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REGULAR OBLIQUE DERIVATIVE PROBLEM IN MORREY
SPACES

DIAN K. PALAGACHEV, MARIA ALESSANDRA RAGUSA, & LUBOMIRA G. SOFTOVA

ABSTRACT. This article presents a study of the regular oblique derivative prob-
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B02) +o(z)u = ¢p(z).

Assuming that the coefficients a*/ belong to the Sarason’s class of functions
with vanishing mean oscillation, we show existence and global regularity of
strong solutions in Morrey spaces.

1. INTRODUCTION

The goal of the present paper is to study the global regularity in Morrey spaces
for strong solutions to the non-degenerate oblique derivative problem

N 0%u
Z a(x) f(z) for almost all z € Q,

= 8.7318x -

bi=l1 ’ (1.1)
Ou_ +o(x)u = (z) in the trace sense on I

06(x) - '

Here the coefficients of the uniformly elliptic operator may be discontinuous and
the first order boundary operator, prescribed in terms of directional derivative with
respect to a unit vector field £(z), may be nowhere tangential to the boundary of 2.
More precisely, we assume that a*’s belong to the Sarason class, VMO, of functions
with vanishing mean oscillation [22].

The interests in the study of boundary-value problems for elliptic operators with
principal coefficients in VMO increased significantly in the last ten years. This
is mainly due to the fact that VMO contains as a proper subspace C°(Q) that
ensures the extension of the LP-theory of operators with continuous coeflicients to
discontinuous coefficients [13, Chapter 9], [15]. On the other hand, the Sobolev
spaces W1(Q) and W?%9/"(Q), 0 < 6 < 1, are also contained in VMO, whence the
discontinuities of a*/’s expressed in terms of belonging to VMO become more general
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than those studied before (cf.[18], [6]). We refer the reader to the survey [5], where
an excellent presentation of the state-of-the-art and relations with another similar
results can be found concerning the regularizing properties of these operators in
the framework of Sobolev spaces. The Dirichlet problem for such kind of equations
has been well studied both in the linear ([6], [7]) and in the quasilinear ([20])
cases. Concerning the regular oblique derivative problems for elliptic operators
with VMO principal coefficients, we should mention the articles [8] in the linear
and [9] in the quasilinear case, respectively. The results of [8] have been extended
also to elliptic operators with lower order terms and general boundary operators
([16]). Recently, the W?2P-theory developed in [16] has been applied in the study of
degenerate oblique derivative problem in Sobolev spaces (see [17]). The degeneracy
means that the field £ can be tangential to the boundary of 2 at the points of some
non-empty subset.

In the present paper we derive global regularizing property in Morrey spaces of
elliptic operators with VMO coefficients. Precisely, it is proved that any strong
solution (u € W2P(Q)) of (1.1) with f € LPA(Q) and ¢ € WPN(9Q), 1 < p <
+00, 0 < A < n, admits second derivatives lying in the Morrey space LP*(Q)
(Theorem 2.1). As consequence of that regularizing property we derive also strong
solvability in W2PA(Q) of (1.1) (Theorem 2.2) for any f € LPAQ) and ¢ €
WP (99). (See the next Section for the definition of the spaces used.) Finally,
the known relations between the Morrey and the Holder spaces permit us to obtain
finer Holder continuity of the gradient Du of the strong solutions to (1.1) for
suitable values of p and A.

The crucial point of our investigations is the local boundary Morrey regularity
of the strong solutions to (1.1) (Lemma 4.1). The approach is based on an explicit
representation of solution’s second derivatives (near the boundary) in terms of
singular integral operators with Calderén—Zygmund kernels and their commutators
and operators with positive kernels. This method has been already used in the
study of Dirichlet problem ([7], see also [8]). Since the representation formula
derived in [8] concerns constant coefficients elliptic and boundary operators, we
apply here, in contrast to [8], a new approach in order to deal with non-homogeneous
boundary conditions described by variable oblique derivative operator. This is
reached by introducing a special auxiliary function which, roughly speaking, absorbs
the right-hand side of the boundary condition. Thus, a new representation formula
for the second derivatives occurs, which involves densities depending on the same
second derivatives, but also on the strong solution and its gradient. To estimate
effectively the Morrey norms of the second derivatives, we make use of a special
non-dimensional norms. Indeed, that approach seems to be more natural when one
studies the oblique derivative problem and this is due to the first order operator
defined on the boundary 0.

