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CONTINUOUS IMBEDDING IN MUSIELAK SPACES WITH AN
APPLICATION TO ANISOTROPIC NONLINEAR
NEUMANN PROBLEMS

AHMED YOUSSFI, MOHAMED MAHMOUD OULD KHATRI

ABSTRACT. We prove a continuous embedding that allows us to obtain a
boundary trace imbedding result for anisotropic Musielak-Orlicz spaces, which
we then apply to obtain an existence result for Neumann problems with non-
linearities on the boundary associated to some anisotropic nonlinear elliptic
equations in Musielak-Orlicz spaces constructed from Musielak-Orlicz func-
tions on which and on their conjugates we do not assume the As-condition.
The uniqueness of weak solutions is also studied.

1. INTRODUCTION

Let € be an open bounded subset of RY, (N > 2). We denote by ¢ : Q x Rt —
R¥ the vector function qg = (¢1,...,¢n) where for every i € {1,...,N}, ¢; is a
Musielak-Orlicz function differentiable with respect to its second argument whose
complementary Musielak-Orlicz function is denoted by ¢} (see preliminaries). We
consider the problem

N
— Z@wiai(x, O, 1) + () omax (2, |u(x)]) = f(z,u) in Q,

i=1
uz0 inQ, (1.1)
N
S a0 = gla.u) on 00,
i=1
where 05, = % and for every i = 1,..., N, we denote by v; the it component

of the outer normal unit vector and a; : 2 xR — R is a Carathéodory function
such that there exist a locally integrable Musielak-Orlicz function (see definition
below) P; : Q x RT — R with P; < ¢;, a positive constant ¢; and a nonnegative
function d; € Eyx(€2) satisfying for all s, ¢+ € R and for almost every z €  the
following assumptions

|ai(x,5)] < ei(di(z) + (¢7) " (x, Pi(x, ), (1.2)
iz, |s]) < ai(x, 8)s < Ai(x, s), (1.3)
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(ai(z,s) —ai(z,t)) - (s —t) >0, for all s #t, (1.4)
the function A; : Q x R — R is defined by

Ai(z,s) = / a;(z,t)dt.
0
Here and in what follows, we define

Pmin (T, 8) = ,in ¢i(x,s) and  Gmax(z,s) = max ¢i(x,s).

i=1,...,

Let omax(z,y) = 3%“;" (z,y). We also assume that there exist a locally integrable

Musielak-Orlicz function R : Q x RT — Rt with R < ¢max and a nonnegative
function D € Ey: (Q), such that for all s, ¢ € R and for almost every z € €,

|mas(@, 5)| < D(2) + ($hax) (2, R(2, 9)), (1.5)
where ¢}, stands for the complementary function of ¢y, defined below in (2.1).
As regards the data, we suppose that f : Q@ x Rt — R* and ¢g : 9Q x Rt — Rt
are Carathéodory functions. We define the antiderivatives F' : @ x R — R and
G:00 xR — R of fand g respectively by

F(x,s):/osf(x,t)dt, G(x,s):/osg(a:,t)dt.

We say that a Musielak-Orlicz function ¢ satisfies the As-condition, if there exists
a positive constant k > 0 and a nonnegative function h € L'(Q) such that

o(z,2t) < ko(z,t) + h(x).

Remark that the condition (Aj) is equivalent to the following condition: for all
« > 1 there exists a positive constant k£ > 0 and a nonnegative function h € L'(Q)
such that

bz, at) < ko(z,t) + h(z).

We assume now that there exist two positive constants k1 and ks and two locally
integrable Musielak-Orlicz functions M and H : Q x Rt — RT satisfying the A,-
condition and differentiable with respect to their second arguments with M < ¢%%,,

H < ¢ and H < ¥y, such that the functions f and g satisfy for all s € Ry

the follglvlvring assumptions
If(z,9)] < kim(z,s), for a.e. x € Q, (1.6)
lg(z, s)| < kah(z,s), for a.e. x € OQ, (1.7)
where
- & OM(z,s
duinl,0) = (@530 .0)) L (e, = PHE)
§ (1.8)
Wz, s) = OH(z, s)
T 0s

Finally, for the function b involved in (1.1]), we assume that there exists a constant
by > 0 such that b satisfies the hypothesis

be L*°(Q) and b(x) > by, or ae. x € . (1.9)
Observe that (1.4) and the relation a;(x,({) = V¢A;(z, () imply in particular that
for any ¢ = 1,..., N, the function { — A4;(-, () is convex.

Let us put ourselves in the particular case of (5 = (¢i)ieq1,...,n} Where for i €
{1,...,N}, ¢i(z,t) = |t|P*®) with p; € C(Q) = {h € C(Q) : infpeq h(z) > 1}.
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Defining pmax () = max;eqi,.. vy pi(®) and puin(z) = min;eqy,. Ny pi(z), one has
Gmax(x,t) = [t[PM®) and then @uax(z,t) = pas(x)[t[P @) =2¢ where pas is Pprmax
OF Pmin according to whether [¢| > 1 or |¢| < 1 and then the space WlLd;(Q) is
nothing but the anisotropic space with variable exponent W1?()(Q), where p(-) =
(p1()s-..,pn () (see [7] for more details on this space). Therefore, the problem

(1.1) can be rewritten as

N
— Z@ziai(x,(?xiu) + bl(x)\u|pM(””)_2u = f(z,u) in Q,
i=1
u>0 in Q, (1.10)

N
Zai(x,amiu)ui =g(z,u) on N,
i=1

where b1 (z) = pp(z)b(x). Boureanu and Radulescu [2] have proved the existence
and uniqueness of the weak solution of . They prove an imbedding and a
trace results which they use together with a classical minimization existence result
for functional reflexive framework (see [22, Theorem 1.2]). Problem with
Dirichlet boundary condition and b;(x) = 0 was treated in [I5]. The authors
proved that if f(-,u) = f(-) € L=(f) then admits a unique solution by using
[22, Theorem 1.2]. The problem with foralli=1,...,N

a;(z,s) = a(xz,s) = sP@)—1

with p € C1(Q2) and b; = g = 0 was treated in [12], where the authors proved the
three nontrivial smooth solutions, two of which have constant sign (one positive, the
other negative). In connection with Neumann problems, the authors [2I] studied
the problem

—diva(Vu(2)) + (((2) + Nu(z)P" = f(z,u(z)) inQ,
% =0 on 02 (1.11)

u>0, A>0,1<p<+o0,

where the function a : RV — R¥ is strictly monotone, continuous and satisfies
certain other regularity and growth conditions. The function ¢ involved in
changes its sign and is such that ¢ € L>(Q). The reaction term f(z,z) is a
Carathéodory function. They proved the existence of a critical parameter value
As > 0 such that if A > A, problem has at least two positive solutions, if
A= has at least a positive solution and if A € (0, \.) problem has
no positive solution.

Let us mention some related results in the framework of Orlicz-Sobolev spaces.
Le and Schmitt [I7] proved an existence result for the boundary value problem

—div(A(|Vu[*)Vu) + F(z,u) =0, in Q,
u=0 on 01,
in Wi Ls(Q) where ¢(s) = A(|s|*)s and F is a Carathéodory function satisfying
some growth conditions. This result extends the one obtained in [I1] with F(z,u) =

—Ap(u), where ¢ is an odd increasing homeomorphism of R onto R. In [IT], 17] the
authors assume that the N-function ¢* complementary to the N-function ¢ satisfies
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the Ay condition, which is used to prove that the functional u — [, ®(|Vul|) dz is
coercive and of class C!, where ® is the antiderivative of ¢ vanishing at the origin.

Here we are interested in proving the existence and uniqueness of the weak
solutions for problem without any additional condition on the Musielak-Orlicz
function ¢; or its complementary ¢; for ¢ = 1,..., N. Therefore, the resulting
Musielak-Orlicz spaces Lg, (€2) are neither reflexive nor separable and thus classical
existence results can not be applied.

