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UPPER SEMICONTINUITY OF ATTRACTORS OF
NON-AUTONOMOUS DYNAMICAL SYSTEMS FOR SMALL
PERTURBATIONS

DAVID N. CHEBAN

ABSTRACT. We study the problem of upper semicontinuity of compact global
attractors of non-autonomous dynamical systems for small perturbations. For
the general nonautonomous dynamical systems, we give the conditions of up-
per semicontinuity of attractors for small parameter. Several applications of
these results are given (quasihomogeneous systems, monotone systems, nonau-
tonomously perturbed systems, nonautonomous 2D Navier-Stokes equations
and quasilinear functional-differential equations).

1. INTRODUCTION

The problem of upper semicontinuity of global attractors for small perturbations
is well studied (see, for example, [15] and references therein) for autonomous and
periodical dynamical systems. In the works [1] and [2] this problem was studied for
nonautonomous and random dynamical systems.

Our paper is devoted to a systematic study of the problem of upper semicon-
tinuity of compact global attractors and compact pullback attractors of abstract
nonautonomous dynamical systems for small perturbations. Several applications of
our results are given for different classes of evolutional equations.

The paper is organized as follows. In section 2 we study some general properties
of maximal compact invariant sets of dynamical systems. In particular, we prove
that the compact global attractor and pullback attractor are maximal compact
invariant sets (Theorem 2.6).

Section 3 contains the main results about upper semicontinuity of compact global
attractors of abstract non-autonomous dynamical systems for small perturbations
(Lemmas 3.3, 3.6 and Theorems 3.10, 3.13, 3.14 and 3.16). In section 4 we give con-
ditions for connectedness and component connectedness of global and pullback at-
tractors (Theorem 4.5). Section 5 is devoted to an application of our general results
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obtained in sections 2-4, to the study of different classes of non-autonomous differ-
ential equations (quasihomogeneous systems, monotone systems, nonautonomously
perturbed systems, nonautonomous 2D Navier-Stokes equations and quasilinear
functional-differential equations).

2. MAXIMAL COMPACT INVARIANT SETS.

Let W be a complete metric space, T = R or Z,{) a compact metric space,
(Q,T,0) a group dynamical system on Q and (W, ¢, (2, T, o)) a cocycle with fibre
W, ie. the mapping ¢ : T4 x W x @ — W is continuous and possesses the
following properties: ¢(0,z,w) = x and p(t + 7, z,w) = @(t, (T, z,w),wt), where
wt = o(t,w).

We denote by X = W x Q,g=pr; : X — W, (X, T4, 7) a semi-group dynamical
system on X defined by the equality m = (p,0), i.e. 7lx = (p(t,u,w),o(t,w)) for
every t € Ty and z = (u,w) € X = W x Q. Let (X, Ty,7),(Q,T,0),h) be a
nonautonomous dynamical system, where h = pry : X — Q.

Definition 2.1. A family {I,|w € Q}(1, C W) of nonempty compact subsets of W
is called a maximal compact invariant set of cocycle ¢, if the following conditions
are fulfilled:

(1) {I,|w € 2} is invariant, i.e.
QD(t,IW,W) = Lwt
for every w € Q and t € Ty;
(2) I =J{I,|w € Q} is relatively compact;
(3) {I,|w € Q} is maximal, i.e. if the family {I |w € Q} is relatively compact
and invariant, then I;) C I, for every w € €.
Lemma 2.2. The family {I,|w € Q} is invariant w.r.t. cocycle ¢ if and only if the

set J = {Julw € Q}(J, = I, x {w}) is invariant with respect to the dynamical
system (X, Ty, 7).

Proof. Let the family {I,jw € Q} be invariant, J = (J{J,jw € Q} and J, =
I, x {w}). Then

w7 = Jmtd | we Q) = Jl(olt, L, w),wt) | w e Q}
:U{thx{wt} |WEQ}:U{Jwt lweQ}=J

for all ¢ € T,. From the equality (2.1) follows that the family {I,|w € Q} is
invariant w.r.t. cocycle ¢ if and only if a set J is invariant w.r.t. dynamical system
(X, Ty, ). O

Theorem 2.3. Let the family of sets {I,|w € Q} be mazimal, compact and invari-
ant. Then it is closed.

Proof. We note that the set J = |J{J|lw € Q}(J, = I, x {w}) is relatively compact
and according to Lemma 2.2 it is invariant. Let K = J, then K is compact. We
shall show that K is invariant. If z € K, then there exists {z,} C J such that
x = lim wx, Thusz, € J = ntJ for all t € T,, then for ¢t € T, there exists

n—-+4oo
T, € J such that z,, = 7'Z,. Since J is relatively compact, the sequence {Z,} is
convergent. We denote by 7 = lirf Tp,thenZ € J, 2 = n'T and, consequently, €
n—-1+0oo

mtJ for all t € Ty, i.e. J=7'J. Let I’ = pri K, then we have I' = | J{I/|w € Q},
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where I/, = {u € W|(u,w) € K} and K, = I/, x {w}. Since the set K is invariant,
then according to Lemma 2.2 the set I’ is also invariant w.r.t. cocycle ¢. The set
I’ is compact, because K is compact and pry : X — W is continuous. According
to the maximality of the family {I,|w € Q} we have I/, C I, for every w € Q and,
consequently, I’ C I. On the other hand I = pryJ = I’ and, consequently, I’ = I.
Thus the set I is compact. The theorem is proved. (I

Denote by C(W) the family of all compact subsets of .

Definition 2.4. A family {I, | w € Q} (I, C W) of nonempty compact subsets of
W is called a compact pullback attractor of the cocycle ¢, if the following conditions
are fulfilled:

a. I = J{l,|w € Q} is relatively compact ;

b. I is invariant w.r.t. cocycle ¢, i.e. ¢(t,1,,w) = I, for all t € T, and
w € Q;

c. for every w € Q and K € C(W)

lim B(e(t, K,w™"),1,) =0, (2.2)
t—4o0

where 8(A, B) = sup{p(a, B) : a € A} is a semi-distance of Hausdorff and

wti=o(—t,w).

Definition 2.5. A family {I,|w € Q}(I, C W) of nonempty compact subsets of
W is called a compact global attractor, if the following conditions are fulfilled:

a. a family {I,|w € Q} is compact and invariant;
b. for every K € C'(W)
limsup Al (t, K,w), ) =0, (2.3)

t——+oo weN

where I = |J{I, | w € Q}.

