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ENTROPY SOLUTIONS OF EXTERIOR PROBLEMS FOR
NONLINEAR DEGENERATE PARABOLIC EQUATIONS WITH
NONHOMOGENEOUS BOUNDARY CONDITION

LI ZHANG, NING SU

ABSTRACT. In this article, we consider the exterior problem for the nonlinear
degenerate parabolic equation
ug — Ab(u) + V- &(u) = F(u), (t,x) € (0,T) x Q,

€2 is the exterior domain of ¢ (a closed bounded domain in RY with its bound-
ary I' € C1), b is non-decreasing and Lipschitz continuous, ® = (¢1,...,énN)
is vectorial continuous, and F' is Lipschitz continuous. In the nonhomoge-
neous boundary condition where b(u) = b(a) on (0,T) x I', we establish the
comparison and uniqueness, the existence using penalized method.

1. INTRODUCTION

Let N > 3. Let Q be the exterior domain of Qg, where Qy € RY is a bounded
closed domain with its boundary I' = 9}y € C1!. Without loss of generality, we
assume Qo C {z € RY : |z| < ro} with 0 < ry < 1. Denote @ = (0,7) x Q,
Y =(0,T7)xT, T > 0. Consider the exterior problem

up — Ab(u) + div®(u) = F(u) (t,x) € Q,
b(u) =b(a) (t,x) € X, (1.1)
u(0,z) =up(z) €,

where b : R — R is nondecreasing and Lipschitz continuous, ® = (¢1,...,én) :
R — RY is continuous, F is Lipschitz continuous with constant L, and a will be
defined in Section 2.

For the case i’ = 0, Kruzkov [7] considered the Cauchy problem and proved the
existence and uniqueness in the case where ® is continuously differentiable. Then,
Kruzkov and other authors [3, @, [10] proved uniqueness of entropy solutions in the
case where ® satisfies some Osgood’s type conditions or local Holder continuity of
order @ = 1 — 4. In particular, Kruzkov and Panov [J] gave an counter-example
to explain that the condition ® is locally Holder continuous is sharp in a definite
case. In 1999, Su [I4] studied the problem in one-dimensional space and proved
comparison principle of entropy solutions in the case where F' is continuous in u.
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For the degenerate parabolic problem with given source f(t, x), the Cauchy prob-
lem and the Dirichlet problem have been investigated by many people. For the
initial value problems, the existence, comparison and uniqueness was established in
[2, 13]. For a more complicated case, the initial value problem in one-dimensional
space, the problem in a bounded domain with homogeneous boundary condition
(that is, b(u) = 0 on X), and the problem with nonhomogeneous condition were
considered respectively by Liu and Wang [I1], Carrillold] and Ammar[I]. For the
Dirichlet problem, Carrillo [4] also gave a brief proof of the comparison and unique-
ness, where F' € C(R) is a nondecreasing function vanishing at zero. For the Cauchy
problem, Karlsen and Risebro [5] established uniqueness and stability under the
conditions that b, ¢, and f are all locally Lipschitz continuous.

This article is organized as follows. In Section 2, we will give the definition of
entropy solutions, basic assumptions and main results. Combining the techniques of
Ammar[l], Andreianov and Maliki[2], the comparison and uniqueness is established
in Section 3. In Section 4, a problem with homogeneous condition is investigated
at the beginning, and the existence is given by the penalized method (see [1]).

2. BASIC ASSUMPTIONS AND STATEMENT OF MAIN RESULTS

Now we recall some notation from [I, 4]. For any s1,s2 € R, for almost all
x € 01, define

wh(x,51,82) = max [(D(r) — D(s)) - n(z)], (2.1)

s1<7r,5<s1Vsa

w™(z, 81, 82) = max [(®(r) — ®(s)) - n(z)], (2.2)

s1As2<r,5<s2
w(x,s1,82) =w (x,51,52) +w (z, 51, 52), (2.3)

where n(z) is the outward unit normal vector to 9Q at .
For any s € R, define

L ifs0 1 if s >0,

1Ir s

Hy(s) = " H(s)=<0,1] ifs=0

0(s) {0 ts<o HO ([),] o=
1Ir s .

Motivated by [IL [6l [13], we give the definition of the entropy solutions of (1.1]).

