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CENTER PROBLEM FOR GENERALIZED A-Q
DIFFERENTIAL SYSTEMS

JAUME LLIBRE, RAFAEL RAMIREZ, VALENTIN RAMIREZ

ABSTRACT. A-( differential systems are the real planar polynomial differential
equations of degree m of the form
z=—-y(l1+A)+2Q, y=z(1+A)+yQ,

where A = A(z,y) and Q = Q(z,y) are polynomials of degree at most m — 1
such that A(0,0) = Q(0,0) = 0. A planar vector field with linear type center
can be written as a A-§) system if and only if the Poincaré-Liapunov first
integral is of the form F = %(:62 +4%)(1 + O(z,y)). The main objective of
this article is to study the center problem for A-Q systems of degree m with
A = p(azx—a1y), and Q = a,lx-l—azy—&-Z;.":_Ql Q;, where p1, a1, az are constants
and Q; = Q;(z, y) is a homogenous polynomial of degree j, for j = 2,...,m—1.
We prove the following results. Assuming that m = 2,3,4,5 and

m—2
(h+(m—2)(ai+a3)#0 and > Q;#0
j=2

the A-Q system has a weak center at the origin if and only if these systems
after a linear change of variables (z,y) — (X,Y) are invariant under the
transformations (X,Y,t) — (—X,Y,—t). If (u+ (m — 2))(a? + a3) = 0 and
25”2712 Q; = 0 then the origin is a weak center. We observe that the main
difficulty in proving this result for m > 6 is related to the huge computations.

1. INTRODUCTION

Let X =P % + Qa% be the real planar polynomial vector field associated to the
real planar polynomial differential system

&= P(z,y), §=0Q(y), (L.1)

where the dot denotes derivative with respect to an independent variables here
called the time ¢, and P and @ are real coprime polynomials in R[z,y]. We say
that the polynomial differential system has degree m = max{deg P, deg Q}.
In what follows we assume that the origin O := (0, 0) is a singular or equilibrium
point, i.e. P(0,0) = Q(0,0) = 0.
The equilibrium point O is a center if there exists an open neighborhood U of
O where all the orbits contained in U \ {O} are periodic.
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We shall work with the polynomial differential systems of degree m such that
t=—-y+X, y=z+Y, (1.2)

where X = X(x,y) and Y = Y (x,y) are polynomials starting at least with qua-
dratic terms in the neighborhood of the origin, so m = max{deg X, degY} > 2.
The center-focus problem asks about conditions on the coefficients of X and Y un-
der which the origin of system is a center. To know centers help for studying
the limit cycles which can bifurcate from the periodic orbits of the centers when we
perturb them, see for instance [15].

If a system has a local first integral at the origin of the form

F= 5@+ )0(,y),

where ® = ®(z,y) is an analytic function such that ®(0,0) = 1, then the origin of
system is a center called a weak center. The weak center contain the uniform
isochronous centers and the holomorphic isochronous centers (for a prof of these
results see [12]), but they do not coincide with the all class of isochronous centers
(see [12 Remark 19]).

In this paper we shall study the particular case of differential systems of
the form

T=—y(1+A)+20, g=z(1+A)+yQ, (1.3)

where A = A(xz,y) and 2 = Q(z, y) are polynomials such m = max{deg A, deg Q} +
1.

By applying the inverse approach in ordinary differential equations see [10] the
following theorem is proved and shows the importance of system (1.3)) in the theory
of ordinary differential equations (see [I2, Theorem 15]).

Theorem 1.1. The polynomial differential system (1.2) has a weak center at the
origin if and only if it can be written as (1.3) with
m

j+1 ‘ 3
A= (jTTj_l + %ngj—Q oot 52Tt gj—1)7
j=2

1 m
Q= 3 Z ({Tj—hHZ} +g1{Tj-2, Ha} + -+ gj—2{T1, Hz}),

=2

where g; and Y; are homogenous polynomials of degree j for j > 1 and has a first
integral of the form

H=H®=H1+mYT1+ 4+ tm-1Tm-1),

where Hy = (22 +y?)/2, and pj = p;(z,y) is a convenient analytic function in the
neighborhood of the origin for j=1,...,m — 1.

2. STATEMENT OF MAIN RESULTS

In this section we give the statements of our main results which will be proved
in sections [4| and [5] also we state some conjectures.
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Conjecture 2.1. The polynomial differential system of degree m

m—1
&= —y(1+ plazz — ary)) + w(arz + azy + Y Q(x,7)),
o (2.1)
g =z(1+ plazz — ary)) + y(ar1z + azy + Z Q;(z,y)),
j=2

under the assumptions (u + (m — 2))(a3 + a3) # 0 and Z;n:f Q; # 0, where
Q; = Qj(z,y) is a homogenous polynomial of degree j for j =2,...,m —1, has a
weak center at the origin if and only if system (2.1)) after a linear change of variables
(z,y) — (X,Y) is invariant under the transformations (X,Y,t) — (=X,Y, —t).
Moreover differential system (2.1) in the variables X,Y becomes
X=-YA+pY)+X?O(X%Y)= Y1 +puY)+ X{H,y, &},
Y=X(1+upY)+XYO(X2Y)=X(1+4uY)+Y{Hy,®},

where ©(X2,Y) is a polynomial of degree m — 2, and ® is a polynomial of degree
m — 1 such that {Ha, ®} = XO(X2Y).

The case when (i + (m — 2))(a? + a3) = 0 and Z;n:_; Q; =0 was study in [13].
Theorem 2.2. Conjecture holds for m = 2,3 and for m = 4 with u = 0.

The proof of Theorem for 4 = 0 and m = 2 goes back to Loud [I6]. The
proof of Theorem for p = 0 and m = 3 was done by Collins [5]. The proof of
Theorem for p = 0 and m = 4 goes back to [I}, 2| 4]. However, in the proof of
this last result there are some mistakes. The phase portraits of these systems are

classified in [3, [8 [9]. The proof that these centers are weak centers has been done
in Theorem [.11

Conjecture 2.3. Assume that the polynomial differential system of degree m — 1

m—2

= —y(1 + p(asr — ary)) + 2(arz + a2y + Y (2, y)),
=2
m—2
§=2(1+ plazz — a1y)) + y(arz + asy + Y Q;(,y)),
=2

where aras # 0, and Q; = Q;(x,y) is a homogenous polynomial of degree j for
j=2,...,m—2, after a linear change of variables (x,y) — (X,Y) it is invariant
under the transformations (X,Y,t) — (=X,Y, —t). Then the polynomial differential
system of degree m
m—1
i = —y(1+ plagzr — a1y)) + z(a1z + a2y + Z Q;(z,y)),
=
m—1
g =2z(1+ plazz — ary)) + y(a1z + azy + Z Q;(z,y)),
j=2
has a weak center at the origin if and only if the system
&= —y(1 + plazz — a1y)) + 2(a12 + a2y + Qn—1(2,y)),

2.2
g =z(1+ plazr — ary)) + y(arz + a2y + Qp—1(2,9)), (22)
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under the assumption (u+(m—2))(a3+a3) # 0 and after a linear change of variables
(z,y) — (X,Y) it is invariant under the transformations (X,Y,t) — (=X,Y, —t).

