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Global well-posedness for Schrodinger equations
with derivative in a nonlinear term and data in
low-order Sobolev spaces *

Hideo Takaoka

Abstract

In this paper, we study the existence of global solutions to Schrodinger
equations in one space dimension with a derivative in a nonlinear term.
For the Cauchy problem we assume that the data belongs to a Sobolev
space weaker than the finite energy space H'. Global existence for H*
data follows from the local existence and the use of a conserved quantity.
For H® data with s < 1, the main idea is to use a conservation law and
a frequency decomposition of the Cauchy data then follow the method
introduced by Bourgain [3]. Our proof relies on a generalization of the
tri-linear estimates associated with the Fourier restriction norm method
used in [1, 25].

1 Introduction

In this paper, we study the well-posedness for the Cauchy problem associated
with the Schriédinger equation

g + tpe = IN|ulPu)z, w(0) =wug, (t,z)€ R? (1.1)

where the unknown function u is complex valued with arguments (t,z) € R?,
and A € R. Equation (1.1) is a model of the propagation of circularly polarized
Alfven waves in magnetized plasma with a constant external magnetic field
[22, 23]. When A = 0, the above equation is called the free equation.

Many results are known for the Cauchy problem in the energy space H'
[10, 11, 12, 24]. When looking for solutions of (1.1), we meet with a derivative
loss stemming from the derivative in the nonlinear term. In [10, 11, 12, 24], it
was proved that for small data ug € H' the Cauchy problem (1.1) is globally
well-posed. The proof of existence of solutions was obtained by using gauge
transformations, which reduces the original equation (1.1) to a system of non-
linear Schrodnger equations with no derivative in the nonlinearity. Then the
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result for nonlinear Schrodinger equations can be combined with energy con-
servation laws to show the existence of global solutions in H'. Let us consider
data ug in classical Sobolev spaces H® of low order. In [25], it was proved that
the Cauchy problem (1.1) is locally well-posed in H® for s > % The aim of
the paper is to present the extension of that solution to a global solution. We
shall sketch the proof of [25] briefly, which is convenient to pursue our result.
The result for s > % was proved by using the Fourier restriction norm method,
in addition to the gauge transformation. The Fourier restriction norm method
was first introduced by J. Bourgain [1], and was simplified by C. E. Kenig, G.
Ponce and L. Vega [14, 16]. The Fourier restriction norm associated with the
free solutions, is defined as follows.

Definition 1.1 For s,b € R, we define the space X, ; to be the completion of
the Schwarz function space on R? with respect to the norm

Iflx.0 = ( [ 0%+ 2176 a>|2d7d5)1/2,

where (-) = (1 +|-|?)'/2. We denote the Fourier transform in ¢ and z of f by
[, and often abbreviate || f|/x,, by | fllsb-

Via the transformation v(t, z) = e~ JZoc luttn)l? Wy(t, ) used in [25, 10, 11, 12,
24]), (1.1) is formally rewritten as the Cauchy problem

. , _ 2
iU 4 Vg = —iN02T, — )‘7|U|4U, (1.2)
v(0,2) = vo(z),

where vo(z) = e~ 2o luo )P dyy, (). The Cauchy problem (1.2) is interesting
because of the derivative in the nonlinearity has been removed: |u|?u, in (1.1)
has been replaced by the quintic nonlinearity |v[*v in (1.2). The Strichartz
estimate can control the nonlinearity |v|*v easy (e.g., [9, 29]). In [25], it is
proved that the contraction argument provides the local well-posedness, once
the following estimate holds for some b € R,

[wvells,p—1 S Nullspllollssllwlse- (1.3)

In fact, whenever s > %7 the estimate (1.3) holds, and then successfully this is
relevant to the local well-posedness in H®.

In this paper, we shall prove the global well-posedness for the Cauchy prob-
lem (1.2), as stated in the following theorem.

Theorem 1.1 Let % < s <1 and letdb be a positive constant b > % and close
enough to 1. We impose |[vo||r2 < ,/‘27”' for data vy € H®. Let T > 0, there

exists a unique solution v of (1.2) on the time interval (—T,T) such that

Yro(t) € C((=T,T) : H*) N Xy,
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where Y is a smooth time cut off function of Yr(t) = ¥(%), ¥ € C=, ¥(t) =1
for |t| <1 and ¥(t) =0 for |t| > 2. Moreover the solution v satisfies

v(t) — ey € HY.

As a consequence, the standard argument with the corresponding inverse
.\ rax 2
transformation; u(t,z) = e/ e PEWIT Yy (4 1) [25] exhibits the global well-
posedness result for the Cauchy problem (1.1).

; TS 32
Theorem 1.2 The Cauchy problem (1.1) is globally well-posed in H®, s > 53,

assuming ||ug||rz < %

One may expect the local solution to be global by making the iteration process
of local well-posedness. But iteration method can not by itself yield the global
well-posedness. Usually, the proof of global well-posedness relies on providing
the a priori estimate of solution, besides the proof of the local well-posedness.
We know that the conserved quantity is of use in the ingredient of the a priori
estimate for the solution. The H' conservation low is, in actually employed
to extend the local solutions at infinitely. If there was the conserved estimate
for solutions in H?, % < s < 1, we would immediately show the global well-
posedness.

The proof of Theorem 1.1 was the argument due to Bourgain [3] (see also [6]),
where the global well-posedness was shown for the two dimensional nonlinear
Schrodinger equation in weaker spaces than the space needed by the conservation
law directly. Let S; and S(¢) denote the nonlinear flow map and the linear flow
map associated with the Cauchy problem of the nonlinear Schrédinger equation,
respectively. We let X and Y be Banach spaces such that X C Y, where the
space X is the conserved space of equations, while the space Y is the initial
data space. The strategy of [3] is that if

(St = S(t))uo € X, (1.4)

whereas u € Y, we have the global well-posedness in Y. It is noted that Siug
never belong to X for ug ¢ X. The statement (1.4) mentions that the nonlinear
part is regular than data, where the proof estimates, roughly speaking, the
high Sobolev norm of solution by low Sobolev norm, which aims to control the
transportation of energy between the low frequency and the high frequency.
Thus, this performance presents the a priori estimate of solution.

