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Existence of continuous and singular ground
states for semilinear elliptic systems *

Cecilia S. Yarur

Abstract

We study existence results of a curve of continuous and singular ground
states for the system

—Au = a(fz]) £(v)
~Av = B(lal)g(u),

where z € RY \ {0}, the functions f and ¢ are increasing Lipschitz con-
tinuous functions in R, and o and 8 are nonnegative continuous functions
in RT. We also study general systems of the form

Au(z) + V(|z)u + a(|z[)o” =0
Av(z) + V(|z])v + b(|z])u? = 0.

1 Introduction

The purpose of this paper is to prove existence of a curve of positive radially
symmetric continuous ground states, and a curve of singular ground states with
the singularity at zero, for the system

—Au = a(fe]) £(v)
A = B(jal)g(u)

The existence of these curves depends on conditions on the functions f, g, a
and (. For some functions there exists a curve of continuous ground states, and
not a curve of singular ground states and vice versa.

We will assume throughout this paper that f € C(R,R), ¢ € C(R,R),
a € CYRT,RT), and 8 € C*(RT,R"). Recall that no smoothness at zero for
the function («, 3) is required. This leads to obtain existence of ground states
for more general systems. Moreover, we assume that f and g are increasing
functions with f(0) = 0 and ¢g(0) = 0. Serrin and Zou [13], proved the existence

z € RV \ {0}. (1.1)
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of a curve of ground states for system (1.1) when a = 8 = 1, (f(v),g(u)) =
(vP,u9) and (p,q) above the critical hyperbola (see (1.6) below with (o, 5,) =
(0,0)). P.L Lions [9] proved existence of ground states on the hyperbola by
studying the scalar equation

—A((=Au)Y/P) = u9,

In section 2, we give some preliminary results, such as existence results for the
Cauchy problem, continuous dependence theorem and some properties for the
function («, B). Section 3 is devoted to prove the existence of a curve of regular
(no classical) ground states. We assume that (f,g) are Lipschitz continuous
functions such that for all w > 0 and v > 0,

vf(v) 2 (p+1)F(v), ug(u)=(q+1)G(u), (1.2)

and that the functions a and 3 satisfy

/00 ra(r)dr = oo, /00 rB(r)dr = co. (1.3)

As shown in section 1, condition (1.3) implies that positive radially symmetric
solutions to (1.1) are ground states. The existence of a solution, near zero, to
the Cauchy problem needs

/Osa(s)ds < oo, and /Osﬁ(s)ds < oo0. (1.4)

We also assume the existence of «, and 3, such that
r®a(r), and 7P°f(r) are non-increasing functions, (1.5)

and that
N —a, + N -5,

p+1 g+1

In section 4, we prove two kinds of results of existence of singular ground states.
The first, will be given as a limit of regular ground states constructed in sec-
tion 3, and the second type will be given by those results of section 3 and the
Kelvin transform. This last type, gives existence of a curve of singular ground
states under the critical hyperbola (1.6) and above the “first critical hyperbola”.
In section 5 we applied results of the previous sections to general systems of the
form

<N-2. (1.6)

Au(z) + V(|zu + a(jz)o? = 0
Av(x) +V(z))v +b(Jz))u? = 0
with z in RY \ {0}, and V not necessarily negative. In particular, if V(r) =

—dr=2,d> —(N—2)2/4,and 0,9 = (2— N + (N —2)? +4d)'/?) /2 we get the
following results.
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Corollary 5.1 Assume that there exists (a,,b,) such that r%a(r) and rbb(r)
are non-increasing functions for some (a,,b,) satisfying
N—-—a, N-D
p+1 q+1
Also assume that a and b satisfy (5.5) and (5.6). Then, there exists g €

C(RT,R*) strictly increasing and such that for any ¢ > 0 there exists a ra-
dially symmetric solution (u,v) to (5.8) such that

°<N-2.

o) o)
711_>m0 pon =g(c), and }11}1}) 0, = ¢

Corollary 5.2 Assume that there exists (a,,b,) such that r%a(r) and rbb(r)
are nondecreasing functions for some (a,,b,) satisfying
N—-—a, N-—b,
p+1 q+1
Also assume that a and b satisfy (5.10) and (5.11). Then, there exists § €

C(RT,R™) strictly increasing and such that for any ¢ > 0 there exists a radially
symmetric solution (u,v) to (5.8) such that
u(r)

. i 200)
S =09 e

>N —2.

= C.

After this work was completed, we learned of a paper by Serrin and Zou,
[14], in which they prove existence of classical ground states for a general elliptic
Hamiltonian system.

2 Preliminary results

This section is devoted to prove existence, continuous dependence results and
some previous properties of nonnegative solutions to the problem

—u(r) — %u’(r) =a(r)f(v)
=" (r) = =20/ (r) = B(r)g(w), (2.1)
u(0) = ¢y, ©v(0) = cq,

where ¢; and co are positive constants. In this section, the functions « and (3
are C! functions defined in (0, c0), satisfying

/00 ra(r)dr = oo, /Oo rB(r)dr = oco. (2:2)

Condition (2.2) implies that positive radial solutions to (1.1) are ground states,
as is shown below. Moreover,

/Osa(s)ds < oo, and /Osﬁ(s)ds < oo (2.3)
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ensures the existence of nonnegative solutions to (2.1). Condition (2.3) ap-
pears usually on existence problems ([1], [11]), and is the Kato class for radially
symmetric functions.

The solutions of (2.1) defined in [0, 00) are radially symmetric continuous
solutions to (1.1), in the sense of distributions in RY. We distinguish the radially
symmetric continuous solutions to (1.1) from those which satisfy

) - TR = ol f()
) - TR = Brg(w), (24)
u(O) = L) =0, o(0) = e,0/(0) =0,

by calling these last type classical solutions. Our interest in the study of con-
tinuous solutions and not necessary classical solutions, comes from the existence
of singular ground states treated in Section 4. The classical nature of a solution
to (2.1) with ¢; > 0 and ¢2 > 0 only depends on the functions o and (3 as is
shown in the following.

Proposition 2.1 Assume that (o, B) satisfies (2.3). Let (u,v) be a solution to
(2.1) with ¢; >0 and cg > 0. Then

. ’ o . ’ o
}13%) ru'(r) =0, and }11}1}) rv'(r) = 0. (2.5)
Moreover, if

™ T
lim rl_N/ sV la(s)ds =0, and lim rl_N/ sN718(s)ds = 0, (2.6)
0 0

r—0 r—0
then, v'(0) =0, and v'(0) = 0.

Proof. Since u is continuous at zero, lim, o7 ~!u/(r) = 0, and thus, since
from the system (2.1) —r¥~1u/(r) is increasing for r small, we have that u
is decreasing for r small enough. Similarly, v is decreasing for all r small.
Integrating from 0 to r the first equation of (2.1) and if C' = max, ¢, /2,¢,] f(v),
we get

S = [ s ds

C/ sN"la(s)ds SCTN_Q/ sa(s)ds,
0 0

IN

and thus (2.5) follows for u, and similarly for v. From the above estimate we
also get u/(0) = 0 assuming (2.6). &

The following is a nonexistence result of solutions to (2.1), without condition
(2.3). For a similar result in this direction, see [3].

