Electronic Journal of Differential Equations, Vol. 2023 (2023), No. 37, pp. 1-20.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu or https://ejde.math.unt.edu

BOUNDEDNESS, STABILITY AND PATTERN FORMATION FOR
A PREDATOR-PREY MODEL WITH SIGMOID FUNCTIONAL
RESPONSE AND PREY-TAXIS

ZHIHONG ZHAO, HUANQIN HU

ABSTRACT. This article concerns the structure of the nonconstant steady states
for a predator-prey model of Leslie-Gower type with Sigmoid functional and
prey-taxis subject to the homogeneous Neumann boundary condition. The
existence of bounded classical global solutions is discussed in bounded do-
mains with arbitrary spatial dimension and any prey-taxis sensitivity coef-
ficient. The local stability of the homogeneous steady state is analyzed to
show that the prey-taxis sensitivity coefficient destabilizes the stability of the
homogeneous steady state when prey defends. Then we study the existence
and stability of the nonconstant positive steady state of the system over 1D
domain by applying the bifurcation theory and present properties of local
branches such as pitchfork and turning direction. Moreover, we discuss global
bifurcation, homogeneous steady state solutions, nonconstant steady states
solutions, spatio-temporal periodic solutions and spatio-temporal irregular so-
lutions which demonstrate the coexistence and spatial distribution of prey and
predator species. Finally, we perform numerical simulations to illustrate and
support our theoretical analysis.

1. INTRODUCTION

In the field of biomathematics, the study of predator-prey interactions is one
of the fundamental subject. It is well known that there are a large number of
factors that influence dynamics of the predator-prey models, such as the birth
rate, mortality, interspecific competition, food, infectious disease, and functional
responses etc. One of the typical functional responses is the Holling II type:

bu

-~ bhu+1’

where u is the density of the prey, the positive constants b and h denote the search
rate and the processing time, respectively. It applies to invertebrates [19] (insects
and parasitic species are included here) and can be seen that the predator search
rate b is constant. As the study progressed, Hessel [8] pointed out that many
invertebrate predators search actively when the density of prey increases, and that
the search efficiency of predators decreases when density of prey falls below a certain
threshold, e.g., Coccinella septempunctata and first instar aphid, Plea atomaria and
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small Aedes larvae. This means that the search rate of many invertebrate predators
depends on the density of prey, i.e., b = J—%, where the positive constants a and
g denote the maximum achievable search rate and the half-saturation constant,
respectively. In this way we obtain the Sigmoid functional response [6], which is
the so-called generalized Holling type III:

CLU2

Pu)= 2
(u) ahu? +u+g

(1.1)

Turing [29] proposed a reaction diffusion system for the chemical basis of mor-
phogenesis, which is one of the most important mechanisms in theoretical biology.
Since the spatial heterogeneity of the environment affects predator-prey dynamics,
such system has been extensively investigated since 1970s. In particular, Turing bi-
furcation, Hopf bifurcation, pattern formation and traveling wave have been widely
studied [10] 25, 26] 28] 31, B2], where spatial diffusion refers to the variation of
species density according to some process (e.g., physical diffusion or random walk
diffusion).

Kareiva and Odell [I3] pointed out that predators move toward areas of high
prey density to improve predation efficiency when the area is restricted, creating a
predator aggregation phenomenon. This behavior can be considered as the move-
ment of the predators in the direction of the prey density gradient, which is called
prey-taxis. Moreover, the predator-prey model with prey-taxis is different from the
previous models and has rich spatial-temporal dynamics. Global existence, bifurca-
tion analysis and pattern formation of prey-taxis systems have been widely studied
[2, 9L 16}, 20, 24, 27, B3], 34], 36, 37, 38, [39] and the references therein.

In this article, we consider a predator-prey system with prey-taxis:

ou U .
i diAu+ru(l — ?) — P(u)v, in (0,T) x Q,
O yAv — eV () V) + sv(1 —e2), i (0,T) x O
5 = d2v x(v)Vu) + sv e), (0, , (12)
ou  Ov
5—5—0, OH(O,T)X(?Q,

u(a:,O) = uo(x) > 07 ’U(Z‘,O) = Uo(x) > 07 in Q7

where u(z,t), v(z,t) are the density of the prey and predator at position « and time
t respectively, the habitat of both species 2 is a bounded domain with a smooth
boundary 92 in R™ (n > 1 is a positive integer), v is the outward unit normal
vector of the boundary 99, the initial data ug(z), vo(z) are nonnegative continuous
functions and the positive constants dy, ds are diffusion coefficients. The parameters
r and s represent the intrinsic growth rate. The prey population grows logistically
with the carrying capacity K. The predator consumes the prey according to the
sigmoid functional response P(u). The term < is known as the Leslie-Gower term
[17,[18], and e is the number of prey required to support one predator when v equals
%. The parameter £ denotes the prey-taxis sensitivity coefficient, x(v) denotes the
prey-tactic cross diffusion and the term {x(v) Vu denotes the speed of the predator
moving in the direction of the density gradient of the prey. For the prey-taxis
sensitivity coefficient £, £ > 0 indicates that the predator moves in the direction
of high prey density to improve predation efficiency, and ¢ < 0 indicates that the
predator moves in the opposite direction of high prey density in order to avoid the
group defense of large amounts of prey, which is exemplified in nature by Japanese
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bees that gather together to form a hot ball to kill bumblebees when faced with
bumblebees [3], [15]. More biological background can be found in [12], 30].
For convenience, we dimensionless size the model (|1.2) as

