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PERIODIC SOLUTIONS FOR A CLASS OF SECOND-ORDER
HAMILTONIAN SYSTEMS

GABRIELE BONANNO, ROBERTO LIVREA

ABSTRACT. Multiplicity results for an eigenvalue second-order Hamiltonian
system are investigated. Using suitable critical points arguments, the existence
of an exactly determined open interval of positive eigenvalues for which the
system admits at least three distinct periodic solutions is established. More-
over, when the energy functional related to the Hamiltonian system is not
coercive, an existence result of two distinct periodic solutions is given.

1. INTRODUCTION

Recently, several authors studied problems of the type
=V, F(t,u) ae. in 0,7

w(T) —u(0) =a(T) —u(0) =0

establishing, under suitable assumptions, existence or multiplicity of periodic solu-

tions. We refer the reader to the book of Mawhin and Willem [9] for basic results.

and to [3, 6] [7, [, 13l 14] for more recent results. In particular, in [6] Brezis and
Nirenberg assumed that:

(a) F(t,0) =0, V,F(t,0) =0.
(b) limy|— 4o F'(t,u) = 400 uniformly in ¢.
(¢) For some constant vector g,

T T
/F(t,uo)dt</ F(t,0)dt.
0 0

(d) There exists r > 0 and an integer k > 0 such that

(1.1)

1 1
_i(k +1)2w?ul* < F(t,u) — F(t,0) < —§k2w2|u|2

for all |u] <r, a.e. t €[0,T], where w = 27 /T.

Under the previous assumptions, they proved that problem admits three
periodic solutions (see [6, Theorem 7]). In [13] and [I4], relaxing the coercivity of
the potential and exploiting assumption (d), three periodic solutions to are still
ensured (see [I4] Theorems 2 and 4] and [13, Theorem 2]). Further, the existence of
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one periodic solution to is guaranteed when (d) is not required and a weaker
type of coercivity is assumed (see [I4, Theorems 1 and 3] and [I3] Theorem 1J).
Very recently, in [§], if (¢, u) = 3 A(t)u-u—b(t)G(u), the existence of three periodic
solutions to is ensured without assuming (d), but still requiring a condition
that implies the coercivity of the energy functional related to the Hamiltonian
system, in addition to the following:

(e) There exist 0 > 0 and up € R such that

luo| < ~ 7 and G(ug) = sup G(u),
Y=t laijllee T lu|<Fr/G

that is, G achieves its maximum in the interior of the ball of radius k\/o,
where k is the constant of the Sobolev embedding and a;; are the entries
of the matrix A (see [8, assumptions 1 and 3 of Theorem 2.1]).

The aim of this paper is twofold: on the one hand we prove the existence of
three periodic solutions to (see Theorem [3.1)) when neither condition (d) nor
condition (e) are required, as Remarks and show; moreover, in our context,
condition (c) together with a limit condition on G at zero imply the key assumption
of Theorem (see Remark . On the other hand we establish the existence
of two periodic solutions (see Theorem when, in addition, condition (b) can
be removed, that is the energy functional related to the differential problem need
not be coercive (see Remark . In our approach condition (a) is not required, as
Example [3.1] and [3:2] show. To be precise, we study the following problem

i =A(t)u — Ab(t)VG(u) a.e. in [0,T]
u(T) —u(0) =4(T) —u(0) =0
and establish the existence of an explicit open interval of positive parameters A for
which admits three or two distinct periodic solutions. We also observe that
problems of type were studied in [3] and [7], but there only an upper bound of
the interval of positive parameters A\ for which admits three distinct periodic
solutions was established.

The proofs of the above-mentioned results are all based on critical point the-
orems. In particular, the results in [6], [I3] and [I4] are obtained exploiting the
critical points theorem of Brezis and Nirenberg ([6, Theorem 4]). In [3] and [7] the
main tool is the three critical points theorem of Bonanno [5, Theorem 2.1] (which
is a consequence of the three critical points theorem of Ricceri [12, Theorem 3]).
While in []] the scope is achieved putting together the variational principle of Ric-
ceri [IT, Theorem 2.5] and the classical mountain pass theorem of Pucci and Serrin
[10, Corollary 1]. Here, our results are based on multiple critical points theorems
established by Averna and Bonanno [2, Theorem B] and by Bonanno [4, Theorem
2.1] (where the variational principle of Ricceri [IT), Theorem 2.1] was applied), that
we recall in Section 2 (see Theorems and .