The approach we use consists in proving first a continuous imbedding and a
trace result which we then apply to solve the problem . The results we prove
extend to the anisotropic Musielak-Orlicz-Sobolev spaces the continuous imbedding
obtained in [6] under some extra conditions and the trace result proved in [I8]. The
imbedding result we obtain extends to Musielak spaces a part of the one obtained in
[19] in the anisotropic case and that of Fan [9] in the isotropic case (see Remark[3.2).
In the variable exponent Sobolev space W1P(#)(Q) where 1 < p; = sup,cq p(z) <
N, other imbedding results can be found for instance in [3, 4 [I6] while the case
1 <p_ <p; < N was investigated in [13].

To the best of our knowledge, the trace result we obtain here is new and does
not exist in the literature. The main difficulty we found when we deal with problem
is the coercivity of the energy functional. We overcome this by using both
our continuous imbedding and trace results. Then we prove the boundedness of
a minimization sequence and by a compactness argument, we are led to obtain a
minimizer which is a weak solution of problem .

Definition 1.1. Let 2 be an open subset of RY, (N > 2). We say that a Musielak-
Orlicz function ¢ is locally-integrable, if for every compact subset K of 2 and every
constant ¢ > 0, we have

/ ¢(z,c) de < oo.
K

The article is organized as follows: Section [2] contains some definitions. In Sec-
tion 3] we give and prove our main results, which we then apply in Section {4 to
solve problem . In the last section we give an appendix which contains some
important lemmas that are necessary for the accomplishment of the proofs of the
results.

2. PRELIMINARIES

2.1. Anisotropic Musielak-Orlicz-Sobolev spaces. Let 2 be an open subset
of RV, A real function ¢ : Q x Rt — Rt will be called a Musielak-Orlicz function
if it satisfies the following conditions

(i) ¢(-,t) is a measurable function on €.

(ii) ¢(=x,-) is an N-function, that is a convex nondecreasing function with
d(x,t) = 0 if only if ¢ = 0, ¢(z,t) > 0 for all ¢ > 0 and for almost ev-

ery x € €,
t t
lim $(z,?) =0 and lim inf m = 4-00.
t—0+ ¢t t—+oozeQ t

We will extend these Musielak-Orlicz functions into even functions on all 2 x R.
The complementary function ¢* of the Musilek-Orlicz function ¢ is defined by

o (z,8) = igg{st —o(z,t)}. (2.1)
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It can be checked that ¢* is also a Musielak-Orlicz function (see [20]). Moreover,
for every t, s > 0 and a.e. z € 2 we have the so-called Young inequality (see [20])

ts < oz, t) + ¢*(x, s).
For any function i : R — R the second complementary function h** = (h*)* (cf.
(2.1)), is convex and satisfies
B (2) < h(z), (2.2)
with equality when h is convex. Roughly speaking, h** is a convex envelope of h,
that is the biggest convex function smaller or equal to h.

Let ¢ and ¥ be two Musielak-Orlicz functions. We say that 1 grows essentially
more slowly than ¢, denote ¢ < ¢, if

lim su w(;z:,t) =0,
t—=+oo m’GQ o(z,ct)

for every constant ¢ > 0 and for almost every z € 2. We point out that if ¢ :
Q x Rt — R7 is locally integrable then 1) < ¢ implies that for all ¢ > 0 there
exists a nonnegative function h € L*(Q) such that

U(x,t) < ¢(x,ct) + h(z), forallt € R and for a.e. z € Q.
The Musielak-Orlicz space Ly(€2) is defined by

Ly(Q) = {u :  — R measurable : / ¢<m, T) < +oo for some A\ > 0}.

Q
Endowed with the so-called Luxemborg norm

||u||¢:inf{)\>0:/ﬂ¢(m7u(>\x)) dacgl}7

(Ly(Q), - ll¢) is a Banach space. Observe that since limy_, 4 infzeco M =400
and if Q has finite measure then we have the following continuous imbedding
Ly(Q) — LY(Q). (2.3)

We will also use the space

(i)(am @) < 400 for all A > O}.

Observe that for every u € Ly () the following inequality holds
fullo < | o uta)) da+1. (2.4)

For two complementary Musielak-Orlicz functions ¢ and ¢*, Holder’s inequality
(see [20])

E4(Q) = {u : @ — R measurable : /Q

[ lutayota) o < 2ulolol (25)
holds for every u € Ls(£2) and v € Ly« (£2). Define ¢*~! for every s > 0 by
¢* Nz, s) = sup{r > 0: ¢*(z,7) < s}.
Then, for almost every x € ) and for every s € R we have
¢*(x, 0" H(z,5)) < s,
s < ¢ M, 8)p H(x, 5) < 2s, (2.7)
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9p(z, s)
0s

Definition 2.1. Let ¢ : Q@ x Ry — RY be the vector function ¢ = (1, ..., dn)
where for every i € {1,..., N}, ¢; is a Musielak-Orlicz function. We define the
anisotropic Musielak-Orlicz-Sobolev space by

b(z,5) < s < 6(z,25). (2.8)

WL5(Q) = {“ € Ly, (Q); Opu e Ly (Q) foralli=1,-- N}

By the continuous imbedding (2.3]), we obtain that W1!L 5(€) is a Banach space
with respect to the following norm

N
lallwz2) = Ntllgune + D 10s,ulls..

i=1

Moreover, we have the continuous embedding WlLd;(Q) — WhH(Q).

3. MAIN RESULTS

In this section we prove an imbedding theorem and a trace result. Let us assume
the conditions

1 sk \—1 +oo s \—1
/ Mdt < 400 and / Mdt = +o0, Vre .
0 1

% i+
(3.1)
Thus, we define the Sobolev conjugate (4%«
S *k —1 t .
(o )i (z,8) = / Mda for x € Q and s € [0, +00). (3.2)
0 ttw
It may readily be checked that (¢}%,)« is a Musielak-Orlicz function. We assume
that there exist two positive constants v < % and ¢y > 0 such that
a( ;krikin)* < *k s’k 1+v
Rmin) 1, 0)| < co[ B+ (0.1) + (G5)e@ 0], (33)

for all t € R and for almost every z € €, provided that for every i = 1,..., N the
toativn O @min)s ;
derivative =gain>= (1) exists.

3.1. Imbedding theorem.

Theorem 3.1. Let Q be an open bounded subset of RN, (N > 2), with the cone
property. Assume that (3.1) and (3.3)) are fulfilled, (¢5%,)«(-,t) is Lipschitz contin-
uous on Q and ¢max is locally integrable. Then, there is a continuous embedding

min

Some remarks about Theorem [3.1] are in order. We discuss how Theorem [3.1]
include some previous results known in the literature when reducing to some par-
ticular Musielak-Orlicz functions.

Remark 3.2. (1) Let M(x,t) = t?®) and m(z,t) = % = p(z)tP@ =1 where

p(+) is Lipschitz continuous on €, with 1 < p_ = infycqp(z) < p(z) < py =
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sup,cqp(z) < N. Since M(-,t) and m(-,t) are continuous on {2, we can use Lemma
(given in Appendix) to define the following Musielak-Orlicz function
tzl)(w)

pla,t) =4 4
@) if > ¢y,

o ift <ty

where ¢; > 1 and @ > 1 are two constants mentioned in the proof of Lemma [5.8]
Let us now consider the particular case where for alli=1,..., N,
B0 i<
a 1 >~ {1,
di(z,t) = (v, t) = ¢ 1
tr@) it > .

