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GLOBAL SOLUTIONS TO A ONE-DIMENSIONAL NONLINEAR
WAVE EQUATION DERIVABLE FROM A VARIATIONAL
PRINCIPLE

YANBO HU, GUODONG WANG

ABSTRACT. This article focuses on a one-dimensional nonlinear wave equa-
tion which is the Euler-Lagrange equation of a variational principle whose
Lagrangian density involves linear terms and zero term as well as quadratic
terms in derivatives of the field. We establish the global existence of weak so-
lutions to its Cauchy problem by the method of energy-dependent coordinates
which allows us to rewrite the equation as a semilinear system and resolve all
singularities by introducing a new set of variables related to the energy.

1. INTRODUCTION

The variational principle whose action is a quadratic function of the derivatives
of the field with coefficients depending on the field and the independent variables

takes the form [I} 19, 20]
8u” ou”
) A” =0 1.1
/ 6‘12 Oz ’ (L.1)

where the summation convention is employed. Here, x € R%! are the space-
time independent variables and u : R%*! — R™ are the dependent variables. The
coefficients A%, : R4 x R™ — R are smooth functions.

A particular motivation for studying comes from the theory of nematic
liquid crystals. In the regime in which inertia effects dominate viscosity, Saxton
[23] modelled the propagation of the orientation waves in the director field of a
nematic liquid crystal by the least action principle

5/ (50m-0m — W, (0, ¥m))dxdt =0, m-n=1, (12)

where n(x,t) is the director field and W,,(n, Vn) is the well-known Oseen-Franck
potential energy density,

1 1 1
W, (n,Vn) = le(v -n)% + 5]452(1’1 -V xn)? + §k3|n x (V xn)|?
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which is a quadratic function of Vn with coefficients depending on n. Here kq, ko
and ks are the splay, twist and bend elastic constants of the liquid crystal, respec-
tively.

The hyperbolic systems of nonlinear wave equations derivable from the varia-
tional principle have been widely explored since they were introduced. Hunter
and Saxton [I9] considered the planar deformations of the director field n that
depend only on a single space variable  with n = (cosu(t, z),sinu(¢, x),0) and
derived the Euler-Lagrange equation of given by

uy — c(u)[e(u)ug)y =0 (1.3)

with ¢?(u) = kysin®u + ks cos?u. For another important application, equation
describes the motion of long waves on a neutral dipole chain in the continuum
limit [3I]. A basic feature of is that, even for smooth initial data, cusp-type
singularities can form in finite time, see [13,[I4]. In a series of papers [25], 26}, 27, 28],
Zhang and Zheng have studied carefully the global existence of dissipative weak
solutions to the initial value problems for and its asymptotic models. Bressan
and Huang [6] proposed another way to construct a global dissipative solution to
(1.3). The global existence and uniqueness of conservative weak solutions to its
Cauchy problem for initial data of finite energy were established, respectively, by
Bressan and Zheng [8] and Bressan, Chen and Zhang [5]. Holden and Raynaud [15]
carried out a detailed construction of a global semigroup for its conservative weak
solutions. A Lipschitz continuous metric of conservative weak solutions to (1.3
has been constructed recently by Bressan and Chen [4]. The generic properties
of conservative solutions was studied in [3]. In [I7], the first author investigated
a more general nonlinear wave equation than arising from the variational
principle and constructed a global energy-conservative weak solution to its
initial value problem.

For the three-dimensional deformations depending on a single space variable x
and the director field n taking the form

n = (cosu(x, t),sinu(z,t) cosv(x,t),sinu(x, t) sinv(zx, t)),
the Euler-Lagrange equations of (1.2 are

ure — (¢} ()uz)s = —c1(w)duer (w)us + a(u)dua(u)vy — c3(u)vy]
— a®(u) ez (u, )0y ca (u)v?, (1.4)
(a*(u)ve)r — [a*(u)c3 (w)ve]s = 0

where ¢ (u) = ky sin® u + k3 cos® u, c3(u) = ky sin? u + k3 cos® u and a?(u) = sin® u.
System was first derived by Ali and Hunter [2] to describe the propagation of
splay and twist waves in nematic liquid crystals. They also analyzed some properties
for the asymptotic equations of in [2]. Recently, Zhang and Zheng [29, [30]
demonstrated the global existence of conservative weak solutions to the Cauchy
problem of under some assumptions. The relevant results about the related
nonlinear wave system derived from the variational principle of was provided
by the author [16]. We also refer the reader to [9] by Chen, Zhang and Zheng for
the discussion of the nonlinear wave system obtained from by considering the
director field n in its natural three-component form, also see Chen and Zheng [10]
for the analysis of the corresponding viscous system.
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In a recent paper [I8], we studied a nonlinear wave system coming from the
theory of cholesteric liquid crystals, in which the Oseen-Franck potential energy
density is expressed as the sum of an elastic and a chiral contribution (neglecting
a constant factor)