In ordinary way, we seek the solution to be the integral equation associated
with (1.2)

152 L > A2
v(t) = eOzyy — / et t=9)% (%7, + i7|v|4v)(s) ds.
0

In (1.4), for v(t) € H® we will show

t 5 2
0
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The above estimate has to really recover more than one derivative loss, since the
estimate (1.4) controls the H' norm for v € H*, and there is one space derivative
in (1.5). This is quite different from the case of the nonlinear Schrédinger
equation. In the present paper, we generalize the estimate (1.3) used in [25] to
prove (1.5). Then we combine (1.5) with the argument of [3] to show Theorem
1.1.

Remark 1.1 Tt is said in section 7 that the local well-posedness in H'/? is the

sharp result. Note that the exponent s > % of Theorem 1.1 is far from the

above critical exponent. For more rough data, we do not consider here.

Notation. Throughout the paper we write a < b (resp. a 2 b) to denote
a < cb (resp. ca > b) for some constant ¢ > 0. We also write a ~ b to
denote both a < b and a 2 b. We denote f as the Fourier transform of f with
respect to the time-space variables, while F~! denotes the inverse operator of
Fourier transformation in the time-space variables. Let F, f denote the Fourier

transform in x of f. Let ||f|pagz (vesp. |fl[zzrs) denote the mixed space-

time norm as [|fllzgrz = [[Ifllzzll o (vesp- [fllzzcy = [ £]lze]] ). We denote
[fllze as [[fllze = [[fllrLz. The Riesz and the Bessel potentials of order —s
are denoted by D* = (—0?)% and J* = (1—0?)3, respectively. We use notation
a+ as a =+ € for sufficiently small € > 0, respectively. We let a; = max{a, 0}.

The rest of this paper is organized as follows. In section 2, we improve the
estimates developed in [25]. In sections 3 and 4, we prove the estimates by
results in section 2 to use in section 5. In section 5, we consider the evolution of
the initial value problems with data restricted to low and high frequencies. In
section 6, we show Theorem 1.1 by results in section 4 and section 5. In section
7, we show that the data-map fails in H® for s < %

Remark 1.2 We may relax the condition of the nonlinearity for the equation
(1.2). More precisely, instead of (1.2), there seems a chance to show the re-
sult similar to Theorem 1.1 for the equation with more general nonlinearity.
However, we shall not consider this problem in this paper for simplicity.

2 Preliminary estimates

We start this section by stating the variant Strichartz estimates.

Lemma 2.1 For%:%—}—lj, 2 <p< oo, b>%, we have
lull e S o, (2.1)
1Dy *ull e 12 S o, (2.2)

1
ullzapee S 1D wllop- (2.3)
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Proof. We estimate (2.1) first, because the proof for (2.2) and (2.3) follows in
the same way. We have the classical version of the Strichartz inequality for the

Schrédinger equation:

e uol| o1z S lluoll v, (2.4)

2
follows from the argument of [14, Lemma 3.3], once we obtain (2.4). In a similar

way to above, the following two estimates imply (2.2) and (2.3), respectively
(e.g., [13] for the estimate in (2.5)):

for ug € L?, where 2 = § — 1, 2 < p < oo (eg, [9, 29]). The estimate (2.1)

.02 .02 1
1Dy 2% ug| o2 S luollze, €™ uollparee < [ Dol e (2.5)
O

Remark 2.1 It is noted |[@||s,» = |||ul||s,» Where ||| - [||s,» is defined as

1/2
el = (// 25 (7 — 2b|u<7§>|2drd5) .

Therefore, by (2.1), (2.2), (2.3), the following estimates hold for same numbers
q,p,b of Lemma 2.1

1
lullzaze S Wulllos: 103 *ullpserz S Hulllog,  Iullsze S HDEulllop
(2.6)

Let us introduce some variables
2 2 2 2
c=T7+¢&, or=n+E, o= +E, o3=T—&.

We write f to denote the convolution integral fa o1+ootos AT dTodT3dE1dESdES
§=€1+€2+¢€3
throughout this paper. We assume that the functions d, ¢y, c2, c3 are non

negative functions on R2.
Using Lemma 2.1, we obtain the following lemma.

Lemma 2.2 For0<a<1-b, b’>f b’fb>af§, a—1b <0, we have

3
o d(7,§) T,f
/max{la\,\rfl\,Iazl,losl} . H SV <||d||L2H||CJHL2 (2.7)

<U j=1

Proof. We estimate (2.7) by dividing the domain of integration into subcases.
When |o| dominates in (2.7) which means that the |o| takes the maximum in
(2.7), the Plancherel identity, (2.1) and (2.6) yield that the contribution of the
above region to the left hand side of (2.7) is bounded by

3 3
IFdllze TT1F 7 (o)~ eplize < lldllze [T lleslz=-

j=1 j=1
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In the other cases, if o1 or o2 or o3 dominates, we can assume that |oq| >
max{|o1],|o2l, |03|} by symmetry. By |o1]® S lo1|”|o]e7Y, by taking
d

