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POSITIVE SOLUTIONS FOR A NONLOCAL PROBLEM WITH
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ABSTRACT. In this article we study a nonlocal problem involving singular non-
linearity. Based on the variational and perturbation methods, we obtain the
existence of two positive solutions for this problem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In recent years, the problem
—(a + b/ |Vu|2dx) Au = h(z,u), in€Q,
Q
u=0, on JQ,

has received considerable attention, we refer to [2]-[6]. In particular, if h(z,u) =
Au? 4+ pu™7 (0 < < 1), in [I0], the existence and multiplicity of solutions for
problem have been considered for this case by using the variational method and
the Nehari manifold. When h(x,u) = f(z)u™" — AuP, in [9], we have studied the
uniqueness of positive solution via the minima method. In addition, in [5], the
existence and multiplicity of positive solutions have been obtained in the cases
when h(z,u) = Au™7 + ud.
In particular, Yin and Liu [I7] considered the nonlocal problem

—(a - b/ |Vu|2dx)Au = |u[P7%u, in Q,
Q
u =0, on 0L,

where 2 < p < % By employing the mountain pass lemma, two nontrivial
solutions were obtained.
Recently, in [4], we investigate the existence and multiplicity of positive solutions

to problem

—(a - b/ |Vu|2dx)Au = fa(@)|u|T?u, inQ,
Q
u=0, on 0,
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where fy is possibly sign-changing on Q, 1 < ¢ < 2. Under the previous assump-
tions, we obtain two positive solutions via the variational methods.

Based on our previous work [4] 5], [9], we shall give some multiplicity results for
the nonlocal problem

—(a = b/ |Vu|2d:r)Au = i, in Q,
Q u?
u=0, on Jf,

(1.1)

where Q is a smooth bounded domain in R3, a,b > 0, and X is positive parameter.
Now we state our main result.

Theorem 1.1. Assume a,b >0, 0 <y < 1, there exists Ay, > 0 such that 0 < X <
As, then (1.1) has at least two positive solutions.

2. PROOF OF MAIN THEOREM

Let H{ (£2) be the usual Sobolev space equipped with the norm [|u]|* = [, [Vu[*dz,
denote by B, (respectively, 0B,.) the closed ball (respectively, the sphere) of center
zero and radius r, i.e. B, = {u € H}(Q) : |[u|]| <7}, 0B, = {u € HYQ) : ||u|| = r}
and C be various positive constant. Let S be the best Sobolev constant, i.e.,

S =inf {|ul®:u€ H&(Q),/ lu|®dx = 1}.
Q
Consider the energy functional Iy : H}(£2) — R given by

a b A
Io(u zfu2—7u4—7/ ult 7V dz.
o(w) = Flhal? = el = 2= [ |

It is well known that the singular term leads to the non-differentiability of the
functional Iy on HJ (), therefore problem (1.1)) cannot be considered by using
critical point theory directly. Now, we consider the perturbed equation

A
f(a - b/ \Vu\zdx)Au = —"F, inQ,
0 (lu] + @) (2.1)
uw=0, ond,
where o > 0, the functional associated with (| . is
= Sl = Tl = 2= [ [l + @) = ol

Lemma 2.1. Assume a,b > 0, 0 < v < 1, then I, satzsﬁes the (PS). condition
with ¢ < % — DX, where D = 7= 530" (2£1) 7

Proof. Let {u,} C H(Q2) be a nonnegative (I,(u,) = Io(Jus|)) (PS). sequence
for I, i. e.,

I (up) — ¢, I (u,)—0, asn— co. (2.2)
It follows from that

bun4:aun2—/u7ndx+ol <aun2+01,
[[unl [[un| oy (1) < alluall” +o(1)

so that
a+1

lun? < 25—,
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which implies that {u,,} is bounded in H{(£2). Therefore, there exist a subsequence
(still denoted by {u,}) and u. € HZ(Q) such that u, — u, weakly in H}(Q) as
n — o0o. It follows easily from the Vitali Convergence Theorem that

lim [ — = / g
n—co Jqo (un +a)? o (us + )7
Set w, = u, — U, then |Jw,|| — 0. Otherwise, there exists a subsequence (still
denoted by wy,) such that lim, o ||w,| =1 > 0. From (2.2)), letting n — oo, it
holds
b2 b *Q/V*,V d fA/L
(a ful) [ (V. Vot = [ L
Taking the test function ¢ = u, in (2.3)), it follows

2 2 2 U
_ _ " y — _ = 0. 2.4
(= = o )P =3 [ e =0 .4

Note that (I/ (un),u,) — 0 as n — oo, it holds

dr =0, V¢e Hy(Q). (2.3)

2 2 4 2 2 4 U
allw, || + allus||® — bl||lw,||* — 2bl|w,,||7||us || — b|us —)\/ ————dxz = 0o(1).
l[wn | + allu.]]” = bllwn| [Jwn | ]|ws |7 = bl | Tty (1)

