sen-

To compute the dual IT] to IT; formally, let q have integrable components g;, Vi =
1,... Ninel, and let w € X. Then

(Ijq, w)x = (q, I w) z—/Zx; <|Q |/ -(s)dS) w(x)dA
/sz (IQ / (s)(st)dS) - Vw(x)dA. (3.25)

We have thus shown the first part of the following Lemma.

Lemma 3.7. Let q have integrable components q;,¥i = 1,... Ninc1- Then, in the
sense of distributions in H~1(Q), the operator 11}(q)(x) is characterized “point-
wise” by

X) =D M a)Xi(x) = V- 3 M ()% (). (3.26)

Note the second term in this equation is a collection of scaled line sources; indeed
a member of X'.
Furthermore, let ¢; = q; - n for some q; smooth on ;5. Then

I} ((qi - m); le |Q| V- qi(x)dA

v ;xxx)m /Qiﬁ(v @)y —xO)dA —V - ;mx)@ / qudA.
(3.27)

Proof. The proof of the second part follows easily if we apply Lemma and
calculate further from ([3.26)

1
le (qi-m) =
%] Ja,,
Next, incorporate (3.22)) to get

IT} ((q; - n);) ZM q; - n)Xi(x)

1
-V V-qi)(y —x9)dA - V- Aix—/ qidA
Zx \QI 5 (V-ai)(y —x9) Zi:x( i o

from which ( - ) follows. Note again that IT} is a collection of line sources and
thus requires test functions to be locally from H'. O

((V-ai)ly —x%) + a;) dA.

Corollary 3.8. The global equation of discrete upscaled parabolic model for (3.7))
constructed via compatibility condition (3.14]) and given by (3.16al), with the choice
II =11,, takes the form
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1 *
x)m/v V- (BsVu?,)dA
-V le QI/ C(BaVui,))(y — x©)dA
V-Zfa(x)m/‘ (BsVul,)JdA—V - (B*Vu*) =0, x€Q, (3.28)

where u}, is the solution to (3.16b])—(3.16c).

In Section [d] we provide calculations which partially decouple the global and local
equations, and we show the continuous limit to ([3.28]).
We close this section with a note on local least squares projections.

Remark 3.9. In some geometries the functions (1,(x — x¢)1, (x — x{)s) may
be L?(£;s)-orthogonal. Then, modulo proper normalization, IT; is close to local
L?(Q;5)-projections II, onto affines. The latter has a local orthonormal basis,
preserves mass, and was used in a computational model in [8].

For completeness we provide the explicit definition of II; and calculate 1:[’1 Let
(49, ¢L, $2) be a local orthonormal basis functions spanning Y;'. We define II; com-
ponentwise as the L2(€;)-projection onto affines (ITyw); ( ) = Zk kqﬁk( ) where
the coefficients w? are computed in a standard way via w¥ fQ x)dA. A

calculation similar to the one for IT} reveals that
(I q)(x sz )>diek(x)
k

where qZ fr (;5’“ (s)dS. It is apparent that IT 19 is a globally discontinuous

distribution of local polynomlals. This is compatible with the fact that IT; can be
actually defined for (extended to) all L?(£2) functions not just those from X and
therefore its dual 1:1 can be restricted to L? functions.

The use of Iy, ’ is straightforward. However, we were not able to find an in-
terpretation of Fourler coefficients ¢¥ that would be useful in our subsequent model
development. On the other hand, our H!(;)-projections while formally different
from local least-squares projections may not be very different quantitatively.

3.4. Discrete upscaled elliptic problem. We close this Section with remarks
on the elliptic counterpart of without local sources. Consider the elliptic
counterpart of with f; = 0 and its discrete upscaled version. The well posed-
ness of the variational formulation follows from the arguments above, Section
see standard variational setting, e.g., [49]. Similar arguments as those for parabolic
problems lead to a compatibility condition . The discrete upscaled version
for the elliptic case is obtained analogously as