The present paper is organized as follows. Section 2 is devoted to preliminaries
and basic results; while in Section 3 we establish the multiplicity results for Problem

[2).

(1.2)

2. PRELIMINARIES

Let T be a positive real number, N a positive integer and consider a matrix-
valued function A : [0,7] — R¥*N_ We assume that A satisfies
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(A1) A:[0,T] — R¥*¥ is a map into the space of N x N symmetric matrices
with A € L*°(]0,T]) and there exists a positive constant y such that

Ayw - w > plwf?

for every w € RY and a.e. in [0, 7.

Recall that HL is the Sobolev space of all functions u € L2([0,T],RY) that
admit a weak derivative & € L2([0,T],RY). We emphasize that, in defining this
kind of weak derivative, the test functions belong to the space C2° of functions that
are infinitely differentiable and T'—periodic from R into RY. Moreover, for each
u € H}: one has that fOT u(t)dt = 0 and u is absolutely continuous (for more details
we refer the reader to [9, pp. 6-7]).

For each u,v € H}, we define

T T
(u,v) = /0 u(t) - o(t)dt Jr/o A(t)u(t) - v(t)dt. (2.1)

Since A(t) is symmetric, (2.1)) defines an inner product in H.
Then we define a norm in H} by putting ||u|| = (u,u)? for each u € HL.
Observe that

N N N
ABE-6= D a6 < D laiONENE] <Y Hlaijllsolé]*. (2.2)
ij=1 ij=1 ij=1

Hence, if we put
N
m=min{l,u}, M :max{l, Z ||aij||oo}7
i,j=1

using (A1) and (2.2)), we see that our norm || - || is equivalent to the usual norm.
Indeed one has

Vmlull« < Jlull < VM]Jull., (2.3)

where, for each u € H,

ol = ([ o+ [ aopar)”

It is well known that (H%, || - ||.) is compactly embedded in C°([0, 7], RY) (see for
instance [I]), hence, from (2.3), we conclude that

[[uflco

z: =
uEH,}, u#0 ||’LLH

(2.4)
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is finite. We are able to give an upper estimate of k in the following manner. Fix
u € H} and consider ty € [0,T] such that |u(tg)] = min,¢jo 7y [u(7)|. We can write

lu(t)| = ] ) a(T)dr —&—u(to)‘

T T
g/o |u(T)|dT+%/O lu(to)|dr
< [ tatmiar+ 1. [ toiar (29

VI [Chirar) "+ ([ woper)”
< \meaX{\/T, %}Huﬂ*

for each ¢ € [0,T]. Hence, from (2.5) and (2.3)), if we put
2 1
k=1/—max{VT, — 2.6
2 max (VT ) 20

k<k. (2.7)
In the sequel we shall make use of the constants
1 L
L= ~ , R= 1o
k2T Zi,j:l llai;lo 1+

Now, let b € L'([0,T]) \ {0} which is a.e. nonnegative and G € C*(RY).
Put

one has

D(u) = %HuH2 and U(u) = —/0 b(t)G(u(t))dt

for each u € H}.. There are no difficulties in verifying that ® is a continuously
Gateaux differentiable functional whose Gateaux derivative admits a continuous
inverse. In addition, ® is a continuous and convex functional, so that it is se-
quentially lower semicontinuous too. Thanks to the Rellich-Kondrachov theorem,
U is a well-defined continuously Gateaux differentiable functional whose Gateaux
derivative is a compact operator. In particular, for u,v € H}, one has

q)’(u)(v):/o u(t)~z>(t)dt+/0 A(t)u(t) - v(t)dt,
T
' (u)(v) = — / b(t)VG(u(t)) - v(t)dt .

0
Let us recall that a critical point for the functional ® + AV is any u € H4 such
that
&' (u)(v) + A\ (u)(v) =0 (2.9)
for each v € H%. Moreover, a solution for problem (1.2) is any u € C*([0,T], R¥)
such that « is absolutely continuous and
= At)u — Ab(t)VG(u) a.e. in [0,T]
w(T) — u(0) = a(T) — u(0) = 0.
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We claim that each critical point for the functional ® + AV is a solution for problem
(1.2). In fact, since C° is a subset of H}, we can observe that if u is a critical
point for the functional ® + AV, then @ € H} and, in particular,

i = A(t)u — A(t)VG(u) a.e. in [0,T].