The existence of the weak center of (2.2]) was solve in [I3].
Theorem 2.4. Conjecture [2.3 holds for m = 3,4,5,6.

We note that when system with ¢ = 0 has a center at the origin this center
is a uniform isochronous center, i.e. if we write these systems in polar coordinates
(r,6) we obtain that 0 is constant. Clearly if 4 = 0 then the weak centers are
uniform isochronous centers. Also note that Conjecture [2.3]is a particular case of

Conjecture 2.1}

3. PRELIMINARY RESULTS

In the proofs of Theorems [2.2] and the following results and notation, which
we can find in [I2], plays a very important role. As usual the Poisson bracket of
the functions f(z,y) and g(z,y) is defined as

(fg= 2020 2120,

The following result is a simple consequence of the Liapunov result given in [I4]
Theorem 1, page 276].

Corollary 3.1. Let U = U(x,y) be a homogenous polynomial of degree m. The
linear partial differential equation {Hs,V} = U, has a unique homogenous poly-
nomial solution V' of degree m if m is odd; and if V is a homogenous polynomial
solution when m is even then any other homogenous polynomial solution is of the

form V + c(x? + y2)™/? with ¢ € R. Moreover, for m even these solutions exist if
and only if fo% Ulz,y)| dt =0.

r=cost,y=sint

Proposition 3.2 (see [I2, Proposition 6]). The relation

2m
{HQ’ \Il}|a::cost,y:sin tdt =0

holds for an arbitrary C* function ¥ = W(x,y) defined in the interval [0, 27].

Proposition 3.3 ([I2 Proposition 24]). Consider the polynomial differential sys-
tem (L.1) of degree m which satisfies

2m
oP 0
[
0 ox 0y
Then there exist polynomials F = F(xz,y) and G = G(x,y) of degree m + 1 and
m — 1 respectively such that system (L.1) can be written as
t=P={Fz}+(1+G){Hsz}, y=0Q={Fy}t+(1+G){H2 vy},

with G(0,0) = 0.

dt = 0.

r=cost,y=sint

We need the following definitions and notion.
A function V' = V(x,y) is an inverse integrating factor of system (1.1) in an

open subset U C R2if Ve CY(U),V #£0in U and 2 (&) + 8%(%) =0.
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Theorem 3.4 ([Reeb ’s criterion, [20]). The analytic differential system

P=—y+Y. X, g=z+) Y
Jj=2 j=2

has a center at the origin if and only if there is a local nonzero analytic inverse
integrating factor of the form V. =1+ higher order terms in a neighborhood of the
origin.

An analytic inverse integrating factor of the form V =1 + h.o.t. in a neighbor-
hood of the origin is called a Reeb inverse integrating factor. The analytic function

oo 1 oo
H=2Y Hi(z,y) =5 +v*) + ) Hjz.y),
j=2 j=3

where H; is homogenous polynomials of degree j > 1, is called the Poincaré-
Liapunov local first integral if H is constant on the solutions of (|1.2]).

Theorem 3.5 (see [12, Theorem 13 and Remark 14 ]]). Consider the polynomial
vector field X = (—y + >0, X2+ (x+ Py Yj)a%' Then this vector field
has a Poincaré-Liapunov local first integral H if and only if it has a Reeb inverse
integrating factor V. Moreover, the differential system associated to the vector field
X for which H = (2 + y?)/2+h.o.t. is a local first integral can be written as

& =V{H,x}
:{Hm+17x} + (]- + gl){Hmvx} + (1 +og+-+ gmfl){H27$}7 (3 1)
y=V{H,y} '
:{Hm—i-l;y} + (1 + g1){Hm’ Z/} +oe (1 +g1+-+ 9m—1){H2,y}’
and V and H are such that
o0
V=1+ Zgjv
j=1
1 oo
H :5(332 +y7) 4+ Y Hj=mHpi1 + 1oHp + -+ T Hy (3.2)
j=2
dH,, 1 dH,, 1 <o+ gm—1)dH.
:/( w1, (1+9) by ket gma) 2)7
- Vv Vv Vv
where 7y is an oriented curve (see [21]), 7, = 1j(x,y) is a convenient analytic

function in the neighborhood of the origin such that 7;(0,0) = 1, and g; = g;(x,y)
is an arbitrary homogenous polynomial of degree j which we choose in such a way
that V is the inverse Reeb integrating factor which satisfies the first order partial
differential equation

14+ag1
14

1491+ 4 gm-
b+ {Ho, 91 % g 1}:O. (3.3)

1
{Hm+1; V} + {Hm7
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Remark 3.6 (see [I1] formula (44) and the proof of Theorem 13]). From (3.3) and
(3.2) the following infinite number of equations must hold

{Hm+1agl} + {Hmag2} +ee {HS,gmfl} + {HQagm} = 07
{Hm-ﬁ—lag]? - 92} + {Hmaglg2 - 93} + ...

(3.4)
+{Hs, 919m—-1 — gm} + {H2,919m + gm+1} =0,
Consequently
27
/ ({HTIL+17 91} + {Hmyg2} +-- {H37 gm—l}) }xzcos(t),y:sin(t)dt = Oa
0 :
21
/ ({Hm+1,97 — g2} + {Hm, 9192 — g3} + - . (3.5)
0

+{H3,919m-1 — gm}) |I:COS(t),y:sin(t)dt =0,

Conditions (3.4) and (3.5) are equivalent to the following relations.

