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INITIAL-VALUE PROBLEMS FOR LINEAR
DISTRIBUTED-ORDER DIFFERENTIAL EQUATIONS IN
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Communicated by Vicentiu Radulescu

ABSTRACT. We solve the Cauchy problem for inhomogeneous distributed-order
equations in a Banach space with a linear bounded operator in the right-hand
side, with respect to the distributed Caputo derivative. First we find the so-
lution by using the unique solvability theorem for the Cauchy problem. Then
the results obtained are applied to the analysis of a distributed-order system
of ordinary differential equations. Then we study an analogous equation, but
with degenerate linear operator at the distributed derivative, which is called a
degenerate equation. The pair of linear operators in the equation is assumed
to be relatively bounded. For the two types of initial-value problems, we ob-
tain the existence and uniqueness of a solution, and derive its form. Abstract
results for the degenerate equations are used in the study of initial-boundary
value problems with distributed order in time equations with polynomials of
self-adjoint elliptic differential operator with respect to the spatial derivative.

1. INTRODUCTION

At the end of the previous and the beginning of this century, the interest in
differential equations with distributed fractional derivatives has increased; see for
example the works by Nakhushev [20, 21], Caputo [B] [6], and Pskhu [25] [26]. Such
equations began to appear in various applied problems describing certain physical
or technical processes: in the theory of viscoelasticity [19], in the kinetic theory
[27], and so on (see, e.g., [2, 3, 5] [6]). At the same time, equations with distributed
fractional derivatives began to be investigated from the mathematical point of view:
unique solvability, qualitative behavior of solutions [Il [15], and numerical solutions
of the corresponding boundary-value problems [7} [§]. We note the following works:
Pskhu [25] 26] on the solvability and qualitative properties of both ordinary differen-
tial equations of distributed order, and the diffusion equation of distributed order
in time; Umarov and Gorenflo [31] on the unique solvability of multipoint prob-
lems, including the Cauchy problem, to the equation with a distributed Caputo
derivative in time and with pseudodifferential operators with respect to the space
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variables; and Kochubei [I6] on the solvability of initial-boundary value problems
to the multidimensional diffusion equation of distributed order in time.

This article consists of two parts. In the first part we consider the Cauchy
problem for distributed-order equation with Caputo derivative

b
/ w(a)Df z(t)da = Az(t) + g(t), te][0,T). (1.1)

Herem—1<b<meN,0<a<b, the operator A is linear and bounded on the
Banach space 3, T > 0, g : [0,7) — 3. In Section 2 we study the homogeneous
equation, and in Section 3 the inhomogeneous equation. Unique solvability theo-
rems for the Cauchy problem are proved, the form of the solution is obtained. The
deduced general results are applied then to systems of distributed-order ordinary
differential equations.

In the second part of this article, we consider the equation

/bw(a)Dng(t)da — Ma(t)+ f(t), te0,T) (1.2)

with the degenerate operator L : X — 9, i.e. ker L # {0}, and operator M :
Dyr — %) being (L, p)-bounded linear closed and densely defined in X [29]. Here
m—1<b<meN, 0<a<b X and 2 are Banach spaces, T > 0, f:[0,T) —
). For two types of initial value problems to equation , we obtain theorems
for existence and uniqueness of a solution, and derive the form of the solution.
Here we apply the theorem on the Cauchy problem for equation (L.1). Abstract
results for are used for the research of initial-boundary value problems unique
solvability for distributed order in time equations with polynomials of self-adjoint
elliptic differential operator with respect to the spatial variables.

This work is a continuation of the paper [28], in which the solvability of
with b < 1 with the unique Cauchy condition was studied. The results here develop
the theory of resolving operators families for the distributed-order equations using
the Laplace transform. This is done in the spirit of the operator semigroup the-
ory [T4] and its generalizations for integral evolution equations [I7, [24], fractional
order evolution equations [4, [I§], including degenerate fractional order evolution
equations, i.e. equations with a degenerate operator at the highest order derivative
9], (10} [T, 12} 13, 22, 23).

2. CAUCHY PROBLEM FOR A HOMOGENEOUS EQUATION

For 3> 0, t > 0 denote gg(t) := t3~1/T'(),

¢ 1 t
JPh(t) = / g3(t — s)h(s)ds = —/ (t — 5)°~1h(s)ds.