F- 1( T F-t b/,] 2,3, in L5 and F~!¢; in L?, in a similar way, we
deduce that the contrlbutlon of the above region to the left hand side of (2.7)

is bounded by

3 3
IF (o) )| |7 ez TTIF (o)™ e e < lldllze [T llesllze,

Jj=2 j=1
for ¥ —b > a — 5. Then we have the desired estimate. Il

Lemma 2.3 Let us define

Ay ={(1. 671,81, 72, &2, 73, &3) | max{|o]|, [os|} > max{|o1], |oa}},
A2 = {(7—,5;7_1;51,7—275277_3;53” max{‘o—ﬂ? |U2|} > maX{|0|7 |0—3‘}}a
min{ |£], |&: 1/2
F1(£7£1a£27§3) = M
[SIEISIE
max{|£], 1/2
F2(£a£15527£3): . {|§| |§3|} 15
min{[¢], [§s[}* max{|&[, [§2]}
M(Ta€77—17€1u7_27€277—37£3) = F1(§7€17§27§3)XA1 +F2(§7£17§27£3)XA27
where xa,;, j = 1,2 denote the characteristic function on A;, j = 1,2, re-
spectively. Then for b > %, 0<a<1l1-0b b—-b> a—%, a—1b <0, we
have

b

3
d 7'7
/M(Taga’]—lvgla7_275277—3753)max{|0‘7‘01|’|J2|’|03|}a ( S H ; gj

(o)1=
3
Sl T lleslze- (2.8)
j=1

Proof. First of all, we observe that when |o;| dominates, it follows that |o;|* <
los|¥ |o]Y". If |o| or |o3| dominates, namely x4, = 0, we take F~'d in L? and
DY2F- 1 % in L‘X’Lf, or Dl/Q}" 1$ in LL? and F~lcz in L2

b’ b’+1 a—b

respectlvely, and D, 4]—"‘ = )b,, j= 1 2, in LAL%®, so that we have that the
contribution of the above region to the left hand side of (2.8) is bounded by

1/2 1/2
/*(d(T,f)'g?" c3(73,&3) n €1 2d(T, &) &) H g ¢T3, 85) TJ?fJ

(o) (o) 1—b—a+t’ 3 (73, &[4 (o)

c3
< >b' ||L;°L?

S (17 dllga ) DY2F

_ d ¢
+| Dy F W”L"OL"’”F C3||L2)H||D TF 1< >b/||L Ly
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3
S lldlee T lesllee,s
j=1

where we use (2.2), (2.3) and (2.6). In the case that |o1] or |o2| dominates, we
use the estimates (2.2) and (2.3), as we just used. We can assume |o1| > |o3|
by symmetry. In a similar way to above, we arrive the estimate of (2.8) in

|§2|%<02>b'
« []M/2d(r, &) e3(m3,63) " d(r,§) &'/ % e3(73, €3)
(oo o Ty o)
a [&sl4 {os)”  [§]3 (o) 3
_ d _1r Cc3
s (Ipy2r el I F T
—ir-1 d 12 0—1_C3
+[|Ds * F WH%L?HDJ/ F WHL;OL?)
_ 1, ¢
XE el 1D F
which is bounded by c¢||d|| 2 H?:l llcjllz2. This completes the proof. O

Let us introduce the operator A(vy,v2) defined by

FrA(vi,v2)(§) = /56 v Xle1|>|ea) Frv1(§1) Frva(€2)dé,

which easily gives v1ve = A(v1,v2) + A(va,v1).

Lemma 2.4 Let 0 < s <1, %<b§%, b’>%. Then

1A(o, v2) (@3)allsp-1 S D lvtllss,r lvzllsa,br 0slsa b, (2.9)

where the summation is taken by choosing non-negative different numbers (s1, sa, S3)

in the different cases (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), such that

$1+ 8y +83>s+1, (

s1>2(s+b—1)y, s2>20, s3>0, (

51> 85+b—1+(1—s3—min{sy, 1 —b}), (
si+s3>32 s3>0, (2.13

51+ s3> b+ (s —min{sy, 1 —b}),, (

(

83284-2[)—%—1—(%—81) s9 > 0.

+ )
Remark 2.2 Lemma 2.4 includes estimate (1.3). Namely, to recover such an
estimate, one should take s = s1 = s5 = s3 > %, % <b=10V < g in (2.10),
(2.11), (2.12), (2.13), (2.14), (2.15).
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Proof. By duality and the Plancherel identity, it suffices to show that

d 9 ~ ~ =
/X£1|2§2|<5>S|§3|—<£_;2|01(Tla51)||02(T2752)||03(T3,§3)|

3
S lldllze Y T Hoslls, o, (2.16)
j=1

for d € L?, d > 0. One let

(&)°1¢sl
(€1)1 ()2 (Es)™s
i ! |6j(7—j7£j)|7 J=12,
c-7-,§-=§'sja-bx{: g
]( J J) < ]> < J> |Uj(7'ja§j)|, j= 3.
We easily see that |c;l[z2 = |lvjlls;»»- Then introduce the identity o — o1 —
o9 — o3 = 2(€ — &)(§ — &) which implies that, at least, one factor among
o, [o1], 2], [o3] is bigger than 3¢ — &[[€ — &2, namely

K(§a517€27£3) = X|§1|Z|52|

max{lol, o1], o], o3[} > 516 ~ &1llE - &l (2.17)

Thus, in the case of [ — &1| > 1 and | — €| > 1, we make use of (2.17) similar
to the KdV equation case [3, 14, 16].

We estimate (2.16) with the bounds ||d|| 2 Hj?:l llcjl| L2 for choosing a pair
of non negative different numbers (s1, $2, s3), by separating the domain of inte-

gration into several subdomains. The different cases correspond to the different
cases of (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), respectively.

Case [¢] < 2. If |€—&| < 1or |€ —&| < 1, we easy see that & <
max{(£1), (§2)}, then
1/2 1/2
s — 1l .
€] |€2]7 (€)% (€3) %8 |€1]% (&2
for s; + s3 > 2. Therefore, since by (2.13) and by the Plancherel identity, the
contribution of the above region to (2.16) is bounded by

K(§7€17£27§3)

(€3)

2
1
o2 H Dy *F !
j=1

3
C3 Cj
NG WHLngo S lldllze TT llesllze.
where we use (2.2), (2.3) and (2.6). In the subdomain of | — &| > 1 and
€ = & > 1, it follows that (£ — &) ~ (&), (€ — &) ~ (&2), then

K(£a§17€27£3) < <§3>1_33
S e (R K SV (S Ak
which is bounded by a constant since by (2.13). Hence we obtain that the

contribution of this region to (2.16) is bounded by c||d|| 1,2 H?‘:1 lejll 2, since by
Lemma 2.2 and (2.17).

|F 7 d 2| DY F !