The rest of the paper is organized as follows. In Section 2 we state the problem,
the assumptions on the data and the main results. Section 3 is devoted to some
auxiliary results. Special emphasize is given on a construction and properties of the
auxiliary function (Lemma 3.1) mentioned above, by the aid of which we are able
to represent (locally near the boundary) the solution of (1.1). In Section 4 the local
boundary Morrey regularity of the strong solutions to (1.1) is derived. Finally, a
combination of that result with the interior regularity enables us to prove the main
results of the paper (Section 5).
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Results similar to the present here were derived for Dirichlet problem in [10] and
[11].

2. THE PROBLEM AND ASSUMPTIONS

Let Q@ C R™, n > 3, be a bounded domain with sufficiently smooth boundary
0. Consider the unit vector field ¢(z) = (¢1(x),... , £, (x)) prescribed on 9§ and
the first-order boundary operator

0
B:ag—(x)—FO’(l‘) x € 0.

In Q we will consider the second order uniformly elliptic operator
L = a"(z)D;;

where the usual summation convention on repeated indices is accepted and D;; =
62
BzLamJ :
Our goal will be to study global regularity and strong solvability in the framework
of Morrey spaces of the next oblique derivative problem

Lu = f(z) for almost all z € Q,

2.1
Bu = p(z) in the trace sense on 2. (2.1)

Before giving the list of assumptions concerning the data of (2.1), let us recall
some definitions and state useful notations. As usual, the classical Sobolev space
of functions having weak derivatives up to order k which belong to LP(Q2) will be
denoted by W*P(Q).

Let p € (1,400) and A € (0,n). The function f € L{ () is said to belong to
the Morrey space LPA(Q) if

1/p
oo = (supo™ [ wPdy) < +oc.
6?8 B, (z)NQ

where, hereafter B,(z) denotes an n-dimensional ball of radius p and centered at
the point x.

We will consider also subspaces of W#?(Q) formed by functions having their k-
th order derivatives in LP*(£2). The symbol W¥PA () stands for these subspaces.
Precisely,

WhPAQ) = {ue WFP(Q): Dwe LPMNQ), |af =k}.
The norm in that space is naturally defined by

[ullwrera@y = [ulleagy + 1D*ull Loa)-

By means of the interpolation inequality, it is clear that also the lower-order deriva-
tives D%u € LP*(Q) for 0 < |a| < k. We shall make use also of the non-dimensional
norms

[ullfyrmnia) = lullLor@) + 421D u] o),  d = diam €.

To interpret the boundary condition in (2.1) in the trace sense on 99, we will
use the space of functions defined on 02 which are traces of functions lying in
WHPA(Q). That functional class is well studied by Campanato (cf. [3]). Thus,
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define W@ (99) to be the Banach space formed by functions ¢ defined on 99
and having the finite norm

1/p
el o =( swp o |so<m’>|pdawf)
p>0

z/€oQ Bp(z’)ﬁaﬂ

N (=P 1/p
|p(2) — p(@)] daw,dax) 7

—A
+ ( sup p |x/ _ j/|p+n72

p>0
2/, 2/ €09 B, (2")NOQ2 B, (2/)NoN
with A = max{\ — 1,0}.

In order to formulate the regularity assumptions on the coefficients of the op-
erator £, we need also to recall the definitions of the John-Nirenberg space ([14])
of functions with bounded mean oscillation (BMO) and the Sarason class VMO of
the functions with vanishing mean oscillation ([22]). A locally integrable function
f(z) is said to belong to BMO if

1
17l = sup —/|f<w>—f3|dx<+oo
s 181 J

with fp being the integral average |T£\ [ f(x)dz of the function f(x) over the set
B, and B ranges in the class of balls of R”. If f(z) € BMO denote
)= swp o [ 1f(@) = fa, o
p<r, z€R" |B,|
B/’
Then, f(z) € VMO ify(r) = o(1) asr — 0T and refer to y(r) as the VMO-modulus
of f(z).

It should be noted that replacing the ball B above by the intersection B N €2,
one obtains the definitions of BMO(£2) and VMO(?). Later on, having a function
defined on 2 that belongs to BMO(Q) (VMO()) it is possible to extend it to all
R™ preserving its BMO (VMO) character (see [2, Proposition 1.3]).

We are in a position now to list our assumptions. Concerning the operator L,
we suppose that it is uniformly elliptic one with VMO coefficients. That is,

FJr>0: e <a¥(2)66 < kl€]? VEER™, aa.z€Q,

i, i, b (2.2)
a’(x) e VMO(Q), a"(z)=d"(z).

We set also 7;;(r) for the VMO-modulus of the function a”(z) and let v(r) =

1/2
(Z? =1 %2]_ (r)) . An immediate consequence of (2.2) is the essential boundedness
of a¥’s.
As it concerns the boundary operator B, we assume
ti(x), o(x) € CO1(0%), o0 e CH

L(z) - v(z) =Li(z)vi(xz) >0, o(x) <0 foreach z € 09, (23)

with v(z) = (v1(z),... ,vn(x)) being the unit inward normal to 0€2. The simple
geometric meaning of (2.3) is that the field ¢(x) is nowhere tangential to 02, that
is, (2.1) is a regular oblique derivative problem (see [21]).