0 I'(B) Jo
Let m —1 <a <m €N, D" is the usual m-th order derivative, D" is the Caputo
fractional derivative (see in details, for example, in [4]), i.e.

m—1

Dyh() = D1 (h(t) = - b9 (0)grsa (1)).
k=0

Let Ry := R, U {0}, and 3 be a Banach space. The Laplace transform of the
function h : Ry — 3 is denoted by £[h]. The formula for the Laplace transform of
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the Caputo fractional derivative has the form
m—1
LIDFRI(A) = A*L[R](A) = D A*F 1AM (0). (2.1)
k=0
Denote by £(3) a Banach space of all linear continuous operators from 3 to 3.
For A € L£(3) consider the Cauchy problem

200 =2, k=0,1,...,m—1, (2.2)

to the distributed-order equation
b
/ (@)D (t)da = A=(t), ¢ >0, (2.3)

where Df* is the Caputo fractional derivative, m — 1 < b < m € N, 0 < a <
b, w:(a,b) — C. By a solution of problem (2.2)), (2.3) we mean a function z €

C™ Y(R4;3), such that there exist fabw(oz)D?z(t)da € O(R;;3) and equalities
(2.2) and (2.3) are satisfied.

We denote
yi=Ui_ vk, 71 = {ANEC |\ =1, arg € (—m,7)},
Yo :={A e C:arg\=m, A € [-rg,—0)},
v3:={A€C:arg\=—m, A € (—o0, —10]},

d
Wi :=/ w(a)Ada, ay := max{a, k},

1 e b —1
Zk(t)::MLAk+1Wak(A)(Wa(A)I—A) A\, k=0,1,...,m—1.

Denote by E(K,a;3) the set of functions = : R, — 3, for which there exist K > 0,
a > 0 such that
l(0)l3 < Ke® Vi€ R, .

Also we will use the denotation

E(3) = Uk>0Ua>0 E(K, a; 3).
Theorem 2.1. Let A € L(3), zx € 3, k=0,1,...,m — 1, and for some § > 1
Wb(N), WE(N), k = 0,1,...,m — 1, are holomorphic functions on the set Sz :=
{AeC: |\ =pB, arg) € (—m,m)}, satisfying the conditions

301 >0 36 > 0 such that [WE(N)| > CLIA™ 10, VA € S, (2.4)
3Cy > 0 such that [WFN)[[W2N)|7! < Co|A[F—mH1=0

Vk e {0,1,...,m—1} YA € Sg,
with rg = max{3, (2| Allz(3)/C1)"°}, 21 € 3, k =0,1,...,m—1. Then the function
z(t) = ZL:_Ol Zy(t) 2k is a unique solution to (2.2)), (2.3) in the space E(3).

Proof. For A € v with the given ro the inequality [W2(X)| > 2||A]|z(3) holds. Then
there exists (W2(A\)I — A)~! € £(3), and for k=0,1,...,m — 1,

W, M1
= [WE(N)] 1 — 1Allee) <2(1+ Co). (2.6)
WeN)]

(2.5)

W2 () (W = A ey
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Indeed, by condition ([2.5)),

\Wfk(AN Wk () —m41-8
—t = - ¢ <14 Coyrde—m <1 .
W]~ VT gy | S e e

Here W& = 0, if k& < a. Thus, at ¢ > 0 the integrals Zi(t) converge for k =
0,1,...,m—1.
Let R > 7o,
T = U1 Tk r,
Fip=7, Toar={\C:|\| =R arg)€ (-m,m)},
Tsr={\€C:arg\=m, \ € [-ro, —R]},
Tyr={NeC:arg\=—m X\ €[-R,—ro]},

and let I'g be the closed loop, oriented counter-clockwise. Consider also the con-
tours

Tsr={)\cC:argh=m A€ (—R,—o0)},
Tep={NeC:argh=—m, A€ (—o0,—R)}

Then’y:Fg)’RUI‘G,RUFR\Fg,R.
Fort>0,k=0,1,....,m—1,1=0,1,...,k—1,

) 1 M b b -1
Z,(t) = 3 /\k+1 o W (A )(Wa()\)I—A) dA,

Z,gl)(O) = 0, by the Cauchy Theorem

2m/ ,\k+1 W) (W= 4) " dr =0,

and by inequality (2.6 -, we have

-1 4w (14 Cs)
H/ Ak“ TWa V) (WaI = 4) Al < T2’
-1 2(1+Cs)
H/ )\k+1 l ()\) (Wb(A)I_ A) dAHﬂ(S) < %7 s = 5,6

Therefore, the integrals in the two last inequalities tend to zero as R — oo, and

72000y = 1i 7/ / / / W — A) " dA
k<) Rgnoo27rz I'n o Ts n T n )\k+1l () )

Fort>0and k=0,1,...,m — 1, we have
A\t YA7b o
k), 1L e Wa, Z b(\) kAR

1 e)‘t W“k()\) L eMWE A bk ok
2[Y/\ ))dAI 2mi - by Wb()\) ZWG(A) AT dX
k=1
)