From this and ([2.4), it follows

allwp|* = bljwn || = bllws|*|us]* = o(1). (2.5)
Consequently,

12 = % — Jlu]?, 1> 0.
Note that the subadditivity of ¢+'~7, namely
uw+aﬂﬂ—ahvswwﬁ (2.6)

On one hand, recall that [u,||? < %, then using and ([2.6)), it follows

o) = Sl = Tl —4—7/ uy + @)1 — ol dx
a 2, Op —Lr a+1
> L+ 2P| - T8 T (5 )

a b
umW+gNWW—Dx

where

1 — + NG
D= —5—%|Q|%(“+ )
1 - b
On the other hand, from and -, it holds
b
To(us) = Io(un) — §Hwn||2 + ZHwnH4 + §Hwn|\2||u*|\2 +o(1)

a _ara 2) 92 2
1 D) 4<b [l ]| +4l [l

b
w2 4+ 70 ] = DA.

A
|

This is a contradiction. Therefore, [ = 0, it implies that w, — wu, in H} (). The
proof is complete. O
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Lemma 2.2. Assume a,b > 0, there exist Ag > 0 and p > 0 such that for any
A € (0,Ay), it holds

1| >0, inf I,(u) <0O.

u€dB, ueB,

Proof. By Holder’s inequality and ([2.6)), one has

a b A
Iauzfu2—7u4—7/ ul + )7 — @M de
(@ = Sl = Jhall = == [ [l +) |

(@ b A 547 4 1zv
> = (P = Sl - s,
set h(t) = 24177 — 24317 we see that there exists a constant p = 2;((33:*)) such
that maxy~q h(t) = h(p) > 0. Let
1—v
1— v¥)S=
0 — ( )5+-y h(p)

Consequently, Io||ju|=p > @plfw for any A € (0, Ag). Moreover, for u € H (2)\{0}
it holds

I (t A 1
lim (tu) =— m — [ [(tlu] + )77 — ' de
t—0t t 1-— Y t—0t t Q
I e it
= _ﬁtl_l,%i/gfdx (a <& < tlu|+ )
==X Md:v (ast — 0", &€ —a)
oo’
<0

Thus there exists u small enough such that I, (u) < 0.

m= inf I,(u) <0< inf I,(u).
u€B, u€dB,

O

Lemma 2.3. Assume a,b > 0, 0 < A < Ag. Then problem (2.1) has a positive
solution u, € HY(Q), enjoying I, (uy) < 0.

Proof. By Lemmasand similarly to the paper [6], we can prove that problem
(2.1) has a nonzero nonnegative solution u, € B, C H}(Q) such that I, (us) =
m < 0. Note that u, € E, it holds

- 2a(1+7v) a

2

u — <
which implies that a — b||ua||> > 0. Therefore, by using the strong maximum
principle, we obtain u, > 0 in 2. The proof is complete. (]

Remark 2.4. Assume (U;/,) is a positive solution of (2.1)), then for every K & 2,
there are ng € N and § > 0 such that

Uin(r) 20, Ve K andn > no.
Indeed, consider ¥,, € H}(Q) a weak solution of the problem

A

AV, = —————,
a(|¥n| +1)7

in €,
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v, =0, onJf.

It is easy to prove that (¥,,) is a bounded sequence in H}(f2), thus there is ¥ €
HJ () such that for some subsequence, still denoted with the same symbol,
U, =V in H}(Q),
U, (z) — ¥(z) a.e. in .
Setting
A
ho(z) = ———————,
@
we see that (h,) is bounded in L®°(2), and so, it is bounded in L?(£). Then, for
some subsequence, we also have

=————— ae inQ
ho(z) — h(z) @17 a.e. in Q)
h, —h in L*(Q).
The above information yield
A
“AV=——"—— inQ
a(el+1y
¥ =0, onodf,

from where it follows that ¥ € C(Q2) and ¥(z) > 0 for all z € 2. Moreover, the
elliptic regularity gives -
v, - ¥ in C(Q).
Thereby, fixed a compact set K C €, there are ng € N and § > 0 such that
U, (z) >4, VzeK andn > ng.
On the other hand, let Uy /,, be a positive solution of , we know that
=AUy 2= —-AV,, inQ,
Uin =¥, =0, ondf,
and so, by maximum principle,
Uijn(r) > ¥y(z), VreQandallneN.

As a byproduct of above arguments, for each compact set K C €, there are ng € N
and § > 0 such that

Uin(x) >0, Vo e Kandall n > no.
Now, we show that the functional I, satisfies the mountain-pass lemma.

Lemma 2.5. The functional I, satisfies the following conditions for any A € (0, Ag)

(i) La(u) >0 if [Jul| = p;
(i) There exists ¢ € H}(Q) such that I,(¢) < 0.