The main results of the paper are contained in the following theorems.
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Theorem 2.1. Let (2.2) and (2.3) be true, p € (1,+00) and A € (0,n). Assume
further that w € W2P(Q) solves the problem (2.1) with f € LP*(Q) and ¢ €
WEN(5Q).

Then D;ju € LPXQ) and there is a constant C = C(n,p, A, k,7, £, 0,00) such
that

lullwzea@) < C (llull o) + [1flLer@) + ellwemn oa) - (2.4)

The regularizing property of the couple (L£,B) implies well-posedness of the
oblique derivative problem (2.1) in the Morrey space W2P*(().

Theorem 2.2. Let (2.2) and (2.3) be satisfied, p € (1,+00) and A € (0,n).
Then, for every f € LPQ) and ¢ € WP (0Q) there exists a unique solution
of the oblique derivative problem (2.1). Moreover,

lullwe2pr) < C (HfHLM(Q) + HSOHW(m)(aQ)) (2.5)
with a constant C = C(n,p, A, K, 7, £, 0,00).

An immediate consequence of Theorem 2.1 and the imbedding properties of the
Morrey spaces for suitable values of p and A (cf. [4]) is the next global Holder
regularity result for the gradient Du of the strong solutions to (2.1).

Corollary 2.3. Let u € W2P(Q) be a strong solution to (2.1) with f € LP*(Q)
and ¢ € WP (5Q).

Then, if n —p < X < n, the gradient Du is a Hélder continuous function on
with exponent « =1 — (n — \)/p and

|Du(z) — Du(y)|
lz —yl|«

[Dull go.o @) = ws;lgg < C ([Iflrr@) + lellwen @a)) -

Let us point out that the solely assumptions f € LP(Q) and ¢ € W'=1/P2(5Q)
imply u € W?2P(Q) (see [8]). Thus, if p > n the Sobolev imbedding theorem
yields Du € C#(Q) with 3 = 1 — n/p. On the other hand, Corollary 2.3 ensures
Hélder continuity of the gradient also for p € (1,n], assuming finer regularity of
the data expressed in terms of their belonging to the Morrey space LP**(Q2) with
A€ (n—p,n).

Remark 2.4. The results presented here can be applied in studying Morrey regu-
larity of the strong solutions to (2.1) for general elliptic operators

L = a"”(z)Dyj + b'(x)D; + ()

with a®/ € VMO(Q) and the lower order coefficients b’(z) and ¢(x) owning suitable
Lebesgue integrability. We refer the reader to [16] for details concerning the case
of Sobolev spaces.

3. AUXILIARY RESULTS

Let I be a portion of the hyperplane {an =0}z = (21,... s Tp—1, xn) = (2, 2n),
and let ¢(z) be a function defined on I’ which belongs to W®*)(I"). The Banach
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space W(”)‘)(f‘) is equipped now with the non-dimensional norm

5 1/p
#lmie = s o™ [ fptetra)
WD) p€(0,d]
et By, (z/)NT
PN 1/p
+ d1/2< sup ,07)\ |<P(,$ ) - @ng}l dm'dm’) ’
pe(0,d] |z — '[Pt

2, 5lef B! (2/)NI B, (/)T

and B,(z') is an (n — 1)-dimensional ball of radius p and centered at 2’ € {z,, = 0},
A = max{\ — 1,0}, d = diamT.

Now, following [13] (see the proof of Theorem 6.26 therein), we take a function
n(y') € C§(R™') such that [,, .n(y)dy’ = 1. Fixing arbitrary =g = (x,0)
and R > 0, and denoting B} = Bgr(zo) N {x, > 0}, ['r = Bgr(zo) N {z, = 0},
without loss of generality we may take I'g instead of T’ at the above definition of

the norm H"EH;VWN(?) and set d = R. Later, having ¢ € W®)(I'r) we suppose

that ¢ is extended to all R®~! as a function with a compact support, preserving
its W@ _norm.

Supposing that the boundary 92 is locally flatten near the point xg such that Q C
{zy, > 0}, we recall that the regular obliqueness condition (2.3) ensures £, (xo) # 0.
Consider now the function

¢($) = ¢(xlaxn) =

@n(xo)R,H P’ antf (s ' (3.1)

Essential step in our further considerations is ensured by the next
Lemma 3.1. The function ¢(z) belongs to W>PA(B}) and satisfies

oo 09 g @)
0,0 =0, FE0) = Fo

for ' € Tg. (3.2)

Moreover,
||¢||Wz »A(Bf) T = |9l s, X(B}) + R||D2¢||Lp X(B}) < CRI/QH‘MH/V@A)(FR) (33)
with C = C(n,p, A\, £,n).