Proposition 2.2 Assume that (u,v) is a nonnegative solution to (2.1) with
c1 >0 and ca > 0, then (o, B) satisfies (2.3). Moreover, if (u,v) is a classical
solution to (2.1), then (a, B) satisfies (2.6).
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Proof. Integrating twice (2.1) from 0 to ro with ryp small enough such that
c1 > u(r) > c1/2 and ¢z > v(r) > ¢2/2, for all r € [0,79] , we obtain

¢ — /O SN [/stN_la(t)f(v(t))dt] ds > e1/2,

0

and thus,

m/oro st=N UO tN_la(t)dt} ds < /0 st [/OstN_la(t)f(v(t))dt] ds < %1

where m = min,¢[c,2,c,]{f(v)}. Therefore,

To S
/ st=N {/ tNla(t)dt} ds < o0,
0 0

which is equivalent to [ sa(s)ds < oo. Moreover,

—u'(r) =717 /OT sV a(s) f(v(s))ds > mrt=N /OT sN"1a(s)ds

and thus if «/(0) = 0,

r—0

T
0= —u/(0) > mlim rl_N/ sN"ta(s)ds.
0
Similarly, it can be proven that

/sﬂ(s)ds < oo, and lim rlfN/ sN18(s)ds = 0.
0 0

r—0

¢
Condition (2.2) implies that nonnegative solutions to (2.1) defined in (0, c0)
are ground states, as is proved in the following proposition.

Proposition 2.3 Assume that (o, 8) satisfies (2.2) and let (u,v) be a nonneg-
ative solution to (2.1) in (0,00). Then,

lim u(r) =0, lim v(r)=0.

T—00 T—00

Proof. From [4]), we deduce the following:
Let 0 < h € L{ (B1(0) \ {0}), and w € L] (B1(0) \ {0}) be a nonnegative

loc loc

function, such that —Aw € L (B1(0) \ {0}) in the sense of distributions in

loc
B1(0) \ {0}, and —Aw = h. Then, h € L}, (B1(0)). Moreover, for a radially
symmetric w; lim, o 7V ~2w(r) exists and it is finite.
Next, we prove that v tends to zero as r tends to infinity. Consider w, be

the Kelvin transform of the function u (see [6]), that is

w(r) = r2~Nu(1/r).
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We easily get that
—Aw=h, where h(z) = |z|"NPa(1/|z])f(o(1/]2])),

and thus h € L{ (B1(0)), and lim, o u(r) = lim,_g rN=2w(r) exists and

is finite. Similarly, there exists lim, oo v(r) = ¢. Now, h € Li _(B1(0)), is
equivalent to

/ sa(s)f(v(s)) < 0.
Therefore, from (2.2), we obtain ¢ = 0. &

The next results will be needed in the following sections.

Proposition 2.4 Let o be any nonnegative function, and o, € R, be such that
[ sa(s)ds < co and r*a(r) is non-increasing. Then, o, < 2, and
0

lim, 0 r?a(r) = 0.
Proof. Let 0 < r < rg, with rg small, then
/ sa(s)ds > / so‘"a(s)ska"ds > Crza(r) > Kr? %,
0 r/2
and the conclusion follows. O

For (v, 8,) € R? and pq > 1 we define,

_ao_2+(ﬁo_2)p _,60—24—(010—2)])
71(0407/@0) = g —1 > '72(0407/30) = g — 1 . (27)

We have the following

Proposition 2.5 (i) If pg > 1, then conditions (1.6) and
Y1 (o, Bo) + Y2(Qoy Bo) + N — 2 > 0 are equivalent.

(#4) Assume that pg > 1 and assume that there exist (o, Bo) such that r* a(r),
8o B(r) are non-increasing functions, and condition (2.3) is satisfied. Then,

vi(@o, Bo) <0, fori=1,2.

(#i1) Assume that (o, B,p,q) satisfy the hypothesis given on (ii) and (1.6). Then
2—a,—(N=2)p<0and2—-p3,— (N —2)g<0.

Proof. The proof of (i) is a consequence of the definition of v; for ¢ = 1,2.
Item (ii) follows from Proposition 2.4. From that proposition 2 — o, > 0 and
2 — B, >0, and thus N — o, > 0 and N — 3, > 0. Therefore, if we are in the
assumption of (iii), we get

_/Bo
p+1 = q+1

)< N -2,

and the conclusion follows. O
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Theorem 2.1 Assume that (o, 3) satisfies (2.3) and f and g are continuous
nonnegative functions defined in R* U {0}. Then, for any (c1,cs) € RT x RT,
there exists a solution (u,v) to (2.1) defined in some interval [0,k). Moreover,
the solution (u,v) is a classical solution if (o, ) satisfies (2.6).

Proof. Let
S = {(u,v) € C([0,€¢]) x C([0,€¢])] 0<u<rc1,0<v <},

where ¢ > 0 is small enough. In S we define T'(u,v) = (T1(u,v),T2(u,v)) as
follows

To(u,v)(r) = cl—/orsl—N {/OstN_la(t)f(v(t))dt} ds
To(u,v)(r) = c2 _/OT st=N {/stNl/B(t)g(u(t))dt} ds.

0

Next, we will show that for € small T'(S) C S. Since, v > 0, from the definition
of Ty it follows that T3(u,v) < ¢;. We will prove that Tj(u,v) > 0. Let
M > max{f(v) : v € [0, cz]}, then if (u,v) € S, we have

0< /OeslN {/StNla(t)f(v(t))dt} ds M/OeslN UOStNla(t)dt} ds
M [

0
< —N_Q/o sa(s)ds,

and thus, if %f; sa(s)ds < ¢1, we obtain that Tj(u,v) > 0. A similar
argument can be used to prove 0 < Th(u,v) < co. It is not difficult to prove
that T is a continuous and compact operator in .S, with respect to the uniform
convergence, and thus it has a fixed point, which corresponds to a nonnegative

(u,v) to (2.1). O

Lemma 2.1 Let o and 8 be two nonnegative functions defined in (0,00), sat-
isfying (2.3). Let f and g be locally Lipschitz continuous functions, and non-
negative near zero. Let (u1,v1), (ug2,v2) be nonnegative solutions to (2.1), with
(u1(0),v1(0)) = (c1,¢2), (u2(0),v2(0)) = (d1,d2), and c1, c2,dq, da positive num-
bers. Consider I; := [0,71] to be any interval where the functions u;, and v;,
for i =1,2, are defined. Then, there exists a positive constant C such that for
all r € I

