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RATE OF CONVERGENCE OF FINITE-DIFFERENCE
APPROXIMATIONS FOR DEGENERATE LINEAR PARABOLIC
EQUATIONS WITH C' AND C? COEFFICIENTS

HONGJIE DONG, NICOLAI V. KRYLOV

ABSTRACT. We consider degenerate parabolic and elliptic equations of second
order with C! and C? coefficients. Error bounds for certain types of finite-
difference schemes are obtained.

1. INTRODUCTION

Numerical and, in particular, finite-difference approximations of solutions to all
kinds of linear partial differential equations is a well established and respected area.
Concerning a general approach to these issues we refer to [3], [22], [23], and [24].
By the way, in [22] it is shown, in particular, how to prove the solvability in W4 by
using finite-difference schemes.

One studies the convergence of numerical approximations in spaces of summable
or Holder continuous functions. Discrete L, theory of elliptic and parabolic equa-
tions (even of order higher than 2) can be found in [], [25], [26] with analysis of
convergence in discrete Besov spaces in [27] and in the references in these papers.
Discrete C?+* spaces approach also encompassing fully nonlinear equations can be
found in [I0], [20], and [21].

However, in all these references the equations are assumed to be uniformly non-
degenerate. In this connection note that in [5], [I2] and many other related papers
degenerate and even nonlinear equations are considered. But the setting in these
papers is such that linear elliptic and parabolic equations are included only if the
leading coefficients are constant.

The authors got involved into finite-difference approximations while trying to es-
tablish the rate of convergence for fully-nonlinear elliptic Bellman equations. Non-
degeneracy of such equations does not help much and, therefore, we considered
degenerate equations. Also many such equations like the Monge-Ampere equation
or equations in obstacle problems, say arising in mathematical finance, are degen-
erate. Therefore, the interest in degenerate equations is quite natural. Another
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point is that for fully nonlinear degenerate Bellman equations the higher smooth-
ness of the “coefficients” generally does not help get better smoothness of the true
solutions. This is the reason why we concentrate mainly on equations with C' and
C? coefficients.

The activity related to numerical approximations for fully nonlinear second order
degenerate equations started few years ago with [I7], [16], [15], and then was con-
tinued in [1], [2], [7], [T1], and [I3]. In many of these papers the idea is used that the
approximating finite-difference equation and the original one should play symmet-
ric roles. This led to somewhat restricted results since no estimates of smoothness
of solutions of finite-difference equations were available. Nevertheless, restricted or
not, even now we cannot believe that, for the moment, these are the only published
results on the rate of convergence in the sup norm of finite-difference approxi-
mations even if the Bellman equation becomes a linear second order degenerate
equation (variety of results for nondegenerate case can be found in [3], [23], [24]
and references therein). One also has to notice that there is vast literature about
other types of numerical approximations for linear degenerate equations such as
Galerkin or finite-element approximations (see, for instance, [22], [23], and [24]).
It is also worth noting that under variety of conditions the first sharp estimates
for finite-difference approximations in linear one-dimensional degenerate case are
proved in [28].

To explain our main idea note that linear even degenerate equations often possess
smooth solutions, which one can substitute into the finite-difference scheme and
then use, say the maximum principle to estimate the difference between the true
solution and the approximation. We use precisely this quite standard and well-
known method (see, for instance, [3], [23], [24]) giving up on the symmetry between
the original and approximating equations.

To be able to apply this method one needs the true solution to have four spatial
derivatives, which hardly often happens in fully nonlinear even uniformly nonde-
generate case. But in the linear case, if the coefficients are not smooth enough,
one can mollify them and get smooth solutions. However, then the idea described
above would only lead to estimates for discretized equation with mollified coeffi-
cients. Therefore, the main problem becomes estimating the difference between the
solutions of the initial finite-difference equation and the finite-difference equation
constructed from mollified coefficients. We reduce this problem to estimating the
Lipschitz constant of solutions to finite-difference equations and state the central
result of this paper as Theorem

In connection with the smoothness of solutions of finite-difference equations, we
note that only recently in [I3] the first result appeared for fully nonlinear elliptic and
parabolic degenerate equations. Of course, the results of [I3] are also valid for linear
equations. However, the exposition in [13] is aimed at fully nonlinear equations and
has many twists and turns which are not needed in the linear case. Understandably,
it is desirable to use only “linear” methods while developing the theory of linear
equations rather than appeal to a quite technical and much harder theory of fully
nonlinear equations. Therefore, we decided to write the proofs for the linear case
in the present article. We certainly hope that the methods developed here will be
useful in other issues of the theory of linear equations. Restricting ourselves to the
linear case also allows us to get sharper results and better rates of convergence for
smoother (C? and C*) coefficients. In connection with this restriction it is worth
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noting a peculiar issue. In a subsequent article we plan to to treat fully nonlinear
equations in domains, and we are not able to make this treatment any easier if the
equation is actually linear.

One of our results (Theorem bears on the case of Lipschitz continuous
coefficients and data and yields the sup-norm rate of convergence h'/2, where h is
the mesh size. Remark shows that this result is sharp even for equations with
constant coefficients. Although the proof of Theorem based on Theorem [4.1]is
new, its statement can be found in [II], and, actually, follows from Corollary 2.3 of
[15]. However, this way of proving Theorem uses the theory of fully nonlinear
equations and does not allow to get better rates of convergence if the coefficients
of the equation are smoother. In particular, in contrast with using Theorem
it will not lead to our results about the rates h and h? for linear equations with
variable coefficients.

The article is organized as follows. Our main results, Theorems [2.1242.19] are
stated in Section 2]and proved in Section[5] Between these two sections we prove few
auxiliary results the most important of which is Theorem One of the auxiliary
results, Lemma [3.3] is proved in Section [6] Section [7] contains a discussion of
semidiscretization when only spatial derivatives are replaced with finite-differences
and the final Section [§]contains some comments on possible extensions of our results.

To conclude the introduction, we set up some notation: R? is a d-dimensional
Euclidean space with z = (2!, 22, ..., 2%) to be a typical point in R?. As usual the
summation convention over repeated indices is enforced unless specifically stated
otherwise. For any [ = (I*,12,... ,ld) € R? and any differentiable function v on R¢,
we denote Dju = ugil" and D?u = ugislil7, ete. By Dyu, D?u,...we denote the
derivatives of u = u(t,r) in ¢, Diu is its generic derivative of order j in z.

We use the Holder spaces C1/21, 12, €%, . of functions of (¢,z) € R x R?
defined in some subdomains of R x R%. More specifically C'/?! is the space of
bounded functions having finite Holder constant of order 1/2 in ¢ and continuously
differentiable in = with the derivatives being bounded; C'*:2¥ is the space of functions
having k derivatives in ¢ and 2k derivatives in x, the functions themselves and their
said derivatives are assumed to be bounded and continuous. These spaces are
provided with natural norms: we use the notation | - |5 2x in the case of functions
given in R x R and | | &,k,25 in the case of functions given in H C R x R4,

Various constants are denoted by N in general and the expression N = N(...)
means (and means only) that the given constant N depends only on the contents
of the parentheses.