Proof. We will prove Lemma 3.1 in two steps.

Step 1: A bound of ||¢”LPA(B;';)' Let p € (0,R], z € Bf; and Bf(T) =
B,(z) N{z, > 0}. Then, making use of the Jensen integral inequality as well as of
Fubini’s theorem, we obtain

p / |<1>(96)|”dﬂv=[€(#pp’A / EN / ¢’ =z Iy )dy'|" da

nxO)]

B (2)NB}; B @nBf R

< C(n,p,£,suppn)p / In(y")IP ( / b |G(z — zny’)[Pdx)dy’
supp 7 B (z)NB},

Now, setting I+ ;) pt W)=p" fB+ Bt 2P |p(z' —zpy’)|Pdr and Q,(Z) for the
cube {m ER™: |z; —F;| <pfori<n-1, maX{O —p+ T} <, < p—l—i:n}, we
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have

Intaynp: W) < Ig,@) =9 | 2b|o(@ —zny')Pde’den
Qp(Z)

p+Tn
<p A P / |p(2")|Pd2'dxy,

— n
max{0,—p+Zn} Q;)(:E)
with Q,(z) = {z' ER" N —p4+F — i <z < Pp+Ty — Ty, <N — 1}.
. ~ by ~ * p kY . —
Since, fQ;(i) |p(2")|Pd2" < p? (||<p||W(P1>\)(FR)> , A = max{\ — 1,0}, using Z,, <

R, p < R, one has
p+En

/ A=)\ | % 4 v
Tt s @) < 027 (180 om ) o da,
max{0,—p+n }

~ 11 % p
S C(n’p,e)Rp'f‘maX{l—)\,o} (H(pHW(p')‘)(FR)) .
The last bound and the fact that 3’ € suppn show that
18]l Lor(z gy < Cn,p, € supp ) RSN GlE ) 0o (3.4)

Step 2: An estimate for ||D2¢”LP,>~(B+)° We will calculate now the first
R

and second derivatives of the function ¢ given by (3.1). For, after the change
2 =1’ — x,y’ of the variables in (3.1), one has

B ) = 22 / #(')n <$/_Z/>dz',

En(wo) Tn
]Rn—l
whence
¢ T . 0 - )
81:'(:8/’56”): 7 (l“o) / w(zl)a—g <x—> dz'  for 1< n,
]Rn—l
8¢) ! _ (2 — n)mé—n = z -2 i
o0 = S | (7)o
Rn—
m;n _ Tz —
[ (252 - e
Rn—1

with D" = (8/0y1,... ,0/0yn—1), 2" -y = Z;:ll z;y;.
Returning to the original variables, we obtain

1
g;i(x',mn):en(xo) / o(z' — zny)Din(y')dy' for i<mn, (3.5)
Rn—1
% ’ B 2—n 1 / N g/
Sat) = oot [ @l — ()
Rn—1
_ 1 ~ ! / / ! . ! !
RES /@(m zny ) D'n(y') - y'dy'. (3.6)
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Now, remembering n € CZ(R"~!) and f]Rn—l n(y')dy = 1, the divergence theorem
implies

/Dm(y’)dy’ = /Dijn(y’)dy’ = /D’(Dm)(y’) y'dy =0Vi,j <n—1;

Rn—1 Rn—1 Rn—1 (37)
/n(y/)dy/ =1, /D'n(y/) ~y'dy’ =1 —n, /D/(D/n ) ydy = (1 - n)Q.
Rn—1 Rn—1 Rn—1

Therefore, (3.2) follows from (3.1) and (3.6) putting x,, = 0 therein.
Since n € C2(R" '), we can differentiate (3.5) and (3.6) once again. Thus,
straightforward calculations yield