_ - d
a:%, f=rt, d1:71, a = Kah, g:%, aoz%, @:%
- do - aK¢ L s = re _ avg
d2=7, 5277 X(0) = x(v), C:;a 52@7 UOZT»

and ignore the bars on u, v and other parameters, then system ((1.2) can be re-
expressed by

au U2U .
a—dlAU“ru(l—u)_m, m (O,T)XQ7
ov v :
5= doAv — EV (x(v)Vu) + cv(1 — @)a in (0,T) x €, (1.3)
Ju Ov
=3 =0, on (0,7) x 09,

u(z,0) = up(x) > 0,0(z,0) = vp(z) > 0, in Q.
Throughout this paper we assume that
(H1) x(v) € C*[0,00),x(0) = 0 and there exists B > 0 such that y(v) < Bv for

any v > 0 and = € Q.

In this article, we investigate the global existence of the classical solution and the
effect of the prey-taxis sensitivity coefficient on the stability, non-constant posi-
tive steady state and pattern formation of . Main results reveal that system
has global bounded classical solutions in bounded domains, the prey-taxis
destabilizes the stability of the homogeneous steady state in the corresponding
ODE system or the PDE system with random diffusion, and a nonconstant positive
steady-state bifurcation occurs at the critical bifurcation point. Numerical simula-
tions are carried out to veirfy our theoretical results. We also find that the period
of the spatio-temporal periodic solutions becomes greater when the intrinsic growth
rate of predators increases within a certain range, which is a novel outcome of this
study.

The rest part of this paper is organized as follows. In Section 2, we prove the
global existence and boundedness of the classical solution. In Section 3, we perform
the stability of the homogeneous steady state by linearizing the model. Section 4 is
devoted to establishing the existence of a non-constant positive steady state in one-
dimensional space, the stability of this steady branch and the global bifurcation.
In Section 5, numerical simulations are presented. We discuss our results and raise
some interesting problems for the future study.

1.1. Global solutions. In this section, we discuss the existence of global solutions
of the initial-boundary value problem (1.3]) of arbitrary spatial dimension with any
prey-taxis sensitivity coefficient.

Theorem 1.1. If ug(xz) > 0, vo(z) > 0, then the system admits a unique
classical solution (u(x,t),v(x,t)) for all x € Q,t > 0. Furthermore, there exist
constants U; > 0, V; > 0, i = 1,2 depending on the initial values ug(z) and vo(x)
such that

U <u(z,t) < U, Vi<ov(zt)<Va, z€Q, t>0.
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Proof. The existence and uniqueness of the solution to the initial-boundary value
problem (1.3)) is easily obtained. For the global existence and the boundedness, we
apply the theory of invariant region in [35]. For the vector field

(00~ g (- 5))

if there exists a region & = (Uy, Uz) x (V1, V2) in the (u, v) phase plane such that the
vector field points inward on the boundary of R, then # is a (positively) invariant
rectangle. If R is positively invariant to the vector field then the solution exists
globally and is bounded.

Let

U = max {1, maxug(z)}, Vo =max {4, maxvy(z)},
€N z€eQ

U, = min{ﬁ,gleiguo(x)}, Vi= min{O,I;leiIﬁwo(x)}.

Clearly, the initial functions ug(x) and vo(x) are enclosed by the rectangle. And
for u = Uy, Vh <wv < Vs, we have

2 U326
211702[]1(1_(]1)_#207
au® +u+g q

which means that the vector field crosses this line in the direction pointing to the

interior of . For the other three sides, we verify using similar calculations.
Therefore, the region R is positively invariant with respect to the vector field

and the the proof is complete. ([l

u(l —u) —

2. STABILITY ANALYSIS OF HOMOGENEOUS STEADY STATE

In this section, we analyze the stability of the nontrivial homogeneous steady
state (u*,v*) by the characteristic equations. It can be seen that the corresponding
ODE system of system is a predator-prey model of Leslie-Gower type with
Sigmoid functional response. Huang [I1] investigated the types of equilibrium and
bifurcations of this ODE system for different values of parameters. By simple
calculation, system has a boundary equilibrium (1,0) and unique interior
equilibrium (u*, v*), where u* satisfies:

h(u) =au® +(§+1—a)u®>+(g—1u—g=0 (2.1)
and v* = du*. It is clear that h(0) = —g < 0, h(1) = J > 0, then v* € (0,1). By
Cardano’s Method, (2.1) has a unique positive solution u*,

o+1—
we gL vas - -va- e

3a

when A = (%)% —(5)% > 0, where
1

)—(0+1—a)?  2(6+1—a)®—27a’g—9a(6+1—a)(g—1)
3a? 4= 27a3
We make the following assumption:

(H2) A >0 and

3a(g —
= 3als

17*2* 2
g (Lm0 +29)

1—
é'u*2
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And let

’U,Q’U v

flu,v) =u(l —u) - el tutyg 9(u,v) = ev(l = =-).

then we have the following results for the stability of the homogeneous steady state
(u*,v*) for ODE system.

Lemma 2.1. If (H2) holds, then the homogeneous steady state (u*,v*) is locally
asymptotically stable for system (1.3|) without spatial variation.