{Hmtji1, 91} + {Hmj, 92} + - + {Hs, gm+j—1} + {H2, gm+5} = 0,
2
/0 ({Hm+j+17 g1} +{Hmj, 92} + .. (3.6)

+ {H379m+j—1})

x=cos(t),y=sin(t) ’

for j > 0. Theorem can be applied to determine the Poincaré-Liapunov first
integral, Reeb inverse integrating factor and Liapunov constants for the case when
the polynomial differential system is given (see [12, section 8]. Indeed, given a
polynomial vector field X of degree m with a linear type center at the origin of
coordinates, using we determine its first integral H and its Reeb inverse in-
tegrating factor. Thus, if in X =31",X;and Y = 37", V) with X; and
Y; homogenous polynomials of degree j, from and from the proof of Theorem
equating the terms of the same degree we get

{Hjp1, 2} + gi{Hj,z} + -+ gj{Ha, 2} = X
{Hjpvyt + a{Hj yt + -+ g1 {Ha,y} =Y,
{Hpy1, 2} + g1 {Hp, v} + - + gp—1{H2, 2} =0
{His1,y} + 91 {Hi, y} + -+ + gp—1{H2,y} =0,

for j =2,...,m, and k > m. Then the compatibility condition of these equations
are

0X;, 0Y;
H; Ho, g1} = L4 1 forj=2,...
{ j7gl} + +{ 2,9j 1} o + 8y or j ’ , 1, (37)

{Hipyg1} + -+ {H2,gk—1} =0 for k >m,

for k > 1.
If (3.7) holds then by considering that H,, for n > 1 are homogenous polynomials
of degree n. Then applying Euler’s Theorem for homogenous polynomials we obtain
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the homogenous polynomial H,, as follows

1 .
Hjpr = =7 W& — 2 Xy +jgrHj + - + 2951 Ha)
J . (3.8)
Hiyy=——— (kg1 Hi + -+ + 2951 H.
k41 k+1(g1 k4 +2gr-1Ha),
for j =2,...,m, and k > m.

We need the following results.
Let

r=rX — kY, y=roX+rY, (3.9)

be a non-degenerated linear transformation, i.e. k7 + k3 # 0. Then the differential

system (|1.3]) becomes
X =-Y(1+AXY))+XQUX,Y),

. - . (3.10)
Y =X(1+AX,Y)) +YQX,Y),

where A(X,Y) = A(k1 X — koY, ko X + k1Y) and Q(X,Y) = Q(k1 X — koY, ko X +
k1Y'). Here we say that system is reversible with respect to a straight line [
through the origin if it is invariant with respect to reversion about [ and a reversion
of time ¢ (see for instance [6]). In particular Poincaré’s Theorem is applied for the
case when is invariant under the transformations (z,y,t) — (—z,y,—t), or
(I’ Y, t) - (ZE, -Y, _t)'

In the proof of the results which we give later on we need the Poincare’s Theorem
(see [18] p.122]).

Theorem 3.7. The origin of system (1.2) is a center if the system is reversible.

Since a rotation with respect to the origin of coordinates is a particular trans-
formation of type , when a center of system is invariant with respect
to a straight line it is not restrictive to assume that such straight line is the
x-axis. So the center of system will be invariant by the transformation
(X,Y,t) - (=X.,Y,—t) or (X,Y,t) — (X,-Y,—t). Without loss of the gener-
ality we shall study only the first case, i.e. we shall suppose that the A-{2 system is
invariant with respect to the transformation (X,Y,t) — (= X,Y, —t). The following
proposition is easy to prove (see [19]).

Proposition 3.8. Differential system (3.10)) is invariant under the transformation
(X,Y,t) — (—X,Y, —t) if and only if it can be written as

X =-Y (1+6:1(X%Y)) + X%02(X2Y),

. 3.11
Y =X (1461(X%Y)) + XYy (X% Y). (8.1)
The following result was proved in [I3] Corollary 15].
Corollary 3.9. Polynomial differential system (3.11) can be written as
X =-Y(146:(X%Y)) + X{H,, &},
( 1( )) + X{H,, ¢} (3.12)

V=X (1+601(X2Y)) + Y{H,, ¢},

where ® = ®(xz,y) is a polynomial of degree at most m—1 and such that {Hy, ®} =
X02(X2Y).
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Corollary 3.10. Any weak centers of the type
g=x(1+A)+y{Hz, 2} =g,

satisfies that the integral of the divergence on the unit circle is zero. Moreover
differential system (3.12) can be written as

z={®,z} + (1 + G){Hs,z} := p,

where G = G(z,y) is a polynomial of degree m — 1.

(3.13)

(3.14)

Proof. Indeed from the relations

— + — =2{H5, ® Hs, A
or gy 2 e — by — + {0}
0P oo
={H,,29 — A
{Ha, trg, tug, T H
and by Proposition [3.2] we obtain
2m
dp Oq
— + = dt = 0.
/0 (8$ + 8y) z=cos(t), ,z=sin(t)

Consequently from Proposition we get that (3.13)) becomes (3.14). Thus the
proof is complete. O

4. PROOF OF THEOREM

The proof of Theorem for m = 2 and m = 3 follows from the proof of [I3]
Theorem 7]. For m = 4 we prove Theorem in the following propositions.

Proposition 4.1. The fourth polynomial differential system
T=—-y+ x(alx + asy + azz® + aqgy?

+ asry + a6x3 + a7y3 + agmzy + agny) =P,
(4.1)
g=x+ y(alx + agy + aza® + asy’

+ aszy + agz® + azy® + asa’y + agxzﬁ) =Q,

where a3 +a3+a% +a3+a? # 0 has a weak center at the origin if and only if after a
linear change of variables (x,y) — (X,Y) it is invariant under the transformations
(X,Y,t) — (-X,Y,—t) or (X,Y,t) = (X,-Y, —t). Moreover,

(i) if a2 +a3 # 0, then system ([4.1)) has a weak center at the origin if and only
if

2_ 2
as+ays =0, asaias+ (a3 —aj)ag =0,
3 2 2 3
ajar — afazag + ajazas — asas = 0, (4.2)
2 2 3 2 2 3
3ajazar — 3ajasas + (a7 — 2a1a3)ag + (2afas — a3)ag = 0.