/O " iyt /O iyt = 0

and u(T) — u(0) = 4(T") — u(0) = 0; that is, u is a solution for problem ({1.2]).
Let us recall a recent result, due to Averna and Bonanno [2, Theorem B], which
is the main tool to reach our goal.

Hence,

Theorem 2.1 ([2| Theorem B|). Let X be a reflexive Banach Space, ® : X — R
a continuously Gateaux differentiable, coercive and sequentially weakly lower semi-
continuous functional whose Gdteauzr derivative admits a continuous inverse on
X* U : X — R a continuously Gateauz differentiable functional whose Gateaux
derivative is compact. Put, for each r > infx @,

\II(I) lnfmw )

)= 1nf : 9
e1(r) S y — ®(z)

: Y(x) —¥Y(y)

r) = inf su —

902( ) z€P~1(]—o0,r[) yed— [E‘)Jroo) (I)(y) (I)(Jf)

where ®—1(] — oo,r[)w is the closure of ®~1(] — co,r]) in the weak topology, and
assume that
(i) There is r € R such that infx ® < r and @1(r) < pa2(r).
Further, assume that:

(i) lim|‘x|‘_,+oo(<1>(x) + A¥(z)) = +oo  for all X €] </72(7‘) wl(r)[

Then, for each A €] W(T) wl(r)[ the equation (E) has at least three solutions in X.

We also use the following theorem concerning two critical points.

Theorem 2.2 ([4, Theorem 1.1]). Let X be a reflexive real Banach space, and
let &,¥ : X — R be two sequentially weakly lower semicontinuous and Gateauz
differentiable functionals. Assume that ® is (strongly) continuous and satisfies

lim 3| = 400 ®(x) = +00. Assume also that there exist two constants r1 and ra such
that

(J) infxy & <ry <ry;
(JJ) 901(701) < @;(rhT?);
(333) pa(ra) < @3(r1,m2),
where 1 is defined as in Theorem[2.1] and
U(z) - V(y)

(1) = inf sup S
el = I e iR B(y) — D)

Then, for each X €] (T1 > min {(p1 Tl) o Tz)}[ the functional ® + AU admits at

least two critical pomts which lie in ®=1(] — oo, r1[) and ®~1([r1,72[) respectively.

We recall that Theorem [2.1] and Theorem [2:2] are based on the variational prin-
ciple stated by Ricceri [11].
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3. MAIN RESULTS

For the sake of simplicity, throughout this section we shall assume that G(0) = 0.
Our main result is the following.

Theorem 3.1. Let A be a matriz-valued function that satisfies assumption (A1).
and let G € CH(RN | R). Assume that there exist a positive constant v and a vector
wo € RN with v < |wol|, such that

max|,,| < G(w) G(wp)
R ; 3.1
: G(w) _ maxjuj<, G(w)
lim sup = . 3.2
|w]—o00 |'LU|2 ’72 ( )

where R is defined in ([2.8). Then, for every function b € L*([0,T]) \ {0} that is

. ; 11 |wol? 1 2
a.e. nonnegative and for every X\ in ]Z\Iblhk? R Glwo)* 2R max g < CCw) [, problem

(1.2) admits at least three solutions.

Proof. Fix b€ L'([0,T])\ {0} that is a.e. nonnegative. Denote by X the space H1.
and, for each u € X, put

T
D) = Slull®, W(w) = - / b(t)G (u(t)dt.

As we saw in Section 2, ® and ¥ are continuously Gateaux differentiable and
sequentially weakly lower semicontinuous functionals. In particular ®' admits a
continuous inverse on X* and ¥’ is compact.

Since G(0) = 0, max|,|<, G(w) > 0. Hence, we distinguish two cases. First,

: 11 Jwol? 1 2
assume max|,|< G(w) > 0 and fix A in } 3BT T Glwg) 2R max g = Glw) [ By

assumption (3.2]), we can find two positive numbers § and §’, with

wl<~ G
lim sup G(U;) <6< ¥ w]<y T0) |§27 (w)

such that G(w) < 6|w|? + ¢’ for each w € RY. Fix For each u € X one has

T
Bu) + M) = 5l =25 [ bOlut) Pt - A5 bl
0

1
> S llull®* = Adllbllulléo — A" (o]

1 2 2 ! (3.3)
> (3 - 20K1pl ) Bl = 2810,
1 '72 2 ’
- (1-—m——— — X' ||]|1-
> 5 (1= b gy ) Il = 01

Hence ® + AV is coercive.
Let us consider ¢, and 9 given in Theorem We can observe that inf xy & =
®(0) = 0 and that, for each r > 0, 0 € &~ (] — o0, 7[) and ®—1(] foo,r[)w =
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®~1(] — 00,7]). Fix r > 0. One has

~G(0)[|blly — inf 2o (= [ BE)G(u(t))dt)

IN

e1(r)
(3.4)

< sup
llvl|2<2r r

Thanks to (2.6) and (2.7)), it is easy to check that
fve X |v|?<2r} C{veC’: ||v]|E. < 2k%*r}.

