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ABSTRACT. We discuss the asymptotic behavior of the stochastic one machine
to infinite bus power systems. Using the exponential martingale inequality
and the Borel-Cantelli Lemma, we obtain asymptotic moment estimation and
asymptotic pathwise estimation of the stochastic one machine to infinite bus
systems. Using the ergodic properties, we give a good explanation of the
fluctuation phenomena. By means of the property of periodicity, Hormander’s
theorem and a detailed balance method, the existence and probability density
function of the stationary distribution on the cylindrical are illustrated.

1. INTRODUCTION

In the previous decades, dynamics of deterministic power systems has received a
lot of attention, see, e.g. [5] [6] 17, 26], 28] 29], and references therein. By nature, a
power system is continually experiencing stochastic disturbances, such as, switching
events, load level fluctuations, which may have a significant effect on the operation
of power systems and quality of electricity. In recent years, many researchers have
been carried out to study the dynamics of power systems under random excita-
tions, see, e.g., [8, 9, 10, M3, 21, 24, 27]. The random factors in power systems
were classified into three categories in [30], namely, random initial values, random
parameters, and random excitation. With the increase integration of the renewable
energy generation system and electric vehicles, and the features of randomness into
the power system, the dynamics of power system under random excitations has
received more and more attentions (see [14) 20} 23]).

Since the Gauss white noise is a well-known mathematical interpretation for the
random excitations, the application of Itd stochastic differential equations (SDEs)
has been taken into account in the research on power systems. The detailed un-
derstanding of SDEs can be founded in [7, [15]. In this paper, we start our analysis
by considering the stochastic one machine to infinite bus (OMIB) power system
(see Figure[[|top)) perturbed with random excitations. Then the stochastic OMIB
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system can be described by the It6 equation as follows:
dd = (w—1)dt

dw = (f%(wf1)+%(PM—Pe))dt+odB(t), (1)

where § is the rotor angle; w is the rotor rotating speed; P, = Ppaxsind is the
electrical power; Pjs is the mechanical power and is assumed to be constant, i.e.
Py = Phaxsindg; M is the inertia constant in per unit and taken M = 2569.8288.

It is necessary to reveal how the noise affects the stochastic OMIB systems .
The mean stability and mean square stability of the corresponding linear systems of
(1.1) were analyzed theoretically by Zhang et al [30]. Using the stochastic averaging
methods, [3] has studied the first-passage problem of dynamical power system of
. Recently, Keyou Wang [25] has applied the Fokker-Planck Equation to study
the evolution of the probability density function of the system .

However, the asymptotic properties of stochastic OMIB systems has not
been fully investigated. In addition, if we make a great number of records of w to
investigate the dynamic behavior of a stochastic OMIB power system 7 it can
be found that a single record may fluctuate even if the number of records is large.
Then two questions arise naturally: (1) Can the fluctuation phenomena be given
a explanation? (2)Is there a stationary distribution to the system? As a result,
to solve these two problems is the main motivation of this paper. The primary
contributions of this paper are as follows:

e The p-th moment estimation and asymptotic pathwise of w were obtained
using the exponential martingale inequality and Gronwall’s inequality;

e Utilizing the ergodic property and the comparative method, a good expla-
nation of the fluctuation phenomena is given;

e With the help of the Hormanders theorem and detailed balance method,
the existence of the stationary distribution on cylindrical is proved.

2. NOTATION AND PROBLEM STATEMENT

Throughout this paper, unless otherwise specified, we let (2, #,{%: }+>0,P) be a
complete probability space with a filtration {.%; };>¢ satisfying the usual conditions
(i.e., it is increasing and right continuous while %, contains all P-null sets). Let
B(t) be an one-dimensional Brownian motion defined on the probability space.

In the same way as Mao et al. [15] did, we can show the following result on the
existence of a global solution.

Lemma 2.1. For any given initial data xo € R?, there is a unique global solution
(6(t, o), w(t, o)) of system (L)) on [0,+00).

The dynamics of the deterministic classical OMIB system has been extensively
studied; see [2 [12]. These existing literature show clearly that the point (ds, 1) is
a stable equilibrium point (SEP). The trajectory will converge to the SEP if the
initial conditions are selected to lie in the attraction region of the SEP. Applying
a random excitation, the dynamic behavior becomes more complicated than the
deterministic classical OMIB system. The simulations show that a single record of
w(t) may fluctuate even if the number of records is large(see Figure [T{bottom)).

