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IMPROVED OSCILLATION CRITERIA FOR FIRST-ORDER
DELAY DIFFERENTIAL EQUATIONS WITH VARIABLE DELAY

JULIO G. DIX

ABSTRACT. This article concerns the oscillation of solutions to the delay dif-
ferential equation z’(t) + p(t)z(7(t)) = 0. Conditions for oscillation have been
stated as lower bounds for the limit superior and limit inferior of f: p. In this
article we match the bound for the best case in [7], without using one of their
hypotheses. Then assuming that hypothesis, we obtain a bound lower than
the one in [I2]. Then we apply our results to an equation with several delays.
We employ iterated estimates of the solution.

1. INTRODUCTION

In this article we improve existing conditions for the oscillation of all solutions
to the delay differential equation

() +pt)z(r(t)) =0, t>tg, (1.1)

where p, 7 € C([tg, ), [0,00)), 7 is non-decreasing, 7(t) < t for all € [ty,c0), and
lim;_ o 7(t) = 0.

Let Ty = inf{7(¢t) : t > to}. By a solution, we mean a function that is continuous
for t > Tp, differentiable for ¢ > #, and satisfies . Given an initial function ¢
defined on [Tj, tg], we can obtain a unique solution by integrating in successive
intervals (a process known as the method of steps).

A solution is called oscillatory if it has arbitrarily large zeros; otherwise it is
called non-oscillatory. A solution x is called eventually positive if z(¢) > 0 for all ¢
sufficiently large.

Throughout this article we use the following notation: 771 (t) = 77(7(t)) with
71(t) = 7(t) and 7°(t) = ¢,

¢ ¢
a = liminf p(s)ds, [ =lim sup/ p(s)ds. (1.2)

oo Jr t=oo Jr(t)
Moreover, we consider the equation
_al
A=e*",

where A is a function of a. If & = 0, then A\ = 1 is the only solution. If 0 < a < 1/e,
then there are two solutions, A\; < Ag; furthermore, A is a continuous and increasing
function of a. If @ = 1/e, then A = e is the only solution. If o > 1/e, there is
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no solution. For 0 < o < 1/e. we denote the solutions to this equation by A1, Ag,
where A1 < Asg.
It is well known [I} [3] [T0] that if

1
a>g or B>1, (1.3)

then every solution of (|1.1)) is oscillatory. On the other hand if f:(t) p(s)ds < 1/e
holds sufficiently large ¢, then there is a non-oscillatory solution; see [3, Corollary
2.1.1] and [8]. From these statements, we see that if lim;_, f:(t) p(s) ds does not

exists, then there is gap in the results. Many results have improved the above
bounds, We just mention a few of them, and direct the reader to the references in
this article.

Lemma 1.1 ([7, Lemma 1]). Let 0 < o and x be an eventually positive solution of
(1.1). Then 0 < a <1/e and

z(7(t))
) S (1.4)

Lemma 1.2 ([0l Corollary 1]). Assume 0 < o < 1/e, B <1 and

P In(A\) +1 (1—04)—\/1—2@—042.
A1 2

Then every solution of (1.1) is oscillatory.

Lemma 1.3 ([7, Theorem]). Assume that 0 < a < 1/e, 8 < 1, that there exists
w > 0 such that

A1 < lim inf
t—o00

(1.5)

7(t) t
/ p(s)ds > w/ p(s)ds forT(t) <u<t. (1.6)
7(u) u
If
In(A 1 1—a)—+/(1—a«a)?2—4A
s MO+l (1—a) = I—aP—id )
A1 2
where \
eMM — aqwA; — 1
A= 1.8
then every solution of 1s oscillatory.
Lemma 1.4 ([I2, Theoem]). Under the assumptions of Lemma|[I.3, if
In(A —14+ 1+ 2w—2wA B
ﬁ > Il( 1) + + + 2w WAL : (19)

)\1 OJ)\l

where B = (1—a—/(1 — a)? —4A4)/2 and A is given by (L.8)), then every solution
of (1.1) is oscillatory.

