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ABSTRACT. In this article, we consider the p-Kirchhoff type problem
(1 + )\/ |VulP + )\b/ |u|p)(—Apu T bjulP2u) = f(u),z € RV,
RN RN

where A > 0, the nonlinearity f can reach critical growth. Without the
Ambrosetti-Robinowitz condition or the monotonicity condition on f, we prove
the existence of positive solutions for the p-Kirchhoff type problem. In addi-
tion, we also study the asymptotic behavior of the solutions with respect to
the parameter A — 0.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this article, we study the p-Kirchhoff type problem
(Laa [ 1vup b [ ) (-t b e = fw) inRY, (L)
RN RN

where b, A > 0, Apu := div(|Vu[P72Vu) with 1 < p < N and the nonlinearity f
may be critical. Problem (1.1) with p = 2 reduces to the Kirchhoff type problem

(1+A4NmmP+A54Nmﬁx—Au+mo=fm)inRN (1.2)

In the previous decades, the Kirchhoff type problem (|1.2)) has been object of inten-
sive research as its strong relevance in applications. From a physical point of view,
problem (1.2)) on bounded domain © C R¥ is related to the stationary analogue of
the equation

0%u P E [t ou 0%u
pos — (4o [ 1521Pde) 55 =0, (1.3)
ot h 2L J, 'Oz ox

which is proposed by Kirchhoff in [I0] as an existence of the classical D’Alembert’s
wave equations for free vibration of elastic strings. After Lions [12] introduced a
functional analysis approach to equation (1.3)), he gave the equation

Upt — (a+b/ |Vul|? dx)Au = f(z,u), z€Q, u=0,z¢cdN (1.4)
Q
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When Kirchhoff’s model takes into account the change of the string length caused
by oscillations, u represents the displacement, f(x,u) denotes the external force,
b is the initial tension while a is related to the intrinsic properties of the string,
such as Young’s modulus. Moreover, problem on bounded domain appears
in many mathematical biological contexts. In [I], Kirchhoff type problem models
some biological systems, where u describes a process which depends on the average
of itself, such as population density.

In recent years, Kirchhoff type problems on RY have been studied widely by the
variational methods and results can be seen in [9, 111 13} 14]. Especially, in [11], Li
et al. considered problem under the following conditions

(A1) f e O(Ry,Ry) and |f(t)] < Cy(|t| + [t|P~1) for t > 0 and some p € (2,2*);

(A2) limyq f(t)/t = 0;

(A3) limy_,o sup f(t)/t = 0.

Theorem 1.1 (see[ll]). Assume that N > 3 and (A1)-(A3) hold. Then there
exists Ao > 0 such that for any \ € [0, \o], problem (1.2) has at least one positive
solution.

Subsequently, Liu, Liao and Tang [I4] studied problem under some weaker
conditions than the ones in [I1I]. In [T}, 14], the authors only considered problem
with subcritical growth. For the p-Kirchhoff type problem (L.I), there are
also many results, see for example [2, Bl [6l 8]. Autuori, Colasuonno and Pucci
[2] obtained two nontrivial solutions of possibly degenerate nonlinear eigenvalue
problems involving the p-poly-harmonic Kirchhoff operator in bounded domains.
Using the Nehari manifold method, Chen and Zhu [6] obtained positive solutions
to the problem

[a—i—)\(/ (|Vu\p+b|u|”)dx)T} (—Apu+blulP~2u) = |u|™ 2u+ plu|%u, € RY.
RN

For fractional p-Kirchhoff problems, we refer to [I8] and the references therein.

The papers cited above were all focused on p-Kirchhoff type problem with sub-
critical growth. Many of them need usual compactness conditions. Compared
to p-Kirchhoff problems with subcritical growth, there are few results in term of
p-Kirchhoff type problem involving critical growth. In [I9], the author only consid-
ered the p-Kirchhoff type problem with specified critical growth term, not involving
general critical growth. To the best of our knowledge, without usual compactness
condition, there are few results conducted on problem with general nonlinear-
ity f reaching critical growth.