Consequently
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(a)

2 2
as +ag =0, %—i—w(mzo,
ai1az
1
as + = (ar(al — 3a3ar) + ag(a3 — afas)) =0, (4.3)

2a3
1
ag + 20 (a7(3a} — 3a1a3) + ag(a3 — 3afaz)) = 0.
asay
when ajas # 0,
(b) as = a3 =a4 = a7y = ag =0, when a; # 0,
(¢) a1 = a3 = a4 = ag = ag = 0, when ag # 0.
(ii) If a1 = a2 = 0 and aqas # 0 then system (4.1)) has a weak center at the
origin if and only if
az +aq =0,
Aas 4 (1 —A%)ay =0,
)\30,7 — /\2a9 + Xag —ag =0,

3X%a7 + 3hag + (A2 — 2X%)ag + (202 — 1)ag = 0,

where \ = 25tV 2aatas W. Moreover the weak center in this case after a linear
change of variables (z,y) — (X,Y) it is invariant under the transforma-
tions (X,Y,t) — (= X,Y, —t).

(iil) if a1 = aa = a3 = aqg = a5 = 0, then the origin is a weak center.

Proof. Sufficiency: First of all we observe that the polynomial differential system

(4.1) after the linear change of variables (3.9)) would be invariant under the trans-
formation (X,Y,t) — (—X,Y, —t) if and only if
Koa1 — k1ag = 0,
/@fag + n§a4 + K1koas = 0,
K3az + Kiag — Kykgas = 0, (4.4)
Kiar — Kikgag + K1k3ag — Kaag = 0,
3k1kaar — 3kakgas + (K3 — 2k K3)ag + (2k5 Ky — K1 K3 )ag = 0.

We suppose that (4.4) holds, and consequently the origin of the new system is a
center. When a? +a3 # 0, after the change v = a1 X —a2Y, y = as X +a1Y, we get
that the system has the form of system (3.11)) with m = 4, here k; = a1 and K3 = aq
and consequently this system is invariant under the change (X,Y,t) — (—=X,Y, —t)
i.e. it is reversible. Thus in view of the Poincaré Theorem we get that the origin
is a center. Hence system (4.1) under conditions (4.18]) has a weak center at the

origin. Thus the sufficiency under assumption (i) is proved.
When k1k92 # 0 then by solving (4.4) with respect to k1 and k2, and if we denote
1.3)

by k1 = a1 and k3 = as we obtain . For the case when ko = 0 and k; # 0,
then from (4.4) it follows that

a2:a3=a4=a7=a820. (45)

If (4.5) holds then system (4.1 becomes
i =—y+2*(a1 + asy + agz® + agy?),
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y=x+ ya:(a1 + asy + agz® + a9y2)7

which is invariant under the change (z,y,t) — (—z,y,—t). If Kk =0 and ko # 0
then from (4.4)) it follows that

a1 =a3 = a4 = ag = ag = 0. (4.6)

If (4.6 holds then (4.1) becomes

i = —y+ay(az + asz + azy® + asz®),
§=z+y* (a2 + asz + ary® + asz?),

which is invariant under the change (z,y,t) — (x, —y, —t).
When a1 = az = 0 and agas # 0, then by taking

A 1
——, kg =sin0 1= ——,
Jita 7 VIt

K1 = cosf :=

where X is a solution of the equation A\? — ““x\ — 1 = 0. After the rotation z =

cosf@ X —sinfY, y = sinf X 4 cosfY then in view of . we get that .
becomes

. 1+ )\2 2 (ag —3A a7) 2 )\3a7 - )\2 ag — 2A ar <o

X=——Y+ X(anY+7Y+ X),
2 ! V1422 V142

. 14 M2 (ag —3Xaz) 5  ANayz—Nag—2X\ar

Y =X+ XY(—QaY+7Y+ X).
2) BV e Ve

Thus this system is invariant under the change (X,Yt) — (—X,Y, —t), i.e. it is
reversible. thus in view of the Poincaré Theorem we get that the origin is a center.
Therefore the sufficiency is proved and (ii) holds.

If a1 = a3 = a3 = a4 = a5 = 0, then system becomes

T=—-y+ x(&6$3 + agzy® + azy’ + asﬂny) = —y + 223,

y=z+ y(a6$3 + agzy” + ary’ + a8$2y) =z +yQs,

By considering that fo% Q3(cos(t),sin(t))dt = 0, then in view of [13, Corollary 4]
we get that the origin is a weak center which in general is not reversible. Thus the
sufficiency of the proposition follows.

Necessity in case (i) We shall study only the case (a). The case (b) and (c)
can be studied in analogous form. Therefore we assume that ajas # 0. Now we
suppose that the origin is a center of and we prove that holds. Indeed,
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from Theorem it follows that differential system can be written as
P={Hs, a} + (1 + g1){Hq, 2} + (1 + g1 + g2){H3, x}
+ (L + g1+ 92 + g3){Ha, 7}
=—-y+ux (alx + asy + a4y2 + a3x2 + asry + anS
+ ary® + agz’y + agmy2)7

Q={Hs, y} + (1 +g){Hs,y} + (1 4+ g1 + g2){H3, y}
+ (1491 + 92 +93){Ha,y},

(4.7)

=x+ y(alm + agy + a4y2 + a3x2 + asry + a6x3
+ ary® + asaz’y + 619333/2)

In view of Corollary [3.1] and assisted by an algebraic computer we can obtain the
solutions of (4.7)), i.e. the homogenous polynomials Hs, Hs, g1, g3 of degree odd are
unique and the homogenous polynomials Hy, go of degree even are obtained modulo
an arbitrary polynomial of the form c(z2 + y?)* where k = 1,2. Indeed taking the
homogenous part of these equations of degree two we obtain

{H3, 2} + g1{Ha, 2} = z(a17 + azy),

{Hs, y} + g1{H2,y} = y(arz + azy).

The solutions of these equations are
g1 = 3(a1y — azx), Hz =2Hs(ax — ary).
The homogenous part of (4.7) of degree 3 is

{Hy, 2} + gi{Hz, 2} + g2{ H2, 0} = :C(a4y2 + azz® + asry) = 1€,

(4.8)
{Hy,z} + g1{Hs, 2} + g2{Ha, 2} = y(aay® + asz® + aszy) = yQs.

The compatibility condition of these two last equations becomes of {Hs, g1} +
{H3, g2} = 495, and by considering that {Hs, g1} = {Ha, —3(a2z — a1y)?} since

{Hs, 95 — 3(acx — a1y)*} = 49Q.