I ((BSVu:i-ni)ﬁv:“id) — V- (B'Vu) = f*, x€Q, (3.29a)
~V(B,Vul,) = 0, yeQu, i=1,... N (3.20b)

uglr, = (Iu®);. (3.29¢)

u'(x) = 0, xe€N. (3.29d)
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Ninci
i=1
Lemma The values in the boundary condition (3.29¢) are either a constant
(Hou*)i or an affine function (II;u*);. In either case the solution to with
is actually equal to the boundary data, constant or affine, rebpectively.
Therefore, the flux of that solution q; = B,Vuj, is either zero or constant, respec-
tively. In the latter case, that constant equals B;(IIoVu*);. As a consequence,

incl

the zero’th moment of (qz)l 1! with ¢; = q; - n which is (part of) the expression

for I ((ql)z "fl) vanishes (see (3.22)) and (3.27))) for both piecewise constant and
piecewise affine cases. For the affine case we additionally find that the second term
in ([3.27) vanishes as well. For the third term in (3.27)), since q; is locally constant,
we get

~ 1 o ~ |QlS| *
-V zi:xz(x)m /Q qidA=—-V- sz(x) o] B,Vu?

=-V. ZX, )0, B,V (TToVu*); . (3.30)

We examine now the term ¢* = IT ((BSVu: ;1) using Lemma and

The consequences of these observations are summarized below.

Corollary 3.10. If a constant approximation associated with Ily is used in the
boundary condition for solutions to , then (i) the flur q; = BsVu}
equals q; = 0, (ii) the source term ¢* = 0, and (iii) the model is just the
obstacle problem with ¢* = 0. However, if the affine approzimation Il is
used in ([3:29d), then (iv) the flur q; = B,V (Ilgu*); is constant, (v) the source
term q* is given by (3.30), and (vi) the model reads

~-V. sz )0, B,V(II,Vu*); — V- (B*Vu*) = f*, xeQ. (3.31)

In both cases the solution u* is fully or partially decoupled from the local solution

*

us. in the sense that the global problem can be solved independently of the local

3

problem (3.29b))—(3.29¢)), which, in turn, can be solved given the boundary data.

We note that a continuous version of with IIy was considered in [[34],
pp.145] where it was not noticed that q; are null and ¢* = 0. The affine case was
considered in [24] but only the zero’th moment terms were computed and it was
noted that q; are constant but ¢* was not used.

These facts are fundamental for the modeling pursued in this paper since the
fluxes q; are the prototypes of advective velocities used in the model of coupled
flow-advection-diffusion. If q; are zero, then no advection effects can be accounted
for. If with ¢* = 0 is used instead of , then the effects of flow in
inclusions is underpredicted.

Remark 3.11. The global equation (3.31]) should be compared to (2.3) with 6=0
as, in the continuous limit, it reads

~V - ((6,Bs + B )Vu') = f, xeQ.

The effective coeflicient 0,Bg + B* is close to but not the same as f’), however. The
consequences for the flow problem will be discussed in Section
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4. DISCRETE UPSCALED MODEL WITH MEMORY TERMS

In this section we show how to interpret the memory term ¢* = II'q arising in
and how to partially decouple the system .

The plan is to represent the solution u}, to the cell problem (3.16b)) as a linear
functional acting on the boundary data given by (ITu*); in (3.16c). With u},
calculated, one computes its fluxes ¢;; finally the values of II'q to be inserted back

to (3.16a]) follow. These steps
u I =l — g —I'g=¢*

are a composition of linear functionals. Some are simple projections and extensions
of polynomials local to ;s to functions on €2; these were defined in Section 3} The
other functionals are Dirichlet-to-Neumann maps; these can be written using fun-
damental solutions or equivalently, as the time convolutions with auxiliary kernels
depending only on the geometry of €2;; and coefficients of the problem .

Here we focus on these Dirichlet-to-Neumann calculations represented schemat-
ically by ITu* +— u}, — ¢;. The calculations depend on the choice of operator
II: we first calculate g; when Il is used; next, we use IT;. The former model is
related to the standard double-porosity model from [10] [7]; the latter is related to
the secondary diffusion model considered in [I9, 20]. The calculations are done on
a generic cell g, but it is easy to extend it to any €2;;. We focus on a generic
self-adjoint parabolic model; calculations and definitions for the advection-diffusion
model will be presented in Section