Proof. Linearizing (1.3)) without spatial variation at the steady state (u*,v*), then
we obtain U; = AU, where

o) 4= ) &

and
. . (—u)(ur+2 . s u* —1
fl :fu(u , U ):1_2u _( ();u<*2 g)’ f?zfv(u , U ): 5

g1 = gu(u™,v*) =¢cd >0, go=g,(u",v*)=—-c<O.

<0,

Clearly, f1g2 — f291 > 0, thus the locally asymptotically stability of (u*,v*) can be

guaranteed when f; +go =1 —2u* — % — ¢ < 0 holds. [l

Before developing our argument, let us set up the following notation.

e 0 =0y <01 <0y <... are the eigenvalues for the elliptic operator —A on
Q under the homogeneous Neumann boundary condition.

e E(0;) and ¢;5, j =1,2,...,dim E(0;) be the eigenspace and eigenfunctions
corresponding to eigenvalue o;, ¢ = 0,1,2..., respectively.

o X;;:={c-¢ij,c € R?}, where {¢;;} are standard orthogonal bases in space
E(o;), for 5 =1,2,...dim E(0;).

o X = [L2(2)]%, then X = & ¥X; and X, = @} " X,.

Then the stability of (u*,v*) of system is given in the following theorem.

Theorem 2.2. Assume (H2) holds, and denote

Qi(04,0) = didao? — (d1go + dof1)oi + f192 — fagr, > 1, (2.3)
Qi(0:,0) . :
- > = - .
& X(U*)f2(7i,z >1 and &  max & (2.4)

Then the homogeneous steady state (u*,v*) is locally asymptotically stable for any
&> & and (u*,v*) is unstable when £ < &.

Proof. Linearizing system (1.3) at (u*,v*), we obtain
dy 0
U =(A+DAU, D= . , 2.5
t ( ) <_€X('U ) dg) ( )
where A and U are the same as (2.2). Assume that (¢,?) is the eigenfunction
corresponding to the eigenvalue p of operator A+ DA, then they can be expressed

as
(73]
<i> = > (bf) i (). (2.6)
0<i<oo,1<j<dim E(o;) > 7
And the characteristic equation of (2.5)) for an eigenvalue is

u? — Py(o)p + Qi(0i, &) =0,
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where PZ(O'z) = —(d1 + dQ)O'i + f1 +g2 <0 and Qi(Ui,f) = dldQO'iQ — (EX('U*)JCQ +
daf1 + dig2)oi + fig2 — fag1,1 > 1. By (2.3), we have

Qi(0:,§) = Qi(0i,0) — Ex(v™) f20i. (2.7)

It is easy to obtain that (u*,v*) is local asymptotic stability by @Q;(0,£) =
f192 — fag1 > 0if i = 0. For i > 1, we have:

(i) Qi(0i,0) >0 for all i > 1. Then € < 0 by ([24). If £ > &, then Q;(0,0) —
Ex(*) f20i > Qi(0:,0)—Ex(v*) fao; = 0 for every i, which implies (u*, v*) is
local asymptotically stable by . If € < £, then Qi(04,0) —Ex(v*) fao; <
0 for some 4, which means (u*,v*) is unstable.

(i) Qi(03,0) < 0 for some i > 1. Then £ > 0 by @4). ¢ > €, then Q;(04,0) —
Ex(*) fo0i > Qi(04,0) — Ex(v*) fao; = 0 for every i. Thus, (u*,v*) is local
asymptotically stable by . If € < ¢, then Qi(04,0) — Ex(v™) fao; < 0
for some ¢. Thus (u*,v*) is unstable.

([l

From Theorem 2.2 we can point out that the homogeneous steady state (u*,v*)
loses its stability when prey-taxis sensitivity coefficient is less than a certain thresh-
old value £. In what follows, we only discuss case (i): Qi(04,0) >0 foralli>11in
the proof of Theorem while case (ii) can be treated by the same arguments.

3. NONCONSTANT POSITIVE STEADY STATES

In this section, we study the existence, stability and global bifurcation analysis

of the noncanstant steady states to model in the 1D interval (0,1), { > 0
with prey-taxis sensitivity coefficient & < €. The eigenvalues of —A on (0,1) under
homogeneous Neumann boundary condition are o; = (F)?, i =0,1,2..., and the
corresponding eigenfunctions are ¢; = cos(”T“’), 1=0,1,2....
3.1. Existence of nonconstant steady states. In this part, we apply Crandall-
Rabinowitz bifurcation theory [4] with ¢ as the bifurcation parameter to show that
the system can generate a branch of nonconstant steady state solutions, which
bifurcate from the homogeneous steady state (u*,v*). To be precise, we consider
the corresponding strongly coupled elliptic system of model :

u211

dA l—w)— ——2 % = l
1Au + u(l — u) P 0, ze€(0,0),
doAv — €V (x(v) V) + cv(1 — %) =0, z¢€(0,0),
u=v=0 z=0,1L

Then (3.1 can be expressed as
F(&u,v)=0, (Lu,v)eERXAX,

(3.1)

where

Fleww = (mv eV (x(0) V) + ol )

X = {(u,v) :u,v € H*([0,1]),v' =v' =0 at x=0,1}.

diAu+u(l —u) — wv )
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It is obvious that the solution of F = 0 is the classical solution of (3.1), and F
is a continuously differentiable mapping from R x X to Y, Y = L?(0,1) x L?(0,1).
Moreover, F'(§,u*,v*) =0 for any £ € R.