Hence, from (3.4)), bearing in mind that b > 0 a.e. and that G is continuous, we
can write

p1(r) < [|bll1

Let now r = 72 /(2k?) and consider the function v € X defined by putting v(t) = wo
for each t € [0,T]. A simple computation shows that k+/uT > v/2. Therefore, from
v < |wo| one has v < ky/uT|wg| and, in view of condition (A), we obtain

(3.5)

max,, <z G(w)
. .

T
o] = / At)wo - wodt > Tialwo|2 > 2r-
0

On the other hand, from ([2.2)), one has

N
loll* < T llalloo|wol*. (3.6)

i,j=1

For each u € X such that |Ju|? < 2r one has

T
/ b(t)G(u(t))dt < ||bllin max G(w) = ||b||s max G(w) (3.7)
0 |w|<kv2r [w|<y
and
0 < [oll* = flull® < [jo]?. (3-8)

We claim that

maX|w‘§’Y G(’LU) G<w0) - HIBJXlw'S,y G(w)

<L
72 |wo |2

where L is defined in (2.8). In fact, since G(0) = 0, v < |wp| and thanks to
assumption (3.1]) one has

max|y|<y G(w) L A <y G(w)

, (3.9

72 |wol?
wi<y G
<0+ L>W (3.10)
G(wo) _ , G(wo)
<R(1+L =
BT = P
Hence (3.9) holds and, consequently,
G(wg) > lmax G(w). (3.11)
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At this point, putting together (3.7), (3.11)), (3.8) and (3.6)) we can obtain
S o) G(o(t))dt — [ b(£)G (u(t))dt G(wp) — max,<y G(w)
2 _ D) Z Hb”l 2 _ 2
[[oll* = [lul [[oll* = [lul
(wo) — max|,|<y G(w)
[[o]?
G(wo) — max|y|<y G(w)
T3 01 laillsolwol?

(U)O) — MaX|qy|<y G(’UJ)

G
> o]l

> [[bllx

G
= Lk|bllx

[wol?

for each u € X such that ||ul|? < 2r. Hence, one has

Jo bOG@E)dt — [ b)G (u(t))dt

w2(r) > 2 inf

lull?<2r [l = [|ul/? (3.12)
G — wi<~ G
> iy, S0 iz G
|wol
Making use of (3.5)), (3.9) and (3.12), we conclude that
max G(w)
pa(r) < [y —— =
max|, <~ G(w
— 2k, IS (w) (3.13)
G — wi<~ G
< k2o, S0 = Ml Gl0)

|wol?

Moreover, in view of (3.9) and (3.13)), since v < |wp| and assumption (3.1)) holds,
we have

1 1 |’LU()|2
w2(r) = 2LE2||bll1 G(wo) — max|y,|< G(w)
< 1 |’LU0|2
2LK2||b _ ~2RGwo)
IBllx G (wo) — 12 R (3.14)
1 21
- |wol

2LK2|b][1 G(wo) 1 — R
1T wef?
2|1b]|1k2 R G(wo)

and
11 ~?
p1(r) = 2[[bll1k? max), <y G(w)

(3.15)

Hence, all assumptions of Theorem [2.1] are satisfied and the proof is complete once
observed that, as we saw in Section 2, the critical points of the functional ® + AW
are solutions for our problem (1.2).

Now, let max|,|<y G(w) = 0. By assumption , we can find a positive number
§ such that G(w) < 0 for every w € RY with |w| > . At this point, if A > 0, one
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has

1
D(u) + AU (u) > =lul® — A b(t)G (u(t))dt
2 {t€[0,T):|u(t)| <5}

) (3.16)
> 5 llull* = Aflpll max G(w)
jw| <5

for every u € X. Hence ® + AV is coercive.
Due to (3.5), for r = v%/(2k?), one has ¢1(r) = 0. As well as, since G(wg) > 0,
reasoning as in (3.12)) we obtain

oa(r) > 2112 [pl|; EL0 |2) > 2RE2|)b|x |( |2) > 0.