Wa(A
1 e M Wak (N) 1 M WE (X
/M

_ b —k gk
TN N+ o— AT > W) TFARdA.
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For t € [0,1] and A € ~, by conditions lb and (2.5) we have

| )\t Wak | 0267"0
by Wb - |)\|1+6’
0 (V) “k gk 401_1(1+02)6T°|\A||c<3)
” by Wb ZWa( A HE(B DR 5
k=1
therefore,
1 C Coe™
7/ b d)" 26 + 265
2m 'v wb( )\ o Torg
oo
||L/ e CLk Zwb()\)kak d)\”
2mi ), A Wh(X) Pt e £(3)
< ACTH (1 + Co)e | Al 23) N ACTH (1 + Co)e | Alle3)
- ro' 144 7r57“6”71+5

Consequently, the integrals converge uniformly with respect to ¢ € [0, 1]. By conti-

nuity

L[ 1WA I & b yy—k Ah
— | ~=%~dA WE(A)~* A% dx
2mi ), A Wh(N) LA Wb Z

1 ak (
=7—- lim — / / / / W - d/\I
R—o0 271 T'r 2 r I's.r Ts,r )\ W

T / / / / LWV, O iwb “FAFdx
R—o00 27T’L T'r 2R Is.r Ts.r )\ Wb

20 =1-

=1
By the Cauchy Theorem,
1 1 Wak()\) 1 1 Wb 00 e
T o N AN + — A¥d) =
2mi Jr, A W2(A) 27 Jr, N Wb Z 0,
and
L/ LW 0 <
271 by Wb )\) — Ré’
L 1 Wk () Cy
Dy dX\| <
271 AsR by Wb< ’ = or (SR‘S’
1WE (N & 10-1(1 1+ ClIA
H2m/ A V[}Ig((A)) ng(/\)kak d/\||£(3) < 1 il +R52)|| ”[:(3)’
R a —
L Wa (V) 5 b(A) kAR 2071 (1+ Co) || Al 23
HQM/ XA ZW AR ANl 45 < TORD :
for s = 5,6.

Fort>0,k=0,1,....m—1,l=k+1,k+2,...,m — 1 we have
1

Z)(t) = %/ ANTEIE () (WP — A) ™ dA
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1 _
= — / MATFTL(WE(N) — WEE(N) (W2 — A) L

271 ~
- / MAF1gAT 4 L / AN (WE(AN)T - A)’1 Ad\

271 ~ 211 ~

1 _
- — / NN () (WE(AN)I — A) L
271 ~

Hence, Z,gl)(O) = 0, since by the Cauchy Theorem,

L / MATFIAN = 0
2 J,
1

L Myl—k—1 b oot _
2m,/ eMA (Wa()\)I A) AdA=0,

1

— [ AT () (WO — A) T dA =0,
21 Jr,

and under conditions and .,
_ 4O Alle)
— R5 )
- 207 | Alles
AE=L (b — A) T Ady . < L LG
[ At o= ) Adx] < TS,
47TCQ
d/\HL(3) = RS’

H/ NZFZLW () (WEONT = 4) 7 d) || S

I Al—k-1 (Wf(A)I—A)‘lAdAHL(S)

P2 r

I At o) (T - 4) 7

T2 r
(5R‘57

Thus, Z, € C™ 1 (Ry; L(3)), k =0,1,...,m—1, the function z(t) = ZZOI Zy(t) 2z,
satisfy the Cauchy conditions ([2.2)).
By construction, and estimate (2.5)), we have

C2+1 tRe)\
Zy(t s ds < K
1240l < 2 [ s < K

because

tRe A rot 27
l/ e ds < € / erot(COSW*l) d@ < 267“0757
™
Y1 0

Al m
1 tRe A\ rot —Tr0 LT
f/ ¢ dsge—/ C dr < Cze™t, k=23, t>1.
3 7 ) Tl

Therefore, we can take

—ro e

mdw, max e~ "' Zx(t)|| £(3) }

1
Ki = 2(Cy + 1) + 20, max{;/ e

— 00

Thus, [|2(0)ll5 < e S Kellzells, ie. @ € B(3).
Under the condition Re > ro we have the equality

-1
Z 2m/)\k+1 (1t —N) (WS(A)I—A) ZrdA.
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By (2.5) these integrals converge and

. b -t _ _
Jim. Z 2m/ Akﬂ G A) (W2MI —A) " 2dA =0, s=2,5,6.