Dol 2) = o= [ Bl —2)Dyn)ay ij<n—1,
n\L0 n]Rnil
1—-n 1 .
Dudla'san) = gt [ @~/ Dinty )
n\<L0 an_l
]‘ 1 ~ ! ! ! ! ! ! -
- ioa [ A s D D)) vy i<n-1,
]R"_l
Dondtelsa) = B [ (e —
n\+L0 an_l
+ Zl(x(jé / ¢z’ — 2py")D'n(y’) - y'dy’
Rn—1
1 1 ~ ! ! ! ! ! / /
* T loo) / @@ — zny' )D'(D'n - y') - o' dy’.
Rn—1
These formulae and (3.7) lead to
Dij(b(x,vxn) - /¢ (%I )xi / [@(x,_xny,) _Sa(xl)]Dijﬂ(y/)dy/, Za] <n-— ]-7
n\+L0 an_l
1—-n 1 - -
D) = o= [ (86’ = 20) = 6@ Din(s)
n\40 anil
1 1 - — ’ 1
e [ B =) @D (D)) vy, <o,
Rn—1
3.8
Dol ) = S [ fpta! — ) = ol ) o
n\<L0 an_l
s [ e — 2 = @D ) - vy
Rn—1
1 1 - ~ N1 ’ .
+ o) /[@(m —zny') — 4] D'(D'n-y) - y'dy’.
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Now, getting a look on the formulae (3.8), it is clear that the integrals appearing
there are all of the type (modulo a constant multiplier)

b(@) = (@ 2n) = — / (@’ — 2ny/) — BNty )y’

In
Rn—1

with p(y') being n(y'), Din(y'), y' - D'n(y’), Din(y') or D'(D'n-y') - y'.
Proceeding as in Step 1 with T € BE, p € (0, R], we obtain

> / W(@)Pdz < C(n, p, £, supp 1) / @) PI W)y

Bf (z)nB}; Supp 4
with
_ 1 . .
J(y)=p / 7|8’ = zny') — ()P da’ ..
n
B (z)NB};
Since
n—1
_ 1, -
J(y') < C’Z p / x—p|<p(m1, ey T 1, T = Ty Tty - - - s Tne1) —@(2) [Pde,
. n
= Br@nsg

replacing the balls at the last integrals by sets of the type T; = {zx € R™: —p+Z; <
i <p+% (i#7), —p+T; <wzj <Tj —x,}, it is easily seen that

_ 1, . .
p )‘/x—p|<p(m1,... L1y T — TnYjs Tijt1s- - Tn—1) — P(x')|Pdz
n

T
Y |p(z") — &(@)|P
SC il;lg P / / Wdo—x/do—i’
z/,z'elp Bp(z/)ﬂFRBp(f/)ﬁrR

(see [1], [3], [19] for details). This implies
||D2¢||Lp,A(B;) < C”¢'HLP,A(B;) < C”‘ﬁHW(M)(FR)- (3.9)

The estimates (3.4) and (3.9) yield (3.3). O

In our further considerations we will need some precise results on the bounded-
ness in Morrey spaces of suitable integral operators. We refer the readers to the
corresponding theorems and proofs given in [11] and [12].

Proposition 3.2. [12, Theorem 2.3] Let U be an open subset of R™, f € LP(U),
p€ (1,400), A€ (0,n), a € VMO NL*®(R™). Let k(z,z) be a Calderén—Zygmund
kernel (see [7]) in the z variable for almost all x € U such that

(63

max

x,z)
laj<2n

=M < +o0,

—k(
0z~ L (DxX)
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with ¥ = {x € R": |z| =1}. For an arbitrary € > 0 set

K.f(z) = / k(o — y)f(y)dy,

lz—y|>e
zEU

Cula, f)(x) = / Bz, — y)(a(@) — o)) (v)dy.

o—y|>e
xzeU

There exist K f, C(a, f) € LPA(U) such that
lim |Kef — KfllLeaw) = lim |C:(a, f) — Cla, f)llpr@wy = 0.
Moreover,
1K fllLerwy < Cllflleawy, 1€ Hllpeaw) < CllallllfllLeaw)
for some positive constant C = C(n,p, A, M).
Proposition 3.3. [11, Theorem 2.5] Let x € R} and define

f(f(ac)z/ Nf(y) dy, = (x1,...,Tn-1,—Tn)-

There exists a constant C independent of f(x), such that

V& Fll gy < ClF g -
Proposition 3.4. [11, Theorem 2.6] Let f € LP*(R7), p € (1,400), A € (0,n),
a € VMONL>®(RY). Then, for any x € R the commutator

|z —y[™

Cla @ = [ latz) = aly)] ¢, g,
Ry

is bounded from LP-*(R™) into itself. There exists a constant C independent of a(x)
and f(z) such that

1C (@, Hllzoa@ny < Cllalllfll o gen)-

4. BOUNDARY MORREY REGULARITY

As in the previous section, we suppose that the boundary 0% is locally flatten
near an arbitrary point zo € 9 such that Q C {z,, > 0}. The following result
implies boundary regularizing property of the couple (£, B) in Morrey spaces:

Lemma 4.1. Let (2.2) and (2.3) be satisfied and p € (1,400), 1 < ¢ < p < +00,
A € (0,n). Supposer >0 and let u € W29(B;}) be a solution to the equation Lu =
f € LP(B;) such that Bu = ¢ on B, N{x, = 0} with ¢ € WPN (B, N {x, = 0}).