1 1 1
W,(n, Vn) = 5/ﬁ(v-n)2+§1<;2(n-v xn)? 4 §k3|n x (Vxn)>+An-V xn, (1.5)

where )\ is a pseudoscalar material parameter that represents molecular chirality, see
e.g. [I1,[12]. Compared with the nematic, linear terms in derivatives of the director
field n must be considered in cholesteric liquid crystals. For detailed information
regarding cholesteric liquid crystals, see, for example, [12 21 22| 24]. Considering
the three-dimensional deformations and replacing W, (n, Vn) by W,(n, Vn), the
variational principle gives rise to the associated Euler-Lagrange equations

e — (€5 (Wua)s = —c1(w)duer(w)ug + a(u)dua(u)[vf — 3 (u)vy]
— a?(u) ez (u, )0y ca (u)v? + 20a(u)dya(u)v,, (1.6)
(a®(u)vy)e — [a®(u)c2(u)vy — Aa®(u)], = 0.
In contrast to equations (1.4]), the linear terms in (|1.5)) cause the total energy of
solution for system (1.6) to be not conservative. The global existence of weak
solutions to its Cauchy problem was established in [I8] by using the method of
energy-dependent coordinates and the Young measure theory.

Motivated by (1.5), we are interested in the variational principle whose La-
grangian density includes linear terms and zero term as well as quadratic terms in
derivatives of the field

out du” out
5[ LA + B F(x,u) | dx =0, 1.7
/ sz 8x] wu) 5 0x; +EG ) pdx (L7)
where x, u and Ajf,/ are as in , Bi and F' are smooth functions. The term F
can be regarded as the contribution from the external electrical or magnetic field.
Consider n =1 and d = 1, then the Euler-Lagrange equation for (1.7 reads that

(24, + (A2 + AMYu, + BY), + (A2 4+ A%V )u, + 24%%u, + B?),

_aAll 2+8(A12+A21) +8A22 2+8Bl +aBZ +6F (18)
= ou ou tetls gu =T o T o T B
In this article, we consider the initial value problem for equation (|1.8) with
.. 1 a2
(A9)2 = (ﬁQ %2) (), (1.9)

and B! = k(x,u), B> = X(z,u), F = F(x,u), where a,~, k, A\, F and 31 + 32 := 203
are smooth functions, independent of ¢, satisfying
0<a <az) <az, [B(2)]+ [s(2)] + A(2)| +[F(2)] < A,
0<m <7(2) <7, (1.10)
sup{|Va(2)[, [VB(2)l, [V(2)], Va2 [VAG)L IVE(2)[} < A, Ve € R?

for positive numbers a1, as,71,72 and A. Under the above assumptions, (|1.8)

reduces to
(aPuy + Bug + K) + (Bue — V2 ug + Ny

) ) (1.11)
= ao Uy + Bullily — YYully + Kyt + Aytie + Fy,
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which is strictly hyperbolic with two eigenvalues

2 2~2 2 2~2
A+:Vﬁ+§;7 RS W VAl s il (1.12)

a2

Equation is a second order quasilinear hyperbolic equation whose main dif-
ficulty arises from the possible cusp-type singularities of solutions in finite time.

The purpose of this article is to establish the global existence of weak solutions
to the initial value problem with the initial data

u(0,2) = ug(z) € H, us(0,2) = uy () € L? (1.13)

under the assumption . The approach we used here follows the method of
energy-dependent coordinates proposed by Bressan, Zhang and Zheng [7, [§] to deal
with and its related asymptotic model. However, in contrast to equation ,
the energy of solution for , denoted by

1
E(t) = 3 / {aQ(x,u)th —l—’yQ(Jc,u)ui}dx,
is not conservative. In spite of this, we can still establish a priori estimates of
solutions for the equivalent semilinear system in the energy-dependent coordinates.
By returning the solution in terms of the original variables, we thus recover a global

weak solution to (L.11]).

Before stating the main results, let us first give the definition of weak solutions

to problem ([1.11) (1.13]).

Definition 1.1 (Weak solution). A function u(t,z) with (¢,z) € RT x R is a weak

solution to the Cauchy problem (1.11)) (L.13) if the following hold:
(i) In the t-z plane, the function w is locally Holder continuous with exponent 1/2.

The function ¢ — u(t,-) is continuously differentiable as a map with values in Lf,
for all 1 < 6 < 2. Moreover, for any T" > 0, it satisfies the Lipschitz continuity
property

u(t,-) —u(s, gz < Llt—s|, Vi se(0,T] (1.14)
for some constant L depending on T with L = O(v/T).

(ii) The function u(t,z) takes on the initial condition in (|1.13)) pointwise, while its
temporal derivative holds in L{ _ for 6 € [1,2).

loc

(iil) Equation (1.11)) is satisfied in the distributional sense, that is

// {%(042% + Bug + £) + 0o (Bue — Y ug + A)
R+ xR (1.15)

+ cp(ozauuf + Buutiy — ’y'yuui + Ky Up + Aty + Fu) }dzdt =0
for all test functions ¢ € CL(R* x R).

The conclusions of this paper are as follows.

Theorem 1.2 (Existence). Let condition (1.10)) be satisfied. Then the Cauchy
problem (L.11)) (1.13) admits a global weak solution defined for all (t,z) € Rt x R.

The continuous dependence of the solution upon the initial data follows directly
from the constructive procedure.
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Theorem 1.3 (Continuous dependence). Suppose the assumptions in Theorem

hold. For the Cauchy problem (L.11) (1.13)), let a sequence of initial conditions
satisfy

1(ug)z — (wo)allLz — 0, [luf —wil[r2 — 0,
and uf — ug uniformly on compact sets, as v — oo. Then one has the convergence

of the corresponding solutions u¥ — wu, uniformly on bounded subsets of the (t,x)-
plane with t > 0.