(3.4)

It is worth pointing out that since 2 is of finite Lebesgue measure, it can be seen
easily that WlLd;(Q) = W'Lg(Q) = WEPO)(Q). Thus, ¢, (7,t) = ¢min(z,t) =
¢(z,t) and

(N—a)t N o N(a) .
(0 0(228) = (e (2r8) = () = 4 (Naw)” T <,

(Pix)t)p*(w) if ¢ >,

provided that v < N. Now we shall prove that (¢X% ). satisfies (3.3) and our
imbedding result include some previous result known in the literature. For every
t € R and for almost every x € ) we have

M(x )_ NNOé dgix) 1Og( )( m]n) (.17 t) lftgth
B og (k) (B« (2, 8) i £ >0,

8$i

e If t < tq, then

}7 |1Og 31 ((rbmln) (iL’ t)

Since p(-) is Lipschitz continuous on 2 there exists a constant C; > 0 satisfying
%(mﬂ < () thus we obtain

I Ppin) N
|(a¢xl;)($,t)! < Ov g log(t1) (9w )« (@, 1) (3.5)
o If t > t1, then
8(¢:r;km) 317* t x

Since p(-) is Lipschitz continuous on ﬁ, it can be seen easily that p,(-) is also Lip-
schitz continuous on 2. Then, there exists a constant Cy > 0 satisfying g—x’:(x)) <
C5. So that we have

0
i) 1, )16

Let 0 < e < 1/N. For all t > 0 we can easily check that

(z, t|<02]10g(

log(t) <

te. .
e2Ne (3.6)
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Now, since the Musielak-Orlicz function (¢£% ). has a superlinear growth, we can
choose A > 0 for which there exists to > max{t1, e} (not depending on x) such that
At < (¢2% )« (x,t) whenever t > to. Therefore,

o Ift > I;(;nthen by we obtain
o
< Ca(log () +log( 7)) (i) (021 .
< et ) a.0) + Caog( ) 6301
Co N?

ool 1+4€
< m(( min)*(xat)) + Cz lOg(

N —py )(¢:r:n)*(x7t)

o If t; <t <ty, then

(P )« eN

PPmin)x (4 <c<1 to) + 1 ( )) ) (5 f). 3.8

| (91‘1 (13 )| = L2 Og( 0) + log N —py (d)mm) (13 ) ( )
Therefore, from (3.5), (3.7)) and (3.8)), we obtain that for every ¢t > 0 and for almost
every x € (), there is a constant ¢y > 0 such that

20l (1)) < o((B30e(2.0) + (G52, ).

Before we show that our imbedding result includes some previous known results in
the literature, we remark that the proof of Theorem relies to the application
of Lemma [5.4] in Appendix for the function g(z,t) = ((¢%%,)«(x,1))%, a € (0,1),

where we have used the fact that € is bounded to ensure that max, g g(x,t) < oo

2

for some ¢t > 0. In the case of the variable exponent Sobolev space W'P()(Q) built
upon the Musielak-Orlicz function given in (3.4)), we do not need €2 to be bounded,
since
Na N2
Ou(z,t) < max{t{ *,t" P+ } < oo, forsomet> 0.

Therefore, the embedding result in Theorem [3.1| can be seen as an extension to the
Musielak-Orlicz framework of the one obtained in [9, Theorem 1.1].

(2) Let us consider the particular case where, for i € {1,..., N},
e <t
pi(z,t) =4 =

i@ ift >t
where t;1 > 1,1 < a < N and <E: (Mi)ieq,..., Ny With
pi € CL(Q) ={h e C(Q): inf h(z) > 1},
e

1 <pi(z) < N, N > 3. We define p; = infyeqpi(x), pa(z) = max;eqr,. Ny pi(),
Pm(r) = min;eqy . Ny pi(2). Then

tlllm(”:)

Qb;kr;kin(zat) = ¢min($at) = i
(@) i > ¢y,

o ift <ty
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whose Sobolev conjugate function is

(N—a)t\ 2% NPTLI) .
(Grmn) (@, 1) = (Far )"t if ¢ <t

Srmmeatd P > 4

Let us define p* = ﬁ Notice that p;” > p,, implies
=1 5=
Np_,
> T = (p,)s- 3.9

Since © is of finite Lebesgue measure, it can be seen easily that W'L 3Q) =
WLP)(Q). So, by Theorem we have WHP0)(Q) — LrPm)-()(Q) and since
(pm)«(x) > (p;,,)s for each x € Q, we deduce that WP0)(Q) < LPn)+(Q). There-
fore, by the result we obtain can be found in [I9, Theorem 1].

(3) Let us now consider the case where

2 log(tr4+1) 4
G logtitlya 4y <y
6ilx,1) = g o
tPi@) Jog(t +1) if t > ty,
where 1 > 1, 1 < a < N and for each i € {1,..., N} the function p;(-) is Lip-
schitz continuous on Q with 1 < inf__gpi(z) < pi(z) < sup,gpi(z) < N — 1.

Define pM(x) = MmaX;e{1,.. N} pi(x)7 pm(x) = minie{l,...,N} pz(x) and ¢min($,t) _
min;eq,... N} ¢i(x,t). Then

t?{m (=) log(t1+1)

@Pmin (1’, t) = ¢:<r;kin(xa t) = "
tPm(@) Jog(t +1) if t > ;.

o ift < ty,

Set A(z,t) = tP»(®) log(t 4+ 1). By [I8, Example 2] there exist o < +, Co > 0 and
to > 0 such that

A, c,
| Or; (x’t)| < OO(A*('rat))lJr ’

for x € Q and t > ty. Choosing this 5 > 0 in Lemma [5.8] given in Appendix, we
can take t; > ¢y + 1 obtaining

’8A*
8%1'
On the other hand, for t < ¢; we have

(2,t)| < Co(Au(m, 1)), forallt>t;. (3.10)

_ Mo P (T) -
@) = (Sgr) ™ ()

Thus

(D) _ Nlog(t) |3pm

=m0 = g g @) (@) (@)

Since p,, () is Lipschitz continuous on Q there exists a constant C3 > 0 satisfying
%L’;‘(x)‘ < Cs. So we have

xr

(Amin)e )] < STREO ) (o), (3.11)
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Therefore, by (3.10) and (3.11)) the function (¢1% ). satisfies the assertions of The-
orem and then we obtam the continuous embedding

WLz(Q) <= Ligzs, ). (Q).

min

Proof of Theorem [3.1l Let u € WlLﬂ(Q). Assume first that the function u is

bounded and u # 0. Defining f(s) = [, (¢%5n)« (=, ‘“(f)l) dz, for s > 0, one has
lim, o+ f(s) = 400 and lim,_, f( ) = 0. Since f is continuous on (0, +00), there
exists A > 0 such that f(A) = 1. Then by the definition of the Luxemburg norm,
we obtain

lullgps,). <A (3.12)

mi n

On the other hand,

Hlullszs) = [ @) (o i ) do < 1= SO

i el oz,

and since f is decreasing,
A< lullog,). - (3.13)

min

So that by (3.12)) and (3.13]), we obtain A\ =
v u@)y
/mei“)* <x T) dz = 1. (3.14)

From we can easily check that (¢*% ).

(i)™ o ) ) 200 1y — (030,15

Hence, by (2.7) we obtain the inequality

ullsz,). and

satisfies the differential equation

%(%ﬂ < (@5hn)+ (@, ) ¥ (G5m) " (@, (G5« (2,1)), (3.15)

for a.e. z € Q. Let

K% U;(J?) NJ;I
) = (@) (2. 52)] (3.16)
Since (¢7%,)«(+, t) is Lipschitz continuous on Q and (¢%%)«(z, -) is locally Lipschitz
continuous on R¥, the function h is Lipschitz continuous on Q. Hence, we can
compute using Lemma (given in Appendix) for f = h, obtaining for a.e. x € ),

*%

%(m) = % ((Qf;ln)* (x, @)>_% [8( é‘ﬂt]n)* (x, u()\;v)) 8x>\u(x)

(2

where Oy, u 1= %. Therefore,

Z ‘ oz ‘ <ILi+1I, forae z€Q, (3.17)

where we have set

=1 sk wlz N
%(@;ﬁn)* <x7 U(/\x))) ~ O( éntm)* (x, ()\ )) ; 10, u(z)

I, =
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1= 2 (. (250 A (2, )

Now we estimate the two integrals fQ I (z) dz and fQ I(z)dx. By (3.15)), we
can write