If (o, u*,v*) is a bifurcation point of F' = 0 with respect to the curve (&, u*,v*),
then the solution of FF = 0 not lying on this curve in any neighbourhood of

(o, u*,v*). Base on (2.4) and (2.7)), the derivative operator
- diA+ fr f2
Fu v ) ) = *
(&7, 7) (91 —X(W)A  dsA+g,
satisfies
(A + DA) (fz) = F(u,v) (gm 'UJ*; ”U*) (32)
and Q;(0;,&) = 0 by Theorem Therefore, Fi,, . (&, u*,v*) has zero eigenvalue,

which implies that (&, u*, v*) may be bifurcation points for all ¢ > 1 as follow. We
now show that the local bifurcation does occur at (&, u*,v*) for all i > 1.

Theorem 3.1. Assuming (H2) holds, and &; # & for any k # i, then (&, u*,v*) is
a bifurcation point with respect to the curve (§,u*,v*), where &; is defined in .
That is there exists a constant § > 0 such that for each positive integer i, system
has non-constant positive solutions I';(s) = (&(s), ui(s,z),vi(s,x)) for|s| < 4,
where £;(s) € R and (u;(s,x),vi(s,z)) € X are smooth function of s. Furthermore,
Ti(s) around (&§,u*,v*) can be expressed as

(uis,2), ils5,) = (", %) 5(1, b cos o + o),
&i(s) =&+ sKy 4+ s°Ko + ...,

(3.3)

dlaif

where b; = Tfl, K1, Ky are constants to be determined and

(ui(s,x),vi(s,z)) — (u*,v*) — s(1,b;) cos ?

1
0
where (i, 9;) = (1, b;) cos 5.

Proof. For fixed i, we only need to prove the following conditions hold by [4, The-
orem 1.7].

(1) The partial derivatives Fp, Fluv) and Fl¢ ) exist and are continuous;
(2) dimWN (F(y,0) (&, u*,v*)) = dim Y/ R(F () (&, u*,0v*)) = 1,
(3) N(Flu,v)(&isu*,v*)) = span {(u;, 0;)} and

F(é,u,v)(€i7U*’U*)(ai’@i) ¢ R(F(u,v)(fiv’lj’*’v*))'

From calculations, we obtain

Fe(§u,v) = — (V(X(g)Vu)> ;

0
F u,v ; Uy s = -
€100 =~ (5035 T ()g7)
Clearly, F¢, F(y,») and F(¢ . .) are continuous. Let

S -

0<i<oo
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Then
diA+ fi fa a; i
— =0, 3.5
ogiz<oo (91 —Ex(W)A daA+ o) \bi) T (3:5)
and therefore the coefficient matrix in (3.5) is singular, that is,
diA+ fi I2 ) < —dioi + f1 I2 >
det . = det . =0, (3.6
¢ (91 —&Gix(v)A  da A+ go o+ &ix(v*)o;  —daoi+ go (36)

which implies
dim N (Fy,0) (&, u™,0")) = 1,
N (Fuv) (i, u™,v")) = span{(a;, 0;) },
here (i;,9;) = (1,b;) cos B2, with b; = dlafigfl The accompanying matrix of
Fryv (&, u*,v%) is:

* Lok %) dlA+f1 g1 *sz(U*)A
F(u,v)(glau , U )_( f2 d2A+92 .

It is easy to see that
N (Flg, e (u,07)) = span {(i7, 57)}

where (@f,07) = (1,b}) cos 52, with b} = ——L2—_ Thus

dimN(F(*;’v)(fi,u*m*)) =1,
and by the Fredholm alternative theorem (see Appendix D of [7]), we obtain

€1
R(F(u (€0, 0%)) = [N (F €, 0)]
that is
dim Y/ R(F () (', v")) = dim N (FF, ) (60", 07) = 1.

u

From the inner product,

1 -
Fre ww (€™, 0") (i, 00), (65, 55) = — | oox(v*)bt cos? 22 da
(Elgu0)( X0 RECL 1
_ xXailfs
2(g2 — da0;)
Then Fie v (& v 0") (@, i) & R(Fluw) (&, u*, v7))- O

>0.

Remark 3.2. According to Theorem each (&;,u*,v*) represents a bifurcation
point, that is, system has infinite bifurcation points. And the emergence of
nontrivial steady-state bifurcation solutions is explained by the effect of prey-taxis
sensitivity coeflicient €.