Note that the bounds for 5 depend on the value of a. In particular when @ = 0
conditions , and become S > 1. A table of numerical values for
these and other bounds can be found in [7, [12] [13]. Table [I| towards the end of this
paper compares our results with the bounds from ,

In this article, without assuming , we establish the bound

2
>2a4 — —1
B ot
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which matches the bound given in [7] using assumption (L.6). In fact when is
assumed, we obtain a bound slightly lower than the one in .

Our main tool is to integrate which expresses x as an integral transform of
itself. We then substitute the expression obtained into the integral. This substi-
tution was done one time in the book by Erbe [3, Lemma 2.1.3]. Here we iterate
this substitution several times as in [14, [I5]. This process yields a multiple integral
over an interval [7"(¢),t*]. Then we partition each interval [7%(¢), 7#~1(¢)] and use
Riemann sums to estimate a multiple integral. The idea of partitioning the domain
comes from [15]. However our partition is different from theirs, and as ¢ — oo the
resulting number of integrals we obtain can approach infinity. This is stark contrast
to [15] where partitioning intervals depends of a positive parameter §. However as
n increases, § becomes negative and the partitioning process stops.

Equations with constant delay. A function f is called slowly varying at infinity
[11] if for every s € R,

lim f(t+s)— f(t)=0.

t— o0
Garab et al [4, Theorem 4] showed the following result which is optimal for the
constant delay case. Let 7(t) =t — 79, p be a non-negative bounded and uniformly
continuous function such that 0 < a, 1/e < 5. Also let the mapping ¢ — f:(t) p(s)ds

be slowly varying at infinity. Then all solutions of are oscillatory.

This article is organized as follows. In Section 2, we study oscillation of solutions
without assuming condition . In Section 3, we assume condition for
obtaining an oscillation criterion. Also we compare the bounds that we obtain with
some bounds in the literature. In Section 4, we extend our results to equations
with multiple delays.

2. RESULTS WITHOUT ASSUMING (/1.6])

Lemma 2.1. Forn > 1 and t* > t, we have

_ /tt* pls1) /:p(Sz) /t /t p(s.) ds, .. doy
;,(/tt p(S)ds>n

The above lemma can be proved by induction on the number of integrals, using
integration by substitution.

Lemma 2.2. Let 0 < & < a and n > 1. Then there exists ta, and for each t > ts,
there exists t* such that ftt p(s)ds = &, with 7(t*) <t < t*, and

t* ¢ (t) T2 (t)
pu(t) ::/ p(51)/ p(SQ)/ p(sg).../ p(sn) dsy ... dsy
t 7(s1) T(s2) T(8n—1) (2.1)

AT

&
>—  forallt > ts,
n!

Proof. From & < «, we have f:(t) p > & for all t large enough. For each one of

those sufficiently large values of ¢, the continuity of the map u — |, tu p(s)ds and
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fT(t) p > @, yield a t* such that ft s)ds = &. The fact that ¢ < t* follows from

ft p > 0, and the fact that 7(t*) < ¢ follows from f (t*)p > .
We partition the interval [¢,¢*] using the m + 1 points

t=uom < Upm—1 < - <wugo=1t",
so that

u0,0 Ak
/ p(s)ds:a— for k=0,1,...,m
uUQ, k m

We partition the interval [7(t),t] using the m + 2 points

T(t) = Ut mt1 < Ui, < -+ <upg=t,

u1,0 u0,0 ak
/ p(s)ds:/ p(s)ds = for k=0,1,...,m.
u U

1,k 0,k

/T:t)p(s) ds > /u"w p(s)ds = A:Umo p(s)ds = /tt* p(s)ds.

1,m

so that

Then

Note that we can not guarantee this inequality without the assumption ft Q.