Jj=1
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Case [£| > 2 and |{3] < 2. When | — & | <1or € — & <1, we have that

1

max(|¢1], [€2])Y2 max(|& ], [€])° 2
min(|é, ], [€2) 3 [€5]5  (61) (€2)%

K(£,61,62,83) S

Then, as in the case above, for |£] < 2, and | — & | < 1 or [ — &] < 1, we
have the contribution of this region to (2.16) is bounded by c||d|| .2 ngl llesll L2,
since by 51 > (s +b—1)4 > s — % of (2.11).

In the domain of |€ — &;| > 1 and | — & > 1, we easy see that by |&3] < 2,
(€ —&) ~ (&), (€— &)~ (&) and

K(&&hf%fg) < <§>S <.
(€ =6 b(E — &)1b = (Gymtib(gymtib =

provided s; > s +b—1 of (2.11). The argument of the case [¢]| < 2, |{ — & | >
|€ — &| > 1 is applied to this case. Then by Lemma 2.2 and (2.17),
we have that the contribution of the above region to (2.16) is bounded by

3
clldllze TTj=y llell za-

Case [{] > 2 and [&3] > 2. We separate the domain of integration into four
subdomains:
case a [ —&| <lor|f—&[<1,
case b [{—&[>1, [§— &[> 1, [§] < (&),
case ¢ [{—&i|>1, [€—&|>1, [§]~ &,
case d |§_§1‘ >1, ‘5_62‘ >1, ‘§| > |§3‘
For the points of case a, it follows
|§1|1/2 { Q)i (G i, g -4 <1,
(5 6175%53) |§2| |§3|4 o <§1>%751783<§2>S+%7527 if ‘g _ £2| <1,

which is bounded by ﬁ provided (2.10) or (2.12), and (2.10) or (2.13),
2
respectively. Hence we use (2.2), (2.3) and (2.6) again, then we have the con-

tribution of the case a to (2.16) is bounded,

3
17~ 21Dy 2 F 1< RL lpwee [ 1027 7 1< >b, [Zy2S
j=2
3
S lldlee TT lellze.
j=1

In both cases b and d, we get

max{[£], [€s[} ~ [€1 + | S max{[&1], [&2]} S max{|§ — &1, € — &}, (2.18)
min{[¢], [€3[} S max {min{|& [, [€2[}, min{|¢ — &1, [€ - &0}, (2.19)
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which follows from the fact £ — &3 =& + &, (£ —&) —(E—&) =& —&. The
conditions of (2.18) and (2.19) yield the bound

K(&,61,82,83) < (€)s—min{l=bs2} (g \b=s1 =55 case b,
(E—E)IPE—&)1D Y| (&) e mmintlmhnd gy smatbTl L cage d,

which is bounded by a constant, because by (2.14), (2.12), respectively. Thereby,
applying Lemma 2.2 again with (2.17) to these cases, we obtain the desired
estimate for cases b and d in an analogous argument to above.

In case ¢, we have the estimate either

min{[&, [, [€2[} 2 [€] (2.20)

or
min{[§ — &, [§ — &af} 2 €] > min{[&1], |€2]} (2.21)

The condition (2.20) leads the bound of K (¢,&1,£2,£3) by a constant provided
(2.10). Then we use Lemma 2.2 again with (2.17) and we have the desired
estimate. The proof is very similar to above, so that we omit the detail.

On the other hand, in the case of (2.21), <£_g§§’§§&§i§2gl,b is bounded by

(G)is ()i () ts
(E—&)1 0 —&)tb 7
(g)s i
Fr(£,61,8,&: T
26608 6 e e e
S min{F1(§,§1,§2,§3),Fg(§,51,62,53)}SM(T,ﬁ,T1,§1,7'2,§2,T37§3),

provided for (2.15). We apply Lemma 2.3 with (2.17) and obtain the desired
estimate, because by (2.15). This completes the proof of Lemma 2.4. d

min {Fl (55 €17 £2a £3)

Lemma 2.5 Letb,q{,,p{%, 1 < k,5 <5, be such that%<b<%, 4§qi§
00, 2 < pl < oo for1<k,j<5and>,_ 1L_: b—1, 0 1L:§_bfmn
1<5<5. Letss,w1<kj<5besuchthat0<s<1 Zk 1sk—s—i—Qb—l

for1 < j <5, ands<s]<s—|——~zfp]<oo whzles —szfpj—ooand

O<3k<—] zfpk<oof0rk7éj, whzlesk=Ozfpk—oof0rk7éj Then the

following estzmate holds

1D (

5 5
S Z TL ol (2.22)

Proof. With Plancherel identity (c.f., Leibniz rule for fractional power), it
suffices to show the case of s = 0, namely we show the following inequality

5
[v1v2vsvavsllop—1 < [ [0l s yiyzsovs (2.23)
j=1
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for 2 <p; < oo, 4 < g < o0, Ogsj<pijifpj<oo,whilesj:Oifpj:oof0r

. 5 5 5
1 <j <5such that 37, p% =2b—1, > o1 qij =32, di=18=2b—1.1In
a similar way to [25, Lemma 3.4], the Holder inequality, the Sobolev embedding
theorem with respect to the time variable and Minkowski’s inequality show that

the left hand side of (2.23) is bounded by

5
[vrvgvgvavs| 1 S | Ny
L7 L3 =1 T

x

where % = p%- — 55, which is bounded by the right hand side of (2.23), since by

Sobolevjinequality.

3 Nonlinear estimates 1

As a consequence of Lemma 2.4, we obtain the following lemma, which play a
role for the proof of the local well-posedness.