Remark 3.3. The bifurcation curve I';(s), [s| < d is part of a connected component
I'; of S where

S={(§u,v) ERx X : F(§u,v) =0, (u,v) # (u*,v")}.
Morever, I'; can be characterised by eigenfunction cos(”T””), when it is around

(fia U*,’U*).
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3.2. Stability of nonconstant steady states. In this subsection, we investigate
the stability of the steady-state solution and provide criterion and explicit formulas
to determine the bifurcating direction by employing classical results from [5].
From assumption (H1), F' is C®—smooth, and (u;(s, x), v;(s,2)) are C3— smooth
functions of s by Theorem 1.18 in [4], then we can expand them as follows:

ui(s, ) = u* + scos ? + 8%2®1 + 3P, + 0(s?),
(3.7)

v;(s,2) = v* + sb; cos ? + %Wy + 5y + o(s?),

where (P, Uy) € Z, k = 1,2 as defined in Theorem Moreover, from the
Taylor’s expansion, we have

x(vi(s, z))
; ; 3.8
= x(v*) + sx'(v*)b; cos # +82(x/ (v*)Ty + %X”(v*)bf cos? ?) + o(s?). (38)

For the branch direction of I';(s), we have the following Lemma.
Lemma 3.4. Suppose that the conditions of Theorem [3.1] are satisfied. Then for

each i € NT, Ky = 0 implys the local bifurcation branch T';(s), |s| < d is of pitch-
fork type, where K is given by (3.3).

Proof. Let
1 % % * ok T
M, = 2 [fuu(u s ) + 2 fun (U, 07)b; + foo(u®,v )bzz] ’
1
My = 5 [guu(u*yv*) + QQuU(U*vv*)bi +gvv(u*7v*)b?] ’

To calculate the value of K;, we substitute (3.3)), , and (3.8)) into (3.1) and

collect the coefficients of the s>— terms, then we have

d1® + f1®1 + fo¥y = —M, cos® ?,
T iTT
do W — Ex(v*) @Y + g1 Py + g2 W1 + Kl(T)Qx(v*) cos —— (3.9)
) o .
= —fi(%ﬂ)Qbix(v*) cos Z;m — M, cos? ?

Multiplying both sides of the first equation of (3.9)) by cos % and then integrating
it over 0 to [, we obtain

. 1 . 1 .

(f1 — dl(?f) / ®; cos ?dx + fg/ ¥, cos ?dx =0. (3.10)

0 0
On the other hand, because (®1,¥;) € Z, we have
1 . 1 .
/ P4 cos ﬂdx+bi/ U, cos ——da = 0. (3.11)
0 ! 0 !

From ([3.10) and (3.11)), the determinant of the coefficient matrix is

dor (PTG ) g 2o
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Therefore, the coefficient matrix is not singular, and we have

1 . 1 .
/ P, cos ?dm = / W cos #dx =0, VieNT. (3.12)
0 0
Then K; = 0 based on the second equation of (3.9) and (3.12)). Thus, the local
bifurcation branch T';(s), |s| < ¢ is of pitch-fork type. O

We next evaluate K to determine the bifurcation direction and the stability of
T;(s), |s| < d. To simplify the calculation, we introduce the following notation:

M3 = fuu(u v )+fuv(u*7v*)bi7 M4:fuv(u*7v*)+fUU(U*aU*)bia
M5 = guu(u , U ) +guv(U*aU*)bi, MG = guv(U*vv*) +gvv(U*av*)bi7

1

M7 = g(fuuu(U*av*) + 3fuu'u(U*a U*)bi + 3fu’U’U(U*7v*)b7,2 + fvvv(U*vv*)bg)a
1

Mg = é(guuu(u*, 0*) 4 3Guun (W, VF)bi + 3G (U, 0F)bE + Gupo (u*, v)bY).

Integrating the equations of system (3.9) over 0 to [ and combining K; = 0, we
obtain

! _ (Mafy — Mygo) ! _ U(Myg1 — Maf1)
/0 D= e~ fagr) / Vi = e 0~ fagr)

Multiplying the equations of system (3.9) by cos 2“”” and then integrating them
over 0 to [, once again combining K; = O yields

(3.13)

1 1
2imx Ey / 24mx FEs
®y cos —dor = —, Wy cos —dx = —, 3.14
/0 ! l Eo  Jy l Eo (3.14)
where
4272 (& x(v*) fo + godi + fid 16i4m4d,d
Eo = figs — fagr — (&ix( )fl22 g2d1 + f1 2)Jr - 1 2’
p, _ TEEbX() 2+ 2Mada) | (Mafs = Migs)l
21 4 ’
22 (26 x (v ) My — Ebix (V) f1 + 2Mady) | 2%i*Ebix (v*)dy
Bz = 2 + 3

(Mygy — M f1)l
4 7
obviously, Fy is always nonzero by 51 # &, for any k # 1.

Substituting ([3.7] into (| 7 we equate s3-terms of (3.1] .,

+

d1®Y + f1P + foUy = —M3®P; cos “; — M, ¥, cos ml'w — My cos® ?,
da Wy — &x(0") Py + g1 P2 + 92T + KQX(U*)(%T)Q cos ? (3.15)
=& N — Ms®q cos % — MgWq cos M; — Mg cos? ml'm
where
N =y (T sin I 0+ 05) 4 (%) cos T (0 — ()7
—|—X”(U*)b§(i77r)2 cos i:x(siHQ? % 2?)
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Following (P2, ¥5) € Z and the first equation of system (3.15]), we have

1 . 1 .
/ ®5 cos @dx = —b; / WUy cos ﬂdw,
0 l 0 !