The article is organized as follows. In Section [2| we introduce a new set of
dependent and independent variables, and derive an equivalent semilinear system
of for smooth solutions. Section |3| presents the existence and continuous
dependence results for solutions to the equivalent semilinear system. We show the
Hélder continuity of solutions (u,v) in terms of the original independent variables
t, z, and verify that the integral equation is satisfied in Section 4! Finally, in
Section [b| we establish the Lipschitz continuity property and the continuity
of the maps t — w(t,-), t = u,(t,-) as functions with values in LY (1 <60 < 2),
which complete the proof of Theorems [I.2}

2. NEW FORMULATION IN ENERGY-DEPENDENT COORDINATES

In this section, we derive an equivalent system of (1.11]) for smooth solutions by
introducing a new set of variables to replace the original variables u,t, x.

2.1. Energy-dependent coordinates. Denote c; := alA_ < 0 and ¢ := a); >
0, and
R := auy + coug, S :i= aup + crug. (2.1)
Then (1.11)) can be rewritten as
alz,u)Ry + c1(z,u) R, = a1 R?* — (ay + ag) RS + a2S? + c2bS — d1R — X\, + Fy,
a(z,u)S; + cz(x,u)Sy = —ayR% + (ay + az) RS — a28? 4 ¢1bR — dyS — M\, + Fy,
O‘(‘r7 u)ut +ca ($, u)um =5,
(2.2)

where
C;Oux — 0y C; _ady(cr —c2) + (e1 — e2)0x

20(ca —¢1) = 2a(cy — 1)

a; =

2.3
Co0pc1 — 10460 a0zc; — ¢;0px (2:3)

2(co — 1) 20 ’

and 0, and 0, denote, respectively, partial derivatives with respect to the arguments

xz and u. System (2.2)) is equivalent to equation for smooth solutions if we

supplement it with initial restriction at ¢ = 0,

Uy = r=5 . (2.4)
co(z,u) — c1(z,u)

di = (i=1,2)

For convenience to deal with possibly unbounded values of R and S, we introduce
a new set of dependent variables

Tirry VT irry M ixsr YT 1w
from which one easily checks that
C4Hh*=h, mP+gi=g (2.6)

(2.5)
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Define the forward and backward characteristics as follows:

ixi (s;t,x) = /\i(xi(s; t,x),u(s;z*(s;t, x))),

ds (2.7)

xi|5:t =z,

where AL are given in (1.12)). Now we define the coordinate transformation (¢,z) —
(X,Y) where

0

X = /Om(om (1+R2(0,£))d£, Y = (1+52(0,§>)d€7 (2.8)

zt(0;t,x)
which indicates that
oz, ) X +c1(z,u) X, =0, alz,u)Y; + ca(z,u)Y, =0, (2.9)
from which, it turns out that
C1 Co
ft = _EX;cfX - EYfoa fac = X:cfX + Ya:fY (210)

for any smooth function f(t,z). Moreover, we introduce the new variables

1+ R? 1482

. . 2.11
X, 1T v (211)

Then we can obtain a semilinear hyperbolic system with smooth coefficients for
the variables g, h, £, m,p,q,u,z in (X,Y) coordinates as follows:

o — 1
b = B0 o 4 agh — (as -+ az) (gh + mb) + cabhm
Co — C1
—dygl + (Fy — /\w)gh},
29— 1
mx — M{ — 419 — ash + (a1 + az)(gh +me) + c1bg!
— (2.12)
— dshm + (F, — Ax)gh},
1 1
ux = pl (or uy = qm)7
Co — C1 C2 —C1
C C
Tx = 2 ph <0rxy= : qg),
Co — C1 C2—C1
20
hy = — d {alg + azsh — (a1 + az)(gh + ml) + cobhm
Cy — C1
—digl + (Fy — Am)gh},
(2.13)
2pm
9X =~ "4 { = a1g = ash + (@1 +a2)(gh + me) + exbt

— dohm + (Fy — /\w)gh},
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and
2
Py = - pqc {012(6 _ m) + (al + a2)(hm - gg) + cobml + digh
2 —C1
€10 — ca0zC1
ey 9t (P Aot (214
) )
ax = - pqc {a1(€ —m) + (a1 + az)(hm — gf) + crbml + dagh
2 —C1
0189362 — 028$Cl
e B F, — .
s ey Ae)mih |
We here point out that
qm B pl €149 _ [ _c2ph
<62—01)X_(02—C1)Y’ ((32—C1>X_<C2—01)Y7 (2.15)

which imply that uxy = uyx and rxy = xyx, S0 we may use either ux,rx or

uy,zy in (2.12)).

2.2. Initial data conversion. We now consider the boundary conditions of system
- in the energy-dependent coordinates (X,Y’), corresponding to (|1.13))
in the orlglnal coordinates t (t,x).

It is easily known by ((1.10) and ( - ) that
R(0,2) = o, ug(z))us (x) + ca(z, uo(x))uf(z) € L?,
5(0,2) = az, up())ur (z) + (@, uo(z))up () € L*.