Recall the notation and properties of the convolution product  * A of any two
functions x, A\ € LY(0,T) defined as (k * \)(t) = (k(-) * A\())(t) = fot K(T)N(t —
7)dt, t > 0. The basic properties of this product include symmetry s * A =
A * k and the following differentiation %(KJ x ) = ‘Cll—’z x A+ £(0)A(t). = K * % +
k(t)A(0). Appropriate extensions are easily defined for vector valued functions k, A €
L'(0,T; X) where X is some normed vector space, and similar properties hold, with
% replaced by %.
4.1. Memory terms from piecewise constant boundary conditions. Here
we provide the Dirichlet-to-Neumann calculations corresponding to ITgu* — u},
qo, where u} solves with (3.16¢) and (3.16f) on a generic cell Qg,. Similar
calculations were done in [7], 35] 42].

Consider a representative solution 7° = 7°(y, ¢) which solves

d)s% -V (stro) =0, y € Qos
TO(y’ O) = 07 ye€ QOS (41)
7ﬂ()(y’t) =1, yely

It is also convenient to consider r(y,t) = 1 — r%(y,t) which solves

I —V-(BsVr) =0, yeQo

5t
r(y,0) =1, yeé& Qs (4.2)
r(y,t) =0, yeTl
Next we define
1 or9(y,t
700 = 2 [ 5,270y (4.3)

Q0] Ja,. ot
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This is the first of the kernels to be used in the sequel. Note that

TOO(t) _ 7i o ¢S 8r(y, )

dA. (4.4)

Proposition 4.1. Let II = Il in 1D and let there be an initial equilibrium,
that is, let

u? — (Houo)i =y’ = const, Vi (4.5)

in (3.16€) and (3.161). Let also the assumption on periodic geometry hold in the
sense that all inclusions have congruent geometry and equal coefficients:

QOS = Qis7 and ¢is = ¢S7 Bis = Bs Vi = 17 ey Nincl (46)
Then the equation (3.16a) can be written in the convolution form as follows
d(ITpu*);
x) Tt % -V-B*Vu*) = 0, xeQ. 4.7)

Proof. This is obtained by linearity from the following calculations.
Let u) = const be given and A° : [0,00) — R be a given differentiable function,
continuous at 0. Define

0
utoly, )= 0 100y 1)+ 00y, 0+ 1y ). (48)

We note in passing that u?,(y,t) = A°(") x aro(y,~) + udr(y,t), which follows by
differentiating convolutions from A x 8L = A% ar +A%()r0(y,0) = 4 (A%r0) =
0
4 (105 A%) = 24 510 4 A0(0)r0(2).
We easily verify that u}, satisfies

*
auaO

(bs 8t -V (stuzo) = 07 yce QOs (49&)
u:O(y7 0) =const = ’LL8, ye QOS (49b)
uio(y.t) = A°t), ye€To (4.9¢)
Indeed, we calculate the first term in
ous(y,t) dAY  or(y,t) dAY, 0 0. 0r%(y, t)
T = (2 ——— + — 2 () (y, A9(0) — LYY
T @ o ta O30+ (Ap(0) —ue) =
dAO t or9(y,t
v, 2000 | (43(0) - ), 200

ot
as well as the second term

dA° 0 0
¥ 2V By, 1) = (45(0) —ug) (V- BsVri(y. 1))

Combine these and use (4.1) to see that (4.9a]) is satisfied. The initial condition
(4.9b) is trivially satisfied when ¢ = 0 is used in (4.8]). Finally, the boundary
condition (4.9c)) follows from (4.1)), by

0
1%wwm=(“Wﬂwww+%mWWM+%u—Mmmym

dt
~dAR()
Tt

-V - B,Vug,(y,t) =

x 14 AJ(0) = AS(t) — AJ(0) + AJ(0) = AJ(t).
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Next, compute the total flux out of Qs by the divergence theorem,

/ BVu,-n = qﬁg SOdA
F(] Q0

A 0
_ 44, ( 6,2 ( )dA> + (A9(0) — ) ¢SMCM
dt Qos Qos
0
dt Qos Qos
Now use to conclude that |QO\M0(BSVu§O ‘n) = fFo B,Vu},-n and
0 * _dA%() oo 0/ _ ,0) 7700
M"(BsVuy, -n) = = * T%() + (Ag(0) — ug) TY(t). (4.10)

We have thus computed the flux compatible with the solution to .