1 . 1 1 .
T 1 Ms 0mx
v —dr=—-———— d,d P d
/0 2cos ——dz (1+bf)f2[2(/0 1$+/0 1c0s — x)

My, ! ! 2i Ml
+74(/ \Illder/ U, cos Z7r$d:v)+3 =

By the second equation of system (3.15]), we have

l ! i ! inx
Ko=—-—-——(A [} —_— A g —_—
5 (iﬂ)Qx(v*)( 1/0 9 COS 7 dz + 2/0 5 COS ;i dz
1 . 1 .
—|—A3/ ®; cos 2m$dx+A4/ U, cos 2mmdx (3.16)
0 0
1 1
+M5/ (I)1d$+A6/ \I/1d$+A7),
0 0
where
T T
A= 2(51')((“*)(7)2 +g1), A= 2(—d2(7)2 + 92),
s o AT
Az = Ms + 2£iXI(U*)bi(T)27 Ay = Mg —&x' (v )(7)27
o 0T 3Msgl L bFitm?
A= Mo+ &X' () (7)) Ar =" 46 (v)

Therefore, we can evaluate K5 in terms of system parameters. For the stability of
the local bifurcating solution I';(s), we have the following theorem.

Theorem 3.5. Assuming that the conditions of Theorem[3.1] are satisfied. Let Ko
be given in (3.16), iy be a non-negative integer such that &, = £ defined by (2.4)).

Then we have
(i) for each i # g, T'i(s), |s| < & is unstable;
(ii) T, (s), |s| < 0 is stable if Ko <0 and it is unstable if Ko > 0.

Proof. (i) Linearizing (3.1) around (&;(s), ui(s, z), v;(s, x)), we obtain the eigenvalue
problem

F(u,v)(&i(s)7ui(87m)avi(s?x))<uav) = p(S)(U,’U), (’U/,’U) eX. (317)
When s — 0, can be written as
Fluwy (i, u™,v") (u,v) = p(0)(u, v), (3.18)

By (2.4) and (2.7, we have
Qi(0:, &) = fax(v*)oi(& — &), 0=, j < oo

Indeed, if j # 4o, then Q;,(04y,&;) < 0, which implies (3.18]) has a simple eigenvalue
p(0) > 0 by (3.2]). Based on the standard eigenvalue perturbation theory in [14], for
smaller s, there exists a positive real part of the eigenvalue p(s) in the linearized
system (3.17). Thus the solution curve I';(s), |s| < 0, i # ip is unstable, which
means there must be i = ig when the solution curve T';(s), |s| < ¢ is stable.

The proof of (ii) is the same as [39, Theorem 4.2], we omit it here. O
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It follows from the Remark [3.3] Lemma[3.4] and Theorem [3.5 that the bifurca-
tion curve I'; around (&;, u*,v*) is pitch-fork and the stability of the critical local
bifurcation branch I';,(s), |s| < § depends on Kj. If T';(s), |s| < 0 is stable, then it
must be the right most one on the &-axis, and turns to the left at (&, u*, v*).

3.3. Global bifurcation analysis. In this subsection, we apply the bifurcation
theory in [23] to illustrate the global structure of the bifurcation curve I';, which
contains (§;, u*,v*), and present the following theorem to show that the local solu-
tion bifurcation can be extended to a global one.

Theorem 3.6. Assuming that the conditions of Theorem[3.1] are satisfied and o; #
i, the projection of bifurcation branch T'; on the &-axis is (—00,&;). Furthermore,

when £ # & for any positive integer i and £ < é, system (3.1) has at least one
nonconstant positive solution.

Proof. By the transformation (U, V) = (u — u*,v — v*), system (3.1)) becomes
(U +u*)*(V +0")

AU+ (U +a) (1= U+ ) - o s e g =0 2 € 00
BV =V + U + eV +07) (1= ) =0 e (0),

Uz)=V'(z)=0 x=0,l.
‘We denote

a(U+u*)2+(U+u:)+g
V" —E(x(V 4+ 0)U') +e(V +0v*)(1 - %)

Let w = (p,q) € X. Then we obtain
H(u,v) (ga U, V)w = le” + HQ(&) w, wl) =0,
where x'(V + v*) denotes the derivative of x(V + v*) with respect to V,

dq 0
H = (—fx(VJrv*) dz) ’
AN hl
(60 = (g oo (4 e ) )
(U4 u)(U+u*+29)(V+ v*)}
(a(U +u*)? + (U + u*) + g)?

" * o * _ (U+U*)2(V+'U*)
H(f,U,V)z(dlU + (U +u)(1 = (U +u*)) >

= 1= 20 +u") -

B (U + u*)?
a(U +u*)2 + (U + u*) —|—gq’
oV +0*)? 2¢(V +v*)
he = 5o ra? T T S )

It can be seen that, Trace(H;) > 0 and Det(H;) > 0, then the operator H; is
elliptic by Definition 2.1 in [23], furthermore, which is strongly elliptic and satisfies
the Agmon’s condition for all § € [T, 7] by Case 2 of [23| Remark 2.5.5]. Thus the
operator H, ,y(§, U, V) is the Fredholm operator with zero index by [23, Theorem
3.3 and Remark 3.4].