NN_Al (D) (. (i) (2, )) Z |0 u( (3.18)

Il(.”L') S

By (2.6), we have
[ @ (w655 (o 030 (2. 2))) o < [ @ (57 ) o =1,
Hence

H i;*m ) 1(7 ¢>§ii‘m)*(~,@))||(mn)* <1. (3.19)
From and it follows that

/Il(m) dx

\ /\

H ;kI;km * 1(7 ¢X1n (7%))H(¢** ) ZH&LU
AN —1) &
(NA);H%“
9 N
<23 [
1=1

Recalling the definition of ¢min and (2.2)), we obtain ||z, u(z)||gz < |0, u(w)
so that (3.20) implies

po
(3.20)

*
gz>min

Prmin

o2

(3.21)

/ x)dr < < Z Hazﬂ
Using we can write
s {0 ( ) o 25

z

with ¢; = ¢o(N —1). Since (¢}, )« (-, t) is continuous on © and v < +, we can apply

& 1-L 4
Lemma (given in Appendix) with the functions g(z,t) = (Smin)« ("L D) N7 and

f(z,t) = M and € = 8c - obtaining for t = |“E\x)‘
. u(a:))}lfww 1 s ( u(a:)) lu(z)]
in/* ’ S min/ * ) K . 322
[(¢mln) (“” ) sore P+ (2 =5 ) + Ko (3.22)

2}~

B 1—
Us*i*ng again Lemma [5.4{ with the functions g(z,t) = M and f(z,t) =
Mt*(‘“) and € = # , we obtain by substituting ¢ by |u(‘”)‘

e (2 52)) ™ < . (52 L
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where ¢, is the constant in the continuous embedding W1(Q) < L%(Q), that
is

||wHLN o) = C*HwHWl.l(Q), for all w € Wl’l(Q). (324)
By (3.22)) and , we obtain
1 2K001
I de < — . 3.25
/Q 2(v) d < 4c, * A ”uHLl(Q) ( )
Putting together (3.21]) and (3.25) in (3.17) we obtain
N
2K061
> 0w Al o) < Ty Z 10, u(@)l6; + l[ullLr o)
i=1
1 2 2Kopcico
Sty Z [0z, u()lo f”“ P
* i=1

where cs is the constant in the continuous embedding (2.3)). Then it follows that

N
1 C3
; 102l (0) < 1. =+ XHU”Wqu;(Q), (3.26)
with ¢3 = max{2,2Kpcic2}. Now, using again Lemma [5.4] (in Appendix) with the
_1
functions g(z,t) = [( fr;'}n)*(a:,t)]l N/t and f(x,t) = ( mm) (z,t)/t and € = 4;,

for t = |u(z)|/A, we obtain

) < g (@) (o, ") 1y 2L

4ey A A
From ([2.3)), we obtain

1 K()CQ
hllzr o) < T+ lullz, (- (3.27)

Thus, by (3.26]) and (3.27) we obtain

1
[Bllwao) < 5 + HUHW1L$(Q)7

where ¢y = c3 + Koca, which shows that h € W11(Q) and which together with

(B2) yield

1 C4C*
A ||LN ) S 2 + ——llullwiz @)

Having in mind (3.14)), we obtain
R e w(@)y .
[ ) do = [ (). (0. ) da =1

lullgzs ), = A < 2eaci|ullwir ;) (3.28)

We now extend the estimate to an arbitrary u € W'Lz(Q2). Let T, n > 0, be
the truncation function at levels +n defined on R by T;,(s) = min{n, max{s, —n}}.
Since Pmax is locally integrable, by [I, Lemma 8.34.] one has T, (u) € WlLd;(Q).
So that in view of

1 Tn ()l (prx ). < 2cac]|Tn(uw)wrr,

P() T

So that one has

< 2¢cucsullwrr, (3.29)

a)”
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Let kp = || T (u)l|(¢x= .. Thanks to (3.29), the sequence {k,};2; is nondecreasing
and converges. If we denote k = lim,,_, o, ky, by Fatou’s lemma we have

[ @i (o PN o < timing [ @i (= Bl g <1

This implies that u € Lg:+ . (Q2) and

lullozz,. < k= lim [[Tn(u)llsy,). < 2caclulwipgg, -

Inequality (3.28) trivially holds if « = 0. Then proof is complete. (]

Corollary 3.3. Let Q be an open bounded subset of RY, N > 2, with the cone
property. Assume that (3.1, are fulfilled, (¢35, )« (-, t) is Lipschitz continuous
on Q and ¢max 5 locally integrable. Let A be a Musielak-Orlicz function where
the function A(-,t) is continuous on Q and A < (¢:%.)«. Then, the embedding
WlLJ;(Q) — La(82) is compact.

Proof. Let {u,} is a bounded sequence in WlL(;(Q). By Theorem {un} is
bounded in Lg:+  (€2). Since the embedding Wqu;(Q) — W11(Q) is continuous
and the imbedding W11(Q) — LY(Q) is compact, we deduce that there exists a
subsequence of {u,} still denoted by {u,} which converges in measure in 2. Since
A < (¢%)«, by Lemma (in Appendix) the sequence {u,} converges in norm

in LA(Q). O

3.2. Trace result. We prove here a trace result which is a useful tool to prove the
coercivity of some energy functionals. Recall that ¥min(z,t) = [(¢5%,)« (2, )] s
a Musielak-Orlicz function. Indeed, we have
8 -1 8 —1
., min 7t = a7 :I;kin * atN71 .
o7 Wmin) 1 (@.1) = = (95) 1 (2,47°7)

By (3.2), we obtain

O )M ont) = Nyt @) M@ 7T) N (05) 7 (0,877
A petEe N -1 P '
Being the inverse of a Musielak-Orlicz function, it is clear that (¢%5,) " satisfies
EE S —1 Kk —1
lim ( min) (x77-) =0 and lim ( min) (.’I},T) = +o00.
T—+00 T T—0t T

Moreover, (¢*%.)"1(z,-) is concave so that if 0 < 7 < o then we obtain

(Oiin) " (@,7) 7
(Phin) Mz, 0) 0
Hence, if 0 < 57 < sg, then

N N N N

%(¢min)_l($7sl) ( :‘r;kin)il(xﬂslN_l) 821\/71 S]{\I71 82N71
2 omin) T(52) S
Felmn) Hess2) g )1 (T T ST ST T ST

It follows that 6%(1/1min)’1(x,t) is positive and decreases monotonically from +oo
to 0 as ¢ increases from 0 to +o0o and thus ¥, is a Musielak-Orlicz function.
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Theorem 3.4. Let Q be an open bounded subset of RN, N > 2, with the cone
property. Assume that ., are fulfilled, (¢1%,) (-, t) is Lipschitz continuous
on Q and Gumay is locally mtegmble Let min the Musielak-Orlicz function defined
in (I.8). Then, the following boundary trace embedding Wngg(Q) — Ly (09) s

continuous.

Remark 3.5. In the case where for alli =1,..., N,

@ .
—t ift <ty

o (CC, t) = ¢($7 t) “
@) if > ¢y,

for some t; > 0, with p € L>*(Q), 1 < infyeqp(x) < sup,cqp(z) < N, |Vp| €
LYO(Q), where v € L>() and inf,eq y(z) > N. It is worth pointing out that since
2 is of finite Lebesgue measure, it can be seen easily that WlL(E(Q) =WLy(Q) =

WHPO)(Q). Then ¢%%,.(7,5) = dmin(7,t) = ¢(z,t) and so

(o)t =5 at]fvvp(a‘i> if t <t
D)+ (2:1) = (Gmin)= () = G, ) = { | Van ) _
Goayt)” ift >t

As above we can prove that (¢}%, )« satisfies the conditions of Theorem [3.4]and then
our trace result is an extension to Musielak-Orlicz framework of the one proved by
Fan in [§].