Definition 2.1. A measurable function v € L*(Q) is called an entropy sub-
solution of (L.1)), if b(u) € L2(0,T; HL (RY)), b(u) < b(a) a.e. on ¥, and for all
(5,€) € R x D([0,T) x RY) such that ¢ > 0 and H(b(a) — b(s))¢ =0 a.e. on X,

— / wh(x,s,a)¢ dr dt
b

< /Q Ho(u — s){(u— )€ — Vb(u) - VE + (®(u) — B(s)) - VE + F(u)e} de dt

+ /Q (uo — 5)+€(0) da. (2.4)

A measurable function u € L*>(Q) is called an entropy super-solution of (1.1)), if
b(u) € L2(0,T; HL .(RN)), b(u) > b(a) a.e. on X, and for all (s,&) € R x D([0,T) x

RY) such that & > 0 and H(b(s) — b(a))é =0 a.e. on X,

- / w (z,s,a)f dxdt
b
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< / Ho(s —u){(s —u)é — Vb(u) - VE+ (2(u) — @(s)) - VE+ F(u)¢} da dt
Q

+ /Q(s —ug)T€(0) da. (2.5)

A measurable function u € L*>°(Q) is called an entropy solution of (1.1)), if w is
both an entropy sub-solution and an entropy super-solution.

In this article, the basic assumptions are as follows.

(H1) a € C(Y) is the trace of a € (Q), where b(a) € L*(0,T; H..
LY0,T; L (), and a; € L*(0,T; L (Q)).

(H2) b:R — R is nondecreasing and Lipschitz continuous with 5(0) = 0.

(H3) ® = (¢1,...,6n) : R — RY is continuous with ¢;(0) =0, i =1,...

(H4) F is Lipschitz continuous with constant L, and F'(0) = 0.

(2)), Ab(a) €
N.

Remark 2.2. (H1) and (H2) are introduced by Ammar[I], in which he investigated
an initial-boundary value problem of parabolic-hyperbolic type.

In some works, we assume that

(H5) ® = (¢1,...,¢n) : R — RY is Holder continuous of order 1 — %, and
#i(0)=0,i=1,...N.

Remark 2.3. (H5) is necessary because (H3) is not enough to establish the exis-
tence, comparison and uniqueness for entropy solutions (see [2, {]).

Our main results read as follows:

Theorem 2.4. Assume (H2), (H4), (H5). For all ug € L°(Q2) and a € C(X)
satisfying (H1), there exists an entropy solution of (1.1J).

Theorem 2.5. Assume (H2), (H3), (H4). Assume that ug, € L*>(Q), and a; €
C(Y) satisfies (H1), i = 1,2. Let u; be an entropy sub-solution of (1.1, and uy be
an entropy super-solution. Whenever (ug; — uo2)™ € L'(Q) and b(a;) < b(az),

- / w(z,a1,az)dxdt
)

< [ {lm — )6~ V0 b)) - v

(2.6)
+ Holur — ) (®(ur) — B(uz)) - VE b da dt
+ /Q(F(ul) — F(ug)) ¢ drdt + /Q(um — ug2)T€(0) dx
for all 0 < ¢ € D([0,T) x RY). Moreover, if ® satisfies (H5),
/ (u1(t) — ua(t))t dx
@ (2.7)

<1+ LteLt)(/Q(um — uge) T dw + /Ot/lﬂw_(x,al,ag) dT).

In particular, if ug; < upe and w™ (z,a1,a2) =0, then u; < uy a.e. on Q.
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3. COMPARISON AND UNIQUENESS

Consider the nonlinear parabolic problem

— Ab(u) +div®(u) = f(t,z) (t,x) € Q,
bu) =bla) (t,z) € X, (3.1)
u(0,2) =up(z) €.

We can prove the comparison and uniqueness for entropy solutions of (3.1]) by
combining the techniques in [1I 2] [[3].
Proposition 3.1. Assume (H1)-(H3), ug; € L>®(Q), f; € L>=(Q), i = 1,2. If uy
is an entropy sub-solution of (3.1)), and us is an entropy super-solution, whenever

(uo1 — up2)™ € LY(Q), (f1 — fa)™ € LY(Q), and b(a1) < b(az) a.e. on %, there
exists k € H(uy — ug) such that

f/ w (z,a1,az)dxdt < / {(ug —u)T& — V(b(ur) — blug))™ - VE
by Q
+ Ho(up —u2)(®(uy) — ®(usg)) - VE} da dt (3.2)

+/QI€(f1—f2)+§d$dt+/Q(uO1—UO2)+£(0)CZ1‘

for all 0 < £ € D([0,T) x RY). Moreover, if ® satisfies (H5), then

[ )~ waen* de < | (o - o) dx+// s — fo)* dudr

(3.3)
/ / (z,a1,a2)dr.
In particular, if ugr < ugz a.e. in Q, f1 < fo a.e. inQ, and
w (z,a1,a2) =0 a.e. on X, (3.4)

then uy < ug a.e. in Q.