Main results. In this article, we study p-Kirchhoff type problem with critical
growth. Throughout the paper, f € C(Ry,R;) with Ry = [0,400) and satisfies

(A4) lim, o f(s)/sP~1 = 0;

(A5) lim,_o sup f(s)/s? ~' < 1, where p* = Np/(N — p);

(A6) There are a > 0 and ¢ € (p, p*) such that f(s) > as?™! for all s > 0.

Condition (A5) implies that f has a critical growth at infinity and the limit of
f(s)/sP"~1 at 400 is not necessary to exist.

Let S and Cy denote the best constants of Sobolev embeddings D'P(RY) «—
LP" (RN) and WHP(RY) < L*(RN), namely,

«\P/P*
S(/ |ul? )p ’ §/ |VulP  for all u € DVP(RY),
RN RN
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p/s
c, (/ |u3> < / (IVul? + buf?) for all u € WP(RY),
RN RN
Our main results read as follows.

Theorem 1.2. Assume (A4)—(A6) hold. Then there exists \* > 0 such that, for
any A € (0,\*), problem (L.1) possesses a nontrivial positive radial solution wuy,

provided that
a-pP
o 875y 01 (X2
! P q

Theorem 1.3. Assume (A4)-(AG) hold. As X — 0, {ur} converges to u in
WEP(RN) (necessarily along a subsequence), where u is a ground state solution

of

—Apu + bulP~2u = f(u) in RY.

For p = 2 in Theorem Li et al. [TIT] and Liu et al. [I4] considered problem
, but they only studied Kirchhoff type problem with the general nonlin-
earity involving subcritical growth. Theorem is concerned with a nonlinearity
f reaching critical growth, which makes the problem much more complicated.

Main difficulties and ideas. To prove our results by variational methods, the
difficulties are two-fold. The first difficulty is due to the appearance of [; (|Vul? +
blulP), which implies that is no longer a pointwise identity. Namely, such
a phenomenon causes some mathematical difficulties. The second difficulty lies in
obtaining the boundedness of the Palais-Smale sequence (in short (PS) sequence) to
the energy functional without usual Ambrosetti-Rabinowtiz condition. To overcome
these difficulties, we adopt a local deformation argument from Byeon and Jeanjean
[] to obtain a bounded (PS) sequence. Then we use similar ideas in [2I] to make
a crucial modification on the min-max value as the presence of nonlocal term.

The rest of this is organized as follows. Section 2 is devoted to the limit problem.
In Section 3, we define a min-max level and construct a bounded (PS) sequence.
Finally, we give the proof of Theorem
Notation

o [lulls := ( Jan |u|5)1/S for s € [1,00) and u € L*(RY).

e Let WHP(RY) be the Sobolev space equipped with the norm

fulli= ([ 09+ ar)) "
and WHP(RYN) = {u € WLP(RY) : u(z) = u(|z])}.
2. LIMIT PROBLEM
When A = 0, problem reduces to the problem
— Apu+bulP2u = f(u) in RV, (2.1)

which is called the limit problem of problem . For A > 0 small, we may view
the problem as a corresponding perturbation problem to . In general, if
problem is well-behaved, then we may expect that the perturbed problem
possesses a solution in some neighborhood of solutions to problem . Indeed,
the idea plays a critical role in establishing the existence of positive solutions to

problem (1.1).
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J(u) = %AN(|Vu\p+b|u|p) - /]RN F(u), u € WHP(RY),

where F(t) = fot f(s)ds and the mountain pass value m := inf, cr maxo<i<1 J(7(t)),
where

I = {y € C([0, 1], W;""(RY)) : 7(0) = 0, J((1)) < 0}.

J. Zhang et al. [20] show that m is the least energy of problem and can be
achieved by a radially symmetric function. Let W, denotes the set of positive
ground state solutions U of satisfying U(0) = max,cgpn U(z). Then, W, C
WEP(RN) and W,. # 0.

Lemma 2.1 ([20]). Under the assumptions in Theorem W, is compact in
Whp(RN).

3. PROOF OF MAIN RESULTS

Since we only seek positive solutions of problem (|1.1)), we may assume f(s) =0
for all s < 0. In addition, we work in WP (RY) because problem (1.1 is au-
tonomous. Define

1 A
Py (u) = —|jul|P + — u2p—/ F(u), ue WHP(RN).
A(u) p|| | 2pH | - (u) (R™)
By (A4)-(A6), @) € CL(WHP(RY),R) and for all u,v € WHP(RY),

(@4w.0) = @+ Aul?) [ (VaP Ve Totdal )~ [ s
RN RN
It is standard to verify that the critical points of ®) are weak solutions of (1.1)).