In a similarly way, we can partition the intervals [72(t), ()], ..., [7"71(¢), 7" 2(t)].
Then

uo, Kk ki—1 g g kn1=1 "y, 1,kn
1 2

E / p(s1) E / E / p(sn) dsy, ...dsy .
k=07 %0,k +1 ko=0" U1 k2+1 Un—1,kp+1

. U4 U . . . . .
Since fu _J’: p= fuoo’ko p and p is continuous, the expression above is a Riemann sum
Js ’
that approximates

/tt*pm) /Sf*p(sfz) /:p(%)'” /s:;p(sn) i ds,

Then by Lemma (2.1} this multlple multlple equals ( j; S)" /n! Taking the
limit as n — oo and using that f . p(s)ds = &, we have the de51red result. (]

Lemma 2.3. Let 0 < & < a < 1/e, and x be an eventually positive solution of
(1.1). Then there exists t1 > to, so that for each t > ty there exists n = n(t) with
lim; o n(t) = oo, and

> d(n,t,&) Vt>t, (2.2)

where d(n,t,&) is the smaller root of quadratic equation

d® — (1 —@&)d + falt,&) =0 (2.3)
and
. ar &t an A2
fn(tﬂ):j*'?*'“'*'T, (2.4)

where \ is the smaller solution of A = e,
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Proof. Since 0 < & < o < 1/e, each one of the equations A = e** and \ = e** has
two solutions. Then by Lemma (1.1}

A=\ <\ < liminf z(r(*))

min ZL’() <A< Ag.

From the fact that x is eventually positive and lim; o, 7(¢) = oo, there is a t;
such that for all ¢ > ¢; the following 4 conditions hold: 0 < z(t), 0 < z(7(t)),
& < f:(t)p(s) ds (because & < « which is a limit inferior), and A < x(7(t)/z(t)
(because A < A which is a limit inferior) .
For each t > t;, we select n = n(t) as the largest integer for which
() <ty < TN (2.5)

Then -

. y

{2l )

- x(T(1)
Note that n is a non-decreasing function of ¢ because 7 is non-decreasing. Since T
is continuous and lim;_,+ 7(t) = 0o, we have, for each finite n, that

forj=0,1,....,n—1. (2.6)

tlir{:orn(t) =7(. ..T(tlirglor(t)) L) =o00.

Now we claim that n — oo as t — oo. To reach a contradiction, assume that n
remains bounded as ¢ — oo. Taking the limit in (2.5),

00 tlingoT (t) <ty

which is a contradiction; therefore, n can not remain bounded as t — oo.
By Lemma there exists to > t1, such that for each ¢ > t5 there exists t* such

that f:* p = &. Integrating (1.1)), we have inequalities of the form

2(t) = 2(t*) + /t p(s1)2(r(51)) s, 2.7)

z(1(s1)) = z(t) + /( )p(SQ)x(T(SQ)) dsa, ..., (2.8)

2 (1)

&(7(sn-1)) = 2(T"2(t)) + / P(sn)z(7(sn)) dsn - (2.9)

T(Sn—1)
Since z(t) > 0, by (1.1), 2'(¢) < 0 and z is non-increasing, and

()

2 ()
/ P(50)2(7(50)) dsn > (71 (8)) / P(5n) dsn

(Snfl) T(Snfl)

Substituting (2.8)—(2.9) into (2.7]), and using the definition of p, it follows by the
above inequality, that

z(t) > 2(t*) + ax(t) + [p2()z(T(t) + p3s (D2 (T2 @) + -+ + pu(B)z(7" 7 (1))] -
From (2.6), we have z(r9t1(t)) > Mu(r(t)) for j = 1,2,...,n — 1. Then from
Lemma , f:* =a, f:(t) > &, and the result in (2.1]), we have

x(t) > z(t™) + ax(t) + fu(t, &)z(7(t)), Vt>tq,
where f, is defined by (2.4). Then
(1 — &)z(t) > 2(t*) + fult, Q)a(r(t)). (2.10)
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Since x and f,, are positive, (1 —@&) > 0 which agrees with assumption 0 < & < 1/e.
Ignoring the term z(t*), we have

z(t) - fu(t,a)
z(r(t) = 1—a °

—d,

which is positive. Recalling that x is non-increasing and 7(¢*) < t, we have
z(t*) > dyx(7(t%)) > dyz(t).
Using this inequality in yields
(I—a—dy)z(t) > z(t") + fult,&)x(r(t)).
Since z and f,, are positive, (1 — & — dy) > 0, which implies d; < 1 — &. Then

o) | bt
z(r(t)) T 1—a—dy
Proceeding as above, (1 — & — d2) > 0, which implies da < 1 — &. Also because
dy > 0, we have