IA

lur(r) —uz(r)] < Cmax{|cr —duf, |2 — dal},
[v1(r) —v2(r)] < Cmax{|c; — di],|c2 — da|}, (2.8)

and

Cmax{|c; — di], |2 — dal},
C max{|c; — di].|ca — da|}. (2.9)

IAIA
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Proof. Consider I; as in the hypothesis of this lemma. Define b := max{|c; —
d1], |ca — da|}, then integrating twice (2.1), and since from proposition 2.1,
lim, o7/ (r) = 0, we get

Juy (r) = us(r)| < r' % /0 sV a(s)| f(vi(s)) — f(va(s))lds, (2.10)

and
lur (1) — ua(r)| < b+ H, (2.11)
where , .
— 1-N sV a(8)| f(v1(8)) — fva(s))|ds] dt.
H.—/Ot [/ ()1 (v1(5)) — F(va(s)|ds | dt
Since

|f(vi(r)) = f(v2(r))| < mfvi(r) —va(r)| forany < [0,m],

where we take m as a Lipschitz constant for f and g, from (2.11) we get

lur(r) —ua(r)| < b+ m/OT =N [/ sV a(s)|vr(s) — va(s)|ds| dt.  (2.12)

0 J

Arguing as above, but now with the second equation of (2.1), we obtain

[v1(r) — va(r)| < b+m/OTt1N [/O sV 16(s) u(s) —uQ(s)|ds- dt.  (2.13)

Define

>

ja

=
[

b+m/0rt1_N [/Ot sN_la(s)|v1(s)—v2(s)|ds} dt, (2.14)
Y(r) := b+m/0rt1N [/Ot sNTLB(8) [u(s) —u2(5)|ds} dt. (2.15)

The functions X and Y are nondecreasing functions such that X (0) = Y (0) = b,
and

(PN () = N B () — wa(r)] <m0 X

(rNIXY (r) = mrNTra(r)|vi(r) — va(r)| < mrN " la(r)Y (r),

<
~—

(2.16)

and thus using that Y is increasing in the second inequality of (2.16), we get
X(r) <b+mC.Y (r), (2.17)

where Cy, := (1/(N—2) [;* sa(s)ds. Using (2.17) in the first inequality of (2.16),
we have that
(rN=YY (1) < mrNLB(r) (b + mCLY (1)) (2.18)
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Integrating twice (2.18) from 0 to r, we easily get

Y(r) < b(1+mCpg) + 22_03 /Or tB()Y (t)dt, (2.19)

where Cp is define by replacing 3 for o in the definition of C,,. From Gronwall’s
inequality and (2.19), we deduce

Y (r) < b(1+mCpg)exp { 2203 /T tﬁ(t)dt} < b(1 4+ mCp) exp{m?C,C3s},
—<Jo

and similarly for X, and thus the conclusion follows from the above inequality,
(2.12) and (2.13). For the bound of v/, we use (2.10), and the bound for v.

3 Existence of grounds states

In this section we prove the existence of a curve of ground states for the system
(1.1), under the following conditions: the functions f € C(R) and g € C(R)
are increasing functions, Lipschitz continuous such that f(0) = 0, ¢g(0) = 0.
Moreover, we assume the existence of two positive constants p and ¢ such that
foru>0andv >0

vf(v) > (p+1)F(v), wug(u) > (¢+1)G(u), (3.1)
where

Fl) = /O Cpdt, Glu) = /O gy dt.

For the functions o and 3 we assume that they are nonnegative C'* functions
defined in (0, c0) and such that there exist o, and [, such that

r®a(r), and 7 B(r) are non-increasing functions, (3.2)

and
N—-a, N-53,
p+1 qg+1
Moreover, we assume that (2.2) and (2.3) are satisfied.
Nonexistence results can be found in [10], [12] and the references therein.
Consider the system

<N-2. (3.3)

u'(r) = af(v), (3.4)
v'(r) = Bglw),

and let = (c1, ¢2) be such that ¢; > 0 and ¢z > 0, and (u,v) be the solution to
(3.4) such that (u(0),v(0)) = (c1,c2). We define the subsets

N

Uy :={(c1,c2) € RT x RT| such that wu(r) =0 for some 7 >0},
Vo := {(c1,¢c2) € RT x RY| such that wv(7) =0 for some 7 >0},
G:={(c1,c2) ERT x RT| (u,v) is a ground state}.
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Our main result of this section is the following.

Theorem 3.1 Assume that conditions (2.2), (2.3), (3.1), (3.2) and (3.3) are
satisfied. Then, there exists a function h € C(RT,R™T), strictly increasing such
that

1. For any co > 0, the solution to (2.1) with ¢; = h(cq), is a ground state.
2. Uy = {(c1,¢2)] c1 < h(ca)}.
3. Vo ={(c1,e2)| hle2) < e}

Before proving this theorem, we need some preliminary results. The following
is a Pohozaev-Pucci-Serrin identity. The proof can be obtained by a direct
computation.

Proposition 3.1 Let (u,v) be a solution to (3.4) in some interval I, and let a
and b be two constants. For any r € I define

Ew(r) = V[ () (r) +ar '/ (r)o(r)] (3.5)
+rN [or ' (N)u(r) + aF (v) + BG(u)] .
Then, the derivative with respect to r of Eqp satisfies

() = (a+b+2— NN () (r) + (N a) F(v) (3.6)
—arN ravf(v) + (N B) G(u) — brN T Bug(u).

Next, we study the sets Uy and V.

Theorem 3.2 Assume that conditions in theorem 8.1 are satisfied. We have
the following:

(2) If (c1,c2) € Uy and (u,v) is the solution to (2.1) defined on his mazimal
right hand side interval I = [0, k), then there exists T € I such that

u(r) =0, ulr)(r—r)>0 rel\{r}

v(ir) >0 rel, v'(r) < 0e(0,7) (3.7)
lim u(r) = —oo, lim v(r) = oo.
r—k r—k

(#) If (c1,c2) € Vo and (u,v) is the solution to (2.1) defined on his mazimal
right hand side interval I = [0,k), then there exists T € I such that

v(T) =0, vir)(t—=r)>0 rel\{r}
u(r) >0 rel, u'(r) < 0e(0,7)

lim u(r) = oo, lim v(r) = —o0.
r—k r—k

(ZZZ) RT xRt =GUU UYV,.
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Proof. If (u,v) is not a ground state, from proposition 2.3 either u or v has a
zero at some point 7 < oo, and thus (iii) is proved.

Let (u,v) be a solution to (2.1) defined on his maximal right hand side
interval I = (0,k), (positive or not) and such that u(r) = 0 with v and v
positive functions in I’ = (0, 7).

Assertion. 7V ~2v is increasing on I, and u(r) < 0 for all r € (1, k).

We prove the assertion in two steps.

Step 1. ¥ ~2v is increasing on I'.