Minimax level. Set Wy(z) = W(xz/t), W € W,, by the Pohoziev identity, we

have
1 bW |P

J(Wy) = ftN—p/ |VW|p—tN/ (F(W) - Q)

p RN RN p

1 N -

- (ftN—P - JtN)/ VWP,

p Np RN

It is clear that J(W;) — —o0 as t — oo and J(Wy«) < —3 for some t* > 1. Let
Ay = maxyejo -] PA(W;). By

/ [VWI|P = Nm,
RN

we know

lim Ay = li J(Wy) =m.
A = I g 0T =

To get a uniformly bounded set of the mountain pathes, we have the following

result.

Lemma 3.1. There exist A* > 0 and Cy > 0, such that for any A € (0,A\*),
Dy\(Wi) < =3, |[Wi|| < Cq, t € (0,t*] and ||W]| < Cs for any W € W,.
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Proof. For any W € W, by Lemma [2.1] there exists C3 > 0 such that [|[W|| < Cs
and

WP = tN =P VW D + bt W17
< (VTP o) WP
< (NP o(t)V)CE.

Let Cy = max{Cs, (t*)V=? 4+ b(t*)N)/PC3}, then |[Wy| < Co, t € (0,t*]. In
addition,

A A
Dy(Wye) = J (W) + %Hwﬂ W< J(We) + %cgp.
By J(W;+) < —3, there exists \* > 0 such that ®,(W-) < =3 for A € (0,2*). O

Next, we define a minmax value By given by By = inf,er, max,ejo+-] PA(7(s))
where

Ty = {7 € C([0,#*], W,\P(RM)) : 4(0) = 0,~(t") = W,
It is clear that Ty # () and By < A, for A € (0, \*).

(Ol < C2 + 2}

Lemma 3.2. By —m as A\ — 0.

Proof. Obviously, By < Ay — m as A — 0. Notice that ®,(u) > J(u) for u €
WEP(RY) and for any v € T'y,7(-) = v(t*) € T. Thus, By > m. So, limy_o By =
m. [l

For ¢,d > 0, set
S ={uec WHPRN): &y (u) < ¢},
W= {ueWRN): inf |u—v|<d}.
veEW,

Clearly, W? # () for all d > 0. In the following, we look for a solution u € W¢ of
problem for A > 0 small enough.
Lemma 3.3. There exist C' > 0 and A, > 0 such that for any X\ € (0,\.) and
W e & N (WAWY2), we have || (W)| > C', provided that

0 < d < min{1, (Nm)"/?, i(%sp*/fﬂ)ﬁ}. (3.1)

Proof. Tt suffices to prove that for d small with (3.1) and any {W),} ¢ W< with
hm (I))\I(W)\l) § m,

Jim [ @) (W),)

| =0,

there exists Wy € W, such that Wy, — Wy in W,'P(RY), where lim; o \; = 0.
For convenience, we replace \; by A. Because W) € We Wy = uy + vy, where
uy € W, and vy € WEP(RYN), such that uy — wug strongly in WP (RY), vy — v
weakly in WP(RM) and vy — vg a.e. in RV, Set Wy = ug + v, then Wy € W
and Wy — Wy weakly in WLP(RY). From limy_ o [|®4(W))|| = 0, we get that
J'(Wy) —0as A — 0. So J'(Wy) = 0. We claim that Wy # 0. On the contrary, if
Wy =0, then |ug|| = ||vo]| < d. By the Pohozaev identity and uy € W,., we obtain
that |[Vuoll, = (Nm)YP. However, by (3.1, [|[Vuoll, < [Juoll < d < (Nm)'/.
This is a contradiction. So Wy # 0 and J(Wy) > m. Moreover, by [3, Theorem



6 H. ZHANG, B. LIN EJDE-2018/89
2.1](also[I5, Lemma 2.8]) and its remark, since W) satisfies J'(Wy) = o(1), we
know VW, — V¥, a. e. in RY. Then, we have as A — 0,

DA(WA) = J(Wy) +o(1) = J(Wo) + J(Wx = Wo) + o(1).