By means of the stochastic analysis techniques and the ergodic properties, some
estimation and a good explanation of the fluctuation phenomena will be provided
in Section III and Section IV, respectively.
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FIGURE 1. (top) One machine infinite bus system. (bottom) Sto-
chastic trajectory of w(t) generated by the Heun scheme for time
step h = 278 for ([1.1)) with o = 0.6 on [0, 5000].

3. ESTIMATION ON THE STOCHASTIC FLUCTUATION

The aim of this section is to estimate the stochastic fluctuation for the rotor
speed w.

3.1. Moment estimation.

Theorem 3.1. For any p > 0 and initial data o = (0s, 1), there exists a constant
M, > 0 such that the global solution w(t) of system (L.1)) has the property

sup FElw(t,xzo) — 1|F < M,
0<t<o0o

Proof. For any p > 0, let V(w,t) = efw — 1|P = ' ((w — 1)2)g, where ¢ is a
sufficient small positive number. Let w(t) = w(t; o) for simplicity. Applying Itd
formula and Young inequality (see Mao [I5]) to V (w,t) yields
Llw = 1P
2D 2

_eetPy g2 2 —1)2
=e 2\w P2 [( M—l—ps)(w 1)

+ (2];\1;“ (sindy —sinéd) +2)(w—1) + (p — 1)0?]

2D 2 4P nax
Seatg\w—1|p_2[(—ﬁ—i—ga)(w—lf—&—( i +2)|w — 1|+ (p — 1)o?]
2D 2 4Pnax _ _
— e (S — 1P (L 9w — 1P (p— D)o w — 1772,
2 M p
Note that (—22 + %5) < 0. Then there exists a constant Kp such that
p. 2D 2 APoax o4 Y
sup =[(——+ -e)v + — """+ (p—1)o“uP™*] < K,,.
S 5(=77 ) U (p—1) | < Ky



4 L. LIU, P. JU, F. WU EJDE-2017/298

This implies

L%

Eeet‘w(t)—”pSE((W—1)2(0))%+A Ke**ds < Elw(0) — 1|7 + - (eat_1)7

which means
—et KP e—t Kp
Elw(t) — 1P < e *'Elw(0) = 1P + —£(1 — ") < E|lw(0) — 1|P + — := M,
€ €

We can claim that for any p > 0 there exists a M, > 0 such that

sup Elw(t) — 1P < M,,.
0<t<o0

The proof is complete. O

3.2. Asymptotic pathwise estimation. Theorem [3.I] shows that the p-th mo-
ment of |w(t) — 1] is boundedness. Now we process to derive some asymptotic
pathwise estimation of |w(¢) — 1| by applying the exponential martingale inequality
and Borel-Cantelli Lemma (see [15]), which shows the solution of how to vary
in R? pathwisely.

Theorem 3.2. For any p > 0 and initial data xo = (Js,1), the global solution
w(t,zo) of system (L.1)) has the property
2 2Pnax 2Pmax)2

. I 2 o
tlirgosupg/o (w(s, Xo) — 1) ds<< ﬁ+ D )

(3.1)

Proof. Let w(t) = w(t; zg) for simplicity. Applying Ité’s formula to w? yields

(w(t) = 1)°
2 ¢ 2D 2
= (w(0) — 1) +/O (f ﬁ(w(s) -1) (3.2)
+ (QJj\r;ax (sinds — sind(s)) + %)(w(s) -+ Uz)ds +M(2).

where M (t) = fot 2(w(s))odB(s) is a continuous local martingale. The quadratic
variation of M(t) is (M(t)) = fot 402 (w(t) — 1)2d(s). For any a € (0, 325) and
every integer k > 1, using the exponential martingale inequality (cf. Mao [15]
Theorem 1.7.4]) we have

P( sup (M(t) - %(M(t))) > élogk) < k=1,2,...