Therefore, by the Cauchy integral formula,

m—1 b
, 1 W, (V)
wma;znwzm o 31— (O =)
k=0
m— 1Wb

Hence, £[z](x) has a holomorphic extension on {u € C : |u| > ro, argp € (=7, m)},
because the resolvent of the operator A is holomorphic there.
Further, using formula (2.1) for the Laplace transform, we can write

o [ w(@)De:(tda] (1)

m—1 b o .
=2 Wazfﬁ) W () (Wh(u)T — A) ™ 2 — 3 Wﬁ(?) .
= P = M
m—1 b
=4 W:Lakkf?) () (W ()1 — A)_l 2 = AL[Z)(p).
k=0

Here the commutation of an operator and its resolvent was taken into account.
We can apply the inverse Laplace transform on the both parts of the equality and
obtain equality in all continuity points of function x, i.e. for all ¢ > 0. It
was proved, that 2 € C(Ry;3), hence, by the continuity of the operator A, the
right-hand side of equation is continuous on R, and therefore, the left-hand
side of the equation is continuous also and the function z is a solution of problem
2. &3,

If there are two solutions z7, 25 of problem , from the class F(3), then
their difference y = z1 — 22 € E(3) is a solution of equation and satisfy the
initial conditions ®)(0) =0, k = 0,1,...,m — 1. Applying the Laplace transform
to the both sides of equation gives the equality WE(N\)L[y](\) = AL[y](N).
Therefore, for |A| > 3 we have £[y](A) = 0. It means that y = 0. O

Remark 2.2. Under the conditions of Theorem the families of operators
{Z,(t) e L(3):teRL}, k=0,1,....,m—1,

and, therefore, the solution z(t) = ;n:_ol Zy(t)z, of problem (2.2)), (2.3) have
holomorphic extensions to the right half-plane {t € C : Re ¢t > 0}. Indeed, as was
seen in the proof of Theorem [2.1] that the integrals
1 _
5 / MATFEIWE (N) (WE(MN)I — A) Yan, k=0,1,...,m—1,
™
¥

with [ € Ny := NU{0}, converge uniformly on arbitrary compact set from the right
half-plane {t € C: Re t > 0}.
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Remark 2.3. We can consider equation (2.3) with a < 0, where D¢ := J; ¢ for
a < 0 by definition. Then Theorem on the unique solution of (2.2)), (2.3)) is
valid also, and ax =k, k=0,1,...,m — 1.

Remark 2.4. It is easy to show, that, for example, the functions w(a) = a”
n €N, or w(a) = ¢*, ¢ > 0, satisfy conditions of Theorem

)

The following general assertion holds.

Proposition 2.5. Let a function w : (a,b) — R be bounded, and for some ¢ €
(0,b — a) in the left e-neighborhood of the point b, it does not change the sign and
there exists ¢ > 0 such that for all @ € (b — g,b) we have |w(a)| > ¢1. Then
conditions and with arbitrary § € (0,b —m+ 1) hold.

Proof. If w is bounded in some interval (c,d) C (a,b), then

’/ a)A\da| < IN4(d—¢) sup |w(a)|. (2.7)

c<a<d
Also, for ¢ sufficiently close to b,

|/ ()A*dal
— |/ |>\|(x uxargz\da’
1/2
= (’/ w(a)|A|¥ cos(aarg A) da| —I—‘/ ) |A|* sin(a arg A)da| )
b
J2(1 [ e

w(a)|A|¢ sin(a arg )\)da’)
= \ﬁ/ |w(@)[|A|¥(| cos(aarg A)| + | sin(«arg A)|)da

1 b
> — w(a)||A\|“de,
> = [l

because w(a), cos(aargA) and sin(aarg A) do not change the sign for « from a
sufficiently small left neighborhood of the point b, and

I V

C

| cos(aarg \)| 4 |sin(aarg )| = v/1 + 2| cos(aarg \)|| sin(ccarg )| > 1.

Therefore, for sufficiently small €; € (0, min{e,2(b—m+1)}) and for sufficiently
large |A|, we have

|/ 0)A*dal

1
> w(a)|N%a — NP1 (b—e; —a sup |w(«a
\/5 b_gll ()] [A] A7 (b — &1 )a<a<b7€1| @] (2.8)

o NP AP
T V2 Inf)
> 201 AP /2 — Cy AP = Oy A2,

— Cy|AP=

Denotting 6 =b—m+ 1 —¢e1/2 > 0, the above inequality implies condition (2.4)).
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From inequalities (2.4) and (2.7) it follows, that for & > a
(WM N) < OO 170 (m — 1 = a) sup |w(@)].

a<a<b

Hence, condition (2.5) is obtained. O

Corollary 2.6. Let w € C([a,b];R) and w(b) # 0. Then conditions (2.4)), (2.5)
with arbitrary 6 € (0,b—m + 1) hold.