Theorem 2.6. A family {I,|w € Q} of nonempty compact subsets of W will be
mazimal compact invariant set w.r.t. cocycle @, if and only if one of the following
two conditions is fulfilled :

a. {I, | w € Q} is a compact pullback attractor w.r.t. cocycle @;
b. {l, | w € Q} is a compact global attractor w.r.t. cocycle .

Proof. a. Let the family {I, | w € 2} be a compact pullback attractor. If the
family {I/, | w € Q} is a compact and invariant set of cocycle ¢, then we have

B(I, L,) = Blet, I, —,w "), L,) < Bpt, K,w™"),1,) — 0

as t — +oo, where K = (J{I/ | w € Q}, and, consequently, I/ C I, for every
w e Q, ie {I, | we N} is maximal.

b.) Let the family {I, | w € Q} be a compact global attractor w.r.t. cocycle
¢, then according to Theorem 4.1 [6] it is a uniform compact pullback attractor
and, consequently, the family {I,, | w € Q} is maximal compact invariant set of the
cocycle ¢. O

Remark 2.7. The family {I, | w € Q} (I, C W) is a maximal compact invariant
w.r.t. cocycle ¢ if and only if the set J = J{J,, | w € Q}, where J, = I, x {w}, is
a maximal compact invariant in the dynamical system (X, T, 7).
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Definition 2.8. The cocycle ¢ is called compact dissipative if there exists a
nonempty compact set K C W such that

tligl sup{B(U(t,w)M,K) |we Q} =0

for all M € C(W).

Theorem 2.9 ([6]). Let 2 be a compact metric space and the cocycle ¢ be compact
dissipative, then the following assertions are satisfied:

(1) the set I, = () U »(7, K, 1,) is nonempty, compact and
t>0712>t

lim B(U(t,w ")K,I,) =0

t——+oo
for all w € Q;
(2) U(t,w)l, =Ly for allw € Q and t € Ty ;
3)
tliin sup{BU(t,w M, I) | w e Q} =0
and
. ligrn sup{B(U (t,w)M,I) | weQ}=0

for all M € C(W), where I = J{I, | w € Q}.

3. UPPER SEMI-CONTINUITY

Lemma 3.1. Let {I, | w € Q} be a mazimal compact invariant set of cocycle ¢,
then the function F : Q — C(W), defined by equality F(w) = I, is upper semi-
continuous, i.e. for all wy € Q

B(F(wk), F(wo)) — 0,
if p(wg,wo) — 0.
Proof. Let wg € Q,wr — wp and suppose there exists €9 > 0 such that

B(F(wk), F(wo)) = €o.
Then there exists zy € I, such that

p(xg, Iuy) > 0. (3.1)

As the set I is compact, without loss of generality we can suppose that the sequence
{z1} is convergent. Denote by x = . hI—sI—l Ty, then by virtue of Theorem 2.3 the set
— 100

I =U{L, | w € Q} is compact and hence there exists wy € Q such that « € I,, C I.
On the other hand, according to the inequality (3.1) « ¢ I,,. This contradiction
shows that the function F' is upper semi-continuous. ([l

Remark 3.2. Lemma 3.1 was proved for the pullback attractors of nonautonomous
quasi liner differential equations in the work [9, p.13-14].

Lemma 3.3. Let A be a compact metric space and ¢ : T4 X W x A x Q — W
verify the following conditions:

(1) ¢ is continuous;

(2) for every A € A the function oy = @(-,,A\,) : T X W xQ — W is a
continuous cocycle on 0 with the fibre W;

(3) the cocycle py admits a pullback attractor {I | w € Q} for every A\ € A;

(4) the set U{I* | A € A} is precompact, where I* = | J{I} | w € Q},
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then the equality

li I, 10 = 2
oiim | BI,155) =0 (3.2)

holds for every Ag € A and wg € ) and
AILII;O ,B(IA, I)\O) =0 (33)

for every Ao € A.

Proof. Let Y = A xQand pu: T xY — Y be the mapping defined by the equality
w(t,(\,w)) = (A, o(t,w)) for every t € T,\ € A and w € Q. It is clear that the
triplet (Y, T, u) is the group dynamical system on ¥ and ¢ : T4 x W XY —
W (p(t,z,(\,w)) = ¢(t,z,\,w)) is the continuous cocycle on (Y, T, u) with fibre
W. Under the conditions of Lemma 3.3 the cocycle ¢ admits a maximal compact
invariant set {I, | y € Y} (where I, = I(, . = I})) because

Uiy lyevi={J{d I xerwea} = J{I* | xeA}.

According to Lemma 3.1, the function F' : Y — C(W), defined by the equality
F(\,w) = I, is upper semi-continuous and in particular the equality (3.3) holds.

We suppose that the equality (3.3) is not true, then there exist g > 0, €
A — Xo,wi € Q and x, € Ijl’j such that

,D(Ik, I)\O) Z £€0- (34)
Without loss of generality we can suppose that wp — wg, zr — 2o because the sets
Q and J{Ix|X € A} are compact. According to the inequality 3.4 we have

p(wo, Iny) > 0.
On the other hand x € If;: and from the equality 3.3 we have

zo € I)0 C I,
and, consequently,

g0 < plzo, In,) < BULY, Ix,) = 0.

This contradiction shows that the equality (3.3) holds. O

Corollary 3.4. Under the conditions of Lemma 3.3 the equality
li I, 1) =
i, AU, L) =0

w? W

holds for each w € €.

Remark 3.5. The article [2] contains a statement close to Corollary 3.4 in the
case when the non-perturbed cocycle ¢y, is autonomous, i.e. the mapping ¢, :
T, x W x 2 — W does not depend of w € 2.

Lemma 3.6. Let the conditions of Lemma 3.3 and the following condition be ful-
filled:

5. for certain Ao € A the application F : Q — C(W), defined by equal-
ity F(w) = I)° is continuous, i.e. a(F(w), F(wy)) — 0 if w — wo for
every wo € €2, where « is the full metric of Hausdorff, i.e. «a(A,B) =
max{8(A, B),3(B, A)}.