Proof of Theorem[3.4 Let u € WL 5(92). Because of the continuous embedding
WlLd—;(Q) > L=, (), the function u belongs to L+ ) (£2) and then u belongs
to Ly, (Q). Clearly W1L¢;(Q) — WHY(Q) and by the Gagliardo trace theorem

(see [10]) we have the embedding W11(Q) < L1(02). Hence, we conclude that for
all u € Wqu;(Q) there holds u|gn € L'(99). Therefore, for every u € WlL(;(Q)

the trace ulpq is well defined. Assume first that w is bounded and w # 0. Since
(pr%)« (-, ) is continuous on 0€2, the function u belongs to Ly, (0€). Let

k= lulls,,, o0 = inf {A>0: /m Gunin (2, Q) dw <1},

We distinguish the two cases: k > [[ullL,.. , (o) and k < |[lullL .. , (9)-

Case 1: Assume that
k> ||U||L(¢;*m)*(9)~ (3.30)

Going back to (3.16]) we can repeat exactly the same lines with {(x) = ¥min (:U, “(,:))
instead of the function h, obtaining

1 C3
sy < (2 + Slulwizgo + Nee). (3:31)
where c is the constant in the imbedding W1(Q) < L!(99), that is
wllzio0) < clwllwiiq), forall w e WHH(Q). (3.32)

Since (¢7%.)«(-,t) is continuous on Q, using Lemma [5.4] (in Appendix) with the

min
lu(z)]
k

functions f(x,t) = M and g(z,t) = l(g:) and € = 4, we obtain for ¢ =

4%
- u(x) Ju(z)|
4c(¢min)*(x T) +KO L (333)
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By (3.30]), we have

@i "y de < [ @ (ot Yo <

lull(prs,).
Integrating ([3.33)) over €2, we obtain
Kocz 1 Koc
lu(@)|lL,, . @ < i lullwrr ;) (3.34)

where ¢y is the constant of the imbedding (2.3)). Thus7 by (3.31)) and (3.34) we

obtain

1
1Ly < o

1 C
ey < o + 7Hu”W1L 2
where Cy = c2Kq + c3. This implies that I € W1(Q) and by (3.32)) we arrive at
CC4
21 00) < 5+ —=llullwir @)

As )
x
||l||L1(QQ) :/ |l |d$ _/ wmln 7) T = la
we obtain [[ull,, . (o0) =k < 2cCallullwip (o)-

Case 2: Assume that k < [Juf|(4:+ ),. By Theorem 3.1 ., there is a constant ¢ > 0
such that

lullz,,, @2 =k <lull@g:,). <clulwire-
Finally, in both cases there exists a constant ¢ > 0 such that

el 09) < clullwiz@)-

For an arbitrary u € W1L¢;(Q), we proceed as in the proof of Theorem by
truncating the function wu. ([

4. APPLICATION TO ANISOTROPIC ELLIPTIC EQUATIONS

In this section, we apply the above results to obtain the existence and uniqueness
of the weak solution for the problem ([L.1]).

4.1. Properties of the energy functional.

Definition 4.1. Let Q be an open bounded subset of RN, N > 2. By a weak
solution of problem (1.1)), we mean a function v € W'L 5(Q) satisfying for all

v € C*°(Q) the identity

N
/Zai(x,aziu)axivder/b(:r)gomax(x,u)vdx
Qi Q

—/f(x,u)vdz—/ g(z,u)vds = 0.
Q a0

We note that all the terms in (4.1)) make sense. Indeed, for the first term in the
right hand side in (4.1)), we can write by using (2.8)

/ 61 (2,67 (. Py(, 0y, u(x)))) di < / Py(z,0,,u(x)) dz
Q Q

(4.1)

/pz(:c O, u(x)) 0y, u(z) de,
Q
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where P; is the Musielak-Orlicz function given in (1.2) and p;(z,s) = %I: L(x,s).

Since P; is locally integrable and P; < ¢;, we can use Lemma (see the Appendix)

obtaining p;(+, 0z, u()) € Lpx(2). So that by Hélder’s inequality (2.5), we obtain
| 616 @ P 0nuta)) de < 2000

Thus, ¢ (-, Pi(-, 0z, u(-))) € Lg: (). Since v € C*°(2) and @max is locally inte-
grable, then v € W'Lz(2). So we can use the growth condition (1.2)) and again
the Holder inequality (2.5)) to write

/ @i (2, Op,u) Oy, v dx
Q
< 2¢i|di (-) | gr 10,0l 6, + 2¢ill6; (-, Pi(-, Oz, u())) g || O, v
For the second term, the inequality (2.8]) enables us to write
[ G Gk Bl ula)))) di < [ Blau(e))de < [ o ul@))ute) de,
Q Q Q

where R is the Musielak-Orlicz function given in (1.5) and r(z,s) = aRgz’s). Since

R is locally integrable and R < ¢pax, Lemma (in Appendix) gives

P |0z, ul| P, < o0o.

(4.2)

¢; < 00.

[ G Gk R, i) o < 2 u)) el <
Q
which shows that @max (-, u(-)) € Lg:_ (£2). Thus,
/Qb(m)somax(-rau)v dr < QHb”OO”(PmaX('aU'(')) ¢I*,,axllv||¢max < Q. (43)

We now turn to the third term in the right hand side in (4.1]). By using (1.6]) and
the Holder inequality (2.5)), one has

|/Qf(x7U)vdxl < killm s ul )L @ 10l 2a - (4.4)

Since M is locally integrable and M < ¢r% , then M < ¢pax and Lemma

min’

ensures that | [, f(x,u)vdz| < co. For the last term in the right hand side in (4.1)),

using (|1.7) to have
‘/ g(z,u)vds| < k:g/ |h(z, uw)v|ds.
o0 o9

Since the primitive H of h is a locally integrable function satisfying H < ¢1%, we
can use a similar way as in Lemma [5.7] to obtain hA(-,u) € Ly~ (0S) and since 09
is a bounded set, the imbedding ives h(z,u) € L*(09Q). On the other hand,
since v € C*°(Q) one has v € L>(92). Therefore,

|/ g(z,u)vds| < co.
o0

Define the functional I : W'Lz(©2) — R by
N
I(u) = / Z Ai(z, Ou) dx + / b(x)dmax (z, u) dx
o )

—/F(ac,u)dx— G(z,u)ds.
Q ro)
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Some basic properties of I are established in the following lemma.

Lemma 4.2. Let Q be an open bounded subset of RNV, N > 2. Then
(i) The functional I is well defined on Wqug(Q).
(ii) The functional I has a Gateauz derivative I'(u) for every u € WlLd;(Q).
Moreover, for every v € WIL(Z;(Q)

N
<I/(u),v>:/QZai(x,aiu)@vdx—&—/Qb(x)gamax(x,u)vda:

—/Qf(a:,u)vdx—/899(x,u)vds.

So that, the critical points of I are weak solutions to the problem (L.1)).

Proof. (i) For almost every x €  and for every ¢ € R, we can write
1

1
Ai(z,¢) = / iAi(LtC)dt = / a;(z, t¢)(dt.
o dt 0
Then, by we obtain
1
|4i(x, €)| < cdi(2)[¢|+ / ¢; (@, Pil, 1)) Cldt < cody(2)[C]+¢; " (&, Pia, Q))IC]-
0
In a similar manner as in 7 we arrive at
|/ A;i(w,0;u(x)) dz| < .
Q

Hence, the first term in the right hand side in (4.5) is well defined. For the second
term, we using (2.8)), the Holder inequality (2.5)) and (4.3)) obtaining

| /Q () B (2, () dz| < 2bloolmax (- u(-) o,
while for the third term we can estimate it using and as follows
/ |F(z,u(x))| dz < k:l/ |m(z, u)u| dz.
So that by Hélder’s in:quality we obtainQ
[ 1P )] do < 2kl )l

Regarding the last term in the right hand side in (4.5)), we can use ([1.7]) and (2.8)
to have

Pmax < OO,

ul|p < 0.