The functions v and v are non-increasing functions on I’. For a and b such
that b > (N —3,)/(¢+1),a> (N —a,)/(p+1), and a+ b < N — 2; we obtain
that E!,(r) is non-positive for all » € I’. In that case the energy is a decreasing
function of r and thus, E.(r) < Eq(0). Next, we prove that E,;(0) = 0. From
Proposition 2.1, the three first terms on E’,(r), goes to zero as r does. The
convergence to zero of the other two terms, follows from Proposition 2.4; Thus
for all r € (0,7)

Eau(r) <O0. (3.8)

For r € (0,7), let

d(r) == — and e(r) :=— . (3.9)

From (3.8) in particular we obtain
e(r)d(r) — ad(r) — be(r) < 0. (3.10)

As a consequence of u(r) = 0 and the concave nature of wi(s) := su(r), s =
rN=2 there exists 1 < 7 satisfying d(r1) = N — 2, and for all r € (ry,7),
d(r) > N — 2. Therefore,

N —a, N -3,
p+1 qg+1

<d(r)=N-2. (3.11)

For this d(r;) we can choose a,b such that a + b = d(r;) and Y=2= < gq,

prl S
% < b. Returning to (3.10) we get e(r1) < d(r1) = N—2. On the other hand,
the function wa(s) := sv(r), s = r""2is a concave function with w3(0) = 0

and thus, e(r) < N —2 for all r € [0,71]. Moreover, if for some r > r; we have
that e(r2) = N — 2, then arguing as above we get that d(r2) < N —2, which is a
contradiction. Thus we conclude that e(r) < N —2 for all r € (0, 7). Therefore,
rN=2y(r) is an increasing function in (0,7). In particular v(7) > 0.

Step 2. Next, we will prove that u(r) < 0 for all » € (7,k), and v(r) > 0 for
all 7 € I. For it, let wy(s) := rV~2v(r) with s = V=2 and s € (7N =2, kN —2).
Assume that u(r) < 0 for r € (r,z). Since g(u) < 0, for u < 0, it can be easily
verified that wy is a convex function for all s € (V=2 2V=2) and thus in such
interval p p

w w
(8> 2V >0,
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which in turn implies that wa(s) > wa(7V=2) > 0, for all s € (7V=2,2N=2).
Now, consider the function ws(s) := 7V ~2u(r). Using now, that wa(s) > 0 and
thus v(r) > 0 for all » € (0, x), it can be verified that the function w; is concave
n (0,z). We have used that f(v) > 0, for v > 0. Therefore, in particular

dwy o o 4o

L) < S <o,

for all s € (772 2N=2), and thus wi(s) is decreasing for s > 7V=2 and it
cannot be zero for s > 7NV~2. Also in the above argument we can take z = k
to conclude that v is positive and 7V ~2v(r) is increasing on I. Moreover, from
(2.1) and since v is positive we obtain that w is decreasing on I. Thus the
assertion follows.
By changing the role between u and v in the above assertion, we obtain that
Uy NVy = 0. Next, we will show that
lim u(r) = —oo, lim v(r) = oo.
r—k r—k
Assume first that k& < co. Since 7V ~2y(r) is increasing, we obtain the existence
of lim, ,; v(r) = I. Assume, by contradiction that [ < oo, and thus v is bounded.
Integrating the first equation of (2.1) and using the facts that v bounded and
k < oo, it can be easily verified that u is also bounded. Therefore, (u,v) can
be extended to the right of k, contradicting the definition of k. The proof that
lim,_,; u(r) = —oo is analogous to the above.
Now, for k = 0o, we prove first that | = lim,_,o v(r) = co. Integrating twice
the first equation of (2.1) we obtain for any r > 27,

_ TS17N A w s
/2 / N1 B()g(u(t))dt | d

T LJ 0 d

v(r) —v(27)

2T
R [/ N80 g (u(t))dt

—/TsHV / tNT1B(t)g(u(t))dt| ds. (3.12)
2

2T

From (3.12) and since |g(u(s))| = —g(u(s)) > |g(u(27))|, for all s > 27, | = o0
is implied by

lim [ sV [/ tNlﬁ(t)dt] ds = o0.
2

T—00 27 T

If r > 47, we get

/27 Ry [/;tN—lﬁ(t)dt] ds > /4:51—N [/;N_lﬁ(t)dt} i
/4: sI—N [/S; tNlﬁotﬁoﬁ(t)dt] ds

T

C | sB(s)ds, (3.13)

4T

Y

Y
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in the last inequality of (3.13) we have used that t% 3(t) is non-increasing. Thus,
from (3.13) and (2.2) we get that I = co. A similar argument with

/TT s [/OStNla(t)f(v(t))dt] ds

(o) / SN [/OstNla(t)dt] ds,

shows that lim,_, . u(r) = co. &
As a consequence of the above result we get the following for the particular
system

—u(r)

%

—Au = af(v), (3.14)
—Av = af(u).

Corollary 3.1 Assume that f = g and o = 3 satisfy conditions in theorem 3.1.
Then,

G ={(c,c)] ¢>0}.
Proof. Let ¢ > 0, and let u be a nonnegative solution to
—Au = af(u),

defined near zero and such that «(0) = ¢. Thus, since (u,u) is a solution to
(3.14) with u = v, we get that (c,c) ¢ Uy UV, (solutions with initial data in
Uy UV, satisty that only one between u and v have a zero). Therefore, (c,c) € G.

%

With some extra conditions, it can be proven that the ground states are the
unique solutions to (2.1) defined in [0, 00).

Theorem 3.3 Assume that conditions in theorem 3.2 are satisfied. Moreover,
assume that f and g are odd functions. If there exist constants ay, 51 and a
positive constant C such that

a(r) > Cr=, B(r)>Cr=™  for all v large

with
min {71 (e, £1),72(a1, B1)} <0, (3.15)

then for any (c1,c2) with ¢1 > 0 and ¢ > 0, we have that the corresponding
solution (u,v) is either a ground state or the maximal right hand side interval
is (0, k) with k < co.

Proof. Let (u,v) be a solution which is not a ground state, and thus from
theorem 3.2, we can assume the existence of 7 such that u(7) =0, u(r) < 0 for
all r € (1, k), and v(r) > 0 for all » € (0, 7). If k = o0, let uy(r) = —u(r), thus
(u1,v) is a positive solution in an exterior domain to

Auy > Clz[~* f(v)

Av Clz|=Prg(uy). (3.16)

V
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Now, since u1(r) and v(r) tend to infinity as r does, we have f(v) > CvP and
g(u1) > Cuf, and thus (u1,v) is a solution to

Auy > Clz|~*o?
Av > Clz|=Prud.

From the hypothesis (3.15) and Theorem 3.1 or Theorem 3.2 in [16], we get that
either u; or v are bounded, and the contradiction follows. Therefore, k < oo.

%

The following lemmas allow us to define the function A given in theorem 3.1.

Lemma 3.1 Assume that conditions on theorem 3.1 are satisfied. Then, for
any c¢1 > 0 (respectively co > 0) there exists at most one ca > 0 (respectively
c1 > 0) such that (c1,¢2) € G.