Indeed, all assumptions of Proposition [2.5] hold.
2.1. Example. Consider the problem

kv
Otk

b
/ w(a)Dv(s, t)da = / K(s,&)Bu(&,t)dE,  (s,t) € Q x Ry (2.10)

(s,0) = vi(s), s€, k=0,1,....,m—1, (2.9)

Here 2 C R? is a bounded region, a < b,0 <m—-1<b<m, w: (a,b) >R, Bisa
(n x n)-matrix, K : Q x Q@ — R™ are given, v(s,t) = (v1(s,t),va(s,1),...,vn(s,1))
is an unknown vector—function

We take 3 = Lo(Q)™, ( = [ K(s,&§)Bw(§)d¢ for vector-function w =
(w1, wa, ..., wy) € La(Q)™. Then A€ E(Lg( ) ), and if the function w satisfies
the condltlons of Theorem. problem (2.9 - 2.10)) has a unique solution from the
class E(La(Q)™).

3. INHOMOGENEOUS EQUATION

A solution of problem ([2.2)) for the equation

b
/ w(a)Df z(t)da = Az(t) + g(t), te€][0,T), (3.1)

where D¢ is the Caputo fractional derivative, m — 1 < b < m € N, a € [0,b),
w: (a,b) = C, T >0, g € C([0,T];3), is called a function z € Cm’l([O T);3),
such that there exists f:w(a)sz(t)da € C([0,7); 3) and equalities (2.2) and (3.1
are valid. Denote

= / M (WENT — A) " dA, (3.2)

2() = 2mi

This integral converges at t > 0.

Lemma 3.1. Let A € L(3), g € C([0,T);3), and for some 3 > 1 W’(\) is
holomorphic function on the set Sg:={\ € C: |A| > 3, arg X € (—m,m)}, satisfying
the condition ([2.4)), ro = max{3, (2||A ) /01)1/5} Then the function z4(t) =
fo (t—s)g )ds is a unique solution to problem (2.2 , with z, = 0, k =
0,1,...,m—1, from the class E(3).

Proof. 1t is easy to show that the integrals

Z®(t) = /A’“ MW —A) " d, k=0,1,...,m—1,

2mi
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converge uniformly with respect to ¢ on every compact set from the half-plane
{t € C: Ret > 0}, therefore, Z(¢) can be holomorphically extended onto this half-
plane. A more difficult question is the behavior of this functions at zero. Let us
consider it.

For ¢ € [0,1] we have

etRe)\ 9 s

—m—9 _ro

/ 7|>\|m71+5 ds < 27 e,
71

et Re X —ro de p2—m=s
/ m—1+6 ds S / m—1+6 = 0 ’
PN oo |7 2—m—20
k = 2,3, for b > 1 and, consequently, m > 2. Hence, integral (3.2]) converges
uniformly with respect to t € [0, 1], and there exists the limit

Z(t) i/ (WP — A) ™ dA = Z(0).

= omi

lim
t—0+
Analogously for k =1,2,...,m — 2 we have the limit
1 _
lim 20 (1) = / N (WO — 4) " dx = 28 (0).
2mi J,
Moreover,

ZM(0) =

2mi J,
1 _
:—.(/ +/ +/ f/ ))\’“(Wf(A)I—A) Y0
2m I'r I's r I's,r 'z r
as R — oo by the Cauchy Theorem and estimates

k (1170 -1 2
”)‘ (Wa(/\)l_ A) ||£(3) < |)\|1+57

/ N (WA — A) " dA

k=0,1,....m—2

(see the proof of Theorem . Thus, Z*)(0) =0 for k =0,1,...,m — 2.
It remains to consider lim; gy Z(™~1(¢). For t € [0,1] we have

et Re A s

-5 1o

/ W ds S 2’/7'7"0 e,
7

tRe A —To et g +oo -Yd
[ Grass | e[ Stera-art k-2,
Yk |>‘| —00 ‘$| tro Yy

Thus, [|[ZM=D ()| c3) = O°~!) as t — 0+.
Further, for Kk =0,1,...,m — 2 we have

t
zék) t)=0+ /0 ZW®(t — 5)g(s)ds,

||z§m_1)(t)|| < Ct% — 0 as t — 0+. Thus, zero initial conditions (2.2)) are fulfilled.
Define g(t) = 0 for ¢t > T, then we have the convolution z, = X * g, and
Llzg] = £[X]L[g]. Arguing as in the proof of Theorem we obtain £[X]|(p) =

(Wh(p)I — A)_l. From condition (2.4)) it follows that

20! | 1
N

C

1
(thz)(A)I - A) H£(3) < |/\|m+67

I (WEOT = A) e <
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for m + 0 > 1. Hence,

1

b _
o[ [ wlaDgzyda] () = Whtn) (W2~ )™ £lol)