Then
lim sup (I, 12°) =0. (3.5)

A"/\OUJEQ wrtw
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Proof. Suppose that the equality (3.5) is not correct, then there exist g > 0, Ay —
Ao, wi € ) such that
B(IX, 1) > &. (3.6)

WE ! W/ —

On the other hand we have
eo < BN, I00) < BULE,I00) + B2, 10

W T WE W Y T wWo wo? T Wik
< B(IX*, I20) + (120, T)0). (3.7)

wi? Two Wi Two

According to Lemma 3.3 (see the equality (3.2))
i Ak TA0) —
Jim B2, 1) = 0. (3.8)

Wg? Two
Under the condition 5. of Lemma 3.6 we have

lim (I}, 1)) = 0. (3.9)

wi tw
k— 400 k 0

From (3.7)-(3.9) passing to the limit as k — 400, we obtain g9 < 0. This contra-
diction shows that the equality (3.5) holds. O

Definition 3.7. The family of cocycle {¢x}aea is called collectively compact dis-
sipative (uniformly collectively compact dissipative), if there exists a nonempty
compact set K C W such that

tligrn sup{B(Ux(t,w)M,K)lw e Q} =0 YAeA (3.10)

(respectivelyt liﬂ_n sup{B(Ur(t,w)M,K) | w e Q, A€ A} =0)
for all M € C(W), where Uy (t,w) = oxr(t, -, w).

Lemma 3.8. The following conditions are equivalent:

(1) the family of cocycles {¢ox}ren is collectively compact dissipative;
(2) (a) every cocycle px (A € A) is compact dissipative;

b) the set |J{I* | A € A} is compact.

( p

Proof. According to the equality (3.10) every cocycle py (A € A) is compact dissi-
pative and J{I* | A€ A} C K.

Suppose that the conditions a. and b. hold. Let K = [J{I* | A € A}, then the
equality (3.10) holds. O

Let {x}aca be a family of cocycles on (Q, T, o) with fibre W and Q = Qx A. On
Q, we define a dynamical system (Q, T, &) by equality (¢, (w,\)) = (o(t,w), \) for
allt € T,w € Q and A € A. By family of cocycles {¢x}rea is generated a cocycle @
on (Q,T,&) with fibre W, defined in the following way: (¢, w, (w, \)) = @ (t, w,w)
forallt e To,w e W,we Qand A € A.

Lemma 3.9. The following conditions are equivalent:

(1) the family of cocycles {ox}ren is uniformly collectively compact dissipative;
(2) the cocycle ¢ is compact dissipative.

Proof. This assertion follows from the fact that
sup{B(U (1, @) M, K) | & € O} = sup{B(Ux(t,w) M, K) | w € Q, A € A},
where U(t,&) = §(t, -, @), and from the corresponding definitions. O



EJDE-2002/42 UPPER SEMICONTINUITY OF ATTRACTORS 7

Theorem 3.10. Let A be a compact metric space and {pr}ren be a family of
uniformly collectively compact dissipative cocycles on (Q,T,o) with fibre W, then
the following are true:
(1) every cocycle o) (A € A) is compact dissipative;
(2) the family of compacts {I) | w € Q} = I* is a Levinson’s centre ( compact
global attractor ) of cocycle @y, where Iy = I, »y and I = {I, ) | (w,\) €
Q} is a Levinson’s centre of cocycle ¢;
(3) the set U{I* | X € A} is compact.

Proof. Consider the cocycle ¢ generated by the family of cocycles {¢x}rea. Ac-
cording to Lemma 3.9 ¢ is compact dissipative and in virtue of the Theorem 4.1
[6] the following assertions take place:

1. Iz = Qz(K) # 0, is compact, Iz C K and

lim B(U(t,o )M, 1) =0 (3.11)
t—+o0
for every @ € Q, where
Qx(K) = JU(re K, (3.12)
t>071>t

@w™ T =6(—7,&) and K is a nonempty compact appearing in the equality (3.10);

2. U(t,&)I; = Iz for all @ € Q and t € T;

3. the set I = J{I; | @ € Q} is compact.

To finish the proof we note that from the collective compact dissipativeness of
the family of cocycles {¢x}rea it follows that every cocycle ¢y will be compact
dissipative. Let {I} | w € Q} = I* be a Levinson’s centre of the cocycle o, then
according to Theorem 4.1 [6],

L=NUUre K. (3.13)

t>071>1

From (3.12) and (3.13) it follows that I} = Q4 (K) = I and, consequently, I* =
U |weQ CU{I) |lweQ, AeAy=Tforall A€ A. Thus | J{I* | A€ A} C T
and, consequently, it is compact. The theorem is proved. ([

Definition 3.11. The family {(X,T4,7x)}rea of autonomous dynamical sys-
tems is called collectively ( uniformly collectively) asymptotic compact if for every
bounded positive invariant set M C X there exists a nonempty compact K such
that

tligl B(riM,K) =0 YAeA (3.14)

( lim sup B(xiM, K) = 0).

t=420 \eA
Definition 3.12. The bounded set K C X is called absorbing (uniformly absorb-
ing) for the family {(X, T4, mx)}rea of autonomous dynamical systems if for any
bounded subset B C X there exists a number L = L(A\,B) >0 (L = L(B) > 0)
such that 7{B C K for all ¢t > L(\, B) (t > L(B)) and X € A.

Theorem 3.13. Let A be a complete metric space. If the family {(X, T4, 7x)}rea
of autonomous dynamical systems admits an absorbing bounded set K C X and
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is collectively asymptotic compact, then {(X, Ty, mz)}rea admits a global compact
attractor, i.e. there exists a nonempty compact set K C X such that

i B(riB,K) =0 (3.15)
for all X € A and bounded B C X.

Proof. Let the family {(X, T4, 7))} aca of autonomous dynamical systems be col-
lectively asymptotic compact and a bounded M be its absorbing set. According
to Theorem 3.4 [6] the nonempty set K = Q(M) is compact and the equality 3.15
holds. The theorem is proved. [

Theorem 3.14. Let A be a complete compact metric space. If the family {(X, T,
T2) faca of autonomous dynamical systems admits a uniformly absorbing bounded
set K C X and it is uniformly collectively asymptotic compact, then {(X, T4,
) rea admits a uniform compact global attractor, i.e. there exists a nonempty
compact set K C X such that

lim sup B(7{B,K) =0 (3.16)
t=+00 \eA

for all bounded B C X.