An application of the well-known Borel-Cantelli lemma then yields that for almost
all @ € Q there is a random integer ko = ko(ww) > 1 such that

2
M) < S log k + 0.5a(M (1)), (3.3)
for t € [0, k], k > ko, almost surely. Substituting (3.3]) into (3.2)), we obtain that
(w(t) — 1)
t
2 2
= (w(0) = 1) +/0 (=37 1)+ (

2D ) 2 o, 2
+ =) (w(s)—1)+0o )ds + Zlogk +0.50 [ 40”(w(s) —1)7ds
M [0 0

2Pnax

(sinds — sind(s))
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¢ 2D 2 4P, 2D
< w(0 —|—/ — == 4200 (w(s)—1)" + X sinds + — ) |w(s) — 1
O+ [ (-7; )(w(s) = 1)+ (57 ) lw(s) 1
+a2)ds+élogk,

for t € [0,k],k > ko, almost surely. Setting h(a) = 22 — 2a0?. For any n € (0,1),
we have

@) [ s <w20)+ [ (10 mae)()

4Ppax . 2D 9 2
+ ( U indg + M)|w(s)| +o )ds + alogk.
For almost all w € Q, if £ > ky and k — 1 < ¢t < k, simple computations show that

I 1 ) P2
E/o W < = @O g e

Letting ¢t — oo (k — 00) and a — 0 yields

1 [t 9 P2 Mo?
= d < max .
t/o wi(s)ds < n(1 —n)D? * 2Dn

Setting 7 = 1/(1 + Pmax/+/2P2 + 02M D) yields

. 1t 2 [P2. 02M  PupaM\?2
tll)rgosupg/o (w(s) —1) ds<< D2 + 5D + ) )

The proof is complete. O

2
+ 0%k + = logk).
«

Theorem 3.3. For initial data xg = (ds,1), the global solution w(t;xg) of system
(1.1) has the property

t -1 M
lim sup wt, o) — 1] < ¢

t—o0 \V 10g t - D

Proof. Let w(t) = w(t; zg) for simplicity. Simple computation shows that

D 1 2P, D
_ P, 2 _ < maxy ooy P 2
(0= D((= 1= 1)+ 2P = P))) < 22 1)) - T~ 1)
D Pmax 2 Pmax
< (g~ (W - 1)2 + SR,
et D P P
M=~ @ T

Applying It6 formula and Young inequality (see Mao [15]) to e ~2*9*(w —1)? yields
t
P ft) < 1 = (= 170) + [ €24 o)ds
0
. (3.4)
+ 20/ e M3y —1)(s)dB(s),
0

where M(t) = 20 fot e=2M)3(w — 1)(s)dB(s) is a continuous local martingale with
the quadratic variation

(M (1)) = 407 /O = 1Ms| (4 — 1)(s)[2ds.
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For each integer n > 0, ¢ > 0, v > 0, 6 > 1, the exponential martingale inequality
(see [23, Theorem 7.4 on paged4]) yields

P( sup (M(0)— Z00(0)) > L lognf) < B

, n=12 ...,
0<t<tns1 2 Tn Tn

where t, = ne,v, = ve>"*(9=. Noting that > -, & < oo, by the well-known

Borel-Cantelli lemma, there exists Qy C Q with P(Qg) = 1, such that for any
w € Qp, there exists an integer N(w) such that for all n > N(w) and 0 < ¢ <t 41

n 1
M(t) < 2 (M(t) + — logn’. (3.5)
2 Tn
Setting h(t) = e M9 (w(t) — 1)2, Substituting (3.5) into (3.4), with probability

one, gives,

h(t) — h(0)
2402 _,, b log n’
< e 2M At 4 202%1/ e 22 D5 p(s)ds +
2[A(e)] 0 Tn

2 0 t
< 2b+ o0 672)\(6)(714»1)5 T logn 672)\(6)715 + 20276271/\(6)5 / 672/\(6)Sh(8)d$.
2|A(e)] g 0

Then Gronwall’s inequality implies

2b+ (72 _2) logne _
h(t) < (h(0) + e (e)(n ’1)576 2X(e)ne e 75
( ) ( ( ) 2‘)\(€)| ¥ ) XF(|/\(€)|

Consequently, for almost all w € Qq, if £ > N and ne <t < (n+ 1)e,
(w(t) — 1)
0 2
< ((w(()) _ 1)2672)\(6)15 n logn e~ 2A©)(ne—t) 4 2b+o 672)\(6)((n+1)57t))

2n)\(e)e€72/\(e)t)'

g 2[A(e)]
X ex o’ 2nX(e)e ,—2X(e)t
_ 2 +0% _ _yy , O(logt —loge) _ -
< (w 0) — 1)2e~2MOt 4 22T T —ox(e)((n+1)e—t) 4 TUOBL T 10BE)  —ax(e)(ne t))
=1 ERE] )
xexp( o’ v 2n)\(e)5672)\(e)t).
[A(e)]