Hence, in view of proposition we obtain

2m
Qy(cos(t), sin(t))dt = 2m(ag + a4) = 0.
0

So a3 + ay = 0. Therefore go = 3(asx — a1y)? — aswy — 2as52* + c1 Ha, where c;
is a constant. Then from system (4.8) by considering that H, is a homogenous
polynomial of degree four we obtain the solution

1
Hy=— 1 (391H3z + 292 Ho) + 01H22

=H, (3 ((a% — az)x2 — alagxy) +asz? + 2a4xy) + 01H22
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Inserting these previous solutions g1, Hs, go and Hy into the partial differential
equations
{Hs, z} + g1{Ha, 2} + go{Hs, 2} + g3{Ha, 2}
= x(agz® + ary® + agz’y + agry?) = 2Q3 := Xy,
{Hs,y} + g1{Ha,y} + g2{H3, y} + g3{Ha, y}
= y(aez® + azy® + agz’y + agy®) = Y3 := Vi,

(4.9)

we get that these differential equations have a unique solution. Indeed, in this case
the compatibility condition is

{H4agl}+{H3592}+{H27g3} :5937 (410)

because % + % = 513, and 3 is a homogenous polynomial of degree 3. Con-

sequently there exists a unique solution g3 of (4.10]) such that

gs ::( — 6a2a% — ag + Eag% — §a1a4 — Em — §ag>x3
3 3 3 3

+ ((2a? —aya2)p® + (8a3 — 2a102 — 2a1a5 — asay — 4ajcy)p
+ 6a? + 3a1a§ — 2aqa5 + 9asay + bag — 4a101):102y

+ ( - aga%;ﬂ + (a1a4 + 4ascy + ajag)p — 9a2a§ +4cras — 9ara4 — 5a7) zy?

) 1
+ (ot + 5

1
+ g(Qla:{’ + bayas + basag + bag + 10ag — 12@101))113,

(22a% — 5ajas — basay — 4ajcr)p

Thus the homogenous polynomial Hs can be computed as
1
H; = 3 (491 Hy + 392 H3 + 2g3H>) ,

using (4.9).
Hence partial differential system (4.9) has a solution if and only if as + a4 = 0.
On the other hand from (3.4) for m = 4 and assuming that a;as # 0 and denoting

(af — a3)aq

a10a2

)\1 = a5 —

1
A2 1= ag — ﬁ (a7(a§’ — 3ajax) + ag(a3 — a%ag)) ’

(a7(3a} — 3a1a3) + ag(a3 — 3afas)).

)\3 = asg —
. 2
2a5a1

From Remak B.6] with m = 4 we obtain

27
Bom [ (s o+ (i g2} + (e 3D ey
=(3/2)m (2a1a2A1 + 2a2\3 — 2a1A3) = 0.
Under this condition the first differential equation of with m = 4 becomes
{Hs, 91} + {Ha, 92} + {Hs, 93} + {H2,94} = 0.
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It has a solution g4 which in view of Corollary [3.I] can be obtained as follows
91 = Ga(2,y) + 8c12(2aay + 2a5x) Ha + 4eo Hy,

where G4 = G4(z,y) is a convenient homogenous polynomial of degree four, ¢g is a
constant. Using formula (3.8)) with £ =1 X5 = Y5 = 0 we obtain the homogenous
polynomial Hg as follows

5 4 3 2
Hs=——=g1Hs — —goHy — —g3H3s — —g4H>.
6 691 5 692 4 693 3 694 2

By considering that the integral of the homogenous polynomial of degree 5,

/o 7T({H&91}4-{Hs792}-1-{1%1, g3} + {Hs, g4}) dt =0,

z=cos(t),y=sin(t)

then we obtain that there is a unique solution for the homogenous polynomial g5
of degree 5 of the equation

{He, g1} + {Hs,92} + {Ha,93} + {Hs,94} + {H2,95} =0,

which comes from the first equation of (3.6)) with m =4 and j = 1.
Using formula (3.8]) with & = 2 Xg = Y5 = 0 we obtain the homogenous polyno-
mial
6 5 4 3 2
Hy = — g Hs — 2goHs — —g3Hy — 2gaHs — = gsH.
7 791 5 792 5 793 4 794 3 795 2
and inserting it into the next integral of the homogenous polynomials of degree 6

we obtain

I = / " ({Hr g1} + {Hoogo) + (Havgs) + (Hargi)) |

=7 (1/2)\1)\2 4+ g A1 + UsAo + 1/6)\3) .

x=cos(t),y=sin(t) dt (4 1 1)

where
B 2(4(a1a2)3 + 16a1a3 + 2a3as + (5a1a3 — a3)ar + (alay — ag)ag)
Vy = a; )
—24a3 — 88a1a3 — 8a3
Vg = —4@2, Vs = il a1as a2a4, Vg = —8&2(@% + 3@%)

ai

By solving I = 0 and I, = 0 and assuming that aj(4a3 + A1) + 2aza4 # 0, we
obtain

a1\ (74a1ag —2a3ay4 + (a3 — baya)ay + (a3 — a%ag)ag)

Az = 2a3 (a1 (4a2 + A1) + 2aza4) ’
Ny — A1 (—4aial + 2a1a3\1 — 23a4 + (3a3 — 15a1a3)ar + (3a3 — 3a3asz)ag)
2a3(a1(4a2 + \1) + 2aza4) '
(4.12)
By continuing this process, the following relation must hold
2
b= [ (o )+ s o)+ (s b+ {071y i

:p()‘la )‘27 >\3) = 07
(4.13)
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where p is a convenient polynomial of degree five in the variables A1, Ao, A\3. Insert-
ing into I3 the values of A2 and A3 from (4.12)) we get that the following relations
must hold

B = (A1, A2, A3)| = A1 (eaA] + eaA] + €203 +erhi +e) =0, (4.14)

where
es = 6550mazay,
e3 = 41280majate; + 1),
= (99840mazaim) cf + 7“(2)7 (4.15)
(10a2a1(79872a1a2 +3993a3adas)) 3 + D,
€0 = 7T(20a1az +10a4) (79872a3a] + 39936a2aas) ¢ + i,
where r*) is a convenient polynomial of degree j in the variable ¢; for k = 0, 1,2, 3,.

Now we show that the polynomial p has only one real root. Indeed from the results
given in [I7] we get that a quartic polynomial with real coefficients ejz* + e3a® +
eax? + e1x + eg with e4 # 0 has four complex roots if

Dy = 3e§ — 8eqey <0,
D, = 2566460 276461 1926?1616%63 — 276%6(2) — 6646%606% + e%e%e% (4.16)
— 4646261 + 1862636160 + 144€4€2€%€§ — 80646%606361 + 1864626?63 .
— dedegel — desel + 16ege5e0 — 128e5e3es + 144eteseqes > 0.