Therefore, I'; must satisfy one of the following conditions:
(1) T; on R x X is unbounded;
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(2) T; contains a point (&, u*,v*), where £ # &;
(3) T'; contains a point where (£;u,v) € W, where W = {(&u,v) € R x X :
u > 0,v> 0},
with regard to the global bifurcation result [23, Theorem 4.3]. As we know, the
positive solution of the system bifurcates from (&, u*,v*) if and only if £ = &;.
Therefore, (2) is ruled out.
Evaluating F{, ) (£, u,v) at (1,0), we obtain

!

d p’ —p— _a
F(U,’U) (g; ]-, ())(p7 q) = ( 1 a+1+g .

daq" + cq
It is easy to know that if the eigenvalues of the elliptic operator with the homo-
geneous Neumann boundary condition satisfy (17”)2 #* é, 1=20,1,2,..., then the

boundary (1,0) is a non-degenerate equilibrium point. Thus (3) does not hold
either.

From the Theorem u it follows that any positive solution (u,v) of the system
is bounded in L*°(Q), and satisfies (u,v) € C**(Q) for a € (0,1). Then
the Sobolev embedding theorem implies that (u,v) possesses boundedness in the
norm of X'. Thus, I'; extends to infinity in &, which projects on the {—axis as
(_Oo7fi)' N

4. NUMERICAL SIMULATIONS

In this section, we present some numerical simulations to illustrate our theoreti-
cal results given in the previous sections. Meanwhile, we can find some interesting
patterns of striking structures. Based on Volume-filling mechanism, that is preda-
tors stop aggregating after their density attains certain threshold values v, and
X(v) vanishes identically when v > vy, [I}, 21], which satisfies the assumption (H).
We take

() = {1 — COS(%) 0 <v < vy,
0 V> U
as the sensitivity function.

In Figure |1} the parameters of are chosen to be d; = 0.5,dy =1, a = %,
g =225 ¢c=3,0 =15, v, = 2, which satisfy assumption (H2). By a simple
computation, we can obtain that the unique positive homogeneous steady state
solution is

(u*,v*) = (0.75,1.125),
which is stable for the corresponding ODE system.

In Figure [2] parameters are the same as those for Figure[I] and we select the ini-
tial data as (ug, vg) = (u*+0.01 cos z, v*+0.01 cos ), which are small perturbations

of (u*,v*). By (2.3) and ([2.4)), it is easy to find that

A: ;= ~ —15.61 .
&=, Srglgfw& & 5.6163

Then we observe the pattern formation for the density of predator v(x,t) when
¢ = —15.61 and —15.62 (see Figures [2[a) and [2b)), and confirm that a steady
state bifurcation occurs at f ~ —15.6163. From Figures a) and c), we find
that the homogeneous steady state solution (u*,v*) is stable for any £ > é . Turing
instability at (u*,v*) occurs when & < &, see Figures b) and d). These graphs
also support our stability analysis of steady state solution (u*,v*) in Theorem [2.2
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FIGURE 1. Phase diagram.

Morever, the spatial pattern with mode ig = 5 and eigenmode cos % = cos 75" is
observed from Figures 2b) and [2[d).

Figure [3] shows the effect of interval length on the stable wave number, when &
is near the critical bifurcation value. System parameters and initial data are taken
to be the same as those for Figure [2] Besides, we choose | = 13, 21 and 29, and cal-
culate the corresponding critical bifurcation values of each point to &7 ~ —15.6361,
&1 = —15.6078, and &5 ~ —15.6031. We observe that the homogeneous steady
state solution (u*,v*) loses its stability to the stable wave mode cos 71”—31, cos 112’1””
and cos 1‘3’5’”, respectively. Therefore, Theorem is verified numerically in Fig-
ure Moreover, as the length of interval is increases, the number of aggregates
in the spatial pattern become greater and the time for the system to arrive at a
non-constant steady state increases.

Figure [4] depicts how a small prey-taxis sensitivity coefficient ¢ affects pattern
formation in system . Here the parameter values and initial values are still
chosen in the same way as in Figure Choosing [ = 15, and different prey-
taxis sensitivity coefficients: & = —20, £ = —50 and & = —100, which are less
than the maximum critical bifurcation value £g = —15.6235. we can get that v(x, t)
develop into spike functions when the prey-taxis sensitivity coefficient is small. This
validates the fact that a small prey-taxis sensitivity coefficient benefits heterogeneity
and aggregation of population species in .

We present a list of plots in Figure 5] to show that a variety of nonconstant steady
state solutions, spatio-temporal periodic solutions and spatio-temporal irregular so-
lutions are observed for system as the interval length is increased when the
prey-taxis sensitivity coefficient £ is much smaller than the critical bifurcation value.
The system parameters are taken as d; = 0.5,dy =1, a =1, g = 0.7125, ¢ = 0.9,
§ = 0.9, v, = 2. We take initial values (ug,vo) = (u* + 0.05 cos x, v* + 0.05 cos x)
and fix £ = —30, which is obviously far away from the critical bifurcation value.
It is clear that the solution can evolve through a series of emerging and merging.
Here merging refers to the combination of two aggregates into one via chemotactic
attraction, while emerging refers to the appearance of new aggregation peaks in the
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FIGURE 2. Numerical simulation of v(x,t) of over [ = (0, 10).
Here dy = 0.5,dy =1, a = 2/3, g = 2.25, ¢ = 3, 6 = 1.5 with the
initial data (ug,v9) = (u*+0.01xcos(x), v*+0.01xcos(x)), and & is
a variable coefficient. Solutions are plotted for (i) (ii): ¢ € [0, 5000],
(iii) (iv): ¢ € [0, 100].

space created by the merger. Except that, the spatio-temporal behavior of the in-
ternal spike transfer to the boundary can also be observed. These numerical results
reflect the coexistence of predator-prey species and the complexity of the spatio-
temporal structure of prey-taxis systems. For the relevant theoretical analysis we
can refer to [22].