Then there ezists R € (0,7) small enough such that D;ju € LP*(B};). Moreover,
there is a constant C = C(n, k,p, A\, £,0,09Q) such that

||DijuHLp,A(B;) <C <HUHLP,A(B;) + ”fHLpJ\(BE) + ||<P||W<M>(BRm{zn:o})) - (41)
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Proof. We will utilize the explicit representation formula of the second derivatives
D?y derived in [8, Lemma 4.2]. However, as that formula concerns oblique deriva-
tive problem for constant coefficients elliptic operator and homogeneous boundary
condition with constant coefficients boundary operator, first of all we shall reduce
the original problem to a homogeneous one.

Without loss of generality we may suppose that the ball B, is centered at the
origin. Let zo = (z(, Zon), g = (To1, ... ;Ton—1). Obviously, we have

a”(z0)Diju(z) = [a" (z0) — " (z)] Diju(z) + f(z) ae. in By,
Ci(xg) Diu(a’) + o(zg)u(a’) = [€i(zg) — £i(a")] Diu(a’)
+[o(ah) — o(@)]ule) + ¢(a) ' € B, N {wn =0},
Consider now the right-hand side of the boundary condition above and denote it
by @. That is,
B/ u) = [6ah) — (@) Deue!) + [o(ah) — o(@)ul@) +¢().  (42)

Define ¢(x) = é(z,u) by (3.1) with ¢ given by (4.2). Since @¢(a',u) depends
affinely on u, it is clear that also the dependence of ¢ on u will be affine one. Later,
remembering the properties of ¢ established in Lemma 3.1 (see (3.2)), it is obvious
that

0¢
9t(p)

That is why, the function u(z) — ¢(x) satisfies
a(z0)Dij(u(z) — ¢(x)) = [a” (z0) — a” (x)] Dyju(z)
+f(z) — a"(x0)Dijp(x) ae. in B,

(z) + o(zg)p(x) = ¢(2',u) for z,, = 0.

O(u — @) , , o / -
AR + o(zp)(u(z") — ¢(z')) =0 2’ € B, N{x, = 0}.

Therefore, [8, Lemma 3.1] implies

u(z) = ¢(z) +/G(1‘o,x,y) {(a"(20)~a"(y)) Diju(y)+f(y)—a" (z0)Dijé(y) } dy,

B
where
G(xo,z,y) = I'(zo,x —y) — I'(zo, Tz, 20) — y) + 0(x0, T (2, m0) — y);
I'(zo, £) is the normalized fundamental solution of the operator a® (zo)D;; :

1 G (30 Es
P(@0,8) = n(2 — n)wp+/det {a¥ (xo)} (A ( O)&g])

(2—n)/2

with w,, and A% (x() being the measure of the unit ball in R” and the inverse matrix
of {a" (z0)}, respectively;

2z,

T(.’]Z,y) =T - Clnn(y)

a"(y), T(x)=T(zx), a"(y)=/(a""(y),...,a""¥));
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2 En(7p)
nwp+/det {a (zg)} " (o)
) 7 €7 @03 (€ + ST(U(h)))n
J (A% (o) (€ + sT(E(0)))i€ + sT(U(x7)));)""?

9('73075) =

ds

with (€ + sT'(¢(xp))): being the i-th component of the vector & + sT'(¢(z()) € R™.
Now, similar arguments as these used in the proof of [8, Lemma 4.2] lead to

Diju(z) = Dij¢(x)

L PV / Tis(z, 2—y) {(a¥ (2)—a' (y)) Diyuly)+ f(y) ~ L(2)o ()} dy

+cij(z) (f(z) — L(x)p(x)) + Lij(z,x) + Jij(z, z) (4.3)

for almost all = € B;", where L(z)¢(y) = a¥(z)D;;¢(y) and T;(z,£) = D¢, T'(z,§),
Fij(xag) = D&i&jr(x7§)7 01('7375) = D&ig(x7§)v Hij(xag) = DEiEje(x7§)7

(@) = / Ti(2, )& do;
|€]=1

Lij(z,2) = / Tij(2, T(z,2)—y) {(a"*(2) — a"*(y)) Driuly) + f(y) — L()d(y)} dy

B

for i,j < m;
Iin(z, 2)
= f+ Tij(z,T(z,2) — y) { (a"*(2) — a"(y)) Drruly) + f(y) — L(x)p(y)} Bj(z)dy
for z'Bé n;
Ln(z, 2)
= [ Tij(2,T(z, 2)—y) {(a"*(2) —a"*(y)) Duru(y)+ f(y) - L(z)$(y)} Bi(z)B;(2)dy;
B