2. THE SETTING AND MAIN RESULTS

Let di,d > 1 be integers, £, k = +1,...,4+d; nonzero vectors in R? and ¢, =
—{_. Suppose that we are given continuous real-valued functions ¢(¢,x), f(¢,x),
g(x), ok(t,z), bp(t,x) > 0, k = £1...,+d; satistying

O —0_L.

Introduce functions o(t, ), a(t,z), and b(t,x) taking values in the set of d x 2d;
and d x d matrices and RY, respectively, by

otk (t,x) = Gon(t,z), otz)= (o*(t, x)),
a=(1/2)oc*, bt,z) = L.b.(t,2)
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with no summation with respect to k.

Assumption 2.1. For an integer n € {1,2,4,6,...} and some numbers K,, >
Ky > 1,X > 0 we have

d1
> (el + okld + [brlo) + Ielo + | £lo + |glo < Ko,
|k|=1
dy
> o2 jam + 1bklnyzin) + [elnszimn + | Flajzm + lgln < Ka,
|k|=1

c(t,z) > A
Denote
LOu(t, ) = a (t,2)ugizs (t, ) + b (t, x)ug: (t, 1),
Lu(t,z) = Lou(t,z) — c(t, z)u(t, x).
Note that, for ax(t,z) := (1/2)|ok(t,2)|?, we have
a(t, 2 gz = an(t, x)D?ku.

Let T'> 0 be a constant. We are interested in the following parabolic equation:

0
Ot ) + Lu(t,2) + (t.2) = 0 (2.1)
in Hy := [0,T) x R? with terminal condition
w(T,z) = g(z), zeR% (2.2)

We know (see, for instance, [§]) that under the above conditions there is a unique
bounded viscosity solution v of (2.1)-(2.2)), which coincides with the probabilistic
one given by

T
oltsa) = Egtar)exp(= [ cls,z.)d

- . (2.3)
+ E/ f(s,xs) eXp(—/ e(ryx,) dr)ds,
¢ ¢
where x5 = (¢, z) is defined as a solution of
Ts=1x —|—/ o (r, z, )l dwiC —|—/ bi(r,x )l dr, s>1, (2.4)
¢ ¢

and w, is a 2d;-dimensional Wiener process defined for r» > t. Due to Assumption
2] we have

lv| < Ko(1—e )/ A+ Koe T < Ko(1+T AXTY),

with natural interpretation if A = 0.
We use the following finite-difference approximations. For every h > 0, 7 > 0,
I € R? and (¢,7) € [0,T) x RY, introduce:

5h’lu(t,x) = h_l(u(t,x + hl) — u(t,x)), Ah,l = _5h,l5h,7l7
Sru(t,x) = 7 u(t + 7,7) —u(t, z)),
STu(t,z) = 77 ut + mr(t),x) —u(t,x)), 7r(t)=7A(T —1).
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Note that the first factor of §7u is 7=! and not (77 (¢))~!. Also note that
t+m(t)=0t+7)ANT,
so that to evaluate 67 u(t,x) in Hy we only need to know the values of u in Hrp.

Let B = B(Hr) be the set of all bounded functions on Hr. For every h > 0, we
introduce two bounded linear operators L9 and Ly, : B — B:

LYu = ax(t,2)Ap g, u + b(t, 2)0n0,u,  Lpu = Lyu — c(t, z)u. (2.5)
The finite-difference approximations of v which we have in mind will be introduced
by means of the equation
6Fu(t,x) + Lyu(t,x) + f(t,x) =0, (t,2) € Hr, (2.6)
with terminal condition .

Remark 2.2. One may think that considering the operators L written in the form
ak.Dﬁk + b Dy, +c is a severe restriction. In this connection recall that according to
the Motzkin-Wasov theorem any uniformly nondegenerate operator with bounded
coefficients admits such representation. It is also easy to see (cf. [7]) that if we fix
a finite subset B C Z?, such that Span B = R¢, and if an operator

Lu = a"uyiz; + biuy: (2.7)
admits a finite-difference approximation
Lyu(0) = Y pu(y)ulhy) — Lu(0) Vu e C*
yeB
and Lj; are monotone, then automatically
L= > aDi+ Y bD (2.8)
l€B, I#0 l€B, 1#0
for some a; > 0 and b, € R.
Problem ([2.6)-(2.2) is actually a collection of disjoint problems given on each
mesh associated with points (to,zo) € [0,T) x R%:
{((to -‘ro) AT, xg+ h(ilﬁl + -+ idlgdl)) :
§=0,1,2,... i, =0,+1,42, ... k=1,2,...,d}.
For fixed 7, h > 0 introduce
My ={(t,z) : t = (j7) AT,z = h(irby + -+ ia, la,),
F=0,1,2,. .., 0, = 0,41, 42, ..., k=1,2,...,d;}.
Results obtained for equations on a subset of My can be certainly translated into
the corresponding results for all other meshes by shifts of the origin. Another

important observation is that Mz may lie in a subspace of RI*!,
Note a straightforward property of the above objects.

Lemma 2.3. For any h,7 > 0 we have (61 + L9)1 = 0. Furthermore, denote
prn = Ko(h™2 +h=' +771). Then for any h,7 > 0 the operator

u— 65w+ LYu + prpu
is monotone, by which we mean that if uy,us € B and uy < us, then

6T uy + Ljuy + prpur < 62 ug + Lius + pr pus.
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Let T” be the least point in the progression 7,27, ..., which is greater than or
equal to T'. Based on Lemma|2.3|and the contraction mapping theorem, we have the
following several lemmas and corollaries (see [I3]). The first one gives the existence
and uniqueness of solutions to . The second one plays the role of comparison
principle for finite-difference schemes.

Lemma 2.4. Take a nonempty set

Q C Mp:=MpnHp.

Let ¢(t,x) be a bounded function on M. Then there is a unique bounded function
u defined on Mr such that equation (2.6) holds in Q and u=¢ on Mt \ Q.

Lemma 2.5. Let uy, us be functions on My and fi(t,),f2(t,z) functions on
M. Assume that in Q

(ful(t,x) + Lpui(t, z) + fi(t, z) > (gug(t,x) + Lpus(t, z) + falt, ).

Let h <1 and uy < us on Mrp \ Q and assume that wie M=l are bounded on M,
where p > 0 is a constant. Then there exists a constant T* > 0, depending only on
K,dy, and p, such that if T € (0,7*) then on Mrp

uy <ug + T Sgp(ﬁ — f2)u, (2.9)
and, if in addition A > 1, we have
up < ug + sgp(fl — fa)+. (2.10)

Furthermore, 7*(K,dy, 1) — 00 as ju | 0 and if uy,us are bounded on My, so that
w="0, then (2.9), (2.10) hold without any constraints on h and T.

Remark 2.6. In the sense of viscosity solutions, Lemma [2.5]is also well known to
be true with the differential operator L in place of L.