The initial line ¢ = 0 in the (¢, ) plane is transformed to a curve I'g : ¥ = ¢(X)
defined through a parametric € R

x 0
X:/O 1+ R2(0, &)]de, Y:/m [+ S%(0, €)]de, (2.16)

which, clearly, is non-characteristic. We see by and that the two func-
tions X = X(z), Y = Y(x) are well defined and absolutely continuous. Moreover,
X is strictly increasing while Y is strictly decreasing. Hence the map X — ¢(X)
is continuous and strictly decreasing. In addition, applying (1.10]) and ( again
arrives at

1 Oé2 2
S 17
M 2(A% 4+ adv3 + AV/A2 + a373)
(&
<
<l 21
A + A%+ a272
201m
for i = 1,2. Therefore, the map X — ¢(X) satisfies
|X+MXNS/(W®£%%¢®£D%
(2.18)

=21 [ (026 un(€)ud(6) + 7€ w(©) uh(©)2 ) e
=:2M&,
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which is a finite number. The coordinate transformation maps the domain [0, c0) xR
in the (¢, z) plane into the set

OF = {(X, V)Y > 6(X)} (2.19)

in the (X,Y) plane. Along the curve I'g parameterized by z +— (X (z),Y(z)), we
can thus assign the boundary data (h, g, ¢, m,p,q, @) € L defined by

h = ; = ;
1+ R2(0,z)’ 1+ 52(0,z)’
= R(0,2)h, m=S(0,2)g, (2.20)
p=1 q¢=1,
a=up(x), T=ux.

It is easily checked that h? +¢2 —h =0 and g2 +m? — g = 0 on Iy.

3. SOLUTIONS TO THE EQUIVALENT SYSTEM

This section is devoted to establishing the existence of a unique global solution
for system — with boundary data in the energy coordinates (X,Y).
The method follows from Bressan and Zheng [§], and also see Zhang and Zheng
[29] and Hu [I7].

We first derive several identities from system —, which are useful to
derive the desired a priori estimates for the solutions.

(i) Consistency:

Oy (h*+ 02 —h)=0, 0x(¢*>+m?—g)=0. (3.1)

Proof. The proof is directly from and . O
Thanks to and the boundary conditions , we find that

W+ =h g¢g+m’=g V(XY)eQ (3.2)

(i) An identity:

c2q(1—g)  Agm c1Fqg cip(1 —h) Apl coF'ph
( to ) +
2(62 — Cl) Cy —C1 Cy—C1/ X 2(62 — Cl) Cy —C1 Cy — C1

)Y =0. (3.3)

Proof. 1t first follows from (2.15)) that

Agm Apl —Mpg
_ _ _—AaPq . )
<CQ*01)X (Cg—cl)y (02*C1)2 (Clg Cam ),
c1Fqg coF'ph _ Fupq
<02 —C1 )X (62 — cl>y o (62 _ 01)2 (Clgg chh),

from which one deduces
A F Apl Fph
( qm + C1 qg) . ( p + Col'p )
c X c Y

2 — C1 C2 —C1 2 —C1 C2 —C1
4
= L(Fu — Az)(c19€ — camh). 34
(ca—c1)?
On the other hand, by (2.10) and (2.5) we compute
( ) ) _ D {02811,01 - C13u02£ n c2(c205¢1 — €10,¢2) h} (3.5)
Cp —C1/ X (CQ — 01)2 Co — C1 Cy — C1 ' '



EJDE-2017/294 WAVE EQUATION DERIVABLE FROM A VARIATIONAL PRINCIPLE 9

According to (2.13) and (2.14) and employing (3.2)) yields

((1(1 - 9))X = 2pg {a1(£ —m — gl + hm) + c1bml

Cy — C1
3.6)
ClarCQ — 628101 (
- = — (1 —g)h+ (F, — A\p)mh ;.
s ey (= 9+ (Fu = Aamin
We combine (3.5) and (3.6) and use (2.3) to deduce
c2q(1 —g) Pq
= cras(l — g)l — coa1(1 — h)m
(Stes—e)x = G ap et~ —eam(loim
+ crcobml + (F, — )\I)Cth}.
Similarly, one finds
cp(l —h) pq
= cras(l — g)f — coa1(1 — h)m
(2(02—81))Y (02—61)2{ 12l = g)¢ = ezon( ) (3.8)
+ creobml + (F,, — )\m)clgﬁ}.
Combining (3.7) and (3.8) leads to
c2q(1 —g) ap(l—h) pq
- = F,— )\, h—c19f),
(2(62701))X (2(62761))1/ (62701)2( )(sz 19 )
which together with (3.4) gives (3.3). O

We now establish a priori estimates for solutions to the semilinear hyperbolic
system — in Q7. Obviously, it turns out by that
1
3
Based on (3.3) and 7 We next estimate the functions p and ¢. It is easy to
see from (2.14) and the initial condition p = § = 1 that p and ¢ are positive in QF.
In view of (2.15)) the differential form

1

h
QPR gx + 299 gy (3.10)
Cy — C1 Cy — C1

has zero integral along every closed curve contained in QF. Then, for every (X,Y) €
QT, we construct the closed curve S composed of the following three parts: the
vertical segment with the endpoints (X, ¢(X)) and (X,Y), the horizontal segment
with the endpoints (X,Y) and (¢~*(Y),Y), and the boundary curve I' with the
endpoints (¢71(Y),Y) and (X,¢(X)). Here ¢! denotes the inverse of ¢. We
integrate along the closed curve S and use and the boundary data