3021

In Figure [f] system parameter are chosen to be the same as those for Figure
except that £ € [—30.2,—29.5], which are smaller than the critical bifurcation
value £g = 6.0879. We find that the pattern formation is complex and extremely
sensitive to the prey-taxis sensitivity coefficient £. In particular, the dynamics are
same initially, while they vary significantly from ¢ ~ 200, transitioning between
regular and irregular patterning.

Finally, we find an interesting phenomenon, that is the intrinsic growth rate of
predators ¢ can influence spatio-temporal periodicity when £ is far away from the
critical bifurcation value. We take dy = 0.5, ds =1, a = %, g=2.25 6 =15 and
l=4,¢6=—-401n . The initial values are the same as Figure 5l It can be seen
directly from Figure [7] that there is a corresponding transition from nonconstant
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FIGURE 3. Pattern formations of v(x,t) of illustrate the ef-
fect of interval length on the stable wave number with £ near the
critical bifurcation values. System parameters and initial data are
the same as in Figure

steady state with £ = —20 steady state with £ = —50 steady state with £ = —100
o~ L]

FIGURE 4. Nonconstant steady state solutions of the system
over [ = (0,15) show how a small prey-taxis sensitivity coefficient
& affects pattern formations. System parameters and initial data
are the same as in Figure

steady state solutions to spatio-temporal periodic solutions as ¢ increases from
2.823 to 2.824. As c¢ increases from 2.824 to 2.925, we can observe the period of the
spatio-temporal periodic solutions becomes greater. And spatio-temporal periodic
solutions transform into nonconstant steady state solutions, when c¢ increases from
3.005 to 3.006. We can suppose that the period becomes infinite in this process. Our
numerical simulations indicate that the intrinsic growth rate of predator c affects
the period of sustained coexistence of prey and predator species in the habitat,
which enriches the spatial-temporal patterns of the prey-taxis system.

5. CONCLUSIONS AND DISCUSSION

In this article, we investigated the dynamics of predator-prey model of Leslie-
Gower type with Sigmoid functional response and prey-taxis under the homoge-
neous Neumann boundary condition. First the global existence of classical solutions
is established. Choosing the prey-taxis sensitivity coefficient £ as the bifurcation
parameter, we establish conditions for Turing pattern formation using linear sta-
bility analysis. The existence of nonconstant positive steady state is derived from
the local bifurcation theory, and it is proved to be of pitch-fork type. Moreover, we
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FIGURE 5. A variety of pattern formations are observed as the
interval length is increased. System parameters of (1.3)) are given
as (dy,ds,a,g,c,6) =(0.5,1,1,0.7125,0.9,0.9) and £ = —30.

500
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500
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FIGURE 6. Transitions between regular and irregular patterning
in when & € [-30.2,—29.5] is far away from the critical bi-
furcation value. System parameter are chosen to be the same as
those for Figure

also obtain formulas to determine the turning and stability of the local bifurcation
branch T';(s). In addition, we show that the bifurcation curves can be extended
by applying the global bifurcation theory. Numerical simulations are provided to
illustrate and validate our theoretical results. Our findings also reveal that pattern
formation is affected by interval length, prey-taxis sensitivity coefficient £ and the
intrinsic growth rate of predator ¢ in .



18

c=2.824 c = 2.823

2.925

c

c = 3.005

c = 3.006

500

0

500

0

500

0

UL

1000

U]

1000

wulx, f)

ulx, )

u(x,t)

w(x,t)

u(x,t)

4

|
4

500

ZH. ZHAO, H. HU

vix,t)

(LR LEE.

EJDE-2023/37

x =25 " x=4
=}
° v
o
=}
u 1 08 ° 1
x =25 =4
m
v
o
u 087 075 U 095
x =25 x=4
o
v
=)
u 087 075 U 095
r=25 r=4
e
v
<
u 087 0.5 u 095
r=25 - r=4
=]
[ v °
=
u 1 0.8 u 1

(c) phase portrait

FIGURE 7. Maps of solutions for the system show how a
variable coefficient c¢ affects pattern formations for the parameter
sets (di,ds,a,g,0,1,€) = (0.5,1,2/3,2.25,1.5,4, —40) and initial
condition sets (ug,vp) = (u* + 0.05cosz,v* 4+ 0.05cosx). Phase

portrait are plotted for ¢ € [100, 2000].
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Particularly, when £ is away from critical bifurcation value, we can observe
nonconstant steady state solutions, spatio-temporal periodic solutions and spatio-
temporal irregular solutions as the length interval increases. It is worth noting
that solutions evolve to a spatio-temporal pattern with clear temporal periodicity,
that is phase plane trajectory gives a closed orbit when c increases from 2.823 to
2.834. The period of spatio-temporal pattern becomes greater as ¢ increases from
2.824 to 2.925. And the period tends to infinity as ¢ tends to 3.006, that is the
spatio-temporal pattern backs to a nonconstant steady state solution. But the
mathematical behavior of the this process is not well understood yet. We speculate
that the effect of the intrinsic growth rate of predators in the pattern formation of
the predator-prey model is prevalent, which is worthwhile to explore.
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