We therefore have
(w(t) = 1)* o —oxer L 20T 9% ono(nt1)e—
< 0) —1 € €)((n+1)e—t)
logt < ((w(0) ye " 2|A(e)] ‘
f(logt —loge) o 2M(O)(ne—1)
log ty
Letting ¢t — oo (forcing k — 00) and € — 0 yields
w(t) —1)? 0 oy M oD
(wlt) ~ 1) WM g

li —_— < — .
e T A

o2

—2X(e)(t—ne)
exp ve .
)3 )

Letting 6 — 1, ¢ — 0, and then setting v = % yields

lim su [ () < Me
—= <4/ —o0.
tﬁoop Viogt — D
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The proof is complete. O

3.3. Numerical examples. An stochastic OMIB power system is used in this
paper to study power system dynamics under random excitation. In the OMIB,
the transformer reactance xp, = 0.138 pu and xp, = 0.122 pu; the line reactance
x1 = 0.234 pu; the generator transient reactance z/; = 0.295 pu; the inertia constant
M = 2569.8288 pu; and the damping coefficient D = 2.0 pu. The initial system
power Py = 1.0 pu, Q¢ = 0.2 pu, voltages behind the reactance E’ = 1.41 pu and
rotor angle d;, = 34.46. Per unit system: Sp = 220 MVA, Up(220) = 209 kV.

To conform the analytical results above, we use Heun method (see [II]) to
simulate the solutions of system with given initial value and the parame-
ters. For a certain positive integer K, we have h = T/K, dy = 6(0), wg = w(0),
AB; = B((i + 1)h) — B(ih) ~ vVhN(0,1). The corresponding discretization equa-
tions are

8:52+h(w1—1),

(w;— 1)+ %(sin(&) —sin(4;))) + cAB;,

51'_;,_1 == 51 + 05h(w1 + L:}),

Wit1 = Wy + 05h(( — %(wz — 1) + Pmax (sin(és) — s1n(6,)))

M
D Pmax(sm(as) —sin(é)))) S oAB;, =0, K.

omega(t)/sart(log 1)

FIGURE 2. (top) Stochastic trajectory of %fot w?(s)ds generated
by the Heun scheme for time step h = 278 for (1.1 with o = 0.6
on [0,5000]. (bottom) Stochastic trajectory of \'715:&? generated by

the Heun scheme for time step h = 278 for (1.1)) with o = 0.6 on
[0, 5000].
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4. STOCHASTIC FLUCTUATION

The main aim of this section is to illustrate the fluctuation phenomena. At this
end, we consider two auxiliary stochastic differential equations

D 2Pmax .
dyr = (=7 (01 — 1) + =7~ sindudt + odB(t), (4.1)
y1(0) = w(0).
and D 9p
dys = (=57 (92 = 1) — =7~ sindedt + odB(t), (4.2)

y1(0) = w(0).
1t6’s formula implies

t t
wlt) = e F {uw(0) + / et (2 cin, — sin)) + 2] ds + / eFrodB(s)),
0 0

t t
y (t) = eiﬁt{w(O) —|—/O [6%5(27\;“ sin &5 + %]ds —|—/0 B%SUdB(S)},

b " b, D 2Pnua ‘b
y2(t) = e~ " {w(0) —|—/ em®(— — sin b, ) ds —|—/ e*odB(s)}.
0 M M 0

‘We therefore have that

pa(t) < w(t) < (0. (4.3)
Next we have a well known lemma (see Hasminskii [7, pp. 106-125]). Let z(t)
be a homogeneous Markov process in R™ described by the following stochastic
differential equation:

dz(t) = f(z)dt + g(x)dB(t). (4.4)
the drift coefficients and diffusion coefficients of system are a(z) = f(z),0(x) =
g(z)gT (x) respectively.

Lemma 4.1 ([7]). We assume that there is a bounded open subset G C R:

(i) in the domain G and some neighborhood therefore, the smallest diffusion
matriz g*(z) is bounded away from zero.

(i) If © € R\G, the mean time T at which a path issuing from x reaches the set G
is finite, and Sup,c g\ B2 < +00 for every compact subset K € R.and throughout
this paper we set inf ) = co. Then the Markov process x(t) of system 1s ergodic
and positive recurrent.