Proof. Let ¢; > 0. Assume that there exists co such that (u1,v1) is a ground
state with u1(0) = ¢; and v1(0) = c2. Let us prove that solutions (u,v) of
(2.1) corresponding to u(0) = ¢; and v(0) = ¢z — J, with 0 < 0 < co, are
not ground states. Assume by contradiction that some of the above (u,v) is
also a ground state. Consider [0,71) be the maximal right hand side interval
where v1(r) > v(r) > 0, for all » € [0,r1). Integrating twice (2.1) we get for all
re [0, 7’1)

) =) = [N [ e 0) - o] ds > o
and thus, u(r) > uy(r), for all r € [0,71). Moreover, in such interval,
=N (r) = vy (r) = /Or tN1B() (g(u(t) — g(ua(t)))dilds > 0,

implying that v1(r) — v(r) is increasing in [0,r;), and thus
vi(r) —o(r) > 4. (3.17)

If r1 < o0, then from the definition of r1 and (3.17) we get v(r1) = 0, and thus
(u,v) is not a ground state. If 71 = oo, the contradiction follows from (3.17)
and proposition 2.3. Therefore, if (¢1,c2) corresponds to a ground state, then
(c1,c2 — d) does not correspond to a ground state, and thus (¢1,c2 + 0) also
cannot correspond to a ground state (if it does, (¢1,c2) = (¢1,c2 + 9 — §) does

not). ¢

Using similar arguments to those used in the proof of the above lemma, we
have.

Lemma 3.2 Assume that conditions on theorem 3.1 are satisfied. Then,

(1) If (c1,c2) € Vo, then [c1,00) X (0,c2) C V.
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(#) If (c1,c2) € Up, then (0,c¢1) X [c2,00) € Up.

Lemma 3.3 Assume that conditions on theorem 3.1 are satisfied. Then,
(¢) For any c1 > 0 there exists a ¢ > 0 such that {c1} x (0,¢2) C V.
(13) For any ca > 0 there exists a €1 > 0 such that (0,¢1) x {c2} C Up.

Proof. We prove (i). Assume by contradiction that for some ¢; > 0 there exists
no ¢ such that {¢1} x (0,¢2) C Vy. In that case, we choose a positive sequence
{can} decreasing to zero such that (c1,can) € Up. We call (un, vy,), the solution
to (2.1) corresponding to u,(0) = ¢1 and v, (0) = cap. If 7, is the point where
Un (1) = 0, we obtain 0 < v, (r) < cgp, for all r € (0,7,) and

o = /OT" G1-N {/OS tNla(t)f(v(t))dt} ds < % /OTn sa(s)ds,

and thus 7,, tends to infinity as n does.

Next, we will prove that for any a > 0, ({tun}n,{vn}n) has a subsequence
which converges uniformly in [0, a] to a solution (u,v) of (2.1). Let n be large
enough such that 7, > a, and thus 0 < v,(r) < cap, for all r € (0,a). Since
{can}n tends to zero as n tends to infinity, we get that that v = 0, which is
a contradiction to u(0) = ¢;. We prove the existence of such a converging
subsequence by showing that ({un }n, {vn}n) is equicontinuous and bounded in
[0, a]. We have

0<vp(r) <can, 0<uy(r)<e re(0,a), (3.18)

and thus integrating twice (2.1) we get

)~ wnlo) < [ | [0 a0 @] s @19

0

Therefore from (3.19) and (3.18)

(1) = ) < flea) [ [Tttt as, 320

and thus {u,} is equicontinuous. Similarly, we obtain
x S
|vp (1) — vn ()] < g(cl)/ si=N [/ tNl,B(t)dt] ds.
T 0
The proof of (ii) follows the same ideas given on (i). O
Lemma 3.4 Assume that conditions on theorem 3.1 are satisfied. Then,
(i) For any co > 0 there exists ¢, such that (¢, 00) x {ca} C V.

(ii) For any c1 > 0 there exists ¢y , such that {c1} x (cj,00) C Up.
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Proof. Assume by contradiction the existence of ¢a > 0 and a sequence {c1,}
increasing to infinity such that (c1,,c2) € Up. We consider 7, to be such that
Un(rn) = c1n/2, where (up,vy,) is the solution to (2.1) with (uy(0),v,(0)) =
(c1n, c2). Therefore, since v, is decreasing before the zero of u,, we get

An = 4y, (0) — u, sV tNLa(t) f (v, (t))dt]ds
F 2 fc(z)fo S( )fst(f)\’ 9 dfto]ds (t).f (vn (t))dt] (3.21)

and thus r,, tends to infinity as n does. On the other hand, v, (r,) > 0 implies

6 > /O SN [/0 tN_lﬁ(t)g(un(t))dt} ds

> glen/2) [ | [ ] as

which is a contradiction to (3.21). o

Lemma 3.5 Assume that conditions on theorem 3.1 are satisfied. Then, Uy
and Vy are open subsets of Rt x RY.

Proof. Let (dy,ds) € Up, then u(ry) = 0, for some 74 > 0, and thus

= b sl_N ) N_la v S
- / [/ N la(t) £ (u(t))de)d

0

£(ds) /O SI*N[/S N =1o(t)dt]ds (3.22)

0

. ]{7(012)2 /O” sa(s)ds.

Similarly if (di,d2) € Vo, we get

< N_2/ sB(s (3.23)

Now, let ¢ := (¢1,¢2) € Up, and let d := (dy,dz) € RT xR, with |¢; —d;| < ¢, for
i =1,2. Consider (u1,v1) to be the solution to (2.1) associated to ¢ and (u,v)
the corresponding d. Then, if € < max{c1/2,c2/2}, from (3.22) and (3.23)we
get that the solution (u,v) is at least defined on I1 = [0, 7], where 7 satisfies

alV=2) (" g and 22D [T s
2f(302/2)§/o (s)ds, and 29(301/2)§/0 Blo)ds.

Therefore, from Lemma 2.1 for the above interval I; we get that |ui(m1) —
u(m)| < €o, [ui (1) —u/'(1)] < €0, [v1(m1)—v(m1)| < €0, and |v] (71) —v'(T1)| < €0,
where €g is small. Thus, from classical continuous dependence results for (u1,v1)
defined in [y, ko], for any ko < k, we get that the solution (u,v) is also defined
in [, ko], and it is near to (ui,v1). Since, u; is negative at some point, we
conclude that u must be negative at that point. &

IN
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Proof of theorem 3.1. We first construct the function h. Let co > 0, thus

from lemma 3.3 and lemma 3.4 we obtain
0 < h(ca):=sup{c1 >0 | (0,c1) x {ca} CUp} < 0.

Next, we will prove that (h(cz),cz) corresponds to a ground state. Since by
lemma 3.5 U is open and h(cz) is a supremum, we get that (h(cz),c2) ¢ Up. If
(h(c2),c2) € Vo, and since V is open (h(c2) —¢, c2) € Vy, for some € small, which
is a contradiction to the definition of h(c2), and thus (h(c2),c2) correspond to
a ground state.