-1
= Lgl(n) + A (Wg(u)I = A) " Llgl(w).
Acting by the inverse Laplace transform on the both sides of this equality, obtain

b
/ w(@)Df zg(t)dor = g(t) + A(X x g)(t) = g(t) + Azg(t)

due to the continuity of the linear operator A.
The proof of the solution uniqueness reduces in an obvious way to the proof of
uniqueness for the homogeneous equation. ([

The next theorem follows from Theorem 2.1l and Lemma [B.11

Theorem 3.2. Let A € L(3), g € C([0,T);3), z € 3, k=0,1,...,m — 1, and
for some B > 1 WE(N\), Wi(N\), k=0,1,...,m — 1, are holomorphic functions on
the set Sg:= {\ € C: |A| > B,arg X € (—m,m)}, satisfying conditions (2.4), [2.5),
ro = max{B, (2| Allz3)/C1)*/°}. Then the function

m—1 +
2(t) =Y Zk(t)zk+/0 Z(t — s)g(s)ds

k=0
is a unique solution to problem (2.2)), (3.1) from the class E(3).

4. DEGENERATE DISTRIBUTED-ORDER EQUATION

We present some results from [29] for (L, o)-bounded operators, which are nec-
essary for further considerations.

Let X, 2 be Banach spaces, £(X;%) be the Banach space of linear continuous
operators, acting from X into ), CI(X;9Q) be the set of all linear closed densely
defined in the space X operators, acting into 9), £(%; X) := L(X), CI(X; X) := Cl(X).

Let L € L(%;9), ker L # {0}, M € CI(X;9) has a domain Dy;. Since M is
a closed operator, we can consider D), as the Banach space with the graph norm
of the operator M. We also use the notation pZ(M) := {A € C: (\L — M)~ €
L(Y;X)}, ol(M) := C\pX (M), RY(M) := (A\L—M)~'L, LY (M) := LOAL—M)~!.

An operator M is called (L, o)-bounded, if o' (M) C {\ € C : |\| < a} for some
a > 0. In this case there exist projections

P = ;MLRf(M)dA €L(X), Q:= 1AL§(M)dA € L(9),

2mi

where v = {\ € C: |\| = a + 1}. Denote by X° (9°) the kernel ker P (ker @), and
by X! () the image im P (im Q) of the projection P (Q). Let M (Ly) be the
restriction of the operator M (L) on Dy, := X* N Dy (X), k=0, 1.
Theorem 4.1 ([29]). Let an operator M be (L,o)-bounded. Then

() X=x'ox, P=9"0Y

(ii) Ly € L(XF;9%), k=0,1, My € CL(X%9%), M, € L(X5DY);

(iil) there ewist operators My ' € L(D%X°) and LT' € L(D';X1).



12 V. E. FEDOROV, E. M. STRELETSKAYA EJDE-2018/176

Denote G := Mo_lLo € L(X"). For p € Ny := NU {0} an operator M is called
(L, p)-bounded, if it is (L,o)-bounded and GP # 0, GPT1 = 0.
Let us consider the distributed-order equation

/bw(a)Df‘Lx(t)da = Mz(t)+ f(t), te€]0,T), (4.1)

where D¢ is the Caputo fractional derivative, m —1 < b <m € N, a < b, w:
(a,b) = R, f € C([0,7);2). Equation is called degenerate, because it is
supposed that ker L = {0}.

A function z:[0,T) — Dy is called a solution of equation (1)), if Mz €

C([0,T7);9), there exists fabw(oz)D?Lac(t)da € C([0,7);9) and equality (4.1)) is
valid. A solution x of (4.1) is called a solution to the Cauchy problem
™) =2z, k=0,1,...,m—1, (4.2)

for equation (4.1), if z € C™~1([0,T); X) satisfies conditions (4.2)).
Let B be the operator, defined as

b
(Bz)(t) := / w(a)Dgz(t)do (4.3)
on functions z:[0,T) — X, such that the right-hand side of (4.3)) has meaning.

Lemma 4.2. Let H € L(X) is a nilpotent operator of a power not greater than
p €Ny, (BH)*h € C([0,T);X), k =0,1,...,p. Then there exists a unique solution
of the equation

/bw(a)D?Hw(t)da =w(t)+ h(t), tel0,T), (4.4)

and it has the form
P

w(t) = — STI(BH) A (1), (4.5)

k=0

Proof. If w is a solution of (4.4), then w + h + BHh = BHw + BHh = (BH)*w
for t € [0,T). The last expression is defined, because BHw and BHh is defined
also. Analogously obtain w+h+BHh+(BH)?h = (BH)*>w+ (BH)?*h = (BH)3w.
Continuing these arguments, we obtain

p
w+ > (BH)*h = (BH)"'w = BP™ HPTh = 0,
k=0

since HP™! = 0. Hence, the solution has form ([4.5). Therefore, there exists a
solution of equation (4.4)), and it is unique. O