Lemma 4.2. The solution process (y1(t)) of system (4.1) and (y2(t)) of system
4.2) are ergodic and positive recurrent.

Proof. Without loss of generality, we only provide the proof for system , the
proof for system is similar. To validate condition (i) and (ii), it suffices to
prove that there exists some neighborhood U and a nonnegative C?-function V
such that o2 is uniformly elliptical in U and £V < —1 for any x € R\ U, (details

refer to [16] p. 400). Applying It6’s formula to V(y1) = y? we have
9D , 4P
gv(yl)**ﬁ%Jr( i

Note from % > 0, that there is a sufficiently large N, such that
LV(p) <=1, VYy|>N; inf Apin(c®) =o® > 0.
lyr|>N

D
sindg + QM)yl + o2
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This immediately implies condition (i) and (ii) in Lemma O

Now, we use the recurrence of (y1(t)) and (y2(¢)) to explain such fluctuation
phenomena. For fixed a; and «s such that a; > ag, Let oy, as denote the higher
and lower levels respectively. Set 7¢ = inf{t > 0 : y;(t) > a1}, 7 = inf{t > 7¢ :
yi(t) < agh,i = 1,2. and 7o = inf{t > 0: w(t) > an},n = inf{t > 79 : w(t) <
ag}. For k > 1,1 = 1,2,..., we define the following sequence of stopping times
recursively

Top = inf{t >y cwi(t) Sask, o =inf{t > 7y yi(t) > an},
Top = Inf{t > o4 w(t) < s}, Thoy =inf{t > ok, tw(t) > o}
For i = 1,2, the strong Markov property and Lemma [£.2] imply
7',i<oo7 k>0 a.s.
For each k > 0, it therefore follows from (4.3)) that
w(ra) < w1 (7ap,) = 1, W(Top41) < Y1 (Tpp1) = 1,
w(r3y,) > ya(3),) = a2, w(3)41) > ya(3)41) = Q.
This implies
7'21k < 7o < 7'22k < oo,7'22k+1 < Topt1 < T21k+1 < oo,k >0.

This means that the higher and lower levels of w(t) occurs, which coincides with
the recurrent phenomena in practice.

5. DISCUSSION ON STATIONARY DISTRIBUTION

The main aim of this section is to discuss the existence of a stationary distribution
of the system (1.1). Letting z = [21, 23] = [§,w — 1], the stochastic OMIB system
(1.1) can be rewritten as the following vector form

dz = f(z)dt + g(x)dB(t), (5.1)
where
10~ B Lo s ) 9= [

and the drift coefficients and diffusion coefficients of system (5.1 are

| o =i =g 2| 63

Let P(t,xo,A) denote the probability measure induced by x (¢, xo); that is,
P(t,xo, A) = P(z(t,z0) € A), A€ B(E"),

a(z) = >
o #(mg) + P'I“V[a" (sinxy — sinds)

where B(E™) is the o-algebra of all the Borel sets A C E™. Now we will show that
the solution process z(t) has a transition density function p(¢, zg, y).

Lemma 5.1. The transition probability measure P(t,xq, A) of system (5.1)) has a
density p(t, zo,y) € C((0,00) x R x R?).
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Proof. Let us now introduce the notation of Lie bracket. If a(x) and b(z) are vector
fields on RY, then the Lie bracket [a, b] is a vector field given by

8bj Baj
la, b]; () Z(akaimk(l’) ’“aTck(x))’] =12,---d
k=1

For SMIB system, simple computation shows that [f,g](z) = [—o, Z2]T. Conse-
quently

—0 0 2

Fal@hat) = |5 o) =-a* 20, (5.4
M

which means that [f, g], g are linearly independent on R2. Thus for every (z1,z2) €
R?, vector [f,g], g span the space R?. In view of Hormander’s Theorem in [1], the
transition probability measure P(¢,xo, A) has a density p(t, zo,y) € C*°((0,00) x
R? x R?). The proof is complete. O

For the stochastic OMIB system (5.1)), the density function p(t,xzo,y) satisfies
the following Fokker-Planck equation (FPE):

Apt,zo,y) _ Ofi(yp(t,zo,y)  Ofa(y)p(t,zo,y) o 9*p(t, o, y)

ot Oy Oya 2 3

The FPE is a two-dimensional parabolic partial differential equation, some
specified initial conditions and boundary conditions are provided by Wang in [25].
If the process x(t,xg) of has a stationary distribution, then its probability
density function ps(y) satisfies the following stationary Fokker-Planck equation