Now, for each i, we apply analogous calculations to the solutions to with
boundary condition and initial condition over ;. The boundary
condition analogous to the one in is AY(t) = (ITpu*);, and the initial condition
analogous to is given by uf(t). We get M?(q) with ¢; = B;Vu}, - n as in

()

ITou*);
VOB,V (5.1) - m) = T(1) 00

D (4%(0) — u)T(0).

Finally, by (4.5) we have initial equilibrium so that the last term above vanishes.
Substituting in (3.7a) yields

d(Hou*)
0(B, )TOO(t) % ——2— 2.
¢ (x,t) =M'q= sz Vg, sz 7

O

Remark 4.2. The character of 7°0(t) is easily understood from the characteriza-
tion (4.4): 7% is monotone decreasing, unbounded at 0, and positive in the sense
pursued in [37). Its singularity at 0 is weak in the sense that the (improper) integral
fo T%(s)ds is finite. One can see that for small times ¢, the kernel 7°(¢) behaves
like t—¢ Wlth a = 1/2 [I7]; details are provided in [42].

Remark 4.3. The assumptions (4.5)) and (4.6)) can be easily relaxed; the resulting
global equation has additional terms corresponding to additional tailing effects. In
addition, for each i = 1,... Ni,a, a different kernel 7,% is constructed.

The system is a single integro-differential equation which is formally equiv-
alent to the coupled system . Theoretically, the kernel 7% can be pre-
computed analytically for simple geometries [I7, [42] or numerically for more general
cases [42]. This direction was also pursued in [2].

From an analytical and modeling point of view the single equation (4.7) is very
attractive. However, in a computational realization, the coupled form ([3.16]) may be
preferred due to the following issues. The (mild) difficulties in direct discretization
of arise due to singularity of 7°°(¢) at 0. Somewhat more limiting are the
long-term memory effects which require storing all history of v* if is used.
The latter can be alleviated if the history is truncated, as discussed theoretically
in [38, [44] and as is frequently done in applications [31] [32, [30].
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4.2. Memory terms from piecewise affine boundary conditions. Consider
now the model (3.16) in which we use II;,IIf. We provide the calculations of
the Dirichlet-Neumann map ITyu* +— uj, — qo, and derive the effective model
equivalent to (3.16]) in a convolution form; this “secondary diffusion” version was
considered in [20].
As in Section [I.I] we consider solutions to the cell problem
ou’

P

ot

-V-(BsVuy,) = 0, (4.11a)
u:O(yvo) = u87 MRS QOSa (411b)
2
ugo(y,t) = Ag(t) + Z A’S(t)(y —x0)k, ¥ €T, (4.11c)
k=1

subject to an affine (4.11c| rather than a constant boundary condition as in (4.9c]).
The coefficients A}(t), A3(t) distinguish the model ([4.11)) from (4.9). For these
we define additional auxiliary functions, for £k = 1,2

S V- (ByVrF) =0, ¥ € Qo
rk(Y7 0) = 07 y € QOS7 (412)
r*(y,t) =y —x{k yeTo
Lemma 4.4. Let A}(0) = A2(0) = 0 hold and let A = ul. Define
. dAY(.
utoly.) = L0y ) A0 . 0) + g1~ O(y.0)
2 ork
) o (y,) o4
+;;A () * 5 (¥,)- ¥y €. (413)

Then u}, solves (4.11)).

Proof. The proof follows from calculations similar to those in Proposition (4.1)).
We verify the additional terms coming from the last part of (4.13). In fact, by

A(lj(O) = A%(O) =0 and rk(y70) = 0 we have %(Ak * rk) — dAY Lk gk aa—’": for

dt
k =1,2. We compute, for y € Qq,, using A°(0) = u
oul, 2. dA* ork
t) = S (Ve ——(vy.-
5 1) ,;Jdt()*at(y’)’
: k ot (y,-) = dAb k
BSVusO(y,t) = ZA () *BSVT = ZT() *BSVT (y,)
k=0 k=0
2
0 ork(y,-)
_ 40 0_,0 0 k )
= AVx o BV - ugB U + ’;A () ¥ BV =g,
and immediately verify that u* defined by (4.13) satisfies the PDE, the boundary
and initial conditions of (4.11)). O