Corollary 2.7. Let cg > 0 be a constant such that
e —1) < A
Then
[orn(t, @) < KoA™H (1 — e ATH) 4 em0@=D)gg
on Hrp with natural interpretation of this estimate if co = A = 0, that is
[vrn] < Ko(T'+7) + |glo-

Corollary 2.8. Let uy and us be bounded solutions of (2.6|) in Hp with terminal
condition gi(z) and g2(x), where g1 and gs are given bounded functions. Then
under the condition of Corollary[2.7, in Hr we have

ui(t,2) < ua(t,z) + e T sup(g1 — g2) 4

Corollary 2.9. Assume that there is a constant R such that f(t,xz) = g(x) =0 for
|z| > R. Then

lim sup |v.pn(t,x)] = 0.
lz[—o0 (0,7
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Lemma 2.10. Let function f, and g,, n =1,2,..., satisfy the same conditions as
[, g with the same constants and let v ), be the unique bounded solutions of problem

2-6)-[2.2) with f, and g, in place of f and g, respectively. Assume that on Hry
lim (|f — ful + |9 — gnl) = 0.
n—oo
Then pointwisely v} ), — vrp on Hr.
Remark 2.11. In many cases Lemma [2.10] allows us to concentrate only on com-
pactly supported f and g.

Here come the main results of this article.

Theorem 2.12. Under Assumption with n = 1, there is a constant Ny, de-
pending only on d, di, T and K1 (but not on h and 7) such that

[v—vrp| < Ny (7'1/4 + hl/z)

in Hp. In addition, there exists a constant No depending only on d, di, and Ky,
such that if A > No, then Ny is independent of T'.

Theorem 2.13. Under the assumption of Theorem[2.13 suppose that o,b,c, f are
independent of t and A > Ns, where Ny is taken form Theorem . Let v(x) be a
probabilistic or the unique bounded viscosity solution of

Lu(z) + f(x) =0
in R%. Let ¥y, be the unique bounded solution of
Lypu(z) + f(x) =0 (2.11)

in RY. Then
10— @] < NhY/?
in R%, where N depends only on d,d;, and I, .

Theorem 2.14. Under Assumption [2.1] with n = 2, there is a constant N3, de-
pending only on d, di, T and Ka (but not on h and 7) such that

[v—vrp| < N3(71/2 +h)

in Hp. In addition, there exists a constant Ny depending only on d, di, and Ky,
such that if A > Ny, then N3 is independent of T'.

Theorem 2.15. Under the assumption of Theorem [2.1]] suppose that o,b,c, f are
independent of t and X > Ny, where Ny is taken form Theorem[2.14] Then

|0 — | < Nh
in R%, where N depends only on d,d;, and K».

Theorem 2.16. Under Assumption [2.1] with n = 4, there is a constant Ns, de-
pending only on d, di, T and Ky (but not on h and 7) such that
|[v —v-p| < N5(T+h) (2.12)

in Hp. In addition, there exists a constant Ng depending only on d, di, and Ky,
such that if A > Ng, then N5 is independent of T'.

In the case of n = 4 we can get an even better estimate with a different scheme.
To state the result we need to introduce one more assumption and somewhat change
our notation.
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Assumption 2.17. We have |b(t,2)| < Kak(t,x) for all k = £1,...,+d;.
This time we again introduce Ly, as in (2.5) but use a different formula for L9:

Lou(t,z) = ar(t, ©)Ap g u(t, ) + by (t, ©)dap o ut, x — hlg). (2.13)
As above Lemmas and 2.5 hold true but this time only if
Kh<2. (2.14)

Of course, in Lemma and in Theorems and below by v, and oy,
we mean the unique bounded solutions of the corresponding equations with new

operators Lj and we assume ([2.14]).

Theorem 2.18. Under Assumption[2.1] with n = 4 and Assumption[2.17, there is
a constant N7, depending only on d, di, T and K4 (but not on h and 7) such that

[v —vrp| < N7 (T + h?)

in Hp. In addition, there exists a constant Ng depending only on d, di, and Ky,
such that if A > Ng, then Ny is independent of T'.

Theorem 2.19. Under the assumptions of Theorem[2.18 suppose that o,b, ¢, f are
independent of t and X > Ng, where Ng is taken form Theorem[2.18 Then

|0 — 0p| < NR?
in R%, where N depends only on d,d;, and K.

Remark 2.20. The rate in Theorems [2.12] and [2.13] is sharp at least in what
concerns h. The reader will see that Theorem .13 is derived from Theorem
in such a way that if one could improve the rate in Theorem then the same
would happen with Theorem if A is large enough. So to prove the sharpness
we may only concentrate on the time independent case.

Take d = 2 and consider the equation

Vg + vy — A= —g(|z —yl)

in R? = {(z,y)}, where g(t) = |[t| A1 and X > 0.
Then v(z,y) = A g(|z — y|) and v(0,0) = 0. It is not hard to show that for
¢1 =(1,0) and ¢; = (0,1), we have

o) = e ) @) = 50 3 () Bl + 1)
where .
&= mi
and 71,72, ... are independent random V;;ilables such that
Pl = +1)= 3.

The sequence w,, := &,/y/n is asymptotically normal with zero mean and variance
1. Therefore, for all big n and small h such that h=2 > n we have (hy/n)~! > 1
and

Bg(h&n) = E((hléa]) A1) = hv/nE[lwn] A (hv/n) ™ = vhi/n

with constant v > 0 independent of n, h.
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It follows that for all small A

h? 2 n
up(0) > 3 Y h71<zn:<h72 ( ) Vn

h3/2 "
> 2 Gow)

h=1<n<h—2

> AT B2 1(R) I (R),
where

_ 2 \2/m a4 2 \1/(2nr?)
I(h)_(2+)\h) ’ J(h)_l (2+)\h) :

This shows that the rate under discussion is sharp indeed since I(h) — e~* and
J(h) —1lash 0.

Remark 2.21. The estimates in Theorem [2.16] and [2.18] are sharp even for d = 1.
An example is the following parabolic equation

Ut + Vpp + v, =0, z€RX[0,1),

with periodic terminal condition g(z) = sin(27x). By a standard Fourier method,
we know that for the scheme in Theorem (L2([0,1]) is Lg in z),

[o(1, ) = vrn (L) La(o.1)) = O + h).

And for the scheme in Theorem [2.18 with symmetric first-order differences, we have
(1, ) = v (1)l zaqo,y = O + h%).

Thus, with the sup norm the errors are at least O(7+h) and O(7+ h?) respectively.

3. SMOOTHNESS OF SOLUTIONS TO (|2.1))

In this section, we state some known results about the smoothness of solutions
to degenerate parabolic equations. The following two lemmas can be found in [I§]
and [16] or else in Chapter V of [19].

Lemma 3.1. Under Assumption with n = 1, the solution v of given
by is bounded and continuous on Hr and differentiable with respect to x
continuously in (t,x). Moreover, there exist constants M, N depending only on K,
d, and dyi, such that,

[o(t,y) — (s, )] < NeM T (|t — 512 + |y — z),
for all (t,y), (s,x) € Hy with |t —s| < 1.