After some computations we can prove that for the e;’s given in for j =
0,1,2,3,4 obtain

Dy = (= 11950080072a%a§)c3 + ¢\,
D, = (35842867256894590493928960000007r6a’f1a§7(2al@2 + ay) )cl +q,

where q( )is a convenient polynomial of degree j in the variable ¢;, for k = 2,4.
Taking the arbitrary constant ¢; big enough and such that ajas(2aias + aq)c; > 0
we obtain that the polynomial p has the unique real root A\; = 0, and consequently
Ay = A3 =0.

Finally we study the case when 2aias + a4. By repeating the process of the
previous case we finally obtain that from the equations I; = 0 for j = 1,2,3 we
obtain

0=\ (174a§A2 + a9 (87a7 — 29a3)ag + az(261a3 — 87a3)ay

+ a3ay (605a3 — 995a7) + 7O4a1a§’cl).

By choosing the arbitrary constant properly, we can obtain that the unique solution
of I; =0for j =1,2,3is Ay = Ay = A3 = 0. Thus the origin is a weak center in
this particular case. Thus the necessity of the proposition is proved. ([

We observe that Proposition [.1] provides the necessary and sufficient conditions
for the existence of quartic uniform isochronous centers. We observe that this
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problem was study in [4, [l 2], but in these papers there are some mistakes. For
more details see the appendix.
Proposition {.1] can be generalized as follows and the proof is similar.

Proposition 4.2. The fourth polynomial differential system
& =—y(1 + plagz — ary)) + x(alx + asx® + asy + asy?

+ aszy + aex” + ary® + agz’y + 09$y2)a
(4.17)
y=x(1+ plasx — ary)) + y(alx + agy + asz® + agy?

+ aszy + az® + a7y’ + agz’y + agxyz),

where (u+m — 2)(a} + a3) + a3 + a3 + a2 # 0 has a weak center at the origin if
and only if after a linear change of variables (x,y) — (X,Y) it is invariant under
the transformations (X,Y,t) — (= X,Y,—t) or (X,Y,t) — (X, =Y, —t). Moreover,
(i) if a? 4+ a3 # 0, then system ([4.17) has a weak center at the origin if and
only if
az+as =0, asaias + (a3 —a?)as =0,
a:{’cw — a%agag + ala%ag — agag =0, (4.18)
3aia3ar — 3a2agag + (ab — 2a1a3)ag + (2a%az — a3)ag = 0.
Consequently
(a)
(a3 — a?)

as+as =0, a5+ ———>a4=0,
ai1az

1
ag + 32 (a7(a? — 3a%a1) + ag(ag — a%ag)) =0,
2

1
as + Cy (a7(3a} — 3a1a3) + ag(a3 — 3afas)) = 0.
asaiy
when ajas # 0,
(b) as = a3 = a4 = a7y = as =0, when a; # 0,
(¢) a1 = a3 = a4 = ag = ag = 0, when as # 0.
(ii) If a1 = a2 = 0 and asas # 0 then system (4.17) has a weak center at the
origin if and only if
as +ag =0,
Aas 4 (1= A%)ay =0,
)\30,7 — )\2a9 + Aag —ag = 0,

3X\%a7 + 3hag + (A — 202) as + (202 — 1)) ag = 0,
a5+\/4ai+a§
2a

change of variables (z,y) — (X,Y) it is invariant under the transforma-
tions (X,Y,t) — (- X,Y, —t).

(iii) #f a1 = a9 = a3 = a4 = a5 = 0, then the origin is a weak center.

(iv) u+ 2 =a3 = a4 = a5 =0, then the origin is a weak center.

where A = . Moreover the weak center in this case after a linear
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5. PROOF OF THEOREM [2.4]
The proof follows from the next propositions.
Proposition 5.1. A cubic polynomial differential system

= —y(1+ plaez — a1y)) + z(a1z + azy + asx?® + asy® + asxy),

. (5.1)
y =21+ plazr — a1y)) + y(arz + azy + azx® + agy® + asry),
has a weak center at the origin if and only if
az+as =0, ajazas + (a3 —a?)ay =0, (5.2)

Moreover system (5.1)) under condition (5.2)) and (1 + 1)(a? + a3) # 0, after a
linear change of variables (z,y) — (X,Y) it is invariant under the transformations
(X,Y,t) — (-X,Y,—1).

Proposition is proved in [I3] Proposition 23]. We give the proof of Propo-
sition [5.2} The proofs of Propositions and are analogous to the proofs of
Proposition

Proposition 5.2. A polynomial differential system of degree four

{ 2 2 (a3 — a})

T = —y(l + M(azx - a1y)) + x(a1x + asy + as (y —x° — TI )
1G2

+ a6x3 + a7y3 + agzz:Qy + agxy2>,

, (5.3)

' GQ—CL
y=x(1+u(a2x—a1y))+y(a1$+a2y+“4(y2_xQ_ %m )
12

+ agz® + ary® + agz’y + 619583/2),

where a1as # 0 has a weak center at the origin if and only if the following conditions
hold.

1
Al = ag + m((?}(zla% —a:{’)ag +...)=0,

1
a1
Moreover system under conditions and after a linear change of vari-
ables (x,y) — (X,Y) it is invariant under the transformations (X,Y,t) — (=X, Y, —t).

Proof. Sufficiency: First we observe that the differential system (5.3)) under the
linear transformation (3.9 can be written as (3.10) with m = 4, and

A = plasx — ary) =0,

(5.4)

A2;= a7 + ((a3 — 3azai)ag+...) =0

2 2 a% - a%)
Q=a1z + agy + as(y” — x° — ——=1y)
a1a9

+ a6x3 + a7y3 + agxy + agzy2 =0.
This differential system is invariant under the transformation (X,Y,t) — (—X,Y, —t)
if and only if
Kiaz — K2a1 =0,
k1(Kiar + kias) — ka(k3as + Kiag) = 0, (5.5)

3k1ka(arke — agk1) + Hl(m% — 2&%)@8 + ,%1(2/1% — m%)ag =0,
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We suppose that (5.4) holds and show that then the origin is a center of system
(5.3). Assume that ajas # 0. Then after the transformation

r=a1X —aY,y=axX + a1, (5.6)

we get that this system can be written as system (3.11]) for m = 4 and with k1 = a4
and Ky = ag, and consequently the conditions ([5.5) becomes

ay(alar + a2ag) — as(a3as + aag) = 0,

3a1az(aray — agay) + aq (a3 — 2a3)ag + a1 (2a3 — a3)ag = 0.