(2.20) to obtain

X s Y —c;
/ ph(X',Y)dX' +/ q9(X,Y")dYy’
p~1(y) 271 B(x) 2~ C1

X T Y _
c2h ’ / / / —C14g —1 /vt / /
= — (X X"))dX YH,YH)dY
e e S R UGS LAty

< M(X (V) +Y — ¢(X))
< 2M(|X |+ Y]+ 2ME),
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from which, we employ (2.17) again to arrive at

X Y
/ ph(X',Y)dX' +/ q9(X,Y")dY' < 2MM(|X| + Y| + 2ME). (3.12)
6-1(Y) $(X)

On the other hand, making use of (1.10)), (2.17) and the boundary data (2.20) yields

X [—
/¢>1(Y) [2(027?01)19(1 R p————— L ph} (X', p(X"))dX’

C2—C1 C2— (1

Y
Co A Cll; 1 / , ’
+ ——q(1—9)+ m + Y, YHdY
/¢(X) [2((:2 = cl>q( 9) p— qg} (o7 (Y)Y

—C C2 —C1
1— A »
§(§M+4—%+AM)-(X—¢ (Y)+Y—¢(X)>
A .
< —_— .
< (M+ ot 2AM)(|X| + Y]+ 2ME)

Then, integrating (3.3)) along the closed curve S obtains

X Y
—C1 / / C2 / /
T (X, Y)dX +/ — 2 _4(X,Y)dY
/¢1(y) 2(62 — Cl) ( ) ¢(X) 2(02 — Cl)
X Y
2co F —cog — 21 F
< / atEel nx,Y)dx + / -
¢

X,Y")dy’
oy 2 =) 99(X,Y")

#(X) 2(02 — Cl)
X A Y -\
—|—/ pl(X'Y)dX' +/ ——qm(X,Y")dY”’
prLy) 271 o(x) 2e2 —c1)

— A =7
+ (M+ — +2AM)(|X| + Y|+ 2M &),
2m

from which and the following inequalities

| Apl | < __—a n MA? b | Agm | < Co + MA?

= p pn, > q 49,
c2—C1 4(cq — 1) v? C2 —C1 4(co — 1) o6 I
one has

X Y
A ’ ’ C2 / /
—1 p(X',Y)dX +/ — = (X, Y)dY
A1(y) 4(02 - Cl) ( ) d(X) 4(02 — Cl)
2
2

7 A X Y
< M(1 FA+ —) { / ph(X',Y)dX' +/ q9(X, Y’)dY’}
2 Vi ey 3(X)

A -
+ (M + oyt 2ANT ) (|X] + Y]+ 2M&p),
1
which combined with (3.12)) and (2.17) concludes

X Y
/ (X', Y)dX' + / a(X,Y")dy’
6-1(Y) $(X)

(3.13)
. 2A2 — A —
< 4M[MM2(1 +2A + —2) +M+—+ 2AM} (IX|+ Y] +2ME&).
71 27

For any (X,Y) € QT, we now integrate the first equation of (2.14]) vertically and
apply (3.13) to have

exp{ —C(X| Y|+ 2M60)} < p(X,Y) < exp {6(|X| Y]+ QM&))} (3.14)
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for some constant C depending only on A, ay, as,7; and 2. A similar inequality
also holds for q. To estimate the function u, we integrate the equation for u in

(2.12) horizontally and use (3.13]) to obtain
1 X
W) <ol + - [ )X
©

NS
Mp, A2\

< Juo| + = [MI (1428 + 2 ) + (3.15)
ga! 7

A .
ot 2AM] (1X] + Y| + 2M&).
1
Integrating the equation for x in (2.12)) horizontally, it suggests by (3.11) that

X
) <lae )+ [
pm1(y) €2~ C1

C2

ph(X',Y)dX’

< |z(e M (Y),Y)| 4+ 2M(|X| + [Y| + 2M&) (3.16)

< (2M + 1)(|X|+ Y] +2ME&).
Since all right-hand side functions in system (2.12)-(2.14]) are locally Lipschitz
continuous, then the local existence of solutions follows straightforward from the
fixed point method. from the a priori estimates (3.9)), (3.14)-(3.15)) and (3.16]), we

can extend this local solution to the entire domain Q% by using the technique in
Bressan and Zheng [8]. Thus we have the global existence theorem.

Theorem 3.1. Let (1.10) and (1.13) be satisfied. Then problem (2.12])-(2.14)) with
boundary data ([2.20) has a unique global solution defined for all (X,Y) € QF.

The above construction leads directly to a useful consequence.

Corollary 3.2. Suppose that (1.10) holds. If the initial data (ug,u1) are smooth,
then the solution of (2.12))-(2.14) (2.20) is a smooth function of the variables (X,Y).
Moreover, assume that a sequence of smooth functions (uf,uy),>1 satisfies

Ug — U, (US)m - (UO)m7 ullj — U1,

uniformly on compact subsets of R. Then it has the following convergence proper-
ties:

(u”,n”, g" &, m”,p",q") — (u,h,g,4,m,p,q),
uniformly on bounded subsets of the X-Y plane.