The proof that h is increasing is as follows. Let ¢5 > c2. From the definition
of h(cz) we get that (0, h(cz)) X {c2} C Up, and thus from lemma 3.2 (0, h(cz)) x
[c2,00) C Up. Therefore from the definition of h(ch) we get h(cz) < h(c}). Now,
since (h(cz),c2) and (h(c}), c3) are ground states, from lemma 3.1 h(c2) < h(c}).

We end by showing item 1 and 2 of the theorem. Let (c1,cz) such that
c1 < h(cz2), from the definition of h(cz), we have that (¢1,c2) € Up. Assume now
that ¢; > h(c2). If (c1,c2) € Uy, from lemma 3.2, (h(cz2), c2) also belongs to Uy,
which is a contradiction, and thus (c1,c2) € Vo, for any ¢; > h(cs). &

The following result has to do with the particular system

N-1
u'(r) + ——d/(r) = —r %P,
T
N-—-1
v (r) + Tv’(r) = —r Pyl (3.24)
u(0) =1 v(0) = co.

Corollary 3.2 Let (f(v),g(u)) = (vP,uf), with p > 1, ¢ > 1. Assume that
(a(r), B(r)) = (r= r=P) with a, < 2, B, < 2, and (w,Bs,p,q) satisfies
(3.3). Then, there exists a positive constant Co such that h given on theorem

8.1 1s
h(z) = Cox(ao72+(,8072)p)/(ﬁ072“1’(0‘072)‘])'

Remark. The above result was proven by Serrin and Zou [13], when «, = 5, =
0. The behavior at infinity of the ground states when (3.3) is an equality an
o, = B, =0 is given in [8].

Proof. Let x positive, then (h(x),z) is an initial value for a ground state. If
(u,v) is such ground state, then for any positive constants a, b and k, we define

(w,y) by
w(r) = au(kr), y(r) = bv(kr).

Thus, (w,y) is a ground state to
Aw + ab Pk~ ryP = 0,
Ay + ba~ k2 Pop=Boyd = 0.
If ab=Pk%~% =1, and ba~%k? P> = 1, which implies that

ao_2+(ﬁo_2)p
ﬂ0_2+(a0_2)q'

v

a="5b" where v=
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In that case, (w,y) is a ground state to (3.24) and (w(0),y(0)) = (b”h(c), be).
Let x be positive and choose b such that x = bc. Since the ground state corre-
sponding to z is unique we get that

h(z) = Coz”,
where Cy = h(c)c™". %

4 Existence of singular ground states

In this section we study the problem of existence of singular ground states for
(1.1). A singular ground state means a radially symmetric nonnegative solution
(u,v) to (1.1) such that either lim, o u(r) = oo, or lim,_,o v(r) = oco.

Next, we will prove an existence result of singular radially symmetric ground
state as a limit of ground states constructed in Section 3.

Theorem 4.1 Assume that condition on Theorem 3.1 are satisfied and pq > 1.
Moreover, assume that

flo) >Cv?, v>0, g(u)>Cu?, u>0,

and for any k positive

/thla(t)f(ktW)dt < 00, /thl,B(t)g(kt%)dt < o0, (4.1)
0

0

where 1 and o are defined by (2.7). Then, there exists a nonnegative singular
ground state to (1.1). Moreover,

Thi%u(r) =00, and }%U(r) = 00.

Remark. If in the above theorem f(v) < Dv?, and g(u) < Du?, and a(r) <
Dree, B(r) < DrP, for some positive constant D, then condition (4.1) is satisfy,
since

/tN—la(s)f(ktW)dt < C/tN‘l‘aoﬂ’Wdt < 0.
0 0

The last integral is finite since N — a, + py2 = N — 2+ v; > 0, and we are in
the region where N — 2+ v, +v2 > 0 and 73 < 0 and 3 < 0.

Proof. As usual it can be proved that for any (u,v) nonnegative radially
symmetric solution to (1.1) we have

u(r) > CvP(r)ra(r), (4.2)

In the proof of (4.2) we have used that ¥ ~2u(r) is nondecreasing and r% «a(r)
is non-increasing. Similarly, we get

o(r) = Cu(r))rB(r), (4.3)
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and thus from (4.2) and (4.3) we obtain
C

uPlI*l(r) < r2(P+1)I6P(r)a(r) ’ (44)
. C
v (r) 2@ D () 3(r)’ (4.5)

Moreover, for any interval [0, a], there exist a constant A > 0, depending on a
such that r®a(r) > A, and rB(r) > A, for all r € [0,a]. Thus, we obtain
from (4.4) that for all r € [0, a

u(r)
u(r)

where K is some positive constant depending on a. Let (h(cy,), ¢,) with ¢, > 0
converging to oo, and (un,v,) the associated ground state. From (4.4) the
sequence {uy, vy,)} is uniformly bounded in any compact subset of (0,00). We
will show that the sequence {u,,v,)} is equicontinuous away from zero. Let
x > 0 be fixed, we prove equicontinuity on z. From the definition of (uy,v,),

we have
/Tm s [/OstNla(S)f(vn(t))dt} ds

[ | [ e tatseal as

and thus from (4.1) we get the equicontinuity of the sequence {(un,v,)}, in .
Therefore, there exists a subsequence of {(un,v,)}, which converges uniformly
on any compact subset of (0,00) to a continuous function (u,v). Moreover,
(u,v) is a solution of (1.1) in the sense of distribution in R \ {0}. &

Next, by using Kelvin transform on the results of Section 3, we prove exis-
tence of singular ground states for the system

—Au = o*(Jz|)v?

—Av = [*(|z|)u?

K, (4.6)

<
< Kr, (4.7)

IA

|un(r) = un(2)|

IA

z € RV \ {0}, (4.8)
where, p > 1, ¢ > 1 and pg > 1, under the following conditions

0 0

/ sNI=(N=2)pp* (5)ds < oo, / sN1I=(N=2)ag% (5)ds < oc0.  (4.10)
Moreover, we will assume the existence of of, and G} such that

r®a*(r) and r%B*(r) are nondecreasing and (4.11)

N-ao, N-§
p+1 qg+1

_|_

>N-2 (4.12)
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Theorem 4.2 Assume that conditions (4.9), (4.10), (4.11) and (4.12) are sat-
isfied. Then, there emists a function h* € C(R*,RT), strictly increasing such
that for any ca > 0 there exists a positive ground state (u,v) such that

lim rV 7 2u(r) = h*(c2), and lim r¥2u(r) = ca. (4.13)
r—00 r—00

Moreover, assume that either r®o*(r) or rP8*(r) are strictly increasing at
some point or (4.12) is not an equality, then

}1_% u(r) = oo, and }11}1}) v(r) = oo. (4.14)
Proof. The proof of this result is fundamentally based on Kelvin transform and
on theorems of the previous section. If (u,v) is a radially symmetric nonnegative
solution to (4.8), we define

ur(r) == Nu(r™), v (r) = r2No(rh),

the Kelvin transform of the function u and v. The pair (u1,v1) is thus a solution
to
—Auy = af|z|)v)

N
—Av; = B(z|)u? z € R™\ {0}, (4.15)

where the functions « and 3 are given by
a(r): = r(N*Q)”*(N”)a*(r*l)
B(r): = T(N*2)q*(N+2)ﬁ*(,r1). (4.16)

Define
b= N2 (N Dpdy = N2 (N2 4,

and thus we easily get that (a, 3, p, q) satisfies the hypothesis on Theorem 3.1
and the existence of h* follows.