Proof. Conclusion (i) follows from Lemma To prove (ii), let u € H}(2)\{0}
and t > 0, it follows that

at? bt* At B _
a(tw) < -l = =l = T /Q [(jul + )"~ — o' de

— —00
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as t — +oo. Therefore we can easily find ¢ € Hg(2) with ||| > p, such that
I,(¢) < 0. The proof is complete. O

Now, it is well known that the function

(3e%)3

we(x)zm, r€R3 >0

satisfies

—Aw, = w’ |textinR3.
Let n € C§°(2) be a cut-off function such that 0 <n <1, |Vy| < C and n(z) =1
for |z| < R and n(z) = 0 for |z| > 2R, we set u.(z) = n(x)w(z). Then

Jucl? = S% 4+ 0(e), |ucld =52 +O(e?).

Lemma 2.6. Assume a,b>0 and 0 <~y < 1. Then

2

sup I, (g + tue) < Y _Dx
s 1b

Proof. As u, is a positive solution of (2.1)), for each ¢ € HZ (), it holds

(a—b||uaH2)/Q(Vua,V<p)dm: A/Q(Ldaz.

U + )7

In particular, it holds

U
(a—b||ua||2)/Q(Vua,VuE)dx:/\/dex.
Recalling that a — b|jus || > 0, we have
/(Vua, Vu)dx > 0.
Q
As I (uq) < 0, by Remark we have
t2 b
Io(ua + tus) = g”UaH2 + at/ (Vg Vue)de + LHUEHQ — ~llual*
2 0 2 4

ot
4

—th(/(Vua,VuE)dx)Q—bt3||u8|\2/(vumvua)dx
@ Q

bt?
[Jue||* — bt[|uq|? /Q(Vua,vus)dx - 7Hua\|2lluall2

A
g [(tg + tue + ) ™7 — o' 7]dx
-7 Ja
at? bt bt?
< Ta(ua) + < lluell® = - luell® = - lwalflue]®

— —— | [(uq + tue + oz)lf"Y — (ua + a)lf"y]dx
1—vJa

u,
+>\t/75d
o (e +a) ™

at? bt* bt?
< —luell? = = llucl|* = S llual*llucll® + 6At | uoda.
2 4 2 o
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>t at? bt bt
o0) = T el = el = ol Pl + 53¢ [ e
It is similar to the paper [6] that there exist ¢ > 0 and positive constants ti, o
independent of ¢, A, such that sup,~ g(t) = g(t:) and 0 < t; <t. <ty < oo.
Note that fQ uedr < 0(51/2), by Remark there exists positive constant ¢ > 0
(independent of \) such that ||us||* > c¢. Then, it holds

sup I (uq + tu:) < supg(t)
>0 t>0

at® , Ot 4 2 1/2
< sup { —[luell® = —[lucll*} — ellucl® + AO(e/?)
>0 = 2 4
a2 1/2 3
§4—b+01€/ —52, (0<A<])

3
where ¢1,¢2 > 0. Let e = A2, when 0 < A < A; £ Ccff;, it holds

1A — cng <ciA— (e + D)X= —DA.

Consequently, sup;>q I (ta + tue) < Z—Z — DA. The proof is complete. a

Lemma 2.7. Assume a,b > 0 and X > 0 is sufficiently small, problem (2.1) admits
a solution v, with I, (vy) > 0.

Proof. Set \* = min{Ag, Ay, o* 1}. Then applying the mountain-pass lemma [3],

4bD>
there exists a sequence {v, } C H}(€2), such that
h
In(vy,) — ¢ > %plf”’, and I} (v,) — 0, (2.7)

where

— inf I (v(1)),
¢= inf max (v(t))

= {y € C([0,1], Hy(Q)) : 7(0) = ua, (1) = ¢}

By Lemmas and {vn} € HY(Q) has a convergent subsequence, say {v,},
we may assume that v,, — v, in Hg(2) as n — oo. Hence, from (2.7)), it holds

n—oo

h
In(ve) = lim Iy(v,) =c> %pk” > 0,

this implies that v, #Z 0. Furthermore, from the continuity of I/, we obtain that

¥, 18 a nonzero nonnegative solution of (2.1). The proof is complete. O

Proof of Theorem[1.1. Let (Uy;,,) be a solution of (2.1), then we can prove that
(U1/) is bounded in H(€2), then up to a subsequence, there exists u € HE(Q)
such that

Uy yp — u weakly in Hy(Q), Uyyp(z) — u(z) ae. in Q as n — oo.
By Remark and similar to [5], for each ¢ € Hg(Q), it holds
(a—1b lim ||Uy,[?) / (Vu,Vo)dr — /\/ L — (2.8)
n—o0 Q o uY

If Uy )y, = Ua, by Lemma Lemma and (2.8), we conclude that Uy, — u in
H{§(9), and w is a positive solution of (L.I)) with Io(u) = limy—og I1/n(Us /) < 0.
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If Uijn = vq, combining Lemma [2.1] Lemma and (2.8), we also deduce
that Ui/, — w in Hg(Q), and u is a positive solution of with Io(u) =
limy, oo I1/n(Ur/n) > 0. Therefore problem has at least two different pos-
itive solutions. The proof is complete. O
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