/ |G(x,u)|ds§k:2/ h(z,u)uds.
a0

a0
Since the function H is locally integrable and satisfies H < ¢%% , it follows that

H < ¢max and in a similar manner as in Lemma (in Appendix) we obtain
h(-,u) € Ly« (092). Applying the Holder inequality (2.5 one has

/ |G (z,u)| ds < 0.
o0

(ii) For i = 1,..., N we define the functional A; : Wqug(Q) — R by

Ai(u):/QAi(:maiu(x))dw.
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We denote by B, Ly, Ly : Wqu;(Q) — R the functionals

B(u) = /Qb(x)cbmax(:c,u(:c)) de, Li(u)= /QF(x,u(:c)) dzx,
Ly(u) = G(z,u(x))ds.
o9
Observe that for u € W1L$(Q)7 v € C®(Q), and r > 0, we have
Aj(utrv) —Ay(w) [ 1/, ou ov (. Ou
= /Q = (Al (x, () +r=—I(z )) A; (z, (x))) dz,

r r ox; o0x; 0x;

1 ou ov ou ou ov
(A5 e ORR e 2)) = Ai(w, o (@) — ai<m,a—xi(aj)>axi (),
as r — 0 for almost every = € 2. On the other hand, by the mean value theorem
there exists v € [0,1] such that

|A ( 38;1 () +r§; (x)) —A; (m, %(m))}

ou 5‘1} 5'1)
a; (x, a—xl(z) +v )
Hence, by using this equality and we obtain
ou v ou
(e g+ @) = e g )]
*—1 ou v ov
< ai{dit@) +017 (w01 (0 5 @)+ @) ) ) [ 5@

Next, by Holder’s inequality we obtain

¢ (dl(x) +¢r! (:v, i (x, %u(x) + W@i,v ))) 81‘1 ‘ € LY(Q).

The dominated convergence theorem can be applied to obtain

lim Ai(utrv) = Aiw) = (Aj(u),v) := /Q a; (x, %(xl) o (z) dz,

r—0 r ox; ox;
for i =1,...,N. By a similar calculus as in above, we can show that
(B'(u) / b(x)pmax(z,w)vdr, (L](u / f(z,uw)vdz,

<L/2(U)7U>:/Qg(x,u)vdz.

4.2. Existence of solutions. Our main existence result reads as follows.

Theorem 4.3. Let ) be an open bounded subset of ]RN N > 2 with the cone
property. Assume that | , , , , , , and . are
fulfilled and suppose that ¢max and gbmm are locally mtegmble and (Prx ) (-, t) is

Lipschitz continuous on Q. Then, problem (1.1) admits at least a weak solution in
WL 47(9) .
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Proof. We divide the proof into three steps.

Step 1: Weak™ lower semicontinuity property of I. We define the functional J :
WL (g(Q) — R by

N
J(u) = /QZAi(x,aiu) dx—i—/ﬂb(a:)gbmax(a:,u) dz,
so that I(u) = J(u) — L1(u) — La(u), where
Li(u) = /QF(m,u) dx, Lo(u) = G(z,u)ds.

N

First, we claim that J is sequentially weakly lower semicontinuous. Indeed, since
U — Pmax (2, u) is continuous, it is sufficient to show that the functional

N
ur K(u) = / ZAi(x,aiu) dz,
=1

is sequentially weakly—* lower semicontinuous. To do this, let u,, — u in W'L q;(Q)
in the sense that

/ Upp dr — / updr, forall p € Ey: (4.6)

Q Q

/ Oiunp dr — / diupdz, for all p € Eyr. (4.7)
Q Q

By the definitions of ¢y and @nax, and hold for every ¢ € E¢;ml(Q).
Being ¢ ;,, locally integrable, one has L>(Q) C Ey- (€2). Therefore, for every
ie{l,...,N}

Oitty, — O;u and  w, —u in L'(Q), (4.8)
for the weak topology o (L', L>). Since the embedding Wqu;(Q) — Whi(Q) is
continuous and the embedding W11 (Q) < L'(Q) is compact, we conclude that the
sequence {u,,} is relatively compact in L!(€). Therefore, there exist a subsequence
still indexed by n and a function v € L'(£2) such that u, — v strongly in L(Q).
In view of (4.8), we have v = u almost everywhere on Q and u, — u in L*(1).
Passing once more to a subsequence, we can have u, — u almost everywhere on .
Recall that ¢ — A;(z, () is a convex function, so by we can use [5, Theorem
2.1, Chapter 8] obtaining

N N
K(u) = /QZAi(‘T’ O;ju) dr < lim inf/QZ Ai(z, Ojuyp) dx = liminf K (uy,).
i=1 i=1

>k

We shall now prove that L; and Ly are continuous. Since M < ¢ , it follows
that M < (¢%%,)«, then by Corollary [3.3] we have u,, — w in Ly;(€2). Thus, there

min

exists ng such that for every n > no, |lun, — ullar < 3. By (L6]), we obtain

/ |F(z,up(z))|dx < k1/ M(x,up(x)) d.
Q Q
Let 6,, = ||u, — ul|pr. By the convexity of M, we can write

M (2, () :M@,@J%;“(@) 16, ) )
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<00 (2, DY g (1),

Hence,

M(z, u(z) )dm. (4.9)

/QM(x,un(x))d:v <0, +(1— en)/ s

Q
Moreover,

M(x, 1u—(x9)n) < M(z,2u(z)).

Since M is locally integrable and M < ¢pax, there exists a nonnegative function
h € L'(Q) such that

|u(2)]
/QM(ac,2|u(x)|)dx < /qumax(x, )dm—i—/ﬂh(m) dx < oo.

[l

Thus, the Lebesgue dominated convergence theorem yields
lim M(x, @)
n—oo Jo 1—

= / M(z,u(x))dx
Q
and therefore by (4.9) we have

lim sup /Q Mz, un(z)) dz < /Q M(z, u(x)) dz

n—oo

In addition, by Fatou’s Lemma we obtain

n—oo

/ M(z,u(x))de < hmlnf/ M(z,up(z)) dx
Gathering the two inequalities above, we obtain

lim M(mun dm—/Mmu

n——+oo
Applying [14, Theorem 13.47} we obtain M (z,u,(x)) — M(z,u(x)) strongly in
L'(2) which in turn implies that M (z,u,(z)) is equi-integrable and then so is
F(z,un(x)). Since F(z,u,) — F(z,u) almost everywhere on 2 by Vitali’s theorem
we have Ly (up) — Li(u). Similarly, we can show that Lo(u,) — La(u). That is to
say that L; and Ly are continuous. Since J is weakly—* lower semicontinuous, we
conclude that I is weakly-* lower semicontinuous.

Step 2: Coercivity of the functional I. By (1.3, (1.9) and (2.4) we can write

N
Z/Q;@(x,aiu)dx—kbo/qumax(a:,u)dx—/QF(x,u)da:— G(x,u)ds

o0

N
> > 10sull s, + bollu

=1

Zmin{:l’bO}HunwlL(;(Q) —/QF(a:,u) dx — ” G(z,u)ds — N — by.