Lemma 3.2. Under Assumption[2.1 withn = 2, the solution v is twice continuously
in (t,x) differentiable with respect to x and continuously in (t,x) differentiable with
respect to t. Moreover, there exist constants N depending only on Ks, d and dy,
and M depending only on K1, d, and dy such that
Vg, < NeM=2+T

The proofs in [19] of the above lemmas are given by using probabilistic methods
and moment estimates. By the same methods, we can get the following general
result (cf. [19], [6]). For the sake of completeness, we give a proof of it in Section
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Lemma 3.3. (i) Let m > 1 be an integer. Under Assumption [2.1] with n = 2m,
the solution is 2m times continuously differentiable with respect to x on Hr
and m times continuously differentiable with respect to t on Hy. Moreover, there
exist constants N depending only on m, Koy, d, and di, and M depending only on
m, K1, d, and di, such that

|U|HT,m,2m S Ne(Mi)\)-FT'

(ii) If there is a constant Ny and integer I > 1 such that
Kj < No/elU=D+, j <2m,
for some positive number € < 1, then we have
0]y m2m < N(No,di, d,m)e®=V+T /g2m=l

In what follows we will only use Lemma [3.3] for m = 1,2 and [ = 1,2. The next
theorem is about continuous dependence of solutions with respect to the coefficients
and the terminal conditions.

Theorem 3.4. Let oy, by, ¢, A\, f, g, 0k, Bk, ¢, 5\, f, g satisfy Assumption
withn =1 and A\ = . Let v and ¥ be the corresponding solutions of (2.1)-(2.2).
Assume

v = sup (|og — o3| + |br — bi| +|c— & +|f — f]) +sup|g — g| < co.
Hrp,k T

Then there are constants N and M depending only on K1, d, and dy such that on
Hr
lv— 0] < NyeM=M+T
Proof. Consider R? as a subspace of
R = (g = (2, 2% : 2/ € RY, 2% € R},
Introduce
Hp(d+1) = {(t,a',z) : (t,2') € Hp,z € R},
Hr(d+1)={(t,x) € Hr(d+1):t <T}.
Let n € C}(R) be a function such that

n(=1) =1, 7(0) =0, n'(p) =n'(¢) =0 for p<—1,¢>0.
Set
Gr(t,x) = on(t, a" (@ /) + on(t,2’) (1 — (@ /7))

and similarly introduce by, ¢ f ,and g.

It is easy to check that Lemma is applicable to our new objects, and we
denote v to be the solution of — with 7, Bk, c, f, g, f in place of oy, by,
¢, f and g. Note this is actually a collection of disjoint problems parameterized by
291, By the uniqueness of solutions, obviously for any (¢,2') € Hrp

o(t, ', —y) = v(t,2"), o(t,2',0) =v(t, ).

Therefore, the assertion of the theorem follows from Lemma 3.1 (I
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4. SOME ESTIMATES FOR SOLUTIONS TO LINEAR FINITE DIFFERENCE EQUATIONS

In this section, we give several results about Lipschitz continuity of solution
u = v, p, to linear finite difference equation. Firstly, observe that

Apa(v%) = 208500 + (8,10)° + (9n,-10)°, (4.1)
5h’l(uv) = uéh,lv + v5hylu + hdhvluéhylv. '
We fix an ¢ € (0, h] and a unit vector [ € R? and introduce
Mr(e) == {(t,x +icl) : (t,x) € Mp,i=0,%1,...}.

Let Q C Mr(e) be a nonempty finite set and u a function on Mr(e) satisfying
@.6) in Q' = QN Hr.

We add two more directions £4,+1 := 1 and {_g4, 1 := —[ and let r be an index
running through {£1,...,+(d; + 1)} and k through {+1,...,+d;}. Denote

hy =h, k==%1,...,%d1, hi@, 1) =¢.
Define the interior and boundary of Q:
Q% ={(t,x) € Q" : (t +7r(t),x),(t,x + hply) € Q,Vk =1,2,...,dy + 1}.
0:Q =Q\ Q.

Theorem 4.1. Under Assumption|2. 1| with n = 1, suppose that there are constants
No,co >0, v > 0 such that

K3[(2dy +15)K1 4+ 6] < —y+ A+ 71 (1 —e 7)) + Ny 5gfk ar, (4.2)

which always holds with Ny = ¢y = 0 if
K3[(2d; +15)K; + 6] < XA — 7.

Then there is a constant N € (0,+00) depending only on Ny, K1, d1, d, and 7,
such that on Q

10c 41u] < Neo@+7) (1 4 max lu| + Igzg((max |0n,.e,u])).
B r

Proof. Set £(t) = e for t < T and &£(T) = ™", w = &u, w, = Oy, 4, w, Wy = 6L w.
Denote

W=> w} M=Ny+1
and let (tg,xo) be a point at which
V=W + Muw?
takes its maximum value on Q. It is easy to see that
max || < VY2(tg,20),  |6e,01u| < V3 (to, o) (4.3)
on @ and we need only estimate V (tg, xg). Furthermore, obviously
VY2(t,2) < 2(dy + 1) max |w,.(t,z)| + VM|w(t, z)|
< e T+D2(dy + 1) max |65, o u(t, z)| + VM|u(t, z)|],
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so while estimating V (tg,z9) we may assume that (tg,79) € QY. Then for each
k=41,42,...,4d; at (to,zp) we have

0> 0peV = QZwréh,gkwr + 2Mwwy, + hZ(éh,gkwr)2 + th%, (4.4)
T T

0>Ap, V= ZZerh,ékwr + 2MwAp ¢, w

(4.5)
+ Z((S}Lgkw,-)Q + Z(dh,ffkwT)Q + Mw,% + M’wg_k,

0> 5TTV = QZU}T(SZU)T + 2Mww,
" (4.6)
+ 77 Z(CSIwT)Q + Mrpw? > 2 Z w0 w, + 2Muww,.

It follows from (4.4) and (4.5) and our assumption: ax = a—_x > 0,b; > 0, that
0 > 2w, Lyw, + 2MwLiw + (2ax + bph)[ > (0n.e,wr)? + Mwi)]. (4.7)

r

On the other hand, due to (4.1)),
—Snyen f =65 w0r) + € anAn g wr + (O, 0, ak) Ap gy w
+ by (On, 0, 08) Ap o, Wy + DiOp 0, Wy + (On,.0,08)0n 0, W
+ he(On, 0,000, 0, wr — cwr — (Op, 0,C)w — Ay (8, 0, C)wr ],

where and in a few lines below there is no summation in r. Here (recall that
hAh,éku = 5h75ku + 5h€,ku)

e (On, 0, ak) Ap g wr = 2k h ™ (On, 0, ak)On, 0, W,
6L (e w,) =€t (e_COTész -7 1 - e_COT)wr).
Hence,
—&6p a0, f = €76 w, + LOw, + (On, ¢, ar)An g, w
+ 2R b (S, 0,k )Oh 0, Wy + (0,61 )0k 0w + B(On, 0, bk ) O, Wi