Remark 3.2. Condition (3.4) can be satisfied as follows. From the definition of

w™, we have

>0 ifay(t,z) > az(t,x), and Ir; s € [az(t, ), a1(t, x)]
o (wana) ] such that (B(r) — D(s)) - n(z) £0,

=0 otherwise.

Therefore, for any aj,as such that b(a;) < b(az), the equality w™ (z,a1,a2) = 0
holds for almost all (t,z) € 3 whenever a; and aq satisfies that either aq(t,z) <
as(t,x), or (P(r) — ®(s)) -n(x) =0 for all r, s € [az(t,x), a1 (t, z)].

Proof. For T' € C11, there exists a finite open cover of Q, denoted by {;,i =
0,1,...,m}, such that Qy € Q, and for any 1 < i < m, either Q; NT = ), or else
there exists )} satisfying Q; € Q; and 2, NT is a part of OT". Let {n;,i =0,...,m}
be a partition of unity subordinate to the covering {€2;,0 <i < m}.
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For any €, if Q; N3 = @, then arguing as in [2, Theorem 2|, we have
| ("o = ¥ 0) ~ ) ()
+ Ho(ur — u2)(®(u1) — ®(uz)) - V(Eni) } d i (3.5)
+/ w(fr = f2) T éni da dt + / (uo1 — uo2) T E(0)n; da > 0.

Otherwise, if ; NT' # (), then from the continuity of a; and ag, for all (t,z) €
[0,T] x (Q NT), for all € > 0, there exists § > 0, whenever d((t,z), (s,y)) < 9, we
have
la1(t,x) —a1(s,y)| <&, Jaa(t,z) —az(s,y)| < e. (3.6)

For T' € C"', there exists a finite open cover of @, denoted by {B5, j =0,...,m.},
where B§ CC Q, B; = B((t;,;),6), j = 1,...,mc. Let {nj,j =0,...,m:} be a
partition of unity subordinate to the covering {B5 j =0,...,m.}.

For any 0 < £ € D([0,T) x RY), take & ; = 577Z Argumg as in [I, Theorem
2.3], we have

/Q {(ur — ua) & — V(b(ua) — b(ua))* - V(Em:)
+ Ho(ur — u2)(®(u1) — ©(u2)) - V(§mi)} da dt

K 1—2+ ; AT U()l—uo2+ ; AT
+/Q (f f)é‘nddtJr/Q( Y ey d

ms T
_ Z/ / w™ (z,a1 + €, a2 —€)énin’
= Jo Jrne,

/ / (z,a1 +¢€,a2 — €)En;.
rnQ;

Form the arbitrary choose of € and the continuity of w™, we deduce that
[ = ua) e = V(b(a) = bluz))* - Viem)
Q
+ Ho(u1 — uz)(®(u1) — ®(uz2)) - V(n:) } da di

+/ k(1 — f2)Téms dﬂ?dl‘+/ﬂ(u01 — ug2) TE(0)n; dz

/ / (z,a1,a2)&n; dz dt.
rnQ;

Eventually, we get the inequality (3.2] . from (3.5 and (3.7) by summing up over ¢ .
If ® is Holder continuous of order 1 — %, arguing as [2, Theorem 2], we deduce

e
the following conclusion from ,

/Q{(Ul—u2)+(—ﬂt) S/(Um—uoz) (0 )d:v+/ k(fi — f2)Tpdrdt

/ / (z,a1,a9)pdxdt

for all u € D([0,T)). Then is obtained by applying the Gronwall’s inequality.
O
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Corollary 3.3. Assume (H2) and (H5). Let u; be an entropy solution of (3.1]) for
data (ugi, s, fi), where up; € L>*(Q), f; € L™(Q), and a; € C(X) satisfies (H1).
Then there exists k € H(u; — uz) such that

[ur (t) — ua(t)] L1

' : (3.9)
< luor — woz2|lz1 (o) +/ / k|l fi — f2||L1(Q)dT+/ lw(z, a1, az)| L1 ydr,
0 Q 0

whenever ug; — ug2 € LY(Q), f1 — fo € LY(Q), and w(x,a;,a2) € L}(X).
In particular, if ugy = ug2, f1 = f2, b(a1) = b(az), w(x,ar,a2) = 0, then uy = ug
a.e. in Q.