By solving these two equations with respect to a7 and ag we get (5.4). Hence (5.3)
is invariant, after the given linear change ({5.6|) is invariant under the transformation
(X,Y,t) — (—=X,Y,—t), i.e. it is reversible. Thus in view of the Poincaré Theorem
we get that the origin is a center of (5.3]) if (5.4) holds.

Necessity: Now we suppose that the origin is a center of (5.3) and we prove that
(5.4) holds. Indeed, from Theorem it follows that differential system (5.3) can
be written as
{Hs, 2} + (1 + g1){Ha, 2} + (1 + g1 + g2){Hz, 2} + (1 + g1 + g2 + g3){H2, z}

2 2

a: —a
= —y+z(a1z+ a2y + ayg (y2 — 2% - %xy) + agx® + a7y + agz’y + agxyz),
102

{H57 y} + (1 + gl){H47y} + (1 + g1+ 92){H37y} + (1 +g1+ 92+ 93){H27y}7

a3 — a7)

=z +ylarz + a2y + aq (y2 B ( a xy) + agx® 4 a7y + agx?y + agry?).
1a2

Hence
{H3, 2} + gi1{H2, 2} = —ypu(ary — azx) + v(a1x + a2y) = Xo,

{Hs,y} + g2{Ha,y} = zp(ary — azx) + y(arz + azy) = Ya,
2 2
{Hy,z} + 1 {Hs, 2} + go{Ha, 2} = ayx (92 —a? - 7(“2 aal)my> = 28l = X3,
12

GEHI

{H4ay}+g1{H37y}+92{H27y} :a4y(y2 _1;2_ s

=yQsy =3,
{Hs, 2} + g1{Ha, 2} + g2{H3, 2} + g3{Ha, 2}
=z (agz® + a7y’ + asz®y + agzy®) = 203 = Xy,
{Hs, y} + g1{Has,y} + g2{Hs,y} + g3{H2,y}
=y (az® + ary® + asa®y + agzy?®) = yQ3 = Yy,

(5.7)
The two first equations of (5.7) are compatible if and only if g; satisfies
0Xy  0Y,
{ 2791} (,LL )(alx—i—agy) ox + 8y

Thus g1 = —(t — 3)(a1y — asx), and consequently from the first part of we
obtain that Hz = — (22 + y?) (a1y — asx)

From the third and fourth equations of we get that these equations are
compatible if and only if

=),y 0%y o

H. H = 2 _ g2 el AT a)
{H3, 91} + {Hz2,92} 3(14(11 x O By

a1az2
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and in view of Proposition[3.2] we get that this equation has the polynomial solution
go if and only if

2m 2 2
(a3 — a7)
Hy o) + 30t a7 - D) o
A <{ 3 gl} 4\Y ai1as Y r=cos(t), y=sin(t)

which holds identically. Thus we obtain the homogenous polynomial

(af — a3)aa

g2 = ((a% +2a2)(u — 3a1az) +
a1a9

>x2 —2(araz(p — 3) — 2a4)zy
a3 —a?)a
+ ((a3 +2a}) (= 3) + @ - Dy + e,
a1a9
where ¢; is an arbitrary constant. From ({3.8]) with j = 3 we obtain the homogenous
polynomial
1
Hy= 1 (391 Hs + 292 H3)

Hy

2
+ (a1 + a2)y)((a1 = a2)y + (a1 + a2)a) ).
From (3.7) with j = 4 we compute

= 61H22 +

(u + (ag — 3ayra2)((a1 — az)x

a1az

00Xy 0Yy
H. H H. =403 = —— + —.
{Hs, 91} +{H3,92} + {H2, 93} 3 7 + By

This last equation has a unique homogenous polynomial solution g3, which we insert
in the expression for Hy (see (3.8) when j = 4) and we obtain
Hs = —491H4/5 — 392 H3/5 — 293 H2 /5.

Hence the homogenous polynomials Hs, Hs, 91,93 are determined and Hy, go
are obtained with and arbitrary term of the type cx(x? + y?)¥ where k = 1,2,
respectively. On the other hand from (3.5) with m = 4 and assuming that ajas # 0
we get

o
B [ s )+ U 92} (i 3Dy
=37 (agA1 — 3a1A2) =0
under this condition the partial differential equation (coming from with k = 5)
{Hs, 91} + {Ha, 92} + {Hs,93} + {H2,94} = 0,

has a homogenous polynomial solution g4 which in view of Corollary can be
obtained with arbitrary term of the type c(z? + y?)2.
The homogenous polynomial Hg can be determined as follows (see (3.8) when
k=5)
5 4 3 2
Hs=——g1Hs — —g2Hy — —gsHs — —g4Ho.
6 691 5 692 4 693 3 694 2

Since the integral of the homogenous polynomial of degree 5,

z=cos(t),y=sin(t)

/0 " ((Hoogn} + (Hso g} + (Harga} + (Hs0a)) | dat
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is zero, we obtain that there is a unique homogenous polynomial g5 of degree 5
solution of the equation

{Hs, 91} +{Hs,92} + {Ha, g3} + {Hs,94} + {H2,95} = 0.

Calculating the homogenous polynomial of degree 7 (see (3.8) when k& = 6) we
obtain
2

=95 Ha,

3
—gaHs3 — -

4
—g3Hy — -

6 5
H; = —-g1Hs — -goHs — -

7T
and inserting it into the integral of the homogenous polynomial of degree 6,
2
I 1:/0 ({Hr, 01} + {He, g2} + {Ha, 93} + {H3,94}) |, _con(t) ymsinny @
=7(pn—3) (11 A1 + 12A2) =0,
where

v = 42 ( (4203a2 + 1080@2) a; — 3255a1a2 + (157&1 489a§)a4>,

v =7 ((1401a2 + 36cas)ar — 2601aas + (147a% — 163&2)(14)

By solving the linear system Iy = 0, I = 0 with respect to A; and As, and by

considering that the determinant of the matrix of this system is A = Zﬂiaf (Tlay —
1137aqa2). Assuming that A # 0 we deduce that Ay = Ay = 0.

The case when 7lay — 1137a1a2 = 0 can be analyzed in analogous form.