Define operators

1 e)xt
Xi(t) = 27”/7 S Wo (MR (M)dX,  aj, = max{a, k}, k=0,...,m—1,

1 M pL
X(t) = 5 We “Rigro oy (M)dA.
From Theorem .1 it follows that

Riyony(M) = (We(NT = L' My) P+ (WS (NG =) 'G(I = P).  (4.6)
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Theorem 4.3. Let p € Ny, an operator M be (L,p)-bounded, f € C([0,T);9),
(BG)'My (I — Q)fECm H[0,7); %), 1=0,1,...,p, and for some 3 >1 W2()),
WE(N), k =0,1,. — 1, are holomorphic functions on the set

s,e ={reC: A =25, argA € (—m,7)},

satisfying conditions (24), [25), ro = max{3, (2| L7 M| cx1)/C1)"/°}, zx € X,
k=0,1,...,m—1, such that

(I - Py = Do S IBOY M (I - Q1) (4.7)
=0
Then the function
Zxk xk+/Xt—sL 'Qf(s)ds— > [(BG) My (I - Q)fI(t) (438)
=0

is a unique solution to the Cauchy pmblem , 4.2)) from the class E(X).

Proof. By Theorem |4.1} problem (4.1 , can be reduced to the two Cauchy
problems

/bw(a)D?v(t)da = L' Mp(t) + LT'Qf(Y), tel0,T), (4.9)
' v®(0) = Py, k=0,1,...,m—1, (4.10)
and
/bw(a)D?Gw(t)da =w(t)+ My (I -Q)f(t), te[o,T), (4.11)
' w®(0) = (I - Pz, k=0,1,...,m—1, (4.12)

on the subspaces X! and X° respectively. Here v(t) := Pz(t), w(t) := (I — P)z(t).
Problem (4.9), (4.10) is uniquely solvable by Theorem and its solution has the

form

._.

m—

1 e>\t ) )
T/ )\k+1 ()‘)(Wb()‘)I—Ll LML) Y dA Py,

o
/ o [ IO — L M) AL QS ()
0 v

=S X Pot / X(t )Ly Qf (s)ds
k=0 0

because of equality (4.6). Then (4.11)) has the unique solution
P

w(t) ==Y [(BG)' My (I - Q)f)(t).
1=0
It satisfies conditions (4.12)), if and only if conditions (4.7)) are valid. O

It is obvious, that for the problem
(Pz)®(0) =z, k=0,1,...,m—1, (4.13)

the next unique solvability theorem without additional conditions (4.7)) is true.
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Note that the definition of equation solution implies the inclusion Lz €
C™=1([0,T);9), therefore, Px = L7 'LPx = L7 'QLx € C™ ([0, T); X) and con-
ditions have the meaning for every solution of . Thus, a solution of
is called a solution of problem , 7 if it satisfies condition .

Theorem 4.4. Let p € Ny, an operator M be (L, p)-bounded, f € C([0,T);9),
(BG)ZMo_l(I - Q)f € C([0,T); %), I = 0,1,...,p, and for some B > 1 W2()),
WE(N), k=0,1,...,m — 1, are holomorphic functions on the set

Sg:={AeC: |\ >p,arg) e (—m,7)},
satisfying conditions (24), [©:5), ro = max{8, (2||Ly ' M| ) /C1)"°}, x), € X1,

k=0,1,....,m — 1. Then function {.8)) is a unique solution to problem (4.1)),
(4.13) from the class E(X).

5. APPLICATIONS TO BOUNDARY-VALUE PROBLEMS

Let P,(A) = Yi g i)', Qu(N) = 20 g diX', ¢;,di € C, i =0,1,...,n, ¢y #0.
Let © C R? be a bounded region with a smooth boundary 52, operators pencil
A, By, Ba, ..., B, be regularly elliptic [30], where

(Au)(s) = D aq(s)Diu(s), a, € C>(Q),
lq|<2r
(Biu)(s) = Y b, (s)Dlu(s), b, € C®(09), 1=12,. ..,

lg|<r

D?=DuD% .. D D% =09%/9s!, ¢ = (q1,q,-..,qa) € N§. Define the opera-
tor A; € Cl(L2(92)) with domain D4, = Hfgl}(Q) [30] by the equality Aju = Au.
Let A; be self-adjoint operator and it has a bounded from the right spectrum.
Then the spectrum o(A;) of the operator A; is real, discrete and condensed at
—00. Let 0 ¢ 0(Ay), {¢k : k € N} is an orthonormal in Ly(§2) system of the opera-
tor A; eigenfunctions, numbered in according to nonincreasing of the corresponding
eigenvalues {)\ : k € N}, taking into account their multiplicity.
Consider the initial-boundary value problem
oFu
ﬁ(s,O):uk(s), k=0,1,....m—1,s€9Q, (5.1)
BiA*u(s,t) =0, k=0,1,....n—1,1=1,2,...,r, (s,t) €90 x [0,T), (5.2)

b
[ @Dz Paauts. e = Qu(Auls. ) + f(s.), (5:6) €Qx0.1), (53)
where D¢ is the Caputo fractional derivative, m —1 < b < m € N, a € [0,b),
w:(a,b) =R, feQx[0,T)—R. Set