Jij(z,2) = / 0ij(2,T(z,2)—y) { (a"*(2) — "*(y)) Drruly) + f(y) — L()d(y)} dy

B

for i,j < m;
Jin(z, 2)
= f+ 0:5(z, T(z,2z) — y) { (a"*(2) — a"*(y)) Drruly) + f(y) — L(z)d(y)} B;(2)dy
for iB<T n;
Jnn (2, 2)
= [0i;(2,T(x,z)—y) {(a"*(2) —a"*(y)) Duru(y)+f(y)—L(2)d(y)} Bi(z)B;(z)dy.
B+

The vector B(z) = (Bi(2),...,Bn(z)) above is given by the formula

B(z) = %T(ac,z), that is B(z) = (_QCL "2) ’_2a7;:m7(nz()Z)7_1>'
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Suppose now ¢ < p and let s € [g,p]. Take an arbitrary w € W25*(B;}) and
define

Sw = ¢(x) +/G(1‘o,x,y) {(a” (20) —a"(y)) Dijw(y)+f(y)—a" (z0) Di;é(y)} dy,

B

with ¢ = ¢(z',w) given by (4.2) and ¢(x) = ¢(x,w) defined by (3.1).

The idea in proving Lemma 4.1 will be to show that S is a contraction mapping
from W2*(B}) into itself for small enough R € (0,7). (The fact that S maps
W2s(B;}) into itself will follow from the calculations below.) Then, having in mind
that u € W29(B}) is a fixed point of the map S it will follow easily the statement
of Lemma 4.1 and the estimate (4.1).

Take now two arbitrary functions wy, we € W$*(B;). Denoting w = w; —ws,
one has

Swy — Swe = ¢(z,w)

+/G($o, r,y) {(aij (mo)—aij (y)) Dijw(y)_aij(xO)Dijéﬁ(% w)} dy

B
with
$(2',w) = [Li(xp) — Li(a")| Diw(z) + [o(xp) — o(a’)Jw(a’), (4.4)
and
P(x) = P(a’, x,) = fj::o) / @(z" — xny')n(y)dy’  (see (3.1)).

Rn—1

Taking into account the assumptions (2.2), we have

||S’LU1 — S’lU2|

LsA\(B)

LA\ (B;) < C(n7 K) <||¢(.II, ’LU)|

+ ]| 6w, .9) (@7 (@0) - ) Disw(w) + Doty w) dy]

B

LS,A(BT{r) )

Since G(z9, x,y) = O(|Jz—y|[*>~™) as |[z—y| — 0 (see [8, Lemma 3.1, Remark 3.1]) and
a¥ € L*° (), the integral [5G0, 2, y)((a (z0)—a" (y)) Dijw(y)+Di;¢(y, w))dy is
a Riesz potential. Thus, the classical theory (cf. [13, Lemma 7.12], [4, Lemma I.1])
implies

/ G(zo,z,y) ((aij(ﬂfo) —a” (¥))Dijw(y) + Dijd(y, w)) dy

+
By LsA(B])

< C(n,5)? (|[D?0] o ) + D20 w)]

L-M(Bi)) '
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Further, according to (4.3) one has

Dij (Sw1 — S’wz)(m) = Dij‘b(x?w)

+P.V. / Lij(z, 2 —y) { (a” (z) — 0 (y)) Dijw(y) — L(2)¢(y,w)} dy
B
—¢ij(2)L(z)p(w, w) + L;j(z, 7, w) + Jij(z,z,w) for a.a. x € B},
with ¢;;, Lj(z,z,w) and J;j(z,z,w) being as above with u replaced by w and
missing term f(y) at the integrands.

Since I';;(z,§) are Calderén-Zygmund kernels in the £ variable, Proposition 3.2
implies

P.V. / Lij (2,2 —y) {(a” (z) — a” (y)) Dijw(y) — L(z)¢(y,w)} dy

B

LsM(Bf)
S C(nasvﬂ,’}/ijaMa 89) <’7(T’)||D2’LU| LSJ(B;Y') + HD2¢(,’LU)| LSJ(B;?'))
with M = max; j=1,... » MaX|q|<2n %HLW(QXE).