Proof. Consider the autonomous dynamical system (X ,Ty,7) on X = X xA
defined by equality 7 (¢, (z,A)) = (ma(t,x),A) for all ¢ € T,z € X and A € A.
We note that under the conditions of Theorem 3.14 the bounded set K x A is
absorbing for dynamical system (X, T, #) if the set K is uniformly absorbing for
the family {(X, Ty, 7x)}rea and (X, T,,7) is asymptotically compact. According
to Theorem 3.4 [5] (see also Theorem 2.2.5 [4] ) the dynamical system (X, T.,7)
admits a compact global attractor K € X = X x A. To finish the proof it is
sufficient to note that the set K = prlK' C X is compact and

sup B(mi B, K) < B(74 B, Ko) — 0
AEA

as t — +oo, where Ky = K x A D K, for all bounded subset B C X. O

Let ¢ be a cocycle on (2, T, o) with fibre W and (X, T4, 7) be a skew-product
dynamical system, where X = W x Q and n(¢, (w,w)) = (p(t,w,w),wt) for all
teT,weW and w € Q.

Definition 3.15. The cocycle ¢ is called asymptotically compact (a family of
cocycles {¢x}ren is called collectively asymptotically compact) if a skew-product
dynamical system (X, Ty, 7) (a family of skew-product dynamical systems

(X, T4, 7x)rea) is asymptotically compact.

Theorem 3.16. Let Q) and A be compact metric spaces, W be a Banach space and
{@r}rea be a family of cocycles on (Q, T, o) with fibre W. If there exist r > 0 and
the function Vy : W x  — Ry for all X € A, with the following properties:

(1) the family of cocycles {@ox}aea is collectively asymptotically compact;

(2) the family of functions {V}xea is collectively bounded on bounded sets and
for every ¢ € Ry the sets {x € X, |V (x) < ¢} uniformly bounded;

3) Vi(w,w) < —c(lw]) for all w € W, = {w € W| |w| > r},w € Q
and A € A, where ¢ : Ry — Ry is positive on [r,+00), V{(w,w) =
tEHOgr supt~ ! [Va(ea(t,
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w,w),wt) — Vi(w,w)] if T = Ry and V{(w,w) = Va(pa(l,w,w),wl) —
Wa(w,w) if T =Zy.
Then every cocycle py (X € A) admits a uniform compact global attractor I (X € A)
and the set [ J{I* | A € A} is compact.

Proof. Let X = W x Q and (X, T, 7)) be a skew-product dynamical system, gen-
erated by the cocycle oy , then (X,h,Q) , where h = pro : X — Q, is a trivial
fibering with fibre W. Under the conditions of Theorem 3.16 and according to
Theorem 3.4 [5] the nonautonomous dynamical system ((X,T4,m),(Q,T,0),h)
admits a compact global attractor J* and according to Theorem 4.1 [6] the cocycle
¢ admits a compact global attractor I* = {I}|w € Q}, where I} = pr;J) and
T2 = pry (@) NI

Let Q = Q x A, (Q,T,5) be a dynamical system on € defined by the equality
F(t, (0, \)
= (o(t,w),\) (forallt € T,w e Qand A € A), X = WxQand (X, T,,7) be an au-
tonomous dynamical system defined by equality 7 (¢, (w,®)) = (7 (¢, w), (wt, A)) for
all & = (w, \) € Q = Qx A. Note that the triplet (X, h,Q), where h = pry : X — Q,
is a trivial fibering with fibre W, (X, Ty, %), (Q, T, ), h) is a nonautonomous dy-
namical system. The function V : X, = W, x Q — R, defined by the equality
V(&) = Va(w,w) for all Z = (w,(w,))) € X, under the conditions of Theorem
3.16, verifies all the conditions of Theorem 5.3 [7] and, consequently, the dynamical
system (X, T,,7) admits a compact global attractor. To finish the proof of the
theorem it is sufficiently to note that if the dynamical system (X, T, ,7) admits a
compact global attractor J, then the family of cocycles {¢x }aea is uniformly collec-
tively compact dissipative and according to Theorem 3.10 the set I = J{I* | A € A}
is compact, where I* = {I} | w € Q} is the compact global attractor of cocycle 3.
The theorem is proved. |

4. CONNECTEDNESS

Definition 4.1. We will say that the space W possesses the property (.5) if for
every compact K € C(W) there exists a compact connected set V € C(W) such
that K C V.

Remark 4.2. 1. It is clear that if the space W possesses the property (5), then it
is connected. The inverse statement generally speaking is not true.

2. Every linear vectorial topological space W possesses the property (.5), because
the set V(K) = {dz + (1 — Ny | z,y € K, X € [0,1]} is connected, compact and
K CV(K).

If M C W, for each w € 2, we write

Qu(M) = e(r. M,w7).

t>0 7>t

Lemma 4.3. [6]. The following all hold:

(1) the pointp € Q, (M) if and only if, when there are t,, — 400 and {x,} C M
such that p = lirf O(tn, T, w™tn);

(2) p(t, Qp(M),w) C Qui(M) for allw e Q and t € Ty;
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(3) If there exists a nonempty compact K € C(W') such that
tli]_in Bp(t, M,w™), K) =0,

then Q. (M) # 0, is compact,

tl}mooﬁ( o(t, M,w_t)7 Qu,(M)) =0 (4.1)
and
P(t, (M), w) = Qo (M) (4.2)

forallweQ andt e Ty.

Lemma 4.4. Suppose that the cocycle ¢ admits a compact pullback attractor {I,, |
w € Q} , then the following hold:

a. 0 # Qu(M) C I, for every M € C(W) and w € Q;

b. the family {Q, (M) | w € Q} is compact and invariant w.r.t. cocycle ¢ for
every M € C(W);

c. if I =U{l, | weQ} C M, then the following inclusion I, C Q,, (M) holds
for every w € Q.

Proof. The first and second assertions follow from the definition of pullback attrac-
tor and from the equalities (4.1)-(4.2).
Let I be a subset of M, then
Lo =@t Lo-1,w™") Co(t, Lw™) Co(t, M,w™) (4.3)
and according to the equality (4.1) we have I, C Q,,(M) for each w € Q. O

Theorem 4.5. Let W possess the property (S) and let the cocycle ¢ admit a com-
pact pullback attractor {I, | w € Q}, then:

(1) the set I, is connected for every w € Q;
(2) if the space ) is connected, then the set I = | J{I,|w € Q} also is connected.