X={ueH"(Q): BiA*u(s) =0, k=0,1,...,n— 1,
1=1,2,...,7r, x € 00},
D =15Q), L=P,(A), M=Q,A). (5.5)

Then L, M € L(%*;9) and problem (5.1, (5.3)) is presented in the form (4.1]), (4.2]).

(5.4)
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Theorem 5.1. [9]. Let the spectrum (A1) does not contain zero point and common
roots of the polynomials P,(\) and Q,()), and denotations (5.4), (5.5) are valid.
Then the operator M is (L,0)-bounded,

UL(M) ={peC:pu=QnM)/Pu(Ax), Po(Xx) # 0},
X0 =99 = span{ypy : P,(\x) = 0}, X! is the closure of span{epy, : P,(A\x) # 0} in
the norm of the space X, P! is the closure of the same set in Lo(Q).

Theorem 5.2. Let the spectrum o(Ay) does not contain zero point and common
roots of the polynomials P,()\) and Q,(\), f € C™71([0,T); L2(Q)), and for some
B >1WhN), WP(N), k =0,1,...,m — 1, are holomorphic functions on the set
Sg:={Ae C: |\ > B,arg\ € (—m,m)}, satisfying conditions (2.4, [2.5),

- n /
ro = max {ﬁ, (201 L. Pﬂ?}\lg;éo C]in((i:)))l 6}’

ug € X, k=0,1,....,m—1. If P,(\) =0, then

Qn()‘l)<“kv<ﬁl> :_Df‘t:0<f(‘,t),80l>, k:()v]-v"'vm_l' (56)
Then there exists a unique solution of problem (5.1]))-(5.3) from the class E(X).

Proof. By Theorem p = 0; hence, G = 0. Conditions (5.6) mean (4.7)) for this
case. It remains to apply Theorem [£.3] Here we use the evident equality

_ Qno\k)
LM 1= Ssup ———.
|Ly M|l zezy 250 B
This supremum is finite because the power of @),, not greater than n. O
Theorem implies the equalities X° = ker P = ker L, imL = imL; = !,
therefore, initial condition (4.13]) can be represented in the equivalent form
(Lz)®(t) = yp = Lap € XY, k=0,1,...,m—1.
For equation ([5.3) they have the form
ok P, (A)u
otk
Theorem 5.3. Let the spectrum o(Ay) do not contain zero point and common
roots of the polynomials P,(\) and Q,(N), f € C([0,T);L2(82)), and for some
B >1WhN), WP(N), k =0,1,...,m — 1, are holomorphic functions on the set
Sg:={Ae€ C: |\ > p,arg\ € (—m,m)}, satisfying conditions (2.4)), (2.5)),
— Qn()‘k) 1/8
7o = max {ﬁ, (20 Lo sup ) },
b b Owz0 Pu(Ak)
ug € X, k=0,1,...,m—1. If P,,(N\;) =0, then
(ug, 1) =0, k=0,1,...,m—1. (5.8)
Then there exists a unique solution of problem (5.2)), (5.3)), (5.7) from the class

Proof. Conditions (5.8) mean that u, € X', k = 0,1,...,m — 1. Theorem [4.4
implies the required statement. (I

(5,0) =ug(s), k=0,1,...,m—1, s€ . (5.7)
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Remark 5.4. If P,(\;) # 0 for all kK € N, then conditions (5.1)) equivalent to (5.7]),
and the unique solvability of the corresponding initial-boundary value problems
follows from Theorem 3.2

Let n =1, PP(A\) =a— X Q1(A\) =bA\+c¢, Au=Au,r=1, B, =1, f =0.
Then problem (5.1)—(5.3)) has the form

/bw(a)Df‘(a — A)u(s, t)da = bAu(s,t) + cu(s,t), (s,t) € A xRy,

u(s,t) =0, (s,t) €90 xRy,

oFu

W(S,O) =ug(s), k=0,1,....m—1, s€ Q.
Conditions (5.7) become

0% (a— A)u

otk
Acknowledgments. This work was supported by Act 211 of Government of the
Russian Federation, contract 02.A03.21.0011, and by the Ministry of Education and
Science of the Russian Federation, task No 1.6462.2017/BCh.

(5,0) =ug(s), k=0,1,....m—1, s€ .
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