By solving I; = pj(A1,A2) for j = 1,2 we obtain that Ay = Ay(A;). Inserting
these expressions into I3 = 0 we get that Ay (64)\‘11 + 63)\:;’ + 62)\% +e1 A + eo) =0,
where

e4 = 166446510550a2aT,
€3 = 1048994191680a2a2r ¢ + rlY,
e = 2537102231040a2awc? + r?,

e = 182814295971840a%amc? + ri?,

eo = 329323217673216a2aS¢? + ",
where r§n) are convenient polynomials of degree j in the variable ¢;. By applying
the result given in [I7] with Dy and Dy given in (4.16)) and choosing the arbitrary

constant ¢; conveniently we deduce that the unique real solution of Is = 0is A; = 0.
Consequently Ay = A3 = 0. In short the proof complete. O

The following two propositions can be proved in analogous way of the proof of

Proposition
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Proposition 5.3. A polynomial differential system of degree five
&= —y(1+ plazz — ary))

2 2
(a3 al)x

+ m(alx + asy + +a4(y2 — 2?4+
a1a9

y) + agz®
1 )
+ g (Baza} — a)ag + (a3 — af)as))y® + asa’y
i
1

2a5a> (3(ajaz — a3)ag + (3a1a3 — a})as))zy?
1

+ arort + a2’y + ar2r?y® + arzry® + a14y4>,
g = (1 + plagr — a1y))

(a3 — af

+ y(alx + agy + as(y® — 2% + ):l:y) + agx®
a1as

1
+ ﬁ(@aw% — a3)ag + (a3a1 — a‘;’)as))y3 + agz’y
1
1
Y ((S(afag —a3)ag + (3a1a3 — a?)a8)>xy2
1
+ aroz* + a2y + appw?y? + azry® + anay?,

where ajas # 0 has a weak center at the origin if and only if the following conditions

hold
aiz + 3(aio + aa) =0,
2a3a3a13 — (a? + 7(a2a3 — a‘lla%) a0 — (ajas — 4a3a3 + a1a3) ayg =0,
2a%a%a14 — (a‘l1 — 4ata3 + aé) aip — (abay — ayad)ai; = 0.
Moreover system ([5.8)) under these conditions and after a linear change of variables
(x,y) — (X,Y) it is invariant under the transformations (X,Y,t) — (= X,Y, —t).
Proposition 5.4. A polynomial differential system of degree siz,

= —y(1+ plazxr — a1y)) + x(alx + a2y + as(y* — 2?

(a3 —a?) 1
ﬁxy) + agx® + 27?((3@2(;% —ad)ag

+ (a3a1 — ai)as))y’ + asz?y

1
Saga? (3(a%a2 - a%)aﬁ + (3a1a§ - ai‘)ag))zy2
1

+ 6110304 + a11x3y + a12x2y2 + algxy?’ + al4y4)a (5.9)

g =z(14 plasxr — ary)) + y(aw + azy + +aq(y® — 2°

(a% - a%) 3 1 2 3 2 3 3
———1y) + aer” + 55((3a2a7 — a3)as + (a3a1 — ay)as))y
a1as 2a3

1
+ agz’y + W(?)(a%ag — a%)aﬁ + (3a1a§ — a?)ag))ng
201

+ aoz* + a1123y + arex?y? + arzzy® + a14y4)7
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where a1as # 0 has a weak center at the origin if and only if the following conditions
hold

1
M =a15+ 5= 8245 ( (2a1a2 4a3ay + 2a1a2) aig
- (3az — 15a}a3 + 25a3a3 — 5a1a2) aie
+ (a2 + 1laja3 — 9atal — 3a1a2) a20> =0,

1 ((15(& 55a5a3 + 45atas — 5a1as)are

>\2:a17—87
)

+ (10a3a3 — 12a3a3 + 2a,1a5)arg

+ (—15a1a2 + 35a1a2 — 13a1a2 + a%)azo) =0,

A3 = a5 + — (5a% — 10a3a3 + 5aia3)ae

il
2a3a;
- (4@%@% - 2a1a§)a19 (6011012 50/10/2 - ag)GQO) = 0

Moreover system ([5.9) under these conditions and after a linear change of variables
(x,y) — (X,Y) is invariant under the transformations (X,Y,t) — (= X,Y, —t).

Remark 5.5. A weak center in general is not invariant with respect to a straight

line. Indeed, the cubic A-Q) system with a weak center at the origin [22]
2

Y x

?) + §($_y_y2)7

2

y=x(1+y+%)+%(w—y—y2)7

is not invariant with respect to the straight line.

T = —y(l +y+
(5.10)

6. APPENDIX

The classification of the isochronous centers of Proposition for system (4.1])
has been previously studied in [4, [2]. But in both papers there are some mistakes.
More precisely, in [4] they write system (4.1]) in in polar coordinates as

= Pa(o)r? + Ps(p)r® + Pa(p)r, ¢ =1, (6.1)
where
Py(p) = Rycosg + rysing,
P3() = Ry cos 2p + ry sin 2,
Py(¢) = R3cos 3¢ + r3sin3p + Ry cos ¢ + 74 sin .

In [4] they forgot to write the term rq sin . The relations between the parameters
of (4.1) and the parameters of system (6.1)) are

Ry =ai, r =as Ro=(az—a4)/2, 72=0a5/2,
Ry = (a3 +a4)/2, Rz=(ag—ag)/4, 3= (ag—ar)/4,
Ry = (3ag + ag)/4, 714 = (3ar + as)/4.
In [2] they write system in complex notation as

i =izd2 (Az +AZ+B2? +2(by +b3)22+ B22 + C23 + D2?2+ D222 +C‘23), (6.2)
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being z = x+iy, Z = v —iy, A = (a1 —ia)/2, B = (by+bs—ib3)/4, C = (d1—id3)/8
and D = (d3 — idy)/8 where a1, as, b1, b, bs,dy,ds,ds, dy are real constants. The
relations between the parameters of system (4.1) and the parameters of system

are
a1 =ay, as=az, az=>5(b+b3)/2,
ag = 3(by +b3)/2, a5 ="be, ag=(ds+d1)/4,
ar = (dg —d2)/4, ag = (ds+3ds2)/4, a9 = (ds—3dy)/4.
The following sets of conditions are equivalent

e ry =r4=Ryg= Ry =0 and r3 # 0 for system ,
® a; = by +b3=d3 =ds =0 and by # 0 for system 7
® as = 3a7 + ag = 3ag + ag = a3 + a4 = 0 and a5 # 0 for system .

In [4, 2] they claim that system under the previous conditions has a center,
but this is incorrect because such a system has a week focus because their Liapunov
constants are not all zero. Thus its first non-zero Liapunov constant is ma2as/2.
For more details on Liapunov constants see [7, chapter 5].
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