Now we follow similar steps as in Section to represent ¢* = IIjq. We use
kernels arising from various averages of 7*. First, we use the averages of rate of
change in time

1 rk

0
kO —
0= [ 6

=5 S(y.t)dA, k=0,1,2 (4.14)
Os
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where 7% defined previously in ([4.3)) is included for completeness. Next, the kernels
T+, T*2 arising from the first moments of ¥, k = 0,1, 2 are defined by

1 ork

TH(t) = G (v, Dy — (x§));d4, j=1,2 k=0,1,2.  (4.15)
|Qo| Q.. Ot
Finally, for each 7%,k = 0,1,2 we set
k1 qk2 skt 1 k
Sk (t) = (8K, §*2) = w2 | = B Vri(y,t) dA. (4.16)
S Q0] Ja,

In summary, we have defined the total of fifteen geometry-based and time-dependent
kernels: nine zero’th and first order moments 7%0, 7+t 752 of r* k = 0,1, 2 and six
averages S*1, S*2 for k = 0,1,2 of their gradients Vr*. These are used to express
q* in the upscaled model . If does not hold, then these kernels can be
defined separately for each 7. We note that many of these kernels may vanish due
to symmetry; see Remark [£.7]

We can now represent the solution wu},, for each i, to (3.7b) with ( and
, as it was done in Lemma 4 for the solution u} to (4.11). We use boundary
conditions expressed by A¥ k = 0,1,2. Clearly AF, k = 0,1,2 and thus u}, vary
with 4.

Next we compute ¢* = I} q where q = (¢ ) _‘““, ¢ = q; -n; = BsVui, -n;. By
Lemmam the following terms arise as in

Ilq = le V; -V - sz VI — V- sz VT .

Here I is a scalar and II,III € R? are vectors; we write II = (II',11%) and
IIT = (IIT',I11?). These terms are as follows

1
L = — [ (V-ByVui,)dA,
Q0] Ja,,
1
I, = —/ (V-BsVui,)(y — %7 )dA,
Q0] Ja,,
I, = 1 / (BsVuj,;)dA
Q04| Ja,.

The zero’th moments of rate of change of mass content are

1 o, 2 dA
I = — s——2(y,t)dA = TR 220
Tl o VO LT O
Next we calculate the first moment of mass content in €,
1
T = — asé ( )y —x{)dA
12

2 k k
=3 (70 SO TR0 ).

k=0
In the last step we handle IT1;:

1 2 dAk
Ufz:f/ B.Vul,(y,t)dA =3 SF() s =L ().
2] Jo ¢ (y:1)) kZ:O () =2 0)
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Now we substitute explicitly A% k =0,1,2 in {#.11d) via IT;u* as in (3.7
A%t = (Tu"); =Tl / (4.17)

ARty = (ch’?ku*)i:m/ﬂ Opu*(y,t)dA k= 1,2 (4.18)

and complete the calculation

dAk
* = ()

_ (ZX Zsk )). (4.19)

7

The final step of representing IT}q follows after we take advantage of (4.17)),(4.18]),
and insert (4.19) to (3.7). This completes the proof of the next Proposition.

Proposition 4.5. Let the assumptions of Lemma hold. Let also (4.6) hold so
we can supress the index i on each of the kernels. Then the global PDE (3.16|) using
(4.19) takes the convolution form

LOut(x,1) e d(TT d(Tydu*(-));
5 B LS a7 LT +Zm )3 7o) M ()

i=1 e pr
v+ (3w o - A
+i¢®§ﬁ%ﬂoyﬂwym
+Ni§1 ([P (), S92 ()T d(HO(Z ()
Nincl 2 )
+Zyu§wmﬁwd%%0u

— V. (B*Vu(x,1) =0,x €Q, ¢t >0. (4.20)

Remark 4.6. Let Nj,q be large. Then, by we can “formally” let

Xi (%) (IIpdku*); — Opu*(x,t),k = 0,1,2. Also, the weak derivative can be in-
terpreted as V (3, Xi(x)(Ilou*);) — Vu*(x,t). With these informal limits, the
structure of the limiting model is

ou*
ot

ou* u* u*
10 20 01 02 01 02
(T, T*)* Vg =V ((T T92) « 6t> <(S 592) % 8t)

Lou” 00
10) 5 + T %
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Tll T12 au* Sll 512 au*
—V'([Tm 722}*V8t>—v'<[521 522]*V8t>
-V -(B*Vu")=0 (4.21)

or, after we collect like-terms
ou* ou* ou* ou
e T MV
o T TMEV, ai

where M : (0,00) — R, M : (0,00) — R?*? are time dependent vector and matrix
valued memory kernels.