By (1.6) and (1.7)) we obtain

I(u) > min{l,b0}||u\|W1L$(Q) -k / M(z,u)dx — ko H(z,u)ds — N — by.
Q o9
As M < (¢5% )« and H < min, by Theorems and [3.4] there exist two positive
constant C7 > 0 and Cy > 0 such that |Jul|z,, @) < Cl||uHW1L$(Q) and ||u| 1, 90) <

$max — N —bo — / F(z,u)dr — G(z,u)ds
Q o0
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Cal|ul|w L3()- Since M and H satisfy the As-condition, there exist two positive

constants 71 > 0 and 7, > 0 and two nonnegative functions hy; € L*(2) and
hy € LY(99) such that

I > min{1,b 1. —k M d
() 2 mind1 bo ez s 17“1/9 (x ClHUHWlL (Q)) ’

— szg/ H(x, |U(1’)| )ds B / / hg dS ~ N — b
20 Callullwrr @) o0

. u(z
> min{1, bO}HU”WlL‘;(Q) - klrl/ M(x’ &) dx
Q 1wl 2 )

_ km/ H(x M)ds - / ha(z) dz — / ha(x)ds — N — b
o0 HUHLH(aQ) Q o0

> min{l,bo}Huﬂwqu;(Q) — /Q hl(a:) dx — o0 hg(l‘)ds — k‘17“1 — kig’l“g — N — bo,

which implies I(u) — oo as ||U||W1L$(Q) — 00.
Step 3: Existence of a weak solution. Let A > 0 be arbitrary. Since [ is coercive
there exists R > 0 such that

We define Ey = {u € WlL(;(Q) : I(u) < A} and denote by Bg(0) the closed ball in
WIL(E(Q) of radius R centered at the origin. We claim that o = inf,cyn ) I(v) >

—o0. If not, for all n > 0 there is a sequence u,, € Ey such that I(u,) < —n. As
E\ C Bgr(0), by the Banach-Alaoglu-Bourbaki theorem there exists v € Br(0)
such that, passing to a subsequence if necessary, we can assume that u,, — u weak*
in WlL(E(Q). So that the weak-* lower semicontinuity of I implies I(u) = —oo

which contradicts the fact that I is well defined on WL 45(9) Therefore, for every

n > 0 there exists a sequence w, € E) such that I(u,) < o+ % Thus, there
exists u € Br(0) such that for a subsequence still indexed by n, u, — u weak—*
in WL 5(€2). Since I is weakly—* lower semicontinuous we obtain

I(u) = J ()~ Ly (1)~ La(u) < lim inf (J(un)—Ll(un)—LQ(un)) = lim inf I(u,) < o

Note that u belongs also to E\, which yields I(u) = o < A. This shows that
I(u) = min{I(v) : v € WlL(;(Q)}. Moreover, inserting v = —u~ as test function
in (4.1) and then using (2.8), we obtain w > 0. This ends the proof of Theorem
4.3 (I

4.3. Uniqueness. To prove the uniqueness of the weak solution we need the fol-
lowing monotonicity assumptions:

(f(z,s) = f(x,t)) (s —t) <0 forae x€Q,Vs,teR with s #t, (4.10)
(g(z,s) —g(a,t))(s—t) <0 forae z €, Vst eR with s #¢, (4.11)
(Omax(@, 8) — Pmax(2,t)) (s —t) >0 for ae. z € Q, Vs, t € R with s #¢. (4.12)

Theorem 4.4. Let u be the weak solution of (1.1)) given by Theorem . If in
addition (1.4]), (4.10), (4.11) and (4.12) are fulfilled, then the weak solution w is
unique.
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Proof. Suppose that there exists another weak solution w of problem (1.1]). We
choose v = u — w as a test function in (4.1)) obtaining

N
/Q ; ai(@, Op,u) 0y, (u — w) da + /Q b(2) Prmax (T, 1) (u — w) dx

—/Qf(x,u)(ufw)d:z:f/(mg(:r,u)(ufw)ds:O.

Then choosing v = w — u as a test function in the weak formulation of solution
(4.1) solved by w, we obtain

N
/Q ; i(%, 0p, )0z, (w — u) dx + / b(2) Prmax (T, w) (w — u) dz

Q

,/Qf(x’w)(wfu)d;z:—/Emg(:r,w)(wfu)dszo.

Combining the previous two equalities, we obtain
N
/ Z (ai(x, O, u) — ai(z, wa)) (0p, 4 — Oy, w) dx
Qi1
+ [ (&) (mas(.0) = e 0)) (0 = )

_ /Q (f(x,u) — f(x,w))(u —w)dr — /BQ (g(w,u) —g(x,w)) (u —w)ds = 0.
In view of (1.4), (4.10), (4.11) and (4.12) we obtain u = w a.e. in Q. O

5. APPENDIX

We present some important results that are necessary for the accomplishment of
the proofs of the above results.

Lemma 5.1 ([23] Theorem B.1]). Let ¢ be a locally integrable Musielak-Orlicz
function. The space Ey is separable.

Lemma 5.2 ([23, Lemma B.4]). Let ¢ and ¢* be two complementary Musielak-
Orlicz functions. For every n € Lg-(S2), the linear functional F, defined for every
¢ € Ey() by

RO = [ Clanta)da (1)
belongs to the dual space of E4(Q2), denoted E4(2)*, and its norm ||Fy|| satisfies
1]l < 2[Inllg-, (5.2)
where || Fy || = sup{| F (w)] : [Ju]l ) < 1}-

Lemma 5.3. Let ¢ be a locally integrable Musielak-Orlicz function. The dual space
of E4(Q) can be identified to the Musielak-Orlicz space Ly« (£2).

Proof. According to Lemma any element 7 € Ly« (€2) defines a bounded linear
functional F;, on Lg(Q2) and also on E4(2) which is given by (5.1). It remains to
show that every bounded linear functional on Ey4(Q) is of the form F; for some
1 € Lg«(€2). The proof of this claim is done in [23]. For the convenience of the
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reader we give it here. Given F € E4(Q?)* we define the complex measure A by
setting

A(E) = F(xg),
where E is a measurable subset of {2 having a finite measure and yg stands for
the characteristic function of E. Due to the fact that ¢ is locally integrable, the
measurable function ¢(~,¢_1(xo,ﬁ)xg(-)) belongs to L'(2) for any o € Q.
Hence, there is an € > 0 such that for any measurable subset ' of ), one has

/ _ 1 1
9 <e= [ 607 (a0 ) e(o) do <

As ¢(-, s) is measurable on F, Luzin’s theorem implies that for € > 0 there exists
a closed set K. C F, with |E\ K| < ¢, such that the restriction of ¢(-,s) to K, is
continuous. Let k be the point where the maximum of ¢(:, s) is reached in the set

K..
Jy (o™ ) o

:/Keqﬁ(x,qzﬁl( 2|E|))dx+/E\K€¢(x,¢1( 2‘E|)>d3:

For the first term in the right-hand side of the equality, we can write

/K(b<a:¢ Lk, 2|E‘))da:S/E¢(k,¢‘1(lﬂ,ﬁ)>da:g%.

Since |E \ K| < ¢, the second term can be estimated as

[ ol ) <

/gzsb(x,czﬁ*l(k, ﬁ))@(x)) dr < 1.

Thus, we obtain

It follows that

A(E >|<||F||||><E|¢¢'('”1)-

1 2[E]
As the right-hand side tends to zero when |E| converges to zero, the measure A
is absolutely continuous with respect to the Lebesgue measure and so by Radon-
Nikodym’s Theorem (see for instance [, Theorem 1.52]), it can be expressed in the
form

A(E) = /E n(x) da,

for some nonnegative function 7 € L*(2) unique up to sets of Lebesgue measure

zero. Thus,
- / C()n(z) da
Q

holds for every measurable simple function (. Note first that since ¢ is locally
integrable any measurable simple function lies in E4(£2) and the set of measurable
simple functions is dense in (Eg(Q),] - ||¢). Indeed, for nonnegative { € E,;(1),
there exists a sequence of increasing measurable simple functions (; converging
almost everywhere to ¢ and |(;(z)| < |{(z)| on Q. By the theorem of dominated
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convergence one has (; — ¢ in E4(Q2). For an arbitrary ( € E4(2), we obtain the
same result splitting ¢ into positive and negative parts.