Remark 3.4. Arguing as in Remark[3.2] if b(a1) = b(az) a.e. on X, then for almost
all (t,x) € ¥, w(x, a1, a2) = 0 holds whenever a; and as satisfies that either a1 = as
or (®(r) — ®(s)) - n(z) =0 for all r,s € [m, M|, where m = min{a (¢, x), az(t, z)},
M = max{a;(t,z),as(t, x)}.

Remark 3.5. From Remark[3.4] the boundary condition b(u) = b(a) does not mean
that « = a. In fact, if and only if b is non-degenerate at a(t, z), b(u(t, x)) = b(a(t, z))
implies u(t,x) = a(t,z). If b is degenerate at a(t,x), then we can only claim that
u(t,x) is located in B ) = {r € R|b(r) = a(t,z)} and ®(s) - n(z) is constant for
all s € E(t,w)~

Corollary 3.6. Assume (H2) and (H5). For any ug € L>=(R2), f € L>®(Q), and
a € L>®(X) satisfying (H1), if u is an entropy solution of (3.1)), then

lull (@) < lluollze ) + T (I fllze (@) + llallze=(x))- (3.9)

Proof. Take @ = My + Mat, u = —M; — Mst, where M1 = ||ug| p=(q), M2 =
| fllLo<(@) + llal| Lo (s, then @ is an entropy solution of the nonlinear problem

ug — Ab(u) +div®(u) = My (t,2) € Q,
b(u) = b(M; + Mat) (t,z) € %, (3.10)
u(0,2) =M; x€Q.

Hence, applying Proposition |3.1] we have
u(t,z) <u a.e. on Q. (3.11)
Arguing as above, we have u(t,z) > u a.e. on Q. |

Proof of Theoren{2.5. From Proposition [3.I] we can prove theorem [2.5 by using
Gronwall’s inequality. From (3.2)), there exists x € H(u; — ug) such that

/ w™ (x,a1,az) dx dt

B )
< / (s — un) & — V(b(un) — bua))* - VE
Q
+ Ho(up — u2)(P(u1) — P(ug)) - V& da dt

—l—/QH(F(ul)—F(ug))+§dmdt+/ﬂ(u01 — ug2) TE(0) dx
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for 0 < ¢ € D([0,T) x RY). Since F is Lipschitz continuous with constant L, we
have

/m(F(ul)—F(ug))Jrgdxdt:/(F(ul)—F(U2))+§dxdt
Q Q

< L/ (ug — uo) ¢ da dt
Q

for all 0 < ¢ € D([0,T) x RN). Therefore, we obtain (2.6) and deduce (2.7) by
applying Gronwall’s inequality. O

Applying Theorem and arguing as above, we have the following corollaries.

Corollary 3.7. Assume (H2), (H4), (H5). Assume that ug; € L®(R), a; € C(X)
satisfies (H1), and u; is an entropy solution of (1.1), i = 1,2. Whenever ug; —ug2 €
LY(Q), b(ar) = b(az), and w(x,a1,a2) € L*(X), we have
lur () — w2 (8)[| L1y < (1 + Lte™)(Jluor — ozl (@) + llw(®, a1, a2)| L1 (x))-
In particular, if ug1 = up2, and w(x,a1,a2) =0,
Uy = ug a.e. in Q.
Corollary 3.8. Assume (H2), (H4), (H5). For any up € L™(Q) and a € L>®(X)
satisfying (H1), if u is an entropy solution of (3.1), then
HU||L°°(Q) < eLT(||uO||L°°(Q) + ||a||L°°(E))-
4. EXISTENCE OF SOLUTIONS

In this section, we will prove the existence of solutions by using penalized method.

4.1. Homogeneous condition. Consider the following problem with homoge-
neous boundary condition,
— Ab(u) + div ®(u) = f(t, x) (t,z) € Q,
b(u) =0 (t,z)€ (4.1)
u(0,2) =up(z) z€ Q
Motivated by [Il [l T3], we define entropy solutions of as follows.