Lemma 3.1 For0<s<1, %<b§§, b’>%, we have

([ 020, | 0b-1 S ||UH(2),1,/HU||1,b'7
10?82 zlloo—1 < Iollow vl s

VWU ||s,b—1 S [Vl [|V]]1,67 | W] 5,57 Ulls,b" ||V]]b,b [|W]l0,b7 5
[owd, | S vllowllollne lwllse + [[ollspl[ollop [[wl]
[Tz lls.p-1 S N0l llwlow 1wl

102 W [ls,0-1 < lvllow 0]l s e

[owwelsp-1 < lv]

Lo 10l maxg 2,2 —s) yo 1wl s

A~ o~~~ o~ —~ —
N O Ot s W N =
- o o = o O

e a1 S ol el

Proof. We use Lemma 2.4 by taking different variables (s1, s2, s3) correspond-
ing to the different cases in (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), respec-
tively.

For (3.1), we choose the numbers s = s; = s2 =0, s3 = 1in (2.10), (2.11),
(2.12), (2.13), (2.14), (2.15), respectively. Then by v? = 2A(v,v), we have the
desired estimate.

For (3.2), in a similar way to above, we take s = s;1 = s3 = 1, s = 0 in
(2.10), (2.11), (2.12), (2.13), (2.14), (2.15), which shows the estimate (3.2).

For (3.3), we first note that vw = A(v,w) + A(w,v), then

0wl < [ A(v, w),|

so—1 + [[A(w, 0) V|5 p-1- (3-8)

For the treatment of first term of (3.8), we take s = s9, s1 = 1, s3 = 0in (2.10),
(2.11), (2.13). In (2.12), (2.14), (2.15), we put s = s3, $1 = b, so = 0. Such a
choice shows

1A, )T |ls,p-1 S [ollop ol llwlls,or + ollsorllollo,prllwllop- (3.9)
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On the other hand, for the second term of (3.8), we choose s = s1, 5o =0, s3 =1
in (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), which yields

1AG0, )T 1 S Nollow ol 0] (3.10)
As a consequence, the estimate (3.3) follows immediately from (3.9) and (3.10).

For (3.4), we put s = s1, $3 =0, s3 = 1 in Lemma 2.4. Then in a similar
way to above we have (3.4).

For (3.5), s1 =1, s = 0, s3 = s are taken in Lemma 2.4. We omit the
detail because the proof is very similar to above.

For (3.6), we follow the same argument as the proof of (3.3). We take
s1=1, 55 = L, s3 = s in (2.10), (2.11), (2.12), (2.13), (2.14), (2.15) for the
treatment of ||A(v, w)Ws|sp—1, which yields

1A, w)we|

sib=1 S ollip lwll g l[wlls - (3.11)
For [|A(w, v)W,||sp—1, we shall take s = s1, so = 1, s3 = 1 in (2.10), (2.11),
(2.12), and we take s; = 3, sp =1, s3 = s in (2.15). In (2.13), (2.14), we put
s1 =8, 89 = 1, 53:%ifszl—b,whileslz(%—s)+, sy =1, s3 = s if
5 <1 —1b. Such a choice shows

[A(w, 0)Wels,p—1 S [[ollvpllwlly,pllwllse + ol llwllz—, plwlsy. (3.12)

The estimates (3.11) and (3.12) give (3.6).

For (3.7), we choose s1, s9, s3 as follows; s1 = s, s9 = 53 = % in (2.10), (2.11),
(2.12), and 51 = s3 = 3, sp = sin (2.13), and s; = sp = 3, 53 = s in (2.15). In
(2.14), we choose s1 = s3 = %, so=s5if s <1—0b, while sy = s, 59 = 53 = % if
s > 1 —b. Such a choice shows (3.7).

This completes the proof of Lemma 3.1. g

4 Nonlinear estimates II
In this section, we prove the estimates needed for the proof of Theorem 1.1. In

section 6, the following lemma is used to show (1.5).

Lemma 4.1 Let b > % be close enough to % Forb' > %, we have

[(wwta)zllos-1 S 013 o llwll 145

1(w*T2)ellop—1 S lolleflwld

1(v*W2)allos-1 S 0l llwllorr + [lv]

(4.1)
(4.2)
owlvllsyllwlls iy, (4.3)
1(0wwz)zllop-1 S vllellwll s pllwls gy (4.4)

(4.5)

1(w?@z)ellop—1 S wli llwlls -
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Proof. We use Lemma 2.4 again for choosing s =1, b > % and let b be close
enough to %
For (4.1), in a similar way to the proof of Lemma 3.1, we have

0.5-1 < [[(A(v, )Tz )zflop—1 + [ (A(w, v)T2 )all0,5-1- (4.6)

We take s =51 =s3 =1, 59 = %—l— for the first term of (4.6), and s = s9 = s3 =
1, sy = 3+ for the second term of (4.6), respectively, in (2.10), (2.11), (2.12),
(2.13), (2.14), (2.15), which yields the result.

For (4.2), we put s = s3 = 1, s1 = so = 3+ in (2.10), (2.11), (2.12), (2.13),
(2.14), (2.15). Then we have the desired estimate.

For (4.3), s = s1 = s2 = 1, s3 = 0+ are taken in (2.10), (2.11), (2.12),
(2.13), (2.14) which yields the estimate [[v[|] , [[w]los . Tn (2.15), we put s =
1, 51 = %, $9 =0, s3 = %—&—, which yields the estimate ||v
The combination of these estimates implies (4.3).

For (4.4), we choose s = 51 =1, 55 = 24, s3 = 3+ in (2.10), (2.11), (2.12),
(2.13), (2.14), (2.15), which yields

H('UUWT)H

oplvllsyllwllsy -

1A, 0)B)allos-1 S (ol lwlly 4 pllwlls - (4.7)
Similarly, we have
1(A(w, V)Wa)allop-1 S [0l llwlly o llwlls b (4.8)

by choosing s = sp = 1, 51 = 3+, s3 = 3+. The estimate (4.4) is obtained by
(4.7) and (4.8).
For (4.5), we put s =1, s; = s =
(2.13), (2.14), (2.15) to obtain (4.4).
This completes the proof of Lemma 4.1. O

14, s3 = 34 in (2.10), (2.11), (2.12),

5 Preliminaries for the proof of Theorem 1.1
In this section we summarize some results needed for the proof of Theorem 1.1.