Let ¢ € E4(£2) and let (; be a sequence of measurable simple functions converging
to ¢ in Ey(2). By Fatou’s Lemma and the inequality we can write

| / ((#)n(z) dz| < liminf / G (@)n(e)) de
Q Jj—+00 Q
= lim inf F(|¢;
lim inf (1¢;] sgnn)
< || F|| im inf ||, < ||F
< 1Pl int Gl < IFIC]s,

which implies that 7 € Lg-(€2). Thus, the linear functional F;,(¢) = [, ¢(z)n(z) dx
and F' are both defined on Ey(2) and have the same values on the set of measurable
simple functions, so by a density argument they agree on Ey(£2). (I

Lemma 5.4. Let Q be an open bounded subset of R™. Let f,g: Q x (0,+00) —
(0, +00) be continuous nondecreasing functions with respect to there second argu-

ment and g(-,t) is continuous on € with lim;_, g((%g = 400, then for all e > 0,
there exists a positive constant Ky such that

g(z,t) < ef(z,t)+ Ko, forallt>O0.

Proof. Let ¢ > 0 be arbitrary. There exists t; > 0 such that ¢t > to implies
g(x,t) < ef(x,t). Then, for all t > 0,

g(z,t) < ef(z,t) + K(),

where K (z) = sup,e(o,4,) 9(,t). Being g(-,) continuous on €, one has g(z,t) <
ef(z,t) + Ko with Ko = max, g K(x). O

Lemma 5.5. Let Q be an open bounded subset of RN. Let A, B be two Musielak-
Orlicz functions such that B < A, with B(-,t) is continuous on . If a sequence

{un} is bounded in L 4(Q) and converges in measure in S then it converges in norm

Proof. Let us fix € > 0. Defining v; (z) = M, we shall prove that {u;} is a
Cauchy sequence in the Banach space Lg(2). Clearly {v; } is bounded in L4 (),
say |[vjklla < K for all j and k and for some positive constant K. Since B < A
there exists a positive number ¢y such that for ¢ > ¢y one has
1 t
Bzt <—A<,—).
(@,0) = 74" %

On the other hand, since B(-,t) is continuous on Q we denote x( the point where

the maximum of B(-,t) is reached in Q. Let § = m and set

_ 1
Qj,k = {l‘ e0: |’Uj7k| > B 1(%0, m)}

Since {u;} converges in measure, there exists an integer Ny such that [Q; 5] < ¢
whenever j, k > Ny. Defining

Q;’,k = {il,' € Qj)k : |’Uj7k| > to} and Q;‘/,k = Qj’k \Q;',kv
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one has

/Q B, Ju;1(x)]) da = / o B+ / | Bl de

(5.3)
+ B(z, |vjk(x)]) d.

"
Qj‘k

For the first term in the right-hand side of (5.3]), we can write

1
Bz, |v;k(x dxg/ Bz, B (=, dx
/| o B lshdrs [ BB (0 50)

</QB(IC0,Bl($0,2|19|))d$<;

Since B <« A, the second term in the right hand side of (5.3]) can be estimated as
follows

1 V)i 1
) < = 175:k1 < =
o B(z,|vjk(x)]) dz < 1 /QA(x, % ) dx < 7

while for the third term in the right hand side of (/5.3]), we obtain

1
Bla, |oj.0(2))) da < / B(a, to) dz < 6B (0, t0) = ~.
Qr, Qx 4

Finally, putting all the above estimates in (5.3)), we arrive at
/ B(z,|vjk(x)]) de < 1, for every j,k > No,
Q
which yields ||u; —ug||p < €. Thus, {u;} converges in the Banach space Lg(£2). O

Lemma 5.6. Let u € WL1(Q) and let F : Q x RT — RT be a Lipschitz con-
tinuous function. If f(x) = F(z,u(z)) then f € WLL(Q). Moreover, for every
j=1,...,N, the weak derivative 0., f of f is such that

_ OF(z,u(x)) n OF (z,u(x))
B 81‘]' ot

Oa, f(2)

Og,u(x), for a.e. x €.
Proof. Let ¢ € D(Q2) and let {e; f;l be the standard basis in RY. We can write

—/ F(z,u(x))0.,p(x) dx
Q

p(z) — p(x — hej)

=~ Jim | F(e,u(2)) - dz

_ }fi%/g F(z + hej,u(x +ff;ej)) P @)

_ }%/Q F(x + hej,u(z + hej}i) ~Flou@the) oo
i | F(z,u(z + hejfz) = Flau@) o o

(x + hej) — u(z)

= Jim [ Qulame(eydo + Jim | Qute. by M o) da,
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where F(ztheju(zthe;))—F(zu(@the;)) ¢ p £0
Q1(z,h) = {ap(%u(m)) " e 7
~ow, ifh=0

and

F(zu(z+he;))—F(x,u(z .

Qo (2, h) = (ol Fen) i u(w + hey) # u(x),
’ OF (z,u(x))
ot
Since F'(-,-) is Lipschitz continuous, there exist two positive constants ki and ko
not depending on h, such that [|Q1(-,h)]|e < k1 and [|Q2(-, h)||eo < ko. Thus,
OF (z,u(x))

0 .

T

otherwise.

for some sequence of values of h tending to zero, Q1(-,h) converges to
and Q2(-,h) converges to w both in L*°(Q) for the weak-star topology
a*(L>=(Q), L*(£2)). On the other hand, since u € W (supp(¢)) we have

u(x 4 hej) — u(x) 2)dr — o;u(x)o(z) dx.
h #(@) /SUPP(<P) ule)el)

lim
h—0

It follows that

- [ P, o) ds
Q

:Laﬂgfmﬂﬂm+éaﬂ%Wm@wmﬂmw

which completes the proof. O

supp(p)

Lemma 5.7. Let Q2 be an open bounded subset of RN. Let A and ¢ be two Musielak-
Orlicz functions. We assume that ¢ : Q x RT — R* is locally integrable, differen-
tiable with respect to its second argument and ¢ < A. Then ¢(-,8) € Ly (Q) for

every s € La(Q2) where o(x,s) = %'

Proof. Let s € La(02). By (2.8)) we can write
o(@,s)
o (pws)de= [ [T g rirda
Q o Jo

SAM%MWMSAM%%WM

It is obvious that if s = 0 then ¢(-,s) € Lg-(£2). Assume that s # 0. Since ¢ is
locally integrable and ¢ < A, there exists a nonnegative function h € L(Q) such

that ¢(z,2]s|) < A(ac, ﬂ) + h(z) for a.e. z € 2. Thus,

llslla
|s]
d(x,2|s)de < [ Alx, dz+ | h(z)dz < oo.
Q Q l[sl]a Q
Hence, ¢(-, s) € Ly-(9). O

Let ¢ : Q x RT — R* be a real function such that the partial function ¢(z,-) is
convex. The function ¢ is called the principal part of the Musielak-Orlicz function
M if M(z,t) = ¢(x,t) for large values of the argument ¢.

Lemma 5.8. Letty > 0 be arbitrary and let ¢ : Qx [tg, +00[— R be a real function

where the partial function ¢(x,-) is convex. We define the function o(x,t) = %.

If ¢(-,t) and @(-,t) are continuous on Q and limy_, , o inf,cq @(,t) = +0o. Then
d(z,t) is the principal part of a Musielak-Orlicz function M (x,t).
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Proof. Since limy_, 4 inf cq p(x,t) = +oo, then there exists t; > tp + 1 (not
depending on z) such that sup, g @(z,t0 + 1) + sup, g ¢(z,t0) < @(z,t1). Thus,
we have

to+1 t1
inf o(ot1) < ot = [ plardr+ [ plan)dr+ oot
TEQ to to+1
< sup p(z,to + 1) + sup ¢(x, to) + (t1 — to — 1)p(w,t1)
zeﬁ zeﬁ
< (t1 —to)p(w,t1)
< tlcp(x,tl)

<ty sup p(z, 1),
zeQ

from which it follows that
_ tisup,q (T, 1)
infxeﬁ ¢($, tl)

We define the function

Mt St if < ¢y,
T,t) = !

The function M (x,t) is a Musielak-Olicz function inasmuch as its derivative,

OM(z,t)  [Rdeml ifr <t,

ot o(x,t) if >ty
is a function which is positive for ¢ > 0, right-continuous for ¢ > 0 non-decreasing,
: OM(x,t) _
and limy 4o 5~ = too. O
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