Definition 4.1. A measurable function v € L*>(Q) is an entropy sub-solution of

[4.1), if b(u) € L*(0,T; HL .(RY)), b(u) <0, and

0< / Ho(u — $){(u — 8)& — Vb(u)VE + (P(u) — ®(s))VE
@ (4.2)
+ f(t, )€} dx dt + / (ug — s)T€(0) dx
Q

for all (s,£) € R x D([0,T) x RY) such that £ > 0 and H(—b(s))¢ =0 a.e. on %.
A measurable function v € L*°(Q) is an entropy super-solution of (4.1)), if b(u) €
L%(0,T; HL (RN)), b(u) > 0, and

0< / Ho(s — w){(s — u)é — Vb(u)VE + (®(u) — B(s))VE
Q (4.3)
+ f(t, )&} da dt + /Q(s — u0)+§(0) dxr



8 L. ZHANG, N. SU EJDE-2016/77

for all (s,£) € R x D([0,T) x RY) such that ¢ > 0 and H(b(s))¢ = 0 a.e. on X.
A measurable function u € L®(Q) is an entropy solution of (4.1)), if w is both
an entropy sub-solution and an entropy super-solution.

Remark 4.2. Definition |4.1]is not equivalent to Definition for the case where
a = 0. In fact, we can only claim that the entropy sub-solution (resp. super-
solution) of (4.1)) is definitely an entropy sub-solution (resp. super-solution) of
(3.1), since w™ and w™ are nonnegative.

Denote B(0, R) = {z € Q : |z| < R}, and consider the stationary problem

u— Ab(u) + div ®(u) = g(z) = € B(0,n),
b(u) =0 x € IB(0,n).

Applying [, Theorem 7], for all g(x) € L>(2), there exists an entropy solution u,

of (4.4). Arguing as in [I3] Theorem 3.7], we can deduce the existence for entropy
solutions of (4.1]) (see [I3] for details).

Proposition 4.3. Assume (H2), (H5). For any uy € L>®(Q) and f € L™(Q),
there exists an entropy solution of (4.1)).

(4.4)

Combining the techniques in [4, 2], we prove the comparison and L!-contraction
for entropy solutions of (4.1)).

Proposition 4.4. Assume (H2), (H3). Assume that ug; € L>®(Q), fi € L™(Q),
and uy (resp. uz) is an entropy sub-solution (resp. super-solution) of . When-
ever (ug1 — ug2)™ € LY(Q) and (fi — f2)T € LYQ), there exists k € H(u; — uz)
such that

/Q{V(b(ul) — b(uz))™ - V& — Ho(ur — u2)(®(ur) — ®(ug)) - VE
— (u1 - U2)+€t} dx dt — / ('LLOl - UO2)+£(0) dx (45)
O

< — fo)T¢dxdt
< [ th =g
for all 0 < £ € D([0,T) x RY). Moreover, if ® satisfies (H5), then
¢
A(U1(t) — ’U,Q(t))+ dx é /Q(um - U02)+ dx +/0 /Qli(fl - f2)+ dx dr. (46)

In particular, if ugr < ug2, and f1 < fo, then uy < us.

Proof. Using the same notation as in Proposition Let {Q;,i = 0,...,m} a
finite open covering of 2, and {n;,7 =0, ..., m} be a partition of unity subordinate
to {Q;,i=0,...,m}.

For any 0 < £ € D([0,T) x RY), take & = &n;, 0 < i < m. If Q;NT = (), arguing
as in [I3] Theorem 3.9], there exists k € H(u; — uz2) such that

/Q{V(b(ul) —bu2))* - V& — Ho(ur — uz)(®(ur) — ®(uz)) - V&
— (U1 — U2)+§Z‘t}' d.’l? dt — / (u01 — UO2>+§Z‘(O) d$ (47)
Q

< /Qﬁ(fl — fo) & du dt.
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Otherwise, if Q; NT # @, arguing as in [4, Theorem 14], (4.7)) is still satisfied.
Summing up over ¢ from 0 to m, we deduce (4.5]).