Proof. 1. Since the equality (2.2) holds and the space W possesses the property
(S), then there exists a connected compact V' € C(W) such that I CV and

Jim_ 3 (t, Vo), 1) =0, (44)

for every w € . We shall show that the set I, is connected. If we suppose
that it is not true, then there are A;, As # 0, closes and A;||As = I,. Let
0 <eg <d(A1,As) and L = L(gg) > 0 be such that

Ble(t, V,w ™), I )<§ (4.5)

for all t > L(gg). We note that the set o(t, V,w™") is connected and according to
the inclusion (4.3) and the inequality (4.5) the following condition

et V. (W [B(AL )B4, ) #0

is fulfilled for every ¢ > L(egp) and w € £, where B(A,e) = {u € Wlp(u, A) < €}.
Then there exists t,, — 400 and u,, € W such that

_ €0 €0
une@(tnvvﬂw t”)ﬂ(W\[B(A1,§)|_|B(A2,§)]). (4'6)
According to the equality (4.4) it is possible to suppose that the sequence {u,} is
convergent. We denote by v = lim w,, then from Lemma 4.3 follows that u €

n—-+o0o
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2, (V). Since I C V, then according to Lemma 4.3 we have v € Q,(V) C I, C I.
On the other hand according to (4.6) we have u ¢ B(A1, %) | B(A2,%). This
contradiction shows that the set I, is connected.

2. Let the space €2 be connected. According to Lemma 3.3 the function F' :
Q — C(W), defined by equality F(w) = I, is upper semi-continuous and from the
corollary 1.8.13 [4] (see also Lemma 3.1 [14]) follows that the set I = J{I, | w €
Q} = F(R) is connected. O

Corollary 4.6. Let W be a metric space with the property (S) and let the cocycle
@ admit a compact global attractor {1, | w € Q}, then:

(1) the set I, is connected for every w € Q;
(2) if the space ) is connected, then the set I = | J{I, | w € Q} also is connected.

This affirmation follows from Theorems 2.6, 4.5 and Lemma 3.1.

5. SOME APPLICATIONS

Quasihomogeneous systems. Let E and G be two finite dimensional spaces.
The function f € C(ExG, E) is called [11, 12] homogeneous of order m with respect
to variable u € E if the equality f(Au,w) = A" f(u,w) holds for all A > 0,u € E
and w € G.

Theorem 5.1. Let f € CH(E),® € CY(G),Q C G be a compact invariant set of
dynamical system

W =P(w), (5.1)
the function f be homogeneous (of order m > 1) and a zero solution of equation
o' = f(u) (5.2)

be uniformly asymptotically stable. If F € CY(E x G, E) and
|F(u, w)| < clul™

for all |u| > r and w € Q, where r and ¢ are certain positive numbers, then there

exists a positive number Ng such that for all X € A = [—Xg, o] the following holds:
(1) asetI) ={uc E| sup{|ox(t,u,w)| : t € R} < +oo} is not empty, compact

and connected for each w € Q, where @) (t,u,w) is a unique solution of

equation u' = f(u)+ AF (u,wt) satisfying the initial condition p)(0,u,w) =

U3

oa(t, I, w) = I;(t o) forallt e Ry and w € Q;

(3) the set I* = |J{I) | w € Q} is compact and connected;

the equalities

—~
[N}
~—

—
iy
~

lim Boa(t, M,w_4), 1)) =0 (5.3)

t——+oo

and
lim B(pa(t, M,w),I*) =0
t——4o0

take place for all A € A,w € Q and bounded subset M C E.
(5) the set U{I* | X € A} is compact;
(6) the equality
lim sup 3(12,0) =0
A=0ueq

holds.
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Proof. Under the condition of Theorem 5.1 according to Theorem 3.2 [12] by equal-
ity

+oo
V(u) = / (b, ),

where m(t,u) is a solution of equation 5.2 with condition 7(0,u) = u, is defined a
continuously differentiable function V' : E' — Ry, verifying the following conditions:
a. V(pu) = pF=m+1V (u) for all 4 > 0 and u € F;
b. there exist positive numbers a and 3 such that ajulF=™F!1 < V(u) <
Blu|F~m*1 for all u € E;
c. V'(u) = DV (u)f(u) = —|u|* for all u € E, where DV (u) is a derivative of
Frechet of function V' in the point .
Let us define a function ¥ : X — Ry (X = E x Q) in the following way:
U(u,w) = V(u) for all (u,w) € X. Note that

d
= SV (oAt u,@)) o = —|ul* + DV (AP (u,0)

and there exists Ag > 0 such that the inequality
' (u,w) < —vlul*

holds for all w € Q and |u| > r, where v = 1 — AgcL > 0 ( see the proof of Theorem

' (u,w)

4.3 [12]).
For finishing the proof of the theorem it is sufficient to refer to Theorem 3.16
and Lemma 3.6. (]

Theorem 5.2. Let f € CYE x G,E),® € C*(F),Q C G be a compact invariant
set of dynamical system (5.1), the function f be homogeneous (of order m = 1)
w.r.t. variable u € E and a zero solution of equation

u' = flu,wt) (weQ) (5.4)

be uniformly asymptotically stable. If |F(u,w)| < clu| for all |u| > r and w € Q,
where r and ¢ are certain positive numbers, then there exists a positive number Ao
such that for all X € A = [—Xg, \o] the following assertions take place:

(1) a set I} = {u € E | sup{|pr(t,u,w)| : t € R} < +oo} is not empty,
compact and connected for each w € Q,where py(t,u,w) is a unique solution
of equation

u = f(u,wt) + A\F(u,wt)
verifying the initial condition v (0,u,w) = u;
(2) oal(t, 1D, w) = I(;\(t,w) forallt e Ry andw € Q;
(3) aset I* = J{I)) | w € Q} is compact and connected;
4) the equalities
lim B(ox(t, M,w_4),1}) =0

t——+oo
and
Jim Bla(t, M,w), 1) =0 (5.5)

take place for all A € A,w € Q and bounded subset M C E.
(5) the set U{I* | A € A} is compact;
(6) the following equality holds:

. A _
;lggiggﬂ(fwﬂ) =0.
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The proof of this assertion is similar to the proof of Theorem 5.1.

Monotone systems. Let f € C(E x , E) be a function satisfying
Re<f(u1,w) - f(UZaW)aul - U2> < —k|U1 — UQ|a (5.6)

for all w € Q and uy,us € E (k> 0 and o > 2).
Theorem 5.3 ([21, 10]). If the function f verifies the condition (5.6), then the
following statements are true:
(1) thesetl, ={u € E| sup|p(t,u,w)| < +oo} contains a single point {p(w)}
teR
for allw € Q, where o(t,u,w) is a solution of equation (5.3) with condition
»(0,u,w) = u;
(2) the inequalities

ot u,w) — p(wt)] < e Mu— o) (if a=2),

o(t,u,w) = pwt)] < (Ju— ()~ + (a = 2)t)7=  (if a > 2)
hold for allt > 0,u € E and w € Q;
(3) the function v : Q — E, defined by equality v(w) = I, is continuous and
y(wt) = p(t,v(w),w) for allt > 0,u € E and w € Q.