Further, the geometric properties of the mapping 7" ensure ¢; |Z—y| < |T'(z)—y| <
c2|Z —y| (cf. [7]) for some positive constants ¢; and c¢3. Thus, Propositions 3.3 and
3.4 yield

”Iij('v 7w)|

LeX(B) HIij('a 7w)| L3 (B;)

< C(nasvﬂ,’}/i%M? 89) Z é(ahk7thw) +I~{(‘C¢(7w))
h k=1

LsA(B)

< C (YD wll e (g + ID26(,w)

LSA(B:f)) :
Finally,
lleij () £(z)p(x, w)|

L5 (BF) < CHD2¢('7TU)|

LoX(B)"
Therefore,

[Sw1 = Sws iy gy < C (r1(r)| D]

LA (BY) + 7“2||D2w| Ls:\(B})

+THD2¢(,U})| Ls,A(B:-)) (45)
with C = C(n, s, k,vij, M, 092).
To express the last two norms above in terms of ||w||

Thus,

peash) T o, w)l

W a(Byy Weuse Lemma 3.1.

10115520005y = l&(5 w)]

CT1/2

L) T r| D?¢(-, w)]

LsX(B;)

IN

”(‘EH;V(S*)‘)(B,JTﬂ{wn:O})'
On the other hand, (4.4) implies

Tl/z”@('a w)”T/V(SJ)(B;*'ﬁ{zn:O}) SCTI/Q (H(&(xé)) - gi(x,))DinT/V(s,x)(Bj-m{wn:O})

(o(h) ~ o@Dyt oo ) -
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Remembering the Lipschitz regularity of the coefficients of the boundary operator
(2.3), the Rademacher theorem and [3, Theorem 1.2] yield

P2 () — 6N Dl oy 5 oo

+ T1/2||(O'($6) - J(x,))wHy[iv(s,x)(B;rm{zn:O}) < CTI/QHwHT/‘/z,s,A(Bj)'
Therefore, (3.3) implies
||¢('7w)||;yz,s,>\(3;f) S Cr1/2Hw”;V2,s,A(B;{-)~
Taking into account (2.2), (4.5) reads

|Sw1 — S'lUQHT/szs»\(B:.) < C(r)||wr — wQH;VQYS,k(B:r), C(r) =o(1) as r — 0,

where C(r) = C(y(r) +r + r'/?). Taking » = R to be sufficiently small above we
have C(R) < 1, that is, S is a contraction mapping from W2**(B}) (equipped

with the norm | - ”*WMA(B;)) into itself for each s € [g,p]. Now, remembering

that u € W29(B}) is a fixed point of S, and using the imbedding W2P*(B}) C
W2aMBE) € W24(B}), as well as the fact that the fixed point of S should be
unique one, we obtain D?u € LPA(B}).

To get the estimate (4.1), we have to take the LP-norm of the both sides of
(4.3). The calculations are similar to these already carried out in obtaining (4.5).
Precisely, taking w; = u and wy = 0 we have

= ||Su||*W2,p,A(B;F)
< (18t = SO0lIfyz a5, + IS0

||u||>{/I/2,p,)\(BT‘f)
*WZM(B,T)'

The first norm above is estimated exactly as in (4.5), while the second one gives

1f1lea sy and [@llwes (Brafe.=0p)-
This completes the proof of Lemma 4.1. &

5. GLOBAL MORREY REGULARITY AND SOLVABILITY OF THE PROBLEM (2.1)

Proof of Theorem 2.1. Bearing in mind the interior Morrey regularity ([12, Theo-
rem 3.3]), the statement of Theorem 2.1 and the bound (2.4) follow from Lemma 4.1
through a suitable partition of unity. &

Proof of Theorem 2.2. The functions f = 0 and ¢ = 0 lie in LP*(Q) and W@ (5Q),
respectively, for each p > 1 and each A € (0,n). In particular, this holds true
for p > n. Thus, bearing in mind the Aleksandrov—Bakelman—Pucci maximum
principle ([23, Theorem 2.6.2]) it follows that u(z) = 0 is the unique solution of
the homogeneous oblique derivative problem (2.1) (f = 0, ¢ = 0). This proves
uniqueness of the solution to (2.1).

Concerning the strong solvability in the space W2P:*(Q) of the problem (2.1), we
note that LP*(Q) C LP(Q). Therefore, in view of [8, Theorem 1.2], there exists a
unique solution u € W2P(Q) of (2.1). Further, Theorem 2.1 asserts u € W2P*(Q).

To derive the estimate (2.5) we have for the linear operator

(L,B): W2PAQ) = LPA(Q) x WP (90)
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that

(L, B)ull Lox @) xwena0) = [1LullLea@) + [1Bullw e oa)
C (HUHLM(Q) + | Dul ppx ) + ||D2U||LM(Q))
< Cllullw2ra@)-

IN

This shows continuity of (£, B). Further, (£, B) is injective and surjective mapping
as it was shown before. Thus, the Banach theorem on inverse mappings implies
continuity of the operator (£,B)7!, i.e., the bound (2.5). &
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