Moreover, if @ is locally Hélder continuous of order 1 — %, starting from (4.5)

and arguing as in [2] Theorem 2|, there exists k € H(u; — ug) such that

/(ul—uQ)+(—ut)dxdtS/(u01—u02)+u(0)da@+/ w(fi — fo)pdadt (4.8)
Q Q

T
for all 0 < v € D([0,T)).
Then (4.6]) is obtained by applying Gronwall’s inequality. O

Corollary 4.5. Assume (H2), (H5). Assume that up; € L™(Q), fi € L=(Q),
and w; s an entropy solution of (4.1), ¢ = 1,2. Whenever ug; — ugs € Ll(Q) and

fi— f2 € LNQ),

t
lui(t) —u2(t)|[ 210y < lJuor — uozllL1 () +/ Ilf1 = fallio) dr. (4.9)
0
In particular, if ugr = w2 and f1 = fo, then u; = us.

4.2. Proof of Theorem [2.4] Based on the results in Section we prove the
existence for entropy solutions of (3.1)) by penalized method.

Proposition 4.6. Assume (H2), (H5). For any uy € L*(Q), f € L>®(Q), and
a € C(X) satisfying (H1), there exists an entropy solution of (3.1]).

Proof. For any closed surface I € C! located in the inner domain of T', denote the
exterior domain of ' by Q, and Q = (0,T) x Q, £ = (0,T) x I'. Since Q cC Q,
we extend a to @ € C(Q) with b(a) € L*(0,T; HL (), b(@)|lz = 0, and Aa; €
Ll(O’ T; Llloc(Q))

Define the penalized function (3, , as follows (see [1]): for all r € RV,

Bt x,m) = X5\ (m(r — a(z))t —n(a(z) —r)*) ae. inQ. (4.10)

It is clear that 3, , is Lipschitz continuous.
Extend ug and f as follows:

. Juo z€Q, ~ ) fltx) (tx) €Q,
uo_{O reQ)\Q, f(t,x)_{ (t,z) € Q

Consider the penalized problem

up — Ab(u) + div ®(u) + B n(v) = f(t,z), (t,z) €Q,
b(u) =0, (t,z) €, (4.11)
u(0,z) = do(x), x €
We claim that there exists a unique entropy solution of , de~noted by (i
In fact, since By, is Lipschitz continuous, for any uy € L'(2) N L>(2), the

existence of entropy solution in Ll(Q) N L> (Q) can be deduced from Proposition
by applying Banach’s contraction principle.
For any ug € L*°, define ué’k as follows,
Lk _
ug (x) = ug Xy () — ug (@)xBOK(T), =€
For ué’k €€ LY(Q) N L>(Q), there exists an entropy solution of (1.1]), denoted

by ul*. Using the technique in [I2], we can prove that there exists u™" &
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C(0,T; L (Q)) and a subsequence of u>*, denoted by u'®):¥ such that u!*)* —

loc

u™" as k — oo, and u™" is indeed an entropy solution of (4.11]).
Applying Proposition for any m < m/, there exists k € H(um/’” —u™n)
such that

/~ (w™ " () = w™ " (£) " do

s (4.12)

< / (B (W) & B (a7 it < 0.
Q

Thus, ©™ " < w™". Combining Remark and Corollary u™™ is uniformly

bounded in L*°(Q), and
ull Lo (@) < luollzoc() + T fllL< (@) + llallr=())- (4.13)

And hence, there exists an subsequence of u™(™™ and u € LOO(Q), such that
u™M" 4 strongly in C(0,T; L. (Q)).

Arguing as in [I, Proposition 4.1], we have u = a a.e. on Q \ Q. Then from the
convergence of u™ (™" we deduce that b™(")" — b(u) strongly in L(0,T; H} .(Q)),
and the trace of b(u) on ¥ is equal to b(a). In the end, from the continuity of a,
we prove that u is an entropy solution of (3.1]) by passing the limit n — oo in the

entropy inequalities of u™(™):", (I

Proof of Theorem[2.J] Based on the results above, we give a brief proof of Theorem
For ug € L'(Q) N L>°(Q), since F is Lipschitz continuous, we can deduce the
existence for entropy solutions of from Proposition and Proposition by
Banach’s contraction principle.

For any ug € L>(Q), define ugy"" as follows

ug"(x) = U(J)FXB(O,m)(x) — Uy (x)XB(O,n)(x)v x €.

For ug"™ €€ L' (2) N L>(12), there exists an entropy solution of (I.1)), denoted by
u™™, Applying Proposition and using the method in [I2], we can prove that
there exists u € C(0,T;L{ () and a subsequence of u™", denoted by u™(™)",

loc

such that ™" — 4 as n — oo, and w is indeed an entropy solution of (I.1). O
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