Theorem 5.4. Let f € C(E x Q,FE) be a function verifying the condition (5.6)
and F € C(E x Q, E) be a function with the condition

Re(F(u1,w) — F(ug,w),u; — ug) < Llug — ug|® (5.7)

for all uy,us € E and w € 2, where L is some positive number.
Then there exists a positive number Ao such that for all |A| < Ao the following
hold:

(1) the set I} = {u € E | sup|pa(t,u,w)| < +oo} contains a single point
teRr
{or(w)} for each w € Q, where p)(t,u,w) is a unique solution of the equa-
tion
u' = f(u,wt) + AF(u,wt) (weQ) (5.8)
satisfying the initial condition ¢ (0, u,w) = u;
(2) the function @y : Q — E defined by equality px(w) = I is continuous and
ea(wt) = or(t, p(w),w) for allt > 0,u € E and w € .
3)
lim sup |px(w) — p(w)] = 0.
A—=04,e0
Proof. Let g = f + AF, then from (5.6)-(5.9) follows that
Re{g(u1,w) — glug,w),us —ug) < (=k + L|A|)|Jus — ug|® (5.9)

for all u1,us € E and w € Q. From (5.9) follows that there exists A\g > 0 such
that —k + L|A| < —k + Lo < 0 for all |A] < A¢ and according to Theorem 5.3 the
assertions 1. and 2. of the theorem are true.

It is clear that for |A] < A the cocycle ¢y generated by the equation (5.8) admits
a compact global attractor I* = {p)(w) | w € Q}.
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Now we will show that the set |J{I* | A € A = [~Xg, \o]} is compact. Let
V(u) = 1|ul?, then

V) = TV (o (1 0,0)) o
=Re(g(u,w),u)
=Re(g(u,w) — g(0,w),u) + Re(g(0,w), ) (5.10)
<(=k+ Lo |ul® + Clul

c

et

where C' = max{|g(0,w)| : w € Q, A € A}. From the equality (5.10) follows that
there exists > 0 such that for all |u| > r

V'(u) < —vlul?, (5.11)

=[u>(—k + L|Xo| +

where v = k — L|Ag| — THL_l > 0. Now to finish the proof of Theorem 5.3 it is
sufficient to refer to Theorem 3.16. The theorem is proved. (|

Quasilinear systems. Consider a nonautonomous quasilinear system

u = A(wt)u + A (u,wt) (wE€ Q)
on E. Denote by [E] the space of all linear continuous operators acting onto E and
equipped with the operational norm.
Theorem 5.5. Let A € C(Q,[E)), f € C(ExQ, E) and let the following conditions
be fulfilled:

(1) there exists a positive constant cg such that Re(A(w)u,u) < —aglu|?® for all
uw€EFE andw € Q;
(2) for any r > 0 there exists a positive constant L(r) such that

‘f(ulaw) - f(UQ,LU)| < L‘ul - uQ‘
for alluy,us € B0,7r]={u€ E | Ju| <r} and w € Q.
Then there exists a positive constant Ao such that for all X € A = [—Xg, \o] the
following are true:

(1) the set I} = {u € E | sup{|ea(t,u,w)| : t € R} < 400} is not empty,
compact and connected for each w € Q,where p)(t,u,w) there is a unique
solution of equation

u = A(wt)u + AF(u,wt)

satisfying the initial condition px(0,u,w) = u;
(2) ealt, I, w) = I(i‘(t o Jorallt € Ry and w € Q;

(3) the set I* = |J{I2) | w € Q} is compact and connected;
(4) the equalities

thg_ﬂ B(QA(t,M,w_t),Ij) :O’
. h+m ﬂ((p)\(t,M,W),I)\) =0

hold for all N € A,w € Q and bounded subset M C E.
(5) the set U{I* | A € A} is compact;
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(6) the following equality is true

lim sup B(I2,0) = 0.

A—0,e0
Proof. Let Ay be a positive number such that v = oy — Apax > 0, then the function
Fy(u,w) = A(w)u + Af(u,w) verifies the condition

Re(Fy (u,w),u) < —v|ul* + Xof (5.12)

for all [A| < Ap,w e Qandu€e FE .

From the inequality (5.12) follows (see, for example, [9, p.11]) that the inequality

Aos
v

oAt u,w)* < Jul?e™" + == (1 —e7") (5.13)

holds for all t € Ry, A € A and (u,w) € E x Q and, consequently, the family of
cocycles {¢x}rea admits a bounded absorbing set. Now to finish the proof of the
theorem it is sufficient to refer to Theorems 3.10, 3.14 and Lemma 3.6. O

Nonautonomously perturbed systems.

Theorem 5.6. Suppose that f € C(FE) is uniformly Lipshitzian and an autonomous
system (5.1) has a global attractor I. Furthermore suppose that F € C(E X
O, E) is uniformly Lipshitz in w € E and it is uniformly bounded on E X Q, i.e.
sup{|F (u,w)| : (u,w) € E x Q} = K < 4+00. Then there exists a positive number
Ao > 0 such that for all A € A = [—Xo, Ao] the following are true:

(1) the set I} = {u € E | sup{|ea(t,u,w)| : t € R} < 400} is not empty,
compact and connected for each w € Q, where p)(t,u,w) there is a unique
solution of equation v’ = f(u) + A\F(u,wt) satisfying the initial condition
o0, u,w) = u;

(2) oa(t, 1D, w) = I[i‘(tw) forallt e Ry andw € Q;

the set I* = | J{I)) | w € Q} is compact and connected;
(4) the equalities

—
w
~~

lim ﬁ(‘pk(t’ M, wft)vlcz\) =0
t—+o00
and
tl}+moo Blea(t, M, w), I)\) =0
take place for all A € A,w € Q and bounded subset M C E.
(5) the set U{I* | A € A} is compact;
(6) the following equality is true

lim sup B(I), 1) =0.
A—=04,e0

Proof. According to [22, Theorem 22.5] (see also [16, 17]), under its conditions there
exists a continuous function V' : E — R, with the following properties:
a. V is uniformly Lipshitz in F, i.e. there exists a constant L > 0 such that
[V (u1) — V(uz)| < Lluy — ug| for all uy,us € E;
b. there exist continuous strictly increasing functions a,b : Ry — R, with
a(0) = b(0) = 0 and 0 < a(r) < b(r) for all » > 0 such that a(5(u,l)) <
V(u) < b(B(u,I)) for all u € E;
c. there exists a constant ¢ > 0 such that V' (u) < —cV(u) for all u € E, where
V'(u) = tEI(I)lJr supt [V (n(t,u)) — V(u)] and 7(t,u) is a unique solution of

equation (5.2) with initial condition 7(0,u) = u.
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Define a function U : X — Ry (X = E x Q) in the following way: B(x) := V(u)
for all x = (u,w) € X. Note that