—(c+ 71— e "N w, — (On, o,¢)w — hy(On, 0, €)W,
(4.8)
We multiply (4.8) by 2w,., sum up in r and use (4.6)) and (4.7). Then at (o, xq) we
obtain

28w, Op, 0. f < —e" T 2Mww, — 2MwL?Lw

= (2a5, + brh) Y (6n.0,wp)* = M(2ax + beh)wy, 19)

—2(c+ 7711 — e 7)) wa +1,

where
I :=2w, [Yr6n, 0, ar + (On, 0, bk )On.0,w
+ hy(On, 0, bk) 0,0, wr — (On, 0, C)w — by (O, 0, )y ],

Yok = Apgpw + 20 h ™16 4, 0,
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Now note that
Ldw+e Tw, = —f 4+ (c+ 1711 — e 7))w,
so that becomes
—2Mwéf — 26w, 0n, 0. f < —2(c+ 7711 — e 7)) (W + Muw?)
— (2ak + beh) Y (On.0,wr)? — M(2ax + beh)wi + 1.

r

(4.10)
To estimate I observe that, since a = (1/2)0%, we have

Shp otk = 010n, 0.0k + (1/2)h(8n, 0. 0%)2,
J 1= 2w, O, 0, Ak = 20 (O, 0, 0% ) VrkOk + Wethrehy (6, 0, 0%)°
Furthermore, by using inequalities like (a + b)? < 2a? + 2b%, we get
i > Whor = % > artl, <2(di +3) Y ar(One,wr)’,
r.k r.k r.k
and for each k and r

[¢rihe|? < 36 sup [wp[* < 36sup(> wp|* + Mw?) = 36V.
Q,p Q 7,
It follows that

1> wetprkhe (On, 0, 0%)% <6V (6n, 0,0%),

r,k k,r

J <2 Z ak(éh,ekwr)2 +4(dy +3) Z wz(ahr,€7~ak)2 +6V Z(éhm@rak)2

rk rk k,r
<2 Zak(éhygkwrf + 2(2d1 + 15)VK‘13
rk

This takes care of the first term in the definition of I.
Next, for the operator T; : u — u(t,z + [) we have

’2wr[(5}zmirbk)5h,€kw + hy(On, 0,.55)0n. e, er
= 2w, (6n, ¢, bk) Th, ¢, wi|
< QVZ |0n,.1,b| < 6K7V,
r.k
2w, [= (O, ¢, )w = By (On, 0, )w, ]|
= |2wr(5h7‘,grc)Th7‘grw|

<2MV2V[Y " 6p, 0l < 6KTM TRV

Thus we estimated all terms in I and from conclude that
—2MEf — 26w, O, 0, f < —2(c+ 711 —e 7))V
+2K7[(2d) +15)K; + 3+ 3M /2]
—2MV cgglfk ag + 2M>*w? Cgglfk ak.
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Now since M /2 < 1, condition (4.2)) implies that
29V < 28w, 0n, ¢, f + 2MwE f + 2M?w? C,iQIolfk ap <AV + N> 4 N¢2 mgx |ul|?.

It follows that
IV < NE 4 N&” max|ul?

which along with (4.3)) brings the proof of Theorem to an end. O

Remark 4.2. Condition (4.2)) is obviously satisfied for any \, ¢, and v if our
operator is uniformly nondegenerate so that ay > p for some constant p > 0.

On the basis of Theorem Corollary 2.9 and Lemma [2.10} the following theo-
rem can be proved in the same way as Theorem 5.6 is deduced from Theorem 5.2 in
[13]. The method of proof is similar to that of Theorem and consists of adding
a new variable and considering the coefficients with hats (see below) as values of
the corresponding coefficients for one value of the additional coordinate and the
original coefficients as the values at a close value of the additional coordinate.

Theorem 4.3. Let 6y, Bk, ¢, :\, f satz’sfy the assumptions in Section 2 withn =1
and let A = X. Let u be a function on Mr satisfying (2.6) in My and let 4 be a
function on My satisfying (2.6) in Mq with ay, bi, ¢, [ in place of ay, by, ¢, f
respectively. Assume that u and 4 are bounded on Mz and
[w(T, )|, |a(T, )| < K.
Introduce
p= sup (lox — 6x| + [bx — bl +|c— &+ |f = [l).
M,k

Suppose that there exist constants Ng,cqg > 0, v > 0 such that (4.2)) holds. Then
there is a constant N depending only on Ny, K1, d, v, and di, such that

lu— i < Npe©oT+T
on My, where

I= sup (1 + (mka'X ‘6h,‘€ku| + ml‘?x |6h,€k’&| + /’L_1|u - ’ELl)(T, .’L'))
z€R

5. PROOF OF THEOREMS 2.1212.10]

Before starting we make a general comment on our proofs. While estimating
|v(t, ) — vy 5 (¢, x)| we may fix (t,2) € Hy and since we can always shift the origin,
we may confine ourselves to t = 0 and = 0. In particular, it suffices to obtain
estimates of |v(t,x) — v, (¢, )| for t = 0 and (0,2) € Myp. Next, if h > 1 our
estimates become trivial since we are dealing with bounded functions. The same
goes for 7. Therefore, we assume that

T+ h<l1,

and 771 > N(dy, K1) such that (4.2 is satisfied with v = 1, Ng = 0 and ¢
sufficiently large. We also remind the reader that T’ is the least of 7,27, 37,...
which is > T'.
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Proof of Theorem[2.16 Due to Lemma [3.3] we have
0|y 24 < N(Ky,d,dp)e™ V4T, (5.1)

Set v, to be the unique bounded viscosity solution of in Hp» with terminal
condition v, (T”,x) = g(x). Then v, satisfies the same inequality with 7" in
place of T, and also since T" is a multiple of 7 we have (5TT/ = d; on Mp,. Thus by
shifting the coordinates and using , for any = € R? we have

(T, 2) — g(2)] < (T" = T)[ou(T + )y, 12
< N(Ky,d,dy)eM= 2+ =Ty _ ),
Due to Corollary [2.8] on Hr we obtain
v, (t, @) — v(t, )| < N(Ky,d, dy)eM D+ =T)r

Also observe that if on My (= Mryp) we define 0, = v,y and let 0,5 (T, x) =
vrp(T,z) (= g(x)), then on M

52/ = 57’7 5$/67,h = 52”7‘,’13 57,1—1,1_77'& + LhrDT,h + f =0.
It follows by Taylor’s formula that on M

|(6Z, + Lh) (’DT,h — Ux (ta l‘))|

= }(Dt + L)v.(t, ) — (6 + Lp)vi(t, x)‘

< N(dy, K4)(7sup |D?v,| 4+ hsup |D?v,| + h? sup |D2v,|)
HT’ HT' FIT’

< N(dy,d, Kg)e™M=2+T" (7 4 p).
By using Lemma[2.5] we obtain on My
[0, = vrnl = v = ol < N(dy, Ka)eM D477 (x4 1),
[0 = vrn| < 0= 0] + [vs = vrn] < N(d1,d, Ko)eM 5T (T 4+ 1)(7 + h).
For A > 1+ M, we use the assertion in Lemma related to and get
|v —vrp| < N(di,d, Ka)(T +h).
Theorem [2.16] is proved. (]