0h(y)ps(y) | 0f2(9)ps(y) _ o* Ops(y)
oy1 Y2 2 Oy;

Now we try to solve the solve the stationary FPE by the detailed balance method,
which was first applied by van Kampen in [22]. This method classify the com-
ponents of the response vector as either odd or even variables, according to the
transformation from z; to Z; upon the time reversal ¢ — —t. The even variables do
not change their signs when time is reversed, whereas the odd variables do. More
detailed information, we refer the reader to [22] and [4].

(5.5)

(5.6)

Lemma 5.2. The stationary Fokker-Planck equation (4.1) has a solution as fol-
lowing.

2D 2 Pmax Pmax
(— 7(% Y sin dy; — 7 cosyl)) (5.7)
Proof. For the second-order differential equations, Risken[I8] showed that the first
variable is always even and the second variable is odd. To obtain conditions of de-
tailed balance we separate each drift coefficient a,(y) into reversible and irreversible
parts. a;(y) = a}(y) + af(y), where

Ps(y1,y2) = Cexp

al() = 5 (a;(0) + Djas (5)), aF(0) = 3 (a5(0) — Dya,(@), G =1,2.

where §; = Ajy;, A; = £1 corresponds to even (+) or odd (—) variables. Since
ps(y1,y2) is nonnegative, it can be expressed in the form

Ps(y1,y2) = Cexp(—p(y1, y2))-
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Then according to [4] equations to determine ¢ are

00 i de
2al(y) — S %k N, 00
Zj: aj(y) Z Ak jzk:"],kayk

Jik

&Lf(y) dp
> : +zj:a ()8yk 0, (5.8)

> loj(y) — A Apojr()] = 0.

It is easy to show that the reversible and irreversible parts of each drift coefficient
of system (5.1)) are

D PmaX . .
ai(y) = 0,af'(y) = y2, aﬁ(y) =—77% all(y) = 22X (sin§ — siny;)
And the corresponding equation (5.8)) of stochastic OMIB (5.1]) is given by

dp 2D &p  2DPa

Oys ~ Mo Y25 =—— o~ MP0? (siny; —sind). (5.9)
Simple computations show that
2D 2 Pmax . Pmax
ps(y1,y2) = Cexp ( T Mo2 (%2 M sin 0y — i COSyl))- (5.10)
where C' is a constant. The proof is complete. O

Obviously, the solution ps(y1, y2) is periodic in y;, which implies that the integral
f R2 Ps(Y1,92)dy1dy2 can not be convergent. As a result, the solution can not be
viewed as a density function on R?. On the other hand, the periodic might provide
another perspective on this topic. Now we state a lemma to indicate the periodic
of the solution process.

Lemma 5.3. Let x(t,x0) = (z1(t,20),x2(t, o)) be the global solution of system
(5.1) with initial data xo = (zo1,x02). Setting xf, = (zo1 + 27, xo2), for any ¢t > 0,
we can claim that

z1(t, xy) — x1(t,x0) = 2w,  xo(t, 2() — xa(t, x9) = 0.

Proof. Tt follows from the periodicity of f(z) with x; that the process (z1(t,zo) +
27, xo(t, o)) is still the solution of system (5.1)).

¢
z1(t, ) = xgy +/ xo(s, xp)ds,
0

K -D Pmax
xo(t, my) = Tho + / (Wﬂcg(s,xg) + 7 (sinz1(s,z() — sin 6))d5 (5.11)
0

+ /01t odB(s),

.%‘1(75 $0)+27T—£L'01+27T+/ Swo
P

2o(t, o) = o2 +/0 (%$2(5,$0) " = (sin(xq (s, o) + 27) (5.12)

_ siné))ds + /Ot odB(s).
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Subtracting (5.11]) from (5.12)) yields
¢
z1(t, ) — 1 (t, 20) — 2 = / (wa(s, z4) — z2(s, To))ds,
0

a(tat) = aaltin) = [ (7 (walonah) = aa(o.a0) + = inan (5. 0)

M M
— sin (21 (s, zo) + 271')))d5.
Simple computations show that
(z1(t,2p) — x1(t, 20) — 2m)2 + (2o(t, ) — x2(t, 20))?