4. SOLUTIONS IN THE ORIGINAL VARIABLES

This section is devoted to returning the solution in the X-Y plane to the original
variables (¢,x). The Holder continuous of solution and the integral equation
are also verified in this section.

We first examine the regularity of the solution constructed in the previous sec-
tion. Since the initial data (ug), and u; are assumed only to be in L2, we see that,
on bounded subsets of the X-Y plane,

— The functions h, £ and p are Lipschitz continuous with respect to Y, measurable
with respect to X,

— The functions g, m and ¢ are Lipschitz continuous with respect to X, measurable
with respect to Y,

— The functions u and x are Lipschitz continuous with respect to both X and Y.
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To return the solution w to the original variables (¢,x), we need the inverse
functions X = X(¢,x), Y = Y(¢,2). The function x = z(X,Y) can be obtained
by solving problem (2.12)-(2.14) (2.20), so it suffices to construct the function
t =t(X,Y). Owning to (2.10), it gives

aph aqg

. ty = . (4.1)
Co — C1 C2 —C1

tx =

It is not difficult to show that txy = tyx, which indicates that we may integrate
one of the equations in to obtain the function ¢ = #(X,Y"). Note that the map
(X,Y) — (¢t,z) may not be one-to-one mapping, which, however, does not cause
any real difficulty due to the following assertion: for any fixed (¢,x), the values
of u do not depend on the choice of (X,Y). We omit the proof of this assertion
since it is completely analogous to Bressan and Zheng[8]. Then, for each given
point (¢*,2*), we can choose an arbitrary point (X*,Y™) satisfying t(X*,Y™*) = t*,
x(X*,Y*) = z*, and define u(t*, z*) := u(X*,Y™).

We now show that the function u(t, z), obtained as above, is Holder continuous
on bounded sets. In fact, integrating along any forward characteristic ¢ — z7(¢)
and noting Y = const. on this kind of characteristics achieves

T X
/ [a(z, w)ur + co(x, u)uz}zdt = / [(co — cl)uXXmFthX
0 . (4.2)
_ / all=Mpgv oo

Xo C2 —C1

for some constant C; depending only on 7. Analogously, one has
/ [z, u)us + ¢ (z,u)u,)?dt < O, (4.3)
0

which together with and means that the function v = u(t, z) is Holder
continuous with exponent 1/2. Moreover, it leads by to the fact that all
characteristic curves are C' with Holder continuous derivative. In addition, by
and , the functions R and S at are square integrable on bounded
subsets of the t-x plane. From the identity
l
h
the function R is indeed the same as recovered from . It is also true for S.
We next demonstrate that the function u = wu(t,z) satisfies in the dis-
tributional sense. For any test function ¢ € CH(RT x R), it suggests by
that

@t(a2ut + Bug + k) + o (Bug — Yy + A)

a(z,u)ur + ca(x, u)u, = (ca — c1)ux Xy, = — = R,

c c alcaS — R R-S
Z(iipy—;@){)'{ (c: - )+ﬂ< )+li:|

aqg aph Cy —C1 Cy —C1

1 1 B(caS —ciR)  ~F*(R—S)
_ = il . _ A
* ( ngDY - phSDX) |: Oé(Cg - Cl) co —C + } (4°4)

- 1 Coy — C1 C2 1 Cy — C1 C1
7qg{ 2 RJraH A}SDYerh{ 2 5 aHJr)\}(pX

1 Cy — C1 C2 1 Cy — C1 C1
- {0 (B o {250 (oo
qgh{ 2 * o’ SDYergh 9 M o’ gyex
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which combined with the Jacobian
d(z,t)  apqgh

8(X, Y) a Cy — Cl’ (45)

ensures

// {apt(azut + Bug + k) + @ (Bus — Yug + A) Hdadt
R+ xR
« a\ — 1k « a\ — ok
] ([ g [ D= ] Jaxay
(X,Y)en+ 2 2 c2 — 1

A A
- // o{[Gam+ =]+ [Spe- 2= 2Epn] axay.
(X,Y)eQt 2 Cy — C1 X 2 Cy — C1 Y

(4.6)
A straightforward computation yields
@ @
(3om)  + (570)
2 X 2 Y (4.7)
h 1-— 1—h w\ me :
— P19 {GQ g*al +(a1*a2+a7)ﬁ+(Fu7/\x)}v
cy—C1 g h a/ gh
and
a\ —cik a\ — caR
el Ml bret 0
Cy — C1 X Cy — C1 Y (48)
apqgh Au gl —mh Ku comh — c1g¥ ’
— { . + . + /\z}.
co—c1 leg — gh alca —c1) gh

Inserting (4.7)) and ( into and using the Jacobian (4.5)) again leads to

// {got(azut + Bug + k) + v (Bup — ’yzum + A)}dzdt
Rt xR

—g 1—nh ml
+ (a1 —ay+ ) — + F,
//]R+xR a2 a h (a1 2 @ ) gh

A gl — mh Ky comh — c1g¥
+ }
02 —c1  gh alca — 1) gh

—//HWXR(,O{CLQSQ —a R? + (al —az + %)RS+Fu

Au Ry
R—5)+
cy — cl( ) afca — 1)

_ // @{aauuf + Butitiy — Wuui + KyUs + AUy + Fu}dxdt,
R+ xR

dxdt

T (c2S — clR)}dxdt

which finishes the proof of (1.15]).