Proof of Theorem[2.13 We adopt the idea of mollification. Take a nonnegative
function ¢ € C§°(R¥*!) with support in (—1,0) x By and unit integral. For any
bounded function v and 0 < € < 1, we define the mollification of u by

W =2 [ (s )i - 9/ (o g)/e) ddy
Rd+1
It is well known (cf. Lemma that u(®) is a smooth function on R*!'. And if
|u|1/2,1 < Ko, then for any integer m > 1 we have
|U(E) |m,2m S ]V(I(()7 d, m)é‘liQm, (52)
[u'®) —uly < N(Ko,d)e. (5.3)

Next, let v be the solution of 1’1) with 0,(:), b,(:), @, @) ¢ in place of
Ok, bi, ¢, f and g. By Lj we denote the finite-difference operator corresponding

to a,(f), b,(:) , c®), £ Similarly, we introduce v¢ as in the proof of Theorem m
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Also let v7 ;, be the corresponding solution of the finite difference equation. Upon
using (5.2)) with u = oy, bi, ¢, f, g and Lemmawith m=1,2, we get

0 g2 < €N (K, dydy)eM VT (5.4)
0%y 20 < €PN (K1, d, dy)eM=V+T (5.5)

for some M depending only on K7, d, and d;. Two similar estimates hold for v in
place of v¢. Therefore, by shifting the coordinates, we get

[Wi(T,2) — g(@)] < (T" = T)oi(T + )iy _pi12
< e 'N(Ky,d, dy)eM D+ =T)r
Due to Corollary on Hr we obtain
WE(t, @) — v (t, @) < e 'N(Ky,d,dy)eM M+ =T, (5.6)

As before, we introduce o7 ,. By Taylor’s formula, on M

(67 + L§) (051, 2) — w3 (1, 2)|

= |(Dt + LE)vi(t,x) - (5T + Li)vi(t,xﬂ

< N(dy,d, K1) (7 sup [ DvE| + hsup |D3vs| + h? sup | Dgos|)

- Hyo Aoy
< N(dy,d, Kp)eM=2+T (737 4 7 h 4 e 73h2).
By using Lemma we obtain
Wty x) — vz u(t, )| = [v5(E, ) — 07 (E, )]
< N(dy,d, Kl)e(Mfk)JfT/T’(sf‘?’T +eth4+e73h2) (5:7)

for any (t,x) € Mq.
Owing to (5.3) and (5.2)) and recalling the definition of p and I in Theorem

(with a,(f) in place of 6y, etc.) we write
,UJSN(Kl,d){-:, ISN(Khd)
Therefore, by the result of Theorem

lvrn(t, z) — vl (¢ @) < N(d, dy, Kq)ee T (5.8)
for any (t,2) € Mrp. Similarly, by Theorem we have
lu(t,z) —v¥(t, x)| < N(d,dy, K;)eeM—N+T (5.9)

for any (¢,z) € M. After combining (5.6)-(5.9), we reach

lo(t,x) —ven(t,x)| < N(dy,d, K1, T' (e + e 37 +e r+ e th+e73h?)
for any (t,z) € M. It only remains to put ¢ = (7 4+ h?)'/%, and then the first
part of Theorem [2.12]is proved. To prove the second part, it suffices to inspect the

above argument and see that for A\ > M (K1, d,d;) we can get rid of the exponential

factors in (5.7)-(5.9) and also the factor 7" in (5.7). This proves the second part
and the theorem. [

Proof of Theorem[2.1]] We take the function ¢ from the previous proof and addi-
tionally assume that ¢ is symmetric with respect to x, i.e.

C(tz) =t —2), V(L)€ R
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O
Lemma 5.1. With the function ¢ as above, for any bounded function u on RIt!
such that |u|1 2 < Ko, any integer m > 0 and any € € (0,1],
[ |2 < N (Ko, d)e?2", (5.10)
Moreover, on R4H1
[u'®) —u| < N(Ky,d)e>. (5.11)
Proof. Since ( is symmetric with respect to x, for any nonnegative integers i, j

satisfying 2 + j = 2m, we have

DiDIy(®) = ¢=(2i+) / u(t — e%s,x — sy)DiDif(s, y)dsdy
. Rewt (5.12)

1 @it / I,DLD]((s,y) ds dy,
2 Rd+1

where I = u(t — s, — ey) + u(t — 25,2 + ey) — 2u(t, ). Note that by Taylor’s
formula
L] < |u(t —&2s,2 — ey) +u(t — s,z + cy) — 2u(t — s, z)|
+2Ju(t — e%s,2) — u(t,z)| < Koe?(|y|* + 2|s)).
Coming back to yields . To prove , we only need to notice that

1
W (t,2) — ult,2) = 3 / D5, y) ds dy.

O
Due to the previous lemma and Lemma instead of —, we have
[0 fp1,2 < NeM=2+T, V%] 200 < e 2NeM=+T, (5.13)
where N = N(Ks,d,dy), € € (0,1]. Then as above
e (t,z) — v° (L, 2)| < N(Ks,d,dy)e™M D+ =T) 7 (5.14)
for some M depending only on K7, d and dy. Also,
(67 4 Lg) (v(t,x) — 05, (¢, 2)) | < N(dy, K2)eMN+T (727 4 h 4 e72p2),
for any (t,x) € My and € € (0,1]. Hence,
[i(t, ) — o7 ()| = oL (t, @) — 07 ), (¢ @)
< N(dy,d, Ko)eM=+TT (27 4 h 4 e721?), (5.15)
e (t,x) — v, (t,2)| < N(d, dy, Ka)e2e T, (5.16)
lu(t, ) —v°(t, x)| < N(d,dy, Ky)e2eM—N+T, (5.17)

After combining (5.14))-(5.17)), we obtain
lo(t,z) — v n(t,z)| < N(dy,d, Ko, T') (T + €% + 721 + h + e 2h?). (5.18)

for any (t,z) € Mp. Again we put € = (7 + h?)'/4, and the first part of Theorem
2.14) is proved. As before, for A > M(K,d,d;), we can make N in (5.18) to be
independent of T



18 H. DONG, N. V. KRYLOV EJDE-2005/102

Proof of Theorem[2.18 As we have already pointed out, under Assumption [2.17]
Lemmas and still hold true with the operator (2.13)) for h < 2/K. By

Taylor’s formula, for any three times continuously differentiable (in z) function wu,

|02n, 0, u(x — W) — Dy, u(z)] < h2 s[up ] \kau(x + sl)|/6.
s€[—h,h

Therefore, this time
(0" + L) (0r(t, ) — va(t, 7))
= ’(Dt + L)v.(t,z) — (6 + Lp)v.(t, m)‘
< N(dy,d, Kq)(7sup [Dfv| + h? sup | D3v.|| + h? sup [ Dyv.|])

Hy Hy Hop

< N(dy,d, K)eM=+T" (7 + p2),

for any (t,2) € Myp. By using Lemma we obtain that on Mp (we always
assume that h < 2/K)

= |vy — Trp| < N(dy,d, Kg)eM 4T T (7 4 p?),

[V — vrp,
and as few times above
[0 = vrn] < |0 —vs| + [0 — Vrn| < N(dr,d, Kq)eMD+T(T" 4 1) (7 4 h?).
For A > 1+ M, we use again and get on M
|v — vrp| < N(dy,d, Kq)(T + h?).
Theorem is proved. O

Proof of Theorem [2.13, [2.15 and[2.19. We take g = 0 and denote the functions v
and v, j, from Theorem [2.12} (2.14} and [2.18] respectively) by v* and v[,. Obvi-
ously, it suffices to prove that for all (¢,x)

ﬁ(a;):TlggovT(t,x), Op () :Tli_rgovzh(t,x), (5.19)

whenever A > 0 and 7 is small enough.