Next, we will show that those ground states satisfy (4.14) if r®a*(r) or
Po 3*(r) are strictly increasing at some point or (4.12) is not an equality.

Let (u,v) be a radially symmetric ground state constructed as above. The
functions u and v are decreasing functions such that 7V =2u(r) and vV ~=2v(r)
are increasing. Moreover,

N2 _ N2 _
}13(1)7“ u(r) =0, and }13(1)7“ v(r) =0, (4.17)

as it follows from the behavior at infinity of (u1,v1). The energy function given
by (see Proposition 3.1)

) = v [o (r)' () + ar Y (r)v(r) + br~ ' (r)u(r)]

T B g witl| (4.18)

p+1 q+1
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satisfies

N %
+b+2—N N—-1,1 / +1
(a )r T (r)o'(r) (p+1
TN/B*
g+1

YuPtt (4.19)

~—
Q *
o>
~
<
—
=
~
Il

_aerla*varl + ( )/uqul o bT,Nfl/B*uqul'
Moreover, for a = (N — al)/(p+ 1) and b = (N — 8.)/(¢ + 1), we get that
E%, is a nondecreasing function. First, we will prove that lim,_,. E¥, () = 0.
From (4.13) we get that the first three terms in (4.18) tend to zero as r tends
to infinity. Moreover, from Proposition 2.4, we get that lim, o r?a(r) = 0 and
lim,_,o r23(r) = 0, where («, 3) is given by (4.16). Therefore

lim, oo PV~ V2P (1) = 0 and lim, o 7N~ (N=243*(r) = 0, and thus the
last two terms in (4.18) tend to zero as r tends to infinity.

Assume by contradiction that lim,_,ou(r) =1 < co.

Assertion: If | < oo, then lim,_,o E,(r) = 0, and thus (E},)'(r) = 0, for all r.

Assume that the assertion is true. If either r®a*(r) or rP3*(r) are in-
creasing functions at some point x, or the inequality in (4.12) is strictly, then
(Ef,) () = 0, implies that either u(x) = 0, or v(z) = 0, or v/(z) = 0, or
v'(z) = 0, and the contradiction follows.

Now, we prove the assertion. If u is bounded, the three first term in E*,(r),
goes to zero as a consequence of (4.17). For the fourth term, we argue as
follows. Since 7N ~2u(r) is nondecreasing, v is non-increasing and r®a*(r) is
nondecreasing, we get

N-2 ' N-1 P(g
r "u(r) > C/T/2s a”(s)vP(s)
> CrVa*(r/2)vP(r), (4.20)

and thus, using that u is non-increasing and 7V ~2v(r) is nondecreasing, we can
change in (4.20) u(r) by Cu(r/2) and vP(r) by CvP(r/2) to get

u(r) > Cria* (r)vP (r). (4.21)
Therefore, from (4.21) and since [ < co we get

CrV=2u(r) > O'rN " 2u(r)v(r) > rNVa* (r)oPT(r),

and thus lim, oV a*(r)vP*1(r) = 0. Now, from Proposition 2.5 we conclude
that vV 3*(r) = r(N=29-25(r=1) goes to zero as r does, and thus the last term
in E¥,(r) goes to zero as r does, and the assertion follows. &

Remark. Assume that conditions on theorem 4.2 are satisfied with p = ¢ = 1.
In this case (4.12) is equivalent to

2—a +2-73,>0. (4.22)
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The conclusion of the above theorem is in this case also valid. If either r® o* (r)
or rﬁ:),ﬁ*(r) is non constant, no changes on the proof of the above result. If
o*(r) = Cir~% and §*(r) = Cyr—P, then from (4.10) we get that (4.22) is not
an equality, and the proof follows that of the above theorem.
On the other hand, it is known that the existence of radially symmetric
positive solutions to
—Au = c|z|2u,

depends on the constant c. For 4c > (N — 2)2, those solutions do not exist.

For system (3.24) we have the following

Corollary 4.1 Assume that o, > N — (N —2)p, 8, > N — (N — 2)q, and
(o, B, p,q) satisfies (4.12). Then, there exists a positive constant C* such that

h*(z) = C*p2—ao+(2-8,)p)/(2—B,+(2-0a,)q)

Moreover, if

N N
"3y = - 4+ _>N-2
(a%: By) = (0,0), p+1+q+1> ,

and if (u,v) is a ground state and pq > 1, then there exist two positive constants
c and d such that for all r near zero we have

dr(72(p+1))/(qul) S u(fr) S Cr(72(p+1))/(pq71) ,
dr(=2(+1)/(pa—1) < v(r) < er(=2(p+1)/(pa-1) |
Proof. The proof of the behavior at zero of the ground states follows from

Theorem 3.2 in [5]. O

From theorem 4.1 and Kelvin transform, we obtain the following.

Theorem 4.3 Assume that conditions on theorem 4.2 are satisfied. Moreover,
assume that

/ stTP20%(s)ds < oo, / st B (s)ds < o0, (4.23)

where 1.2 = y1,2(al, B,) are given by (2.7). Then, there ezists (u,v) a nonneg-
ative ground state to (4.8), such that

lim vV 2u(r) =co, and lim V" 20(r) = co. (4.24)
T—00 T—00

Moreover, if (4.12) is not an equality, then those ground states satisfy

}%u(r) =00, and }%U(T) = 00.

Proof. The existence of a positive solution (u,v) of (4.8) satisfying (4.24)
follows from Theorem 4.1 and Kelvin transform. Next, we will prove that
(u(r),v(r)) tends to zero as r tends to infinity. Similarly to (4.21) we get

v(r) > Cr?B* (r)ul(r), (4.25)
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and thus from (4.21), (4.25) and since r®a(r) and r% 3(r) are nondecreasing
functions we obtain the existence of 1y and a positive constant C' such that for
allr > rg

u(r) < Crm(ees) (4.26)
o(r) < Crreef),

Moreover, from (4.23) we obtain that 2 — o) + y2(al, 8,)p < 0, but it can be
easily verified that v1(al,8)) = 2 — ol + y2(al, 85)p and thus v1(al, 8.) < 0.
Similarly vya(al, 8,) < 0. Therefore, the solution (u,v) is a ground state.