At this point we have
Lo 11wl
p2(r)  2|bl[1k* R G(w)

and we can conclude as in the previous case, where we agree to read % as +oo. U

Remark 3.1. We explicitly observe that, from the proof of Theorem we obtain
that, when max|, <, G(w) = 0, the interval of parameters for which problem (1.2

admits at least three solutions is ]W i c‘:u()w‘o) +0o[. Moreover, in this particular

case, the conclusion can be also obtained by standard arguments.

Example 3.1. Let G : R? — R be defined by

(22 +4%)°
ez2 +y2

G(z,y) = +z

for every (m,y) € R2. By choosing v = 1 and wy = (v/6,0) all assumptions of
Theorem [3.1) are satisfied and so, for every function be L'([0,1]) \ {0} that is a.e.

- [ the problem

nonnegative and for every A € ] oIl 100 Tl 100 ,
i =u—Ab(t)VG(u) a.e. in [0,1]
u(1) —u(0) = a(1) —4(0) =0
admits at least three nonzero solutions. In fact, it is enough to observe that
max|,|<y G(w) 1

=—-+41

72 e T
R=1/5 G(wy) = (2)6 + /6 and

G(w)

jwl—too |w]?

Remark 3.2. Let G be as in Example fix b € C°([0,1],R") and A > 0. It is

easy to see that, if we put F(t,w) = 1|w|? — \b(t)G(w) for every (t,w) € [0,1] x R?

one has that

=0.

F
lim inf (t, ;U) = —
lwl—0  |w|

uniformly with respect to t. Therefore, assumption (d) in the introduction does not
hold and, hence by [6], Theorem 7], [I4, Theorem 4] and [I3| Theorem 2] cannot be
applied.
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Example 3.2. Let G: R — R be defined by

w

Glw) = e —e ifw<?2
B 662(62w+17262)76 if w > 2.

By choosing v = 1 and wg = 2 we are able to apply Theorem and affirm
that for every function b € L1([0,1]) \ {0} that is a.e. nonnegative and for every

119 " 1 17
A €] Tols 1006 ol 105, the problem

i =u—A(t)G(u) a.e. in[0,1]
u(1) —u(0) = a(1) —4(0) =0
admits at least three nonzero solutions. In fact, a simple computation shows that

gy, Glw) _

.~ =e® —e,
R =1/3 and G(wy) = ¢’ — e so that assumption (3.1) holds. Moreover
T C

|w|—+00 |w|2
and (3.2)) is also true.

Remark 3.3. By the fact that the function AG, where A E]ﬁ%, Hbllh 5[ and
G is as in Example[3.2] is increasing, condition (e) in the introduction does not hold.
Hence, [8, Theorem 2.1] cannot be applied. Moreover, for fixed b € C°([0, 1], RT),
if we consider F(t,w) = 1|w|? — b(t)[AG(w)] for every (t,w) € [0,1] x R?, it is easy
to verify that

F(t
lim inf Flhw)
|w|—0 |U)|2

uniformly with respect to ¢ and condition (d) in Introduction does not hold.
Remark 3.4. In our context, from (c¢) in Introduction one has

(b1) G(wg) > 0 for some constant vector wy.
If, in addition, we assume

(b2) limy_o % =0,

then it is easy to verify that (b1) and (b2) imply (3.1) of Theorem [3.1
As an immediate consequence of Theorem [3.1} we can obtain the following result.

Theorem 3.2. Let A, G, v and wy be like in Theorem [3.1 Then, for every
b e LY([0,7]) \ {0} that is a.e. monnegative and such that ||bl|y is in the interval
w, 2 2
}ﬁ% g(ﬁ,‘o) ) ﬁ maxlwl’YS"r Gw) [, the problem
i =A{)u—b(t)VG(u) a.e. in[0,T]
w(T) —u(0) = u(T) —u(0) =0

admits at least three solutions.

Proof. Fix any b € L([0,T]) \ {0} that is a.e. nonnegative and such that [|b||; is

c1.1 1 Jwol®* 1 v '
in |5+ o) T ey (@) [. Obviously, one has that

11 Jwel 1 2
2||bH1k2 R G(’LU()) ’ 2||b||1]€2 max|w‘§,y G(w)

1€ ]
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and we apply Theorem [3.1] O
Here is another multiplicity result in which assumption (3.2)) is not required.