5. REGULARITY OF TRAJECTORIES
In this section, we complete the proof of Theorem For M > 0, denote

Em(t) = 1/M {az(x,u)uf —|—72(x,u)ui}da:.

2 )

We first show the following lemma
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Lemma 5.1. For any M > 0 and t > 0, the solution constructed in previous
section satisfies

En(t) < C(Eo+ M +1) (5.1)

for some positive constant C independent of M and t. Here & is defined as in

E19).

Proof. Fix any 7 > 0, we denote I'; := {(X,Y) : ¢(X,Y) =7}. Let A; and Ay on
T'; be any two corresponding points of the points (7, —M) and (7, M) in t-x plane,
respectively. Then we draw the horizontal and vertical lines from A; and A, up to
'y at points A4 and As, respectively. Consider the region D bounded by T'g, T';,
A1 A, and Ay As, see Figure

Y

- e

Ag

Az

As " To

FIGURE 1. Region D.

We integrate (3.3]) along the boundary of D to obtain

Ap Ay

2(02 — Cl) 2(02 — Cl) (5 2)
_ / —ap= ) gy d0=9) 4y gy g4,
Aay 2(c2— 1) 2(c2 — 1)

where

I = /Azu43 ( —A\pl n _CQth)dX B ( Agm n Cqug)dY,

C2 —C C —C1 C —C1 C2—C1

12:/ ( Apl +62th)dX+( Agm L chqg>dY,
Ay A,

C2—C C2 —C C2 —C1 Co — C1
1-— A F
13:_/ {Czq( g9) , Am_ | a qg}dY’
Asa, (2(c2—c1) - c—a
I / { —c1p(1 —h) Apl ca F'ph
L= —
AgAy

- - }dX.
2(02 — Cl) Cy — C1 Cy — C1
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Notice that the length of the segment corresponding to A4 A3 in the initial line ¢t = 0
is less or equal to 2(M + max{|A+|}7), then we have

A co A A —c1A
L] < dX — dy
| 1|A4A3 (2(62—61)+02—61> (2(02—81)+62—Cl)

< A(% +407) (M + max{[As)7) (5.3)
< A(i + 4M) (M + 2%M7’).
ga! 851
From the inequalities
| Apl | < A%ph —c1p(1—h) | Agm | < A%qg caq(1—g)
ca—c1' T —ci(ea — 1) dlea—c1) ' lea—c1' T caleca—c1)  4lea —cy)’
one gets

| < 1/ fclp(lfh)deL ch(lfg)dY
A

-2 41/;422]\42(02 — Cl) 2(02 - Cl) (54)
+ ( ~ + AM) / phdX — qgdY.
71 A1A2
Using the above inequalities yields
—caq(1 — A? —
|13 < / { c01=9) | ( + ATT ) gg }d,
Asa, & 4(ca —c1) ca(ca — 1) (5.5)
AN’ M — '
< ( — AM) / q9dY,
71 AzAs
and ,
1-— A .
1] < / {CIQ( 9 ( + AT )ph baX,
Asa, A(c2 —cp) —ci(c2 —c1) (5.6)
ANPM ’
< ( — AM) / phdX.
7 AgAq
Putting (5.3)—(5.6]) in (5.2) gives
/ —ap(l=h) el —9g) .,
A1 As 2(62 — Cl) 2(62 — Cl)
1 — 2y M SAZM —
<26+ 20— +4M) (M + TE50) 4 (255 4 20M) (57)
st (€5} 71

x {/ pth—quY+/ pth+/ quy}
A1 Ay AsAq AzAs

where we used the fact that the variables h, g never assume the value zero at the
initial time. Moreover, integrating (3.10) along the boundary of D arrives at

/ cph_\\ €149 4y
A

1A, G2 — Q1 C2 —C1
h — h —

_/ cph iy €199 dy_/ cph Gy €149 4y
AgAs Cy — C1 Cy —C1 AsAp Cy — C1 Az Ao Cy — C1
— 2y M

§4M(M—|— gl r),

aq
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which along with (2.17)) leads to

271Mr). (5.8)

/ phdX — qgdY < 4MM(M +
Ay Ao aq

To estimate the last two terms in (5.7)), we extend the segments A4 A; and AszA,
such that they intersect a point As and integrate (3.10) along the closed curve
composed of A4As5, A5 A3z and A3zA, to find

h — h —
/ cap dx+/ €49 gy _ cph 4y —0199 4y
AgAs C2 — (1 AzAs €2~ C1 AgA; C2 —C1 c2 —C1
— 2v1 M
< 4M(M +n T),
aq

from which, one has

h _
/ phdX +/ qgdY < M{/ 2Pl a4x + / ﬂdy}
AgA; AszAy AgAs €2 —C1 AzAs C2 —C1

o T (5.9)
<4MM (M + Z27).
aq
Inserting (5.8) and (5.9) into (5.7, we conclude that
/ —c1p(1 —h) 4X — c2q(1—g) W
A4, 2(c2—c1) 2(cy — ¢1)
Ly 2 (4A 2y, M
S250+2A{—+4M+8MM2(72+1)}(M+LT) (5.10)
mn 71 o

<C(&+ M +7)

for some constant C independent of M and 7. On the other hand, it follows that

/M 1 {aQ(a:, u(T, ) ) (T, ) + ¥ (2, u(r, ) )ui (T, x)}dm

v 2
:/ _clp(l_h)dX_ C2q(1_g)dY,
ArAsn{hzoy 2(c2 —c1) AsAsn{g0} 2(ca —c1)
which together with ([5.10)) concludes (5.1)). O

We now use (5.1]) to prove (1.14). For any ¢, s € R*, we see that

1
lu(t, ) — (s, 2) | 2 (ara < [t — / e (5 + €0 — ). ) |2 ar.0) A
0 (5.11)

< \/@(50+M+t+5)|t75|

for any M > 0, where the constant C is independent of ¢,s and M. This proves
(T.14).