We begin by stating some facts of the space Xg ;.

Lemma 5.1 For s € R, %<b<b’<1, 0<é <1, we have

95 (£)e g 56 < 670 |Jul|ar-,

(
[5(t) f €)% f(s) dsl[sp < 8370 5,01, (
() [ €)% f(s) ds|l oo S | Fllsp-ts (
[0 () Fllso—1 S 8% ) fllspr—1- (

For the proof of Lemma 5.1, see [14, 16].
Let us consider the following Cauchy problem

)\2
g + Vg = —iAV2T, — 7|v|4v, v(0) = vy € H. (5.5)
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Lemma 5.2 Let vg € H'. For Ty > 0 such that Ty (14 ||lvo|lm) < 1, there
exists a unique solution v of the Cauchy problem (5.5) in the time interval
[—To, To] such that

Yryv € O([=To,To] : H')N Xy 1.
Moreover we have

[¥0llo, s+ S T0 llvollzes  Womvallo,rs S To~ lvollm
Proof. For b > %7 we define

p—41 p— 4L
Br={ve Xuo | Ty % vllos < 2lvolliz, 75 llvellos < 2ol }
B(0)(t) = tr, ()"0 + v, (1) [ €% Ny (0) (s) ds,

where the constant ¢ is taken large enough relatively to ||vg|| g1, and Ny(v) is
the nonlinear term of (5.5) defined as follows:

D SO
Ni(v) = =\ 7, +Z7|’U| v.

We look for the solution of the integral equation v = ®(v). We choose b close
enough to 3. By Lemma 2.5, (2.1) and (2.6), we have

ol ollyp—1 < [lollysllvllze—1pl1v]5 5. (5.6)

for % <V < % and 0 < v < 1, where we choose numbers qi,pi, sfﬂ in Lemma 2.5
such that s; =7, sio =2 -1, pé = 00, q§ =4, ]L =2V — 1+, q]L - %_L

) Pk kg pio

for choosing some ko among k # j, and s, = 0, 1% = 20 — % - p%, q—Qj =
k ko k

% - é for k # j, ko. We only deal with the homogeneous spaces in Lemma 2.5.

However, again, applying the similar proof of Lemma 2.5 to the inhomogeneous
space, we can justify (5.6), since by the trivial embedding; |[ulls, 5, < |[©]lss,0,
for S1 S S2, bl S b2.

Therefore, by (3.1), (5.1), (5.2), (5.4) and (5.6), we have

T

=

1@ (v)]]0,p—1
5_p
S llvolle + T3 || N1 (v)

~

0,5-1

1_ 1_
< lvollze + Tg oll pllvlle + T5 lvlls pllvllse < 2ellvoll e,

_1 1
for v € By, since by Tg 2 |lvllop < 2¢||vo||2 and T ||v||1,p < 1, where we put
v = 2 in (5.4). Similarly, for v € By, by (3.2), (5.1), (5.2), (5.4) and (5.6), we
have

p_1 1 1
Ty 2 @@)allos—1 S llvoll g + T3 lwllopllvlli p + 5 [[ollgbllv

115 < 2cllvoll-
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In an analogous way to above, we obtain

1
[®(v1) — @(v2)[l1p < §||U1 —v2(l1,6,

for v1,vs € By. Then we conclude that ® is a contraction map. Thus we obtain
the unique local existence result in X;; of (5.5) by the contraction argument.
This completes the proof. O
Let us assume % < s < 1. For v obtained in Lemma 5.2, let us consider the
following Cauchy problem with the variable coefficient depending on v

Wy + Wee = iNz(v,w), w(0) =wo € H?, (5.7)

where the nonlinearity No(v,w) is defined by

2

NQ(?], w) = -\ Z 1}1’02(53)3; —+ Z? V1V2V3V4Vs5,

v],v2,U3=v or w v],V9,V3,v4,05=0 OT W
(v1,v2,v3)#(v,0,0) (v1,v2,v3,v4,v5)#(v,v,0,v,0)

(5.8)
which is equivalent to Na(v,w) = Ni(v + w) — Ni(v). We put the first term
and the second term of the right hand side of (5.8) in Noj (v, w) and Noo (v, w),
respectively.

Let N > 1 be a large number. We next show the well-posedness of the
Cauchy problem (5.7).

Lemma 5.3 Let 3 < s < 1. Assume that |wo| g+ < cN7*|lwollgs for 0 <
v < 's. Moreover assume ||vo|| g1 < cN'=%. There exists a unique solution w of
the Cauchy problem (5.7) in the time interval [—Tp, To] such that

wTOU) S C([—TQ,T()] : Hs) N XS)%JF,
where Ty is the same as in Lemma 5.2. Moreover the solution w satisfies

[z wlly 1y < eNY7T (5.9)
Proof. Let b > % be close enough to % We define

b—1 _ b—1
By = {we Xop : Ty *flwllop < 2N Jlwollare, o wllos < 2ol |

W (w)(t) = v, ()P wy + v, (¢) / =% Ny(v,w)(s)ds,  (5.10)

where the constant c is taken large enough relatively to ||wo|lg=. In a similar
way to the proof of Lemma 5.2, by Lemma 2.5, (2.1), we have

IN22 (v, 0) ]l —1 < (lvllop + llwllop)* (lvlle + lwlly lwlys, — (5.11)

for < b < 3 and 0 <+’ < s, where we choose s} =7/ in the case for taking

the summation with respect to v; = w in Lemma 2.5, where p; = 00, qg =



16 Global well-posedness for Schrodinger equations EJDE-2001/42

4, 57 =2V —1, = =2 — 14, 2 = % — -1 for choosing some ko among
0 ' Py D, Py
k#j,and s, =0, = =20 -1+ 2 =1_1 for k # ko,j, while
Pi Pro Tk Pk

s;: = min{1,7’ 4+ 20’ — 1} in the case of v; = v where we take in Lemma 2.5 as

follows; 5 = 20" — 14, & =3~ 53, = (V + 2/ =2, pp, =24, =

7 p ko

% — p% for choosing some ky among k # j of vy = w, and si =0, i =
ko [
3 2b'—%—%—% €(0,3), & =3 — 2 for k # ko, j. We remark that by
p; pkO 9, P
interpolation,