" Pia D : , /
< 0 (MQ +M+1)<(351(5»930)—951(8,330)—277) + (w2(s, xp)

- .’EQ(S,Z’[)))2)dS‘

The well-known Gronwall inequality yields
z1(t,z() = z1(t, o) + 2w, xa(t, 2() = 22(t, 20).

Therefore we get the desired assertion.

By Lemma the state space can be viewed either in planar R? or cylindrical
S x R. The cylindrical space is a more natural space from the physical perspective.
And the process z(t,7¢) = (z1(t,20), ¥2(t, 7)) on planar R? can be mapped as a
process Z(t, z9) = (Z1(t,z0), T2(t, 0)) on cylindrical space S x R, where

Z1(t, o) = z1(t, x0) (mod 27), Za(t, xg) = z2(t, x0). (5.13)
The corresponding stationary Fokker-Planck equation has the form

011 )5s(5) | 0F(@)Ps(5) _ o* 9bs(5) (5.14)

o 0% 2 0y

In this case, we can choose a constant C; such that

. P,
C S ——— e - indsfp — ——x 71) )dg1dig. = 1. (5.15
1/SlxRe><p( MUQ(2 o SOt — cosy1)) y1dij2 (5.15)

That is to say, ps(§) can be seen as a density function on S* x R. Then a interesting
question arise naturally: Is there a stationary distribution to system (5.1 on the
cylinder? To illustrate this topic, let us present a lemma which is essential to the
proof. O

Lemma 5.4 ([I19]). We assume that drift vector a(x) € R™ and diffusion matriz
o(x) of the diffusion process X are continuous on E™ and independent of time t,
and

(i) The diffusion process X has a transition density function p(t,z,y).

(ii) For all x € E™, j,k € 1,2,---.n, the first order partial derivatives of
p(t, z,y) with respect to t; the first order partial derivatives of b;(y)p(t, z,y)
with respect to y;, the second order partial derivatives of o (y(y)p(t, z,y)
with respect to y; and yi, exist and are all continuously differentiable.
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(iii) There exists a function ps(y) from R™ into R satisfying the steady state
Fokker-Planck equation on R™ which can be written for all x in E™ as

iw&zm

=0. 5.16
9yi T2 Oyidy; (5.16)

i=1
with the positivity and normalization condition fE ps(y)dy = 1.

Then the stochastic process X (t) has an invariant measure with ps(y) as its proba-
bility density function.

Obviously, the smoothness of p(t, o, y) can be guaranteed by Lemma and
probability density function can be obtained by detailed balance technique in
Lemma [5.2] Making use of the property of periodicity, we can claim that the
corresponding probability density function p(t, zg,§) of process Z(t,zq) is also suf-
ficiently smooth on cylindrical space. and the stationary Fokker-Planck equation
of process Z(t,z() has the following solution on cylindrical space

2D g% Pmax Pmax

MO,Q(?_ i sin 0541 — cosyl)). (5.17)

where C is the normalizing constant. Hence, a simple application of the Lemma
implies the main result of this subsection.

Ds(F1,Y2) = Crexp ( -

Theorem 5.5. For zo = (Js,1) € S* x R, the process Z(t,x9) on S' x R has a
stationary distribution.

Remark 5.6. Denote by u(-) the stationary distribution of the process Z(¢,xzg)
and (¢1,92) be the random variable to which Z(¢,z¢) converges in distribution.
The proof of Theorem implies that the probability density function of g, is

~ 2DPhax , . . - -
p1(71) = Coexp (ﬁ(sméyl + cos y1)>, g1 € [—m, ), (5.18)
o
where Cs is the normalizing constant. The distribution of s is just the normal
distribution with its probability density function
2D

(1) = ————exp (— g
P2ty MII 9 P Mo2* 2
\/po

)), —00 < Yo < 00.

Conclusion. In this paper, we have investigated the asymptotic behavior of the
stochastic OMIB systems. Firstly, utilizing stochastic analysis techniques, the as-
ymptotic bound properties of pth moment and asymptotic pathwise estimation of
the stochastic OMIB systems have been researched. Secondly, by ergodic property
and the strong Markov property, higher and lower rotor speed levels appear infin-
itely, which may give a good explanation of the fluctuation phenomena. Finally,
the existence of stationary distribution on cylinder has been derived by periodicity
and some analysis analysis techniques.
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