U (u,w) = tli%’lJr sup V(o (t, u,w))|t=0 < LKr — ¢B(u,w)

(see [17, p.11]) for all u € E. Then there exist A\g > 0 and 7y > 0 such that
U’ (u,w) < =LK\

for all |u] > r¢p and w € Q.
To finish the proof of the theorem it is sufficient to refer to Theorem 3.16 and
Lemma 3.6. (]

Remark 5.7. Similar theorem was proved in [17, Th.4.1] for the pullback attractors
of nonautonomously perturbed systems.

Non-autonomous 2D Navier Stokes equation. Let G C R? be a bounded
domain with C? smooth boundary,

. I 2
V = {ue (WHG))?, divu(z) =0}, H=v"9D"
V' be the dual space of V, (W4 (G))? denotes the Sobolev space of functions having
two components, and let  be the orthogonal projector from (Lz(G))? onto H. The
operator F(u,v) = 7(u, V)v has values in V.
Let © be a compact complete metric space, (2, R, o) be a dynamical system on
Q, FeC(VxQ,V) and and satisfy the the following conditions:
(i) |Flur,w) — F(ug,w)| < Llug — uz| for all uy,us € V and w € Q;
(i) Re(F(u,w),u) < Mu|?> + N for all u € V and w € 2, where L, M and N
are some positive constants.

Consider the perturbed 2D Navier Stokes equation
uw + vAu + B(u,u) = F(u,wt) (w € Q) (5.14)

on H, where B : V x V — V' is a bilinear continuous form and A is the extension
of —wV with zero boundary conditions on V' and v > 0. In particular, there exists
A1 > 0 such that

(Au,u)y > [uly > Muly

for any u € V. According to [20],[19] by equation (5.14) is generated a cocycle
o(t,u,w) on (2, R, o) with fibre H, where (¢, u,w) is a unique solution of equation
(5.14) with the condition ¢(0, u,w) = w.

Lemma 5.8. Under the conditions (i) and (i) the following holds:

(1) forany T >0, v > 0, w € Q and any u € H the equation (5.11) has a
unique solution p(t,u,w) with path in C([0,T], H);
(2) the energy inequality holds

|70, wt) 5

S oLfpltue)fy  (515)

d
Elw(tu,w)lir + vt u,w) | <

for allt € [0,T],u € H and w € Q;
(3) the mapping ¢ : Ry x H x Q — H is continuous.
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Proof. The assertions 1. and 2. follow from [13] (see also Lemma 3.1 [19]).
Now we will prove that the mapping ¢ : Ry x H x 0 — H is continuous. Let
to € Ry,up € H and wy € 2, then we have

|90(t7 U, w) - Lp(to, Uo, wO)‘H
S |90(ta u>w) - (P(t, Uo, WO)lH + “p(ta uvao) - (p(t()? Uo, WO)lH- (516)
Denote by w(t) = p(t,u,w) — @(t, ug,wo) and f(t) = F(e(t, u,w),wt) — F(e(t, ug,
wp),wot), then the function w(t) verifies the following equation

% +vAw + B(w,w) + B(w,ur) + B(uy,w) = (1), (5.17)

where u; = p(t, ug,wp). Using the well-known identity (B(u,v),v) = 0, where (-, )
is the scalar product in H, we obtain
5wl =, w) = (v Aw — Bw,w) — Bw,w) ~ Blu,w) + (1), w)
== V<vaw> - <B(waw)7w> - <B(wﬂ ul)a w> - <B(u17w)aw> + <f(t)7w>
= V<Awaw> - <B(w,u1),w> + <f(t)’ w>'

Bearing in mind the inequality (see [18]) |u|?, < |w|g|w|y we obtain
v 1
[(B(w,u1),w)| < [wlf,fuly < wlalwlviumly < Slwli + o lwliluli.

Taking into account that |(f, w)| < |f|g|w|m, we get from (5.18)
1d l/)\l 1
§E|w|%1 < —vA|wly + > wly + mlwlélulli + | flalw| 5. (5.19)
We remark that
|f(t)|H :|f(<p(t,u,w),wt) - f(so(t7u07w0)aw0t)|H
SL“p(tvu()va) - <p(t7u0,w0)| + |7:(<P(taU07w0)7Wf) - .7:(<p(t7u0,w0)7wot)|

(5.20)
and, consequently, from (5.18)-(5.20), we obtain
Ld, o 1 2 Lo LfP
~ )y < (o = Ve .
ol < Golunly + Lo+ )l + 12 (521)
From this differential inequality we deduce that
L1 1
WOl <exp ([ (lelruo,wn)lt + L+ 3)dr)lu— ol
0
t e 2 1 5.22
+ e (= [ (Glets vt + L+ 5)ds) (5.22)
0 0 2v 2

1
X §|~7:(<P(T, Ug, wo), WT) *f(sﬂ(Tvuo,wo),onﬂdT-

Since F € C(H x Q, H), then

oA, |F(p(t, uo, wo), wt) — F(p(t, uo,wo), wot)| — 0

as w — wo and, consequently, from (5.22) we obtain

Joax |w(t)| — 0. (5.23)
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From (5.16) and (5.23) we obtain the continuity of mapping ¢. The lemma is
proved. (Il

Corollary 5.9. Under the conditions (i) and (i) there exists a positive number
Ly < ”’\1 such that if L < Lg, then the following inequality

|2 < e(—uA1+2L0)t|u|2 |f|2
- I/)\l(—2L0 + l/>\1)

holds for allt >0, u € H and w € §, where |f| = max |F(0,w)].
we

lo(t, u, w)

This assertion follows from the second assertion of Lemma 5.8.

Theorem 5.10. There exists a positive number Lo > 0 such that the cocycle ¢
generated by (5.14) admits a compact global attractor, if L < Ly.