Thus J(Wy — Wy) < o(1). Together with the Sobolev’s embedding D'P(RV) «—
LP" (RYN), by (A4)-(A6), we have

Wy — WollP/2p < [Wx — Wollb /p* < S [V (W — Wo)|E" /p*.

1

If |Wyx —Wo|l /& 0 as A — 0, then ||IWWy — Wy > (%sp*/p)fd**v. On the other hand,

1

1 p*
[Wx = Woll < flux = uoll + [luall + llvoll < o(1) +2d < 5(%31’ /Py

This is a contradiction. Thus, Wy — W, strongly in W}P(RY). The proof is
completed. 0

Lemma 3.4. Assume there exists Cy > 0, for small A > 0 such that ®x(y(s)) >
By — Cy. Then v(s) € W2, where v(s) = W(-/s), s € (0,t*].

Proof. Tt follows from the Pohozaev’s identity that for s € (0, t*],
1 N—p
P sz—p—iN/ VWP +o(\) =J A).
A(s) = (s vy o) [ W o) = Tr(s) + o)

Noting that m = maxge (o, J(v(s)) = J(7(1)), for C5 > 0 small, y(s) = W(-/s) €
W42 for |s — 1| < Cs. Since By — m as A — 0, there exists Cy > 0, for A > 0
small enough, such that ®,(y(s)) > By — Cy4. Furthermore, |s — 1| < Cy and
v(s) € W42, O

Next, we use the local deformation argument to get a bounded (PS) sequence.

Lemma 3.5. For A > 0 small, there exists a sequence {u,} C &3> N W with
lim,, 00 4 (uy,) — 0.

Proof. Assume by contradiction, there is G(A) > 0 such that |®)(u)| > B(N),
u € &> N W for some small A > 0. Similar arguments in [I7] show that
there exists a pseudo-gradient vector field ¥y in WP(RY) on a neighborhood
D) of @f* N W9 such that ||@x(u)| < 2min{l,|®)(u)|} and (P} (u), ¥x(u)) >
min{1, |®} (u)|}|®} (u)|. Denote &, be a Lipschitz continuous function on WP (RY)
such that 0, € [0, 1] and

5 (1) 1, ue@f*ﬁWd
u) =
A 0, ue WhP(RN)\D,.

Define &) be a Lipschitz continuous function on R such that & € [0, 1] and

1, |t— By <C4/2,
t =
o {0, |t — Bal > Ca,

where Cy is given in Lemma [3.4] Set

Ex(u) = —0A (W (Pa(u)) WA (u), u€ Dy,
e we WEP(RN)\ Dy,
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Then, the initial-value problem

%Y)\(u, t) = Ex(Ya(u, 1)),
Y (u,0) = u,

admits a unique global solution Yy : WIP(RY) x Ry — W,LP(RY) which satisfies
(i) Ya(u,t) =u,if t =0o0r u € Dy or |Px(u) — Bx| > Cy;

(i) | 4Y5(0,0)] < 2, for (u,1) € WEP(RY) x Ry

(iii) £ ®x(Ya(u,t)) <0.
As in [7], we get that for any s € (0,¢*], there is t; > 0 such that Y)(y(s),ts) €
O, where y(s) = W(-/s), s € (0,7]. Let 70(s) = Ya(y(s), t.(s)), where
t«(s) =inf{t > 0, Ya(y(s),t) € @f*fc“/z}. Then we can prove that o(s) is contin-
uous in [0, ¢*] and [|y0(s)|| < C2+2. Therefore, 7o € T'x with max;c(g+) Pa(70()) <
By — C4/2, which contradicts the definition of Bj. O

Proof of Theorem[I.3 For fixed d > 0 small which satisfies d < SN/?"Q/S, by
Lemma there exist \* > 0 with A € (0,\*) and {u,} C ®{* N W such
that ®(u,) < Ay, ®)\(u,) — 0 as n — oco. We may assume lim, o [|[u,||P =
K < (d+sup,cy, ||u||)p and u,, — uy weakly in WP(RY), then by [I7, Corollary
1.26], up to a subsequence, u,, — uy strongly in L{(RY), ¢ € (p, p*) and a. e. in RV,
Since u,, € W9, there exist U,, € W, and w,, € W,"P(RY) such that u,, = U, +w,
and |lwy,|| < d. By Lemma for some U € W,., U,, — U strongly in WP (RV).
Let v, = upn, — uy, then |jv,|| < 3d for n large.