*

—V-(M*V )—V-(B*Vu*):O(4.22)

Remark 4.7. Let ;s be circular or square inclusions. Then by symmetry, the

11 12
kernels 710,720, 701 702 712 721 G0 vanish. In addition, { ;21 ;22 ] and

[S!, S2] are diagonal. Then the model (4.22)) becomes the secondary diffusion model
from [19]

ou*

¢>*8;;+TOO*—V-<M*V‘9“

ot

5 ) — V- (B*Vu*) =0, (4.23)

and M is diagonal.

In many physical situations the symmetries mentioned in Remark hold and
thereby the terms associated with M in the effective model are most sig-
nificant at most time scales. Numerical evidence assessing practical importance of
secondary diffusion terms versus all other terms will be presented elsewhere. We
stress that such a model arises via upscaling of a self-adjoint parabolic problem. On
the other hand, in non-self adjoint problems, the terms associated with off-diagonal
kernels will not vanish. For example, problems with first order terms such as those
in advection-diffusion-dispersion problems to be discussed in Section [5} will not

simplify to (4.23]).
5. UPSCALING THE COUPLED FLOW-ADVECTION-DIFFUSION MODEL

Now we return to the flow-advection-diffusion system (L.1)—(L.2)), or (L.8)—(L.9).
The results in Sections do not apply directly to (|1.9) due to a) non-symmetry

due to advection, and due to b) the coupled nature of the system: the scales of
diffusion, advection, and dispersion in (1.9 are coupled to the scales of flow in

[3).

We first recall the results without any scaling as well as in the “obstacle” limit for
f. Next we discuss the consequences of e2-scaling to 7, that is,
classical double porosity approaches which correspond to using Ilg, but in which the
advection and dispersion effects are lost. Then we propose the affine approximations
associated with operator IT; instead. The final step is to represent the various
memory terms arising via a Dirichlet-to-Neumann map in convolution form as in
Section [l

5.1. Effective coupled model by classical upscaling and obstacle limit.
The solution of the exact system is denoted by p(x), v(x), c(x,t). Using
classical upscaling techniques these can be approximated by their local averages:
the respective upscaled functions p, v, and ¢ satisfy the approximating upscaled
model

V¥ = 0 xeq, (5.1a)
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v = —KVj, (5.1b)

in which the effective conductivity K= K(K t, Ks) is given analogously to B as in
(2.5). The effective v is divergence-free by (5.1al) and we can use it directly in the
upscaled transport model

5% +V-(#-DVé) =0, xeQ, (5.1c)
where the effective constant coefficients ¢ = (5(¢f7¢s) and D = f)(Df,DS) are
computed with and , respectively. The corresponding theoretical results
can be found in [[34], pp 8-12, 243-246], [[3], Section 2, Thm 2.2]. Discussion of first
order terms is in [[13], pp 181-185] and [[36], p 31].

As mentioned before in Section [2.2.1] this model is good only for the low contrast
case and does not capture the tailing effects associated with storage in 25. Therefore
we need to use the double porosity concept which is equivalent to the obstacle
problem with a memory term.

The obstacle case for the coupled system in which the blocks or inclusions are
impermeable is obtained from the preceding case by setting formally K = 0, ¢ =
0,D, = 0, so we obtain the effective coefficients K9, ¢°, D?, and take note that Qy
needs to be connected. Note that the upscaled unknowns v°(z), p°(z), ¢°(z,t) are
defined on all of Q. They are obtained as the solution of the system

v-¥ = 0, xeQ, (5.2a)
¥ = —K°Vp°, x€Q, (5.2b)

~ NO ~
¢Oaact +V-F% -DVe) = 0, xeQ, (5.2¢)

with appropriate boundary and initial conditions. Discussions of this case can be
found in [[34], pp 13-16], and [[B], Thm 2.7]. Of course we hardly have K, = 0, this
model is only auxiliary, and we are now ready to account for additional storage in
Qs.