Theorem 3.3. Let A be a matriz-valued function satisfying condition (A1) and
@Iﬁ
R

1 N _ . 1 . . A
G € CY(RY). Putl=min {1, RS a7 }, where k is defined in (2.6]) and

assume that there exist two positive constants v1, 2 and a vector wy €
that 1 < |wo| < ly2 and

\
such

w G w

ma { 2wl (w) max |§72 } < pllw 2), (3.17)
71 7 |wol

where R is defined in @ Then, for every be L([o, T])\{O} that is a. ¢. nonneg-

. : 1 wol? ; 7
ative, and every \ in | 2|\b||1k2 R G(wo)’ 2Hb|\1k2 mln{maX|w|<,Y1 Glw)’ max‘w‘<.y2 ) 11k

problem (1.2) admits at least two solutions uy,x and ug x such that ||uiallco < m
and |lug,\||co < 2.

Proof. Let b€ L*([0,T])\ {0} be a function that is a.e. nonnegative, put X = Hx
and consider ® and ¥ as usual. Let us introduce the following two positive numbers
2

2
T = oz, T2 = 5 and verify that all assumptions of Theorem hold. Obvi-
ously the functionals ® and ¥ satisfy the regularity conditions required. Moreover,
infx ® < r; < re. Consider the function v € X as follows
v(t) = wo

for each t € [0,T]. Arguing as in Theorem since 1 < |wp| < l72 and taking
into account (2.2)) we obtain

T
ry < ®(v 5 Z ||aUHOO|w0| < 7o,
1,j=1
G(wo) > max G(w).
[w]<y1

Hence, by assumption (3.17) and noting that v, < |wg|, one has
) )
z€d=1(]—o00,r[) P(v) — P(x)

Sy bOG(u(t)dt — [ b(t)G (u(t))dt

w5(r1,m2) >

= 1
lull2<2r: [0l = fJull®
G — G

> 2LE?|[b]:(1 - R)
G(wo)

Jwol? -

= 2RE*|[by

Moreover, as we saw in Theorem [3.1]
max|,|<~, G(w)
p(r1) < 2K3 b))y — 2= ';gl (3.19)
1

MaX|y <y, G(W
o) < 2k2||b|1';;”. (3.20)
2
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At this point, combining ([3.19)), (3.20)), assumption (3.17)) and (3.18) we obtain

max , G(w) max G(w
max{p1(r1), @1(72)} < 207 bl ma { === ), oy Wy
1 2

< 2RR L (3:21)

< pa(r1,72).

Therefore all assumptions of Theorem are satisfied. Hence, since by (3.21]) one
has

PR S s
@3(r1,m2)  2||bl1k* R G(wo)
1 it %
< =75 min s
2||b]|1 k;2 {maxwgvl G(w)’ max|,|<+, G(w)
1
< min —
gtees) (7’1) 501(7’2)}

1 Jwol? : 1 -
for each \ € } 2HbH1k2 R Glwo)’ 2HbH1k2 mm{maX\wle G(w)’ maX|w|<.Y2 (w) }[ prob

lem (1.2) admits at least two solutions uy y and wug x such that |luj || < 2r; <
luz.2||? < 2ra. Then thanks to (2.4) and (2.7), we can complete the proof. O

Example 3.3. Let G : R? — R be defined as follows

\w|6 i |w‘ S \/g
G(w) = (5)3 cos(|w|2 —3) if V3 < lw| < \/@
(Gl F7 — 1) if w] > \/3+ ¥

Theorem [3.3| guarantees that for every b € L1([0,1]) \ {0} that is a.e. nonnegative
and for every A €] “3'17 “f”l [ the problem

i =u—A({t)VG(u) ae. in [0,1]

(1) — u(0) = (1) — a(0) = 0 (822)

admits at least one nonzero solution uy such that [Juy||co < 1/3 + 7. To see this,
we can observe that

2
1
k=v2, ) laglle=2 I=5 R=

ij=1

Hence, Theorem applies with v1 = 1/2, v2 = /3 + 1 7r and wg € R? such that

|wo| = V3.

Remark 3.5. We observe that in Example for every positive A, the energy
functional related to problem (Py) is not coercive, that is condition (b) in Intro-
duction fails. Hence, we cannot apply [14, Theorem 1] or [I3| Theorem 1].

1
£
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