_hl66) ()
1-a 1—-a—-d;
As in [3, Lemma 2.1.3], repeating the above process, we have an increasing sequence
{d} that is bounded above by 1—d&; therefore the sequence converges to the smaller
solution of the quadratic equation d? — (1 — &)d + f.(t,&) = 0. By (2.10), we have
(1 —a—d)x(t) > z(t*) + fu(t,&)z(7(t)), and
x(t) < ful(t, &)
x(r(t) “1—a—d
This completes the proof. O

dy =ds.

=d.

Lemma 2.4. Let 0 < a < 1/e, and x be an eventually positive solution of (L.1)).

Then
) oo, 1
tooo xm(T(t)) AL
Proof. First in Lemma for each value of ¢ we select the largest possible n, and
observe that n — oo as t — oo. With the notation in Lemma [2.3] we have
1 3 “ 1 - “
lim fo(t, &) = ——[e* —a\ —1] = — [\ —a\—1].
t500 (A)?2 ()2

Recall that the roots of a quadratic equation depend continuously on their coeffi-
cients. Then, as n — oo, the roots of (2.3]) approach the roots of

dz(la)d+(5\1)2[5\d5\1]0.

Then as A — A and & — «, the roots of the above equation approach the roots of
1
d? — (1 —Oé)d—F F[)\l —al] — 1] =0,

which are d=1—a —1/A\; and d = 1/XA;. For a € [0,1/a] and the corresponding
lambda with A = e®*, the first root is smaller than the second. To complete the
proof we compute the limits in (2.2)) first as ¢ — oo, and then as & — a. [
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Theorem 2.5. Let 0 < a < 1/e, and

2
B>2+——1. (2.11)
A1

Then every solution of (1.1)) is oscillatory.

Proof. To obtain a contradiction, assume that = is an eventually positive solution
of (1.1). Then by [6l Theorem 1],

b < M — lim inf z(t) .
A1 t—oo x(7(t))
Then by Lemma
ﬂg%—(l—a—%) :2a+)\%—1,
which contradicts the assumption and completes the proof for eventually positive
solutions. If a solution y is an eventually negative solution, we consider x = —y
which is an eventually positive solution. O

Note that the above theorem does not assume , and matches the best pos-
sible case of , i.e. when w = 1. Based on the example in [7], we build an
example that satisfies the hypotheses in Theorem but does not satisfy .
Let 7(t) =t — 2sin*(t) — 4/(e — 2) and p(t) = (e — 2)/(4e). Then

! e—2, 4
/T p(s)ds = " (281n2(t)+6_2),

so that liminf;_, f:(t)p = 1/e and limsup,_, f:(t)p = 1/2. Thus the assump-
tions in Theorem are satisfied. Condition becomes
e—2
4e
which is equivalent to

[t—u— 25sin’(t) + QSin2(u)] > w%(t —u).

sin?(t) — sin?(u) < 1-w
t—u -2
Because 0 < w < 1, we have (1 —w)/2 < 1/2. Meanwhile a linear approximation
on the numerator of the left-hand side gives a term of the form sin(2u), so we can

select t and u close to each other for which the above inequality is not satisfied.
Therefore ([1.6) does not hold in this example.

3. BOUNDS USING CONDITION (|1.6))
Lemma 3.1. Ifw > 1 in (L.6), then (L.1) has a non-oscillatory solution.

Proof. Let & < o and B > (. Then from the definition of the limit inferior and the
limit superior, there exists ¢; such that

¢ ¢
a < / p(s)ds and / p(s)ds < Vt>t;.
(1) (t)

For each t > t1, let n = n(t) be the largest integer for which 7™(¢) > t;. Then
n — 0o as t — oo. By applying (1.6 repeatedly, we see that

R T L(t) t
8> / p(s)ds > w"_l/ p(s)ds.
T (t) 7(t)
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As t — oo, we see that n — oo and w” ! — co. Thus lims_ e f:(t