The first relation in is well known (see, for instance, [9] or [I8]). To prove
the second, it suffices to prove that for any sequence T, — oo such that vf’;l(t, x)
converges at all points of M, the limit is independent of ¢ and satisfies on
the grid

G={izhly+ -+ ighly i =0,£1,..., k=1,...,d1}.
Given the former, the latter is obvious. Also notice that if oy, by, ¢ and f are
independent of ¢, the translation ¢ — ¢ + 7 brings any solution of (2.6) on M

again to a solution. Therefore, it only remains to prove uniqueness of bounded
solutions of on M.

Observe that if u; and uy are two solutions of on M, then they also solve
on My for any T with terminal condition u; and we, respectively. By the
comparison result

ui (t,z) — ua(t,z)] < e D2 gup |uy (T, 2) — us (T, )|,

if 7 is small enough. By sending T" — oo we prove the uniqueness and the theorem.
O
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6. PROOF OF LEMMA 3.3

Obviously, the first part of Lemma[3.3]follows immediately from the second part.
Recall that v is given in with x5 = z5(¢, x) defined by (2.4). We fix (¢t,z) € Hr,
take a £ € R? and set §§Z = 551) (7,€),i=1,2,...,2m to be the i*" order derivative
of x5 at point (¢, ) in the direction of &, i.e

f.gl) = (Z‘é(t,l‘))(g), 522) = (Jfé(t,ﬂf))(g)(g), etc
We know that for example & §1

detM

) and §§2) satisfy the equations

=0 §<1>)(s xs) dws + b(§<1>)(s xs)ds,

5(2 —[ §<2))(8 Z‘s) +U(E(1))(€(1))(S xs)] dwg
T [De®) (8:23) + biewy e (5,25)] ds.
In general gﬁ,i) satisfies

deld) = o(éi))(s xs) dws +b

) (s,z5)ds + 51 dws + Sa ds,
where S is the sum of the terms

(6.1)

l
() oy (8, 2e) for LSy < ) Lk =i

j=1
Similarly, Ss is the sum of the terms

1
b(Egkl))(ggkz))m(ggkﬂ)(S,.%‘S), for 1 < k; <1, Zk =1
j=1
Definition 6.1. Given real numbers A;, ;, i, defined for iy, .
we say that

coyiom =1,...,d,
A= {All”LQv-"lem/}ily i2m=1

is strictly positive definite if the following two conditions are satisfied
1) The value of A

i1,i2,....i2m do€s not change if we interchange any two indices
2) For any = = (x!,2%,...,2%) € R?\ {0},
A(‘T) = Z A21,12, ,i2 ,xilxh t 'xi2m > O
21 ’Lg ..... i 2m

Assumption 6.2. We are given constants M > 0 and > 0 and a strictly positive
definite A such that for any (t,z) € Hr and ¢ € R?

mm=1) Y3 ol e

i1, t2m |j|=1

+2m Y b (L)€ A, < (M= §)A(S).

é"‘ém A .

11y-++5%2m

(6.2)

U1 ,eensi2m

Denote o(t,z,y) = o, (t,z) and b(t,z,y) = b, (t,x). The following lemma is
proved in [6] and is a generalized version of Lemma 7.2 in [14]
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Lemma 6.3. Let o, be a d x di matriz-valued and Bs an R%-valued predictable
processes satisfying natural integrability conditions so that the equation

dys = [o(s, zs(t, ), ys) + 5] dws + [b(s, z4(t, ), ys) + Bs] ds, s>t (6.3)

makes sense and let ys be its solution with a nonrandom initial condition y € RY.
Then under Assumption there exists a number po = po(m,d, o) > 1 such that
for any stopping time T < T and constant 01, 62, p,satisfying 0 < 61 < 62 < §/2 and
p € (0, po], we have
B sup [(er-MH 60y, 2
t<s<rt

(6.4)
SNIyIQm’”ﬂLNEtiug [eP(TMHOE=0 (|| o |22 4 | B,[2P)],

where N = N(m,d,p, K1, A, ,61,82).

In what follows, we only use Lemma[6.3] for 7 = T'. Due to the assumption, we
have K7 < Ny. Next we estimate the moments inductively. Since {t(l) satisfies (6.3])
with @ = 8 = 0, by using Lemma [6.3| with p = 1, we have

E sup [eMHEMETDIeM (2, )P < NIgPP™
t<s<T

We have the natural initial conditions féi) =0, Vi > 2. Since M, A > 0, condition
(6.2) is satisfied if we replace M with 2M. For i = 2, because of (6.1]) and (6.4
with p = 1/2, we have

E sup [eCMHOED1e@) (g 6)m]

t<s<T
= E sup [67(1/2)(2M+6/4)(sft)‘5(‘2)(x’§)|m]
t<s<T °

< N(d,dy,m,No, A, ) K'E sup [e~(/DEMH/D(=0 D) (g ¢)2m]
t<s<T

< N(d,dr,m, No, A, §)e~™E D+ |¢]2m,

For ¢ = 3, we note that in this case a; is a linear combination of

TeME®y  TeM)EM)ED)y

and [, is a linear combination of

b b

€y TEE) ey
Therefore, upon using (6.4)) with p = 1/3 we obtain
E sup [e(—M—Q—é/lG)(s—t)'é-(B) ($7£)|2m/3]
t<s<T ?