5.2. Effective coupled model by discrete double porosity approach. Now
we follow ideas from Section and derive a general discrete upscaled model for
-

First we revisit the discrete double-porosity model for the flow, following Sec-
tion [3-4] and Corollary We get the system for the flow

Vv =10 ((v; : ni)jv;r;l) +VovE o= 0, (5.3a)
v = —K*'Vp*, xe€Q, (5.3b)

V-viy, = 0,i=1,... € Nipa (5.3¢)

vy, = —-K,Vpi,, yeQ, (53d)

Pilrs = ((p"))i, (5.3¢)

where this global equation is solved for p*, v*, and from which v* can be computed.
Here K* is computed as in the corresponding obstacle problem for which the blocks
are impermeable.

Consider first any choice of IT of IIy, IT;. Consequences of Corollary are
that, regardless of the choice of IT, the global problem is decoupled from the local
problem on €2;,, since v, can be written using K(IIyVp*);; see details below.
Note that v* is not necessarily divergence-free but v* is.
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Next we set up the upscaled version of the transport part of the system. This
follows by V - v* = 0 and by what was said in Section The coefficients ¢*, D*
are defined as in the obstacle problem. The model is as follows

(;5*%2 +¢*(x,t) = V- (D*'V¢" —v*¢) = 0, x€Q, (5.3f)
e,

s ;;1 VDV, v = 0, y e, (5.30)

C:ih‘i = (HC*)Z (531’1)

It remains to make a selection of IT simultaneously in the flow and in the trans-
port parts.

5.2.1. Case of constant approzimations. Notice that with the choice IT = Il in the
flow equations (5.3)), the advection terms on §;, drop out by virtue of v}, (x) =0
as in Corollary |3.10, Then v* = v* and is divergence-free. Next, by v} (x) = 0
and , neither advection nor dispersion effects can be captured.

We have the self-adjoint discrete upscaled transport system .

8 *
" 8Ct Lt (x0) — V- (D*Ve —viet) = 0, xeQ, (5.42)
oct,
G-V (DiVer) = 0, x e (5.4b)
cilre = (™), (5.4c)
where the memory term is given by
¢*(x,t) = IH((DiVer,(s,t) - n)Nne). (5.4d)

In this model one captures tailing effects due to diffusion at disparate time scales
but not to advection or dispersion. Advection terms are lost in the cell problem:;
they only appear in the global problem.

Such a model was considered in [2] and in the context of thermal flow in [4T], [43],
also in [57, 27]. It is interesting to note that the term ¢* could play the role of a
regularizing term for large Péclet numbers in the global equation even though it is
hard to see how this could be consistent with the absence of advection in .

5.2.2. Case of affine approximations. Now we use Il; in both the flow part and in
transport part; this will keep the advective velocities v}, from vanishing,

The effect of IT; on the elliptic part was explained in Corollary We
can rewrite the system using a coefficient K* = K* + 6,K,

V.-vd = 0, xeQ (5.5a)

v = —-K*Vp*, (5.5b)

Vv, = 0, yeQ, i=1,... € Nipa (5.5¢)

vy, = —K,Vpi, yeQ; (5.5d)

Psiloce. = (Ii(p")): (5.5€)

Note that v* is divergence-free. Also, we find that v}, = —K,Vp},, is constant on
each Q5. In fact it is given by

v = K, (I, Vp*); = K (K*) ' (TIov¥); (5.6)

In summary, we solve ((5.5a)), (5.5b)) and then calculate the local velocity by (5.6]).



26 M. PESZYNSKA, R. E. SHOWALTER EJDE-2007/147

We can now compute D; from using the (constant in y) value of vZ,. In
particular, D; may be non-isotropic and non-diagonal. Also, it is expected that in
general, vi, will vary with i. However, in the case considered in [57], the values v*
are essentlally constant with x and, hence, v},, D; do not vary with .