We next prove that, for any M > 0, the functions ¢ — w(¢,-) and t — uy(t, ")
are continuous with values in L?([—M, M]) (1 < 6 < 2), which will complete the
proof of Theorem [I.2] Let us first consider the arguments for smooth initial data
with compact support, in which, the solution u = «(X,Y’) remains smooth on the
entire region Q7. For a fixed time 7 and any fixed M > 0, we assert that,

d
U Ne=r = ue(7, ) (5.12)
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in interval [—M, M|, where

—c1 ¢ Co m
alea—c1) h + alea—c1) g’ (5.13)
which defines the value of u(7,-) at almost every point = € [-M, M] by (5.1)).

To verify the assertion (5.12)), we consider the curve segment A; Ay as before.
For any 6 € [1,2), let o :=2/(2 — 0) be the conjugate exponent of 2/6 and denote
M := C(E + M + 27). Given any € > 0, it is clear that there exist finitely many
disjoint intervals [a;, b;] C [-M,M],i=1,2,..., N, such that

u(T,x) == ux Xy +uyY; =

. 2e
min{h(P),g(P)} < m (5.14)
for every point P = (X (zp,7),Y (xp, 7)) and
MQ) > ——— g(Q) > ——— (5.15)

oty 97 G

for every point Q = (X (zq,7),Y (vg, 7)), where zp € J := UN [a;,b;] and 29 €
J':=[-M, M]\J. Obviously, the function u = u(t, ) is smooth in a neighborhood
of the set {7} x J' by the construction of J'. By employing Minkowski’s inequality,
we find that

lim 1[/M lu(T + p,z) — u(T,z) — put(T,x)|9dx}

p—0p

M
/0
< lim — /|’LLT+p7 )—U(T$9d$ /\ut7x|dx .
p—>0p

1/6

(5.16)

We use (5.14) and (5.10) to estimate the measure of the "bad” set .J,

Yb h
meas( /dx— Z/ 2P dX + ©199 dY
Ya) €

2 —C1 C2 —C1
<MMZ/

(Xb,;Yb;) _
cph €249 4y

w; Ya;) 2701 C2 —C1

. (Xp;,Ys;) _ _ _
S (M+1) Z/ Clp (1 h)dX _eaq(l g)dY (5.17)
(M+1)U i=1 ¢z — 1) 22—
__ AMIIE / —clp(l —h) _edl-9) .,
(1—2¢)(M +1)7 Ja,a, 2(c2—c1) 2(cg —c1)

AMM Me
T (1—2e) (M +1)7’
where (Xai’ Yai) = (X(aia 7_)7 Y(aia T)) and (Xbia Y;h) = (X(blv T)a Y(blv T)) Apply-
ing Holder’s inequality and recalling ([5.11]) yields

/ lu(t + p,z) — u(r,z)|’dz
J

< meas(J)"/” (/J lu(T + p, ) — u(r, x)|2dx) .
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- ( AMMMe
T\ —2e)(M +1)°
AMDMMe o —
< ( —— ) (M +Cp)*’*p”,
(1—2e)(M +1)°

from which, we have
1 16 /=¢  4MMM %
lim sup f(/ lu(r + p,x) — u(7,x)|9dm) < M( = F ) !
p—0 P NJg (1—-2e)(M+1)°
AMMe\ 78
<(%)”
1—2¢

1/0
)+ ) = w( ) ar.any

(5.18)

Analogously, one has

(/J|ut(7,x)|9dx>l/9 < meas(J)vle(/J|ut(7,x)|2dm)l/2
- ( AMM Me
T \(1—2e)(M +1)°

TS N
V(M)
(1—2e)(M +1)°
AMMe\ 75
< V2 — .
- \[( 1—2¢ )
Combining with (5.16), (5.18) and (5.19), it follows by the arbitrariness of € > 0
that

70
)7 e, Mgz anamy
(5.19)

1 M 1/o
lim ~ (/ |u(T + p,x) — u(r, z) — puy (T, 33)|9dx) =0. (5.20)
P=0pNJ

Based on the same method, we can establish the continuity of the function ¢ —
’U,t(t, )

To extend the result to general initial data (ug),u; € L?, we let {(uf).},{uy} €
C2 be a sequence of smooth initial data such that uf — wo uniformly, (uf)s —
(up), almost everywhere and in L?, uy — u; almost everywhere and in L?. The
proof is concluded by Corollary The continuity of the function ¢ — u,/(t,-) as
a map with values in L([—M, M]),1 < 6 < 2 can be verified in an entirely similar
way, so we omit it here.
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