< N(d,dy,m, No, A,8)E sup [elmM+0/D)(s=8)(|¢(D)|2m=2m(3=0)/3
t<s<T

+ |§£1)‘Qm/3|€§2)|2m/3€—2m(2—l)+/3)]

< N(d,d1,m, No, A,6)E sup [el=MH/8) =0 (|¢(V)2me=2m(3=0+/3
t<s<T

+ |£§2)‘msm(2fl)+f2m(37l)+/3)} < N|£|2m€72m(171/3)+'

Using similar arguments, one gets the following estimate for fgi).
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Lemma 6.4. Under the assumption of Lemma (ii), for any & in RY, (t,x) €
Hr, we have

E sup e"MH/206=01e0) (4 4 g) 2/t < N|g|2me—2m(=1/i)s

t<s<t 8 o
fori=1,2,...,2m, where N = N(d,dy,m, Ny, A,d). Moreover, due to Holder’s
inequality,

E sup MO0 (12, €)|7 < Nlglte 100 (6.5)

t<s<rt
fori=1,2,...,2m, 0 < g < 2m, where N = N(d,dy, m, Ny, A, ).
Now we are ready to prove Lemma (ii). Firstly, since v satisfies (2.1)), we

only need to consider the spatial derivatives. It is easy to see (cf. [19]) that for
1 < ¢ < 2m and any unit £ € R?,

T
|v(£) (6 (t,x)| < N(d,d1,m) (E/ (14 s9e #Ids+ (1+T9)Ee*"J), (6.6)
A , t

q

where .
Ps = / C(S,.’Es)d&
t

I is a linear combination of

i+j
sup | D% flsup | Dicl [[ 165 (6, 2,6)), for 1<itj<a S ke —a,
Hr Hr r=1 T
and J is a linear combination of
i+j
sup | D g| sup \Dic| [T 165, 2,€)], for 1 <i+j<q, Y k=g,
z T r=1 r

By Holder’s inequality and (6.5)),
Bl MRC O [T 1 (1, 2,))

S H [Ee(7M+6/2l+q)(37t)|§§kr)(t7 x’ §)|q/kr]kr/q
< Ne= Zrlbr=Dy
Also note that by assumption

(sup |DZg| + sup [DE f|) sup | Dic| < Ne=(i=D+=0=0x
T Hr Hr

and
Y=y + G =D+ G =Dy < (a—1)

Thus, the left-hand side of is less than or equal to
T
N(d,dy,m, A, No)e~ 47D+ (/ (1+ sq)e(MfAf‘s/QHq)(S*t) dt
t
(14 T)e(MA=0/27(T =0

S N(dv d1,m,5,A, N()){-:i(qil)*e(]\/[*)‘)JrT.
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This yields Lemma [3.3] (ii) if we make M sufficiently large so that condition (6.2))
satisfies for § = 1 and A being the identity.

7. DISCUSSION OF SEMI-DISCRETE SCHEMES

The following result about semi-discretization allows one to use approximations
of the time derivative different from the one in , in particular, explicit schemes
could be used. The semi-discrete approximations for are introduced by means
of the equation
%u(tw) + Lpu(t,z) + f(t, ) =0, (t,z) € Hr, (7.1)
with terminal condition .

We claim that all the estimates in Theorem [2.12] [2.14] [2.16] and [2.18]still hold if
we drop the terms with 7 in the right-hand sides. We follow closely the arguments
in [13]. The unique solvability of (7.1)-(2.2) in the space of bounded continuous
functions is shown by rewriting the problem as

T
u(t,z) = g(x) —l—/t (Lhu(s,x) + f(s,x)) ds

and using the method of successive approximations.
Next, as in [I3] on the basis of the comparison results and Theorem one
shows that for (¢,z), (s,y) € Hr we have

[vrn(t, ) — v p(t,y)| < Nz —yl,
[orn(t,2) = vr(s,2)| < N(|t = s/ 4 71/2)

with N independent of 7, h,t,z,s,y. It follows easily that one can find a sequence
7 | 0 such that v, ,(t,x) converges at each point of R? uniformly in ¢ € [0,7].
Call u the limit of one of subsequences and introduce

kn(t) =im, forir, <t < (i+1)1,, i=0,1,...
Then for any smooth (¢) vanishing at ¢ =T and ¢t = 0,

T
A (Lo, + ) (n(t), @) dt

T
:/0 Vny (5 (8, 2) 7 (Vi (), ) — Vi (£) — T, ) .

Since the integrands converge uniformly on [0, T'] to their natural limits, we conclude
that u satisfies in the weak sense. On the other hand, v is also a continuous
function and w(T,z) = g(z). It follows that u satisfies (7.1). Now our assertion
follows directly from Theorem [2.12} 2.14] 2.16] and 2.1§

8. DISCUSSION OF EQUATIONS IN CYLINDERS

Some methods of this article can also be applied to equations in cylinders like
Q = [0,T) x D, where D is a domain in R?. It is natural to consider and
in @ with terminal condition (7T, z) = g(x) in D and require v and vy, be zero in
[0,T] x (R?\ D). We assume that ¢ = 0 on dD and that there is a sufficiently
smooth function ¢ on R? such that ¢y > 0in D, ¢ = 0 on D, 1 < || < Ky on
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0D, and Ly < —1 in Q. Then, for sufficiently small h, by the smoothness of ¥, we
also have Ly < —1/2 in Q. Due to Lemma and Remark

"U(ta (E)| < Koﬂ)(tax), |v'r,h(t7x)| < QKO(w(tv‘r) + h)a

for any (t,2) € Q. These estimates give us necessary control of solutions near the
boundary of . Now instead of Theorem [4.3] and we have the following results,
which is deduced from Theorem [£.1] and [3.1] respectively.

Theorem 8.1. Let Q1 be a finite set in My, and suppose ay, by, ¢, f satisfy the
same assumption as in Theorem- Let u be a functzon on Mr satisfying (2.6] .

i Q1N Hr and let @ be a function on Moy satisfying (2.6) in Q1 N Hy with ay, bk,

¢, f in place of ag, by, ¢, [ respectively. Assume that u and @ are bounded on My
and

[u(T’, ), [a(T, )| < K.
Assume that there is an € > 0 such that
sup (|og — 63| + [bx — bi| + e — & + |f — f]) < Ke.
T
Suppose that there exist constants Ny,co > 0, v > 0 such that (4.2) holds. Then
there exists a constant N depending only on Ny, K1,7,d, and dy such that in Q1
lu— | < Nee© T+,

where

I =1+ sup(|u| +|a|) + sup (max |6, ul + max |0p1, 4] + & Hu — ).
Q1 9o Q1 k

Theorem 8.2. Let Qo be a bounded set in Hr, and suppose ax, by, ¢, f satisfy the

same assumption as in Theorem- Let v be a functwn on Hy satisfying . m

Q2N Hr and let © be a function on Hr satisfying (2.1) in Qo N Hy with ay,, bk, ¢,

f in place of ax, by, ¢, f respectively. Assume that v (md v are bounded on Hp and

(T, )], [o(T, )| < Ki.
Assume that there is an € > 0 such that
sup (|og — 05| + by — bi| + e — & + |f — f]) < Kae.
Hr.k

Then there are constants N and M depending only on Ki,d, and dy, such that on
Hr

lv — 0] < NeeM=+TT
where

I =1+ sup(|v| + []) + sup (max | Dy, v| + max | Dy, 0| + &~ v — ).
Q2 0Q2 k k

However, in what concerns the rate of convergence, these results do not allow us
to carry over the methods of the present article to equations in cylinders. The point
is that, no matter how smooth the coefficients and the domain are, the true solutions
may be just discontinuous. Interestingly enough, it seems that for bounded domains
one has to apply the theory of controlled diffusion processes (= the theory of fully
nonlinear PDEs) in order to deal with the rate of convergence for linear equations.
We plan to show this in a subsequent article.
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