Proof. According to Lemma 3.1 [19] there exists Lo > 0 (for example Ly < “31)
such that the cocycle ¢ admits a bounded absorbing set if L < Ly. On the other
hand the cocycle ¢ is compact, i.e. the mapping p(t,-,-) : V xQ — V is completely
continuous for all ¢ > 0. To finish the proof of the theorem it is sufficient to refer
to Theorem 1.3 [6]. O

Theorem 5.11. Under the conditions (i) and (ii) there exists a positive number
Ao such that the following is true:

(1) the set I) = {u € H | bup\(p,\(t u,w)| < +oo} is not empty, compact

and connected for all w 6 Q and A € A = [—Xo, — Ao, where h € H and
oa(t,u,w) is a unique solution of the equation
' + vAu+ F(u,u) + h = AF(u,wt) (we Q) (5.24)

satisfying the initial condition @x(0,u,w) = u;
(2) oa(t, D, w) = a(tw)forall/\eA teRy and w € Q;

(3) the set I* = |J{I) | w € Q} is compact and connected;
the equalities

—
>~
~—

. ligl ﬁ(ﬁp,\(t,M,w—t)J:;) =0

and
lim B(pa(t, M,w),1*) =0
t——4o0

take place for all A € A, w € Q and bounded subset M C E.
(5) the set U{I* | X € A} is compact and connected;
(6) the equality
lim sup B(I), 1) =0
A—=04,eqQ
holds, where I is a Levinson’s centre for the equation

' +vAu+ F(u,u) +h = 0.

Proof. Let F(u,wt) = —h 4+ AF(u,wt) and A < Y21 then for the equation

u' + vAu+ F(u,u) = \F(u,wt) (w e Q)
the conditions of Theorem 5.10 are fulfilled. Let ¢, be a cocycle generated by

equation (5.20), then according to Corollary 5.9 the family of cocycle {@vx}rea
admits a collectively absorbing bounded set. Since the imbedding V into H is
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compact, to finish the proof of the theorem it is sufficient to refer to Theorem 3.16
and Lemma 3.6. The theorem is proved. (Il

Quasilinear Functional-Differential Equations. Functional-differential equa-
tions are a very important class of systems with infinite-dimensional phase space
[15]. Let » > 0, C([a,b],R™) be the Banach space of continuous functions v :
[a,b] — R™ with the sup-norm . If [a, b] = [—r, 0], then suppose C := C([-r, 0], R™).
Let c e RyA>0and u € C([o —r,0+ A],R"). For any t € [0, 0 + A] define u; € C
by the equality u:(0) = u(t + 6),—r < 0 < 0. Let us define by C(Q x C,R") the
space of all continuous functions f : Q x C — R", with compact-open topology and
let (2, R,0) be a dynamical system on the compact metric space Q. Consider the
equation

u = f(wt,uy) (we ), (5.25)
where f € C(Q x C,R™). We will suppose that the function f is regular, that is for
any w € Q and u € C the equation (5.25) has a unique solution ¢(¢, u,w) which is
defined on Ry = [0,+00). Let X :=C x Q, and 7 : X x Ry — X be a dynamical
system on X defined by the following rule: 7((u,w),7) = (pr(u,w),wT), then the
triplet (X, Ry, 7), (Q,R,0),h)(h = pry : X — Q) is a nonautonomous dynamical
system, where ¢, (u,w)(0) = (740, u,w). From the general properties of solutions
of (5.25) (see, for example [15]), we have the following statement.

Theorem 5.12. The following statements are true:

(1) The nonautonomous dynamical system {(X,Ri,7), (R, 0),h) generated
by equation (5.22) is conditionally completely continuous;

(2) Let Q be compact and the function f : Q x C — R™ be bounded on ) x B
for any bounded set B C C, then the nonautonomous dynamical system
generated by the equation (5.25) is conditionally completely continuous (in
particular, it is asymptotically compact).

Denote by [C] the space of all linear continuous operators acting onto C and
equipped with the operational norm.
Theorem 5.13 ([3]). Let A € C(Q,[C]), f € C(C x Q,E) and let the following
conditions be fulfilled:

(1) a zero solution of equation
u = A(wt)uy (5.26)
s uniformly asymptotically stable, i.e. there exist positive numbers N and v
such that |po(t, u,w)| < Ne tu| for allt > 0 and w € Q, where po(t, u,w)
is a solution of equation (5.26) with condition that (0, u,w) = u;
(2) there exists a positive constant L such that
| fur,w) = f(u2,w)| < Llur — ua|
for all uy,us € C and w € Q.
Then there exists a positive constant eq(eg < §) such that

NM NM
o —(v—NL)t
oo g T Wil = o
forallt >0, u e C andw € Q, where p(t,u,w) is a unique solution of the equation
u = A(wt)us + f(ug,wt)

with the condition p(0,u,w) = u and M = max{|f(0,w)| : w € Q}.

ot u,w)| <
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Consider a nonautonomous quasilinear system
u = A(wt)us + M (ug,wt) (we Q) (5.27)

on C.
Theorem 5.14. Let f € C(C x Q, E) and let the inequality

| f(ur,w) — f(ug,w)| < Lluy — uz

take place for all ui,us € C and w € ), where L is some positive number.
Then there exists a positive number Ao such that for all X € A = [—Xg, A\o] the
following statements are true:

(1) the set I} = {u € C|sup{|pr(t,u,w)| : t € R} < +oc} is not empty,
compact and connected for each w € Q,where px(t,u,w) there is a unique
solution of equation (5.27) satisfying the initial condition vx(0,u,w) = u;

(2) oa(t, 1D, w) = I(;\(tw) forallt e Ry and w € Q;

(3) the set I* = | J{I) | w € Q} is compact and connected;
(4) the equalities

lim B(ea(t, M, w_), 1) =0,
t—+oc0

lim B(ea(t, M,w),I*) =0
t——4o0

hold for all A € A,w € Q and bounded subset M C E.
(5) the set U{I* | A € A} is compact;
(6) the following equality holds

lim sup 3(I2,0) =0.

A—=0,c0

Proof. Let Ay be a positive number such that v = \gL < v/N, then the function
Fy(u,w) = A(w)u + Af(u,w) satisfies the condition

|Fy(u,w)| < viu|+ M (5.28)
(with M = glgg}z(|f(0,w|) for all |A] < Ao, w € Q and u € C. From the inequality

(5.28) and Theorem 5.12 follows that the family of cocycles {¢x}rea admits a
bounded absorbing set. Now to finish the proof of theorem it is sufficient to refer
to Theorems 3.10, 3.14, 5.11 and Lemma 3.6. (]
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