/

+5 i1 r_
ol *llvllgy, S NYT, (5.12)

1
8

1_
15 ol plivlls o < Tg

P < NO-9(-D) <

forw € By and 0 < +' < s, because by TO§7||U||Y:;% < vl 1/1: <
NY~ and |[v]op <1 by Lemma 5.2.
Then by (3.3), (3.4), (3.5), (3.6), (3.7), (5.1), (5.2), (5.4), (5.11), we obtain

the estimates

p—1 1_
Ty ¥ @los < llwollez + 15 ([lv]

~

0,6 + [Jw]

L)l

e+ llwlly ) l[wllo,s

1_
15 Nvllvpllwls pllwllos

1_
+15 ~ (Ivllos + llwllo)?(lvll1,6 + llwl

1p)llwlo

IN

2eN~*||lwo | i,
and
=
Ty 2% (w)llss
1_
S wollas + T3 (lvllop + llwlly p)(lolle + lwll s p)lwllse

1_ 1_
T3 Nvllspllvllz pllwllos + 5 (vl

< 2c|lwol &,

0+ llwllop)*(lvlle + lwly pllwlse

1_
for all w € By, where one uses in (5.4) with b’ = g to make the appearance T

1
and we use (5.12) to estimate Ti} H’U||s,b||'0||g,waHo,b- Similarly, it follows

(N[ W (w1) = ¥(wo)llop + |V (w1) — ¥(wz)[[sp)
1
< 3 (N¥[Jwy — wallop + w1 —w2|lsp),
for wy,we € By. Therefore, by the Picard’s iteration argument, we obtain the
unique local existence result in X .
_1

We now turn to show Tg ?wllyp < eNY™* for 0 < < s. By Lemma 2.5,

(5.10) of w = ¥(w), (3.3), (3.4), (3.5), (3.6), (3.7), (5.11), we have

b—1 1_
Ty *lwllye < llwoll + T30 (llollos +llwlly p)vlle + 1wl p)lwlle
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1_ 1_
15 [lollsllwlls pllwllye + T [[ollypllvlls sllwlop

1_
+T5 ([vllos + lwllop)* (lollis + [lwll s p)llw]

v:b
1
lwoll e + 15 [wllyp + T5 o]

lwollzr~ + 6™ [wll.0 + N7,

vollvlls pllwllo

IZANRYAN

which shows (5.9), where we use (2 — )4 < 2 in (3.6), and (5.12) for the
1

treatment of T8 o]l 0] 5 ], O

We note that ¢, v and ¥, w given by Lemmas 5.2 and 5.3 satisfy the inte-

gral equations corresponding to (5.5) and (5.7), respectively. For simplicity, we
abbreviate 97, v and ¥, w to v and w, respectively, hereafter.

6 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by using the results in sections 4 and 5.
Let us consider the following Cauchy problem

)\2
g+ Upy = —iNU T, — ?|u\4u, u(0) = up € H®. (6.1)

We break data wug into two pieces; low frequency and high frequency, as follows;
up = Vo + Wo,

}—xUO(g) = }-acUO(g)hg\gNa fwwO(g) = fw“O(&)hng’ (62)

where N > 1 is to be determined later. We try to solve the Cauchy problems
(5.5) and (5.7) for data vy and wy, respectively. If this is accomplished, we
solve the Cauchy problem (6.1), since the solution u of (6.1) is written as u(t) =
v(t) + w(t). From Lemmas 5.2 and 5.3, the Cauchy problems (5.5) and (5.7)
are locally well-posed in H' and H*, respectively, on the time interval [—Tp, Tp]
if T0§_||v0||H1 < 1. The definition (6.2) implies [lvo|l 51 < N'7%. We can put
Ty ~ N8Gs—D= Without loss of generality, it is sufficient to treat the non-
negative time, because the case of t < 0 is similar.

In order to extend the existence time of (6.1) up to any time T' > 0, we make
the iteration scheme as follows; At the time t = Tj, we choose v and w; as the
corresponding vy and wy, respectively,

vy =v(Ty) + v(Ty), wr = eiToain,
where

t
V(t):/ ei(t_s)azNg(v,w) ds.
0

We want to continue the above process of T//Ty steps to obtain vy /T, and w7,
with the Cauchy problems (5.5) and (5.7), which concludes the proof of Theorem
1.1. To show this, we have only to ensure v; € H' and w; € H® on each step.
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The unitarity of €% shows wj € H® and ||wj||gs = ||wo| g=. Then if the
growth order of v; is the same as vy on each step, namely, ||vj||z2 ~ [|vol|z2 ~ 1
and [[vj]| g1 ~ |lvollgn S N' 7% for 1 < j < T/T;, we have the solution of (6.1)

until ¢ = T, since by the argument of section 5. Then we shall check it.

Lemma 6.1 Assume g < s<1. Let v,w be given as above. We have

IN2(v, w)zlo—34 S N'TTH. (6.3)

Proof. We use Lemma 4.1 for the estimate of trilinear terms Naj (v, w). By
(4.1), (4.2), (4.3), (4.4), (4.5), respectively, we have

[N (0 w)allg g S NS 4 NI 2 e

~

+N%+%—s+ +N1—s+%—s+%—s+ +N2(%—s)+%—s+

1—s

+8—s+ _ 1=+
S, N7 Txa =N"4T,

where [[v]l,, 1, < N7O=9% and fJwly,p < N7275F for 0 < 3 < 1 and 0 <
Y2 < s obtained in Lemmas 5.2 and 5.3 are used.