Assume now that (4.12) is a strict inequality. To prove that « and v are
singular at zero we use the same argument used on the proof of theorem 4.2.
The unique difference with that proof will be the proof of lim, ., E¥,(r) =0,
which is as follows: From (4.21), (4.25) and (4.26) we obtain that

pN=2mt > orN =2y (rY(r) > N g% (r)ud T (r), (4.27)
pN=2ntrz > OpN =2y (ry(r) > rNa* (r)oP T (r).
Now since V=24 and V=20 are nondecreasing we also get that
Tl > Ol (7)), (4.28)
2Tl > O (r)].

On the other hand, since condition (4.12) (without equality) is equivalent to
v1+72+ N —2<0, from (4.27) and (4.28) the conclusion follows. &

5 Applications

In this section we will apply the results of the above sections to the more general
system

Au(z) + V(|z|)u + al|z)o” = 0,
Av(z) + V(|z|)v +b(Jz))u? = 0, in RN\ {0}. (5.1)

where a and b are nonnegative functions, p > 1, ¢ > 1. The “potential” V is
not necessarily non-positive.
Let V € L{2,(0,00), such that the equation

loc

h"(r) + ?h’(r) +V(r)h(r) =0, 7€ (0,00) (5.2)

is disconjugate in (0, 00); i.e., there exists a positive solution hg of (5.2) such
that

/ = Nhy?(r)dr = oco.
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( See, e.g.,[7], [15] for the definition and properties of disconjugacy.) Note that
for V.= 0, (5.2) is disconjugate, and in this case hg = 72~~. We define as in
2], ha(r) = ho(r) [y t1~Nho?(t)dt if

Dz/#ﬁ%f@ﬂ<m,
0

and hi(r) = ho(r) f; t'=Nhg2(t)dt if D = oo, where R > 0 is fixed. In any case
ho, h1 are two linearly independent solutions to (5.2). In the sequel we assume
that D < oco. If (u,v) is a radially symmetric solution to (5.1), then (u1,v1)
given by

) o)
w(e) = s e = gk (53)

where s = Z—(l), and v is a solution for all s > 0 to

(5) + Zui(s) + alshf =0,
o(5) + 20} (s) + Bls)ud =, (5.4)
where
a(s) = a(r) R PRSIV B(s) = ()L () ()2,

and thus with the appropriate conditions on « and 3, the results of the above
sections give existence of positive solutions to (5.1). The function (a(s), 8(s))
satisfies (2.3) if and only if (a(r), b(r)) satisfies

/erlhoh’fa(r)dr < 00, /erlhoh’fb(r)dr < 00, (5.5)
0 0

and (a(s), 8(s)) satisfies (2.2) if and only if (a(r),b(r)) satisfies
/ N hohYa(r)dr = oo, / N = hohdb(r)dr = oco. (5.6)

We have the following

Theorem 5.1 Assume that a and b satisfy (5.5) and (5.6). Assume that there
exists (o, Bo) such that

3 —ay + 3 — /80 <
p+1 g+l

1, (5.7)
and
7,2(N—1)h;z17—1+ao héfo‘"a(r), T2(N—1)ht{—1+ﬁo hé_ﬁ"b(r)

are non-increasing functions. Then, there exists g € C(RT,R™T) strictly increas-
ing and such that for any ¢ > 0 there exists a radially symmetric solution (u,v)
to (5.1) such that

lim u(r)

o ) =g(c), and lim =c.
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For instance, if V(r) = —dr~2, with d > —(N — 2)2/4, the equation

B (r) + ?h’(r) _ %h(r) —0, re(0,00)

has the solutions

ho(r) = r% and hi(r) = ro,
2~ N+ ((N —2)% +4d)'/?

01,0 = 5 ;
and for the system
d
Au(z) — PR a(lz)v? = o0,
d
Av(z) — —sv+b(jz))u? = 0, in RN\ {0}, (5.8)

|z|?
we have

Corollary 5.1 Assume that there exists (a,,b,) such that r®a(r) and rb(r)
are non-increasing functions for some (a,,b,) satisfying

N-a, N-b
Do 4 °< N -2 (5.9)
p+1 qg+1

Moreover, assume that a and b satisfy (5.5) and (5.6). Then, there exists g €
C(R*,R™) strictly increasing and such that for any ¢ > 0 there exists a radially
symmetric solution (u,v) to (5.8) such that

lim wr)

- =g(c), and lim o(r)
r— T

= C.
r—0 7“‘91

Remark. If in the above corollary d > 0, then for any ¢ > 0, the solution (u, v)
corresponding to (g(c),c) satisfies that u(0) = 0 and v(0) = 0. On the other
hand, if d < 0, the solutions are singular at zero. Moreover, if (a(r),b(r)) =
(r=ae,r~b) with (a,, b,) satisfying (5.9) and

ap <2+ (p—-101, b, <2+ (¢q—1)61
then there exists a positive constant D such that g(z) = Dz*, where
_ o =2+ (bo—2)p—b1(pg — 1)
bo — 2+ (a0 — 2)g — 01(pg — 1)

Now, we will obtain existence of a curve of ground states of (5.1) which
behaves at infinity as hg. To this end, we will apply results of section 4 to
the system (5.4). Condition (4.9) for (a(s),B(s)) in terms of (a(r),b(r)) is the
following

k

/rN_lhlhga(r)dr = o0, /rN_lhlhgb(r)dr = o0, (5.10)
0 0



26 Existence of continuous and singular ground states ~ EJDE-1998/01

and condition (4.10) for (a(s), B(s)) reads for (a(r),b(r))
/ rN = hyhba(r)dr < oo, / rN = hihdb(r)dr < oo. (5.11)

Theorem 5.2 Assume that a and b satisfy (5.10) and (5.11). Assume that
there exists (al, 8) such that

3—a,  3-0,
+
p+1 q+1

>1. (5.12)

and
TQ(N_I)hf71+a° h37a°a(r), rQ(N_l)hszHﬁ"héiﬁ”b(T’)v

are nondecreasing functions. Then, there exists § € C(RT,R™) strictly increas-
ing and such that for any ¢ > 0 there exists a radially symmetric solution (u,v)
to (5.1) such that

.ou(r) :
Jm ho(r) oc), and  lim ho(7)

v(r)

=cC.

In particular for system (5.8) we have

Corollary 5.2 Assume that there exists (a,,b,) such that r%a(r) and r®b(r)
are nondecreasing functions for some (ao,b,) satisfying
N —a, N N —b,
p+1 qg+1

>N —-2.

Moreover, assume that a and b satisfy (5.10) and (5.11). Then, there exists
§ € C(RT,R™") strictly increasing and such that for any ¢ > 0 there exists a
radially symmetric solution (u,v) to (5.8) such that

u(r)

lim =J(c and lim
r—00 7“‘90 ( )’ r—00 7“‘90

u(r)

=cC.
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