The upscaled transport system with IT; follows as in Corollary

*

Oc _
o o +4q ( t)— V- (D*'Ve" —vic*) = 0, xeQ, (5.7a)
('bi (D VC - SzC:z) = 07 X € Qia (57b)
Coilr, = Ih(c"(x,1)), (5.7¢)

with the memory term
¢ (x,t) = I (D Vel (s,1) — vi,(x)chi(s,1) ) x € Q. (5.7d)
It was observed in Corollary and [8] that across each block boundary [. v
n = 0. Hence, parts of the advective flux fr,- (ITypc);vi, - n vanish. However, not

all advective contributions to ¢* are zero, unless, as in [24], the flow equations are
upscaled with different operators than transport.

5.3. Convolution form of (5.4) and (5.7). Now we rewrite (5.4)) and (5.7]) using

the representations derived in Section This allows to partially decouple the
system that is, to see the global transport equations , written in terms
of their global unknowns ¢* only.

We assume for simplicity that there is an initial equilibrium in the system so
that a counterpart of holds. We also assume that the kernels defined in ,
(4.14), (4.15), (4.16) do not vary with i.

First we rewrite (5.4al). It is not difficult to see, following the proof of Propo-
sition and noting that v;, = 0, that in order to rewrite in a partially
decoupled form, we merely need the definitions leading to the standard double
porosity model to which an advective term V- (v*c*) is added. Predictably,
it has the form

d(HOC*)i

TOO
dt

-V - (D*V¢'r —v*'c") =0, xe€Q. (58)

Next we handle which is of major interest in this paper, as it preserves
the advection and dispersion effects. We assume again initial equilibrium so that a
counterpart of holds.

Immediately we see that the generic solutions rx, k = 0,1,2 to problems ,
do not account for advection and cannot be used directly. Also, in general

*

v}, will change with i. Hence we modify (4.1 appropriately as follows, for every

S

i=1,... Nina

0
s 8(';{ (D V’I" - vszr?> = 07 y € Qis ;
r9(y,0) =0, yeQ,, (5.9)
(v, t) =1, yeTli.
We also modify (4.12]) analogously, for i = 1,... Nijpa, k = 1,2
ork
bs 5t - (D;Vrk — vird) =0, y € Qs
i (y,0) =0, y € Oy, (5.10)

r?{c(yat) :(y_XS)ka yEFi~
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Now we propose to use the definitions (4.3), (4.14)), (4.15) where 70, 71, 72 are defined
by (5.9 ., -, and allow for their Variability with i. Also, we modify (4.16 - to
include the total advective-diffusive flux D;Vr¥ — v k. This is done as follows:

Sk(t) = o / (D, Vrl(y,t) — virE(y,t) dA. (5.11)

Finally we follow calculations similar to those in Section to obtain the final
result, the global upscaled discrete double-porosity model. Its structure differs from
the one derived in Proposition and by the presence of the advection term
V - (v*¢*) and by the dependence of kernels on i.

Proposition 5.1. The global transport equation of the discrete upscaled double-
porosity model using affine approximations is given by

o 2l Ng T W
v (JVZ RGO (), 7027 o AT
+ NZ ) :1[7;’“<~>,Tf2<->i7“ i QD))

+ il Xz 501 Soz( )]T % d(HodCt*('))i

Nincl 2 el
+ Z Xz kzo Skl(,>751162(.)]T % d(l_Ioath<))l>

-V (D'Ve' (x,t) = v'c*) =0,x€Q, t >0. (5.12)

This is a central result of this work.
We conclude with an analogue of Remark [£.6]

Remark 5.2. Let Vi, be large and let us supress the dependence of the kernels
on i. The formal limit of (5.12) in the sense pursued in Remark is
oc* oc*

oc* 00,
E—FT a——i—M Va (/\/l xV

oc*
ot

o ) -V - (D*Vc¢" —v*c") =0

(5.13)
where M, M have the meaning defined in Remark

The natural question that arises is one of quantitative significance of the terms
associated with 7°°, M, M. Recall Remark for the symmetric case. Numerical
results and further discussion of these issues will be presented elsewhere.

Further work includes construction of an e—model to display the upscaled model
as a limit by homogenization rather than as a limit of the discrete upscaled model
presented here.
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