For the quintic nonlinearity Naa(v,w), by (2.2), (2.3) and the Sobolev in-
equality, we have

[Nz (v, ), || L2

S > 1(u1)all oo r2 luallLa o llusll La Lee uall oo [|us || Lo
g = or
(uq,ug,ug,u4,u5)%(v,0,0,0,v)
S > lualls 2y llualls sy llusllz oy llualls g llusllay 1y
UY,UQ,UZ, U, U=V OT W

(uq,ug,uz,ug,us)#(v,v,v,v,v)

< N T HE st o N2
~

where the last order N2~ % T in the right hand side of (6.4) appears in the order
for u; = v, j =1,2,3,4, and us = w. As combining these results, we have the
estimate (6.3). O
Let us come back the proof of Theorem 1.1. The conservation of L? norm
for the Cauchy problem (6.1) gives
lollze = [[u(To) — €% wol| 2 < |luollz2 + llwollz2 < lluollr2 +eN 7> (6.4)

We want to estimate ||vy|| ;.. Let us define
2 A 2
B(o) = loali2: = STm(jof0, v} o
The simple calculation shows that E(v) is the conserved quantity for the Cauchy

problem (5.5); E(v(t)) = E(vo) for all ¢ € R (see [10, Lemma 2.3], [24, Propo-
sition 3.1]). Moreover the following estimates hold (e.g., [10, Lemma 2.4], [24,
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Proposition 3.2])

loalize S (U4 ol G)e 2, (6.5)
E@) 2 (1= vl ) G012, (6.6)

where Guv is defined as

o) =eso (<3 [ wPay).

— 00

By (5.3), (5.4), Lemma 6.1 and (6.4), we have
E(v1) = E((Ty) + v(Tp)) — E(v(Ty)) + E(ve) < E(v) + N>~ 5+, (6.7)

where one uses that E is conserved for solutions to (5.5), the order N -5
corresponds to the order of [|[v(Tp)| g l|v(To)|lg: S N'7N1=%+. Hence by
(6.4), (6.5), we have

27

lorllee < /&5 ol SN2,

E(v1) < E(vg) + cN2= 5+ < N2(1=9),

provided [Jvgl| 2 < % for (6.6) and sufficiently large N > 1, where the second
inequality comes from the third inequality, since by (6.5) and (6.6). Here we use
the fact [lvol|z2 < [Juollz2 < |27’T‘ assumed in Theorem 1.1 to be (6.6) positive.

We want to take this process T'/Tp steps. Let jo such that 1 < jo < T/Tp.
As long as |lvj]|L2 < \/% and |[vjl| 1 S N2 for 1 < j < jo, after iterating
Jo + 1 steps, we have

lvjo+1llze < lluollz2 + N7, (6.8)
[vjorillgn S NP5 4 jo/*N1- %+, (6.9)

where (6.9) is obtained by (6.5), (6.6) and
E(’UjDJrl) é E(U(]) + CjoNQ_%TS+. (610)
The number we have to repeat is, at most, T/Ty ~ TN8(1=5)+ In order to

succeed the above process up to jo + 1 ~ T/Tp, uniform, by (6.8) and (6.10),
we need the relations

N5 <1, TN3-9+N2=F+ < N2(1=s), (6.11)
where the restriction on s appears. When s > %, the relations (6.11) hold for

large N > 1. Then we complete the proof of Theorem 1.1.
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7 Remarks on local well-posedness in H'/?

In this section we will show the best local well-posedness for the Cauchy problem
(1.1). We recall that in [25] the local well-posedness in H'/2 was proven, where
the proof uses the Fourier restriction norm method. Moreover, if s < %7 the
estimate (1.3) crucial to proof fails for any b € R. So it seems difficult to
expect the well-posedness below H'/2 for the usual use of Fourier restriction
norm method. The scaling argument suggests the value of s = 0 critical for the
local well-posedness. Thereby we see the gap between the suggestions of scaling
argument and of the local well-posedness results in H'/2,

This section is motivated by the work in [2, section 6], where Bourgain
observes the well-posedness for KdV equation by the data-map argument. The
well-posedness requires the continuous dependence on data. Indeed, if we use
the contraction argument for proving the integral equation associated with the
Cauchy problem, the data-map; ug — u(t) acts smoothly from H* to itself.

Let us consider the following Cauchy problem

g 4 Uge = i(|ul?u)y,  u(0) = Sug. (7.1)

In this section, we show that the data-map; Sy : dug — us(t) of (7.1) fails in H*®
for s < % The result is the following proposition.

Proposition 7.1 Let T > 0. Assume that the data-map S; of (7.1) is C3
class in the sense of Fréchet derivative on the time interval [0,T]. Moreover we
suppose that Si(dug) is expressed as

Se(dug) =Y dFug(t)
k=1

in H°, where vy, € L¥([0,T] : H®). If s < %, then the data-map fails.

Proof. By assumption, we have

Ous(t) 02 0%us(t)
= v1(t) = "% uy, = cua(t) =0,
96 5o 202 |5_,
3 t t
Fus(t)|  _ cvg(t) = ¢ / e =% 9, (1 |*v1)(s) ds. (7.2)
903 |5_, 0
The assumption of C3-differentiability implies
t
”eztain”Hs < c|luo| =, H/ eZ(t—s)6§8I(|v1|2v1)(s) ds < c||uol}s. (7.3)
0 Hs

Let T > 0 be fixed, and for simplicity we suppose T' < 1. We set ug as follows

1

= S
N Jia-N< Ay

uo () e N,
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We easily see that ||Jug||g= ~ 1, and the right hand side of (7.2) is similar to

L / At A2 — As eiA1HA2=As)z
N3 J 5, —Nj<—s (A1 = A3) (A2 — A3)

1010

x (FOTEADE it d)  drgdg,

When % <t < T, we note that for the points in |\; — N| < 10%0, ji=1,2,3, we
have

AT HAS=ADE—i(A+A2—X3)%t _
A+ Ao — M| ~ N, > 1.
Pt Ao = A (A1 = A3)(A2 = A3)
Then we have the following
t
1(t—s N*N —2s
H | oo as| z T~ N (7.4)
HS

From (7.3), (7.4), we need the relation N'1=2¢ < 1, which implies the necessity
of s > % for sufficiently large N > 1. (]
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