Step 1. For any 0 > 1, up to a subsequence, it holds

n)Un > 0 np* n .
|t < [ s+ [ o+ ont)

Obviously, there exists so > 1 such that f(s) < dsP” for all s > syg. Choose
x(s) € C(R) such that x(s) = 0 if s < 1, x(s) = f(s)/s?" if s > 5o and x(s) € [0, d]
for any s € R. Let g(s) = f(s) — x(s)s?",s > 0, then lim,_ ¢+ g(s)/s?~' — 0 and
lim,_ 400 g(5)/s?" — 0. It follows from the compactness lemma of Strauss[I6] that

/RN 9(tn Jin = /RN g(ux)ux + o, (1).

Meanwhile, similar to Brezis-Lieb Lemma [I7, Lemma 1.32], we have

/RN X (un) | [P = /]RN X (un)|on [P + /RN xu)ualP™ + o (1).

Therefore,
flunyun = [ gty + [ )
RN RN RN
= Jux)ux Jr/ X(un)|vn‘p* +on(1)
RN RN

<[ Flur)us+o / [onl?” + 0n(1).
]RN

RN
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Step 2. We show that u, — uy strongly in D*?(R™) as n — oo. In fact, uy
satisfies

(1 + X&) (—Apu + blu|P~2u) = f(u), ue WHP(RN).
Similar as that in Lemma Vu, — Vuy a. e. in RN as n — co. It follows from
the Brezis-Lieb Lemma that

[unll? = lloall” + luall” 4 o(1).
By Step 1 and (@) (up), un) — 0, we have

(HM)(IIvnII”HIUAII”)S/ f(uA)uAM/ [val?” + 0n(1).
RN RN
Since
(14 3 ua]]? = / Flun)un,
RN
we have
(14 A5)|Jvn]? < 5/ [onlP” 4 on(1).
]RN

If || Vug|lp # 0 as n — oo, then it follows from Sobolev’s embedding that
IVl <5 [ oal” + 00 (1) < 8577 V0, [ + 0,(1),

which implies
« . \1/(P"—p)
im i —1lgp*/p
hnrr_l)gf Vgl > (5 S ) )
Then
2
lim inf ||V, ||, > SV/P°,

which is impossible since d < SV/?° /3. Thus, [Vu,ll, — 0 as n — oo.

Step 3. u, — uy strongly in W1P(RY). In fact, by Step 2, we have
(14 A6)(=Apux + blurlP"?un) = f(un), ux € WHP(RY).

By Step 1, f(un)u, — f(ux)uy strongly in L'(RY). Thus, by (D4 (un), up) — 0,
we get

(Al = [ )+ o)

_ /RN Flun)us + on(1)
= (L + Ar)[[uxl|? + on(1).

So, ||lun|| — |luall as n — oo. Therefore, u,, — uy strongly in WP (RY), which
implies that ®) (ux) =0 and uy € Q)f* N W, For d small enough, uy # 0. O

Proof of Theorem[I.3 For A > 0 small enough, problem admits a positive
solution uy with uy € @f* NW4. That is, uy € W% and @) (uy) = 0, ®x(uy) < Ay.
Obviously, {uy} is bounded in WP (RY). Up to a subsequence, we assume that
for some u € WIP(RY), uy — u weakly in WHP(RY), strongly in L!(RY) for
t € (p,p*) and a. e. in RY as A\ — 0. Similar to Theorem for d < SN/P° /3
given and small, u #Z 0 and uy — u strongly in W'P(RY) as A\ — 0. It implies
that u € W< and J'(u) = 0, J(u) < limy_o Ay = m. Since m is the least energy
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of problem (2.1), J(u) > m. It follows that J(u) = m, i. e. u is a ground state
solution of problem (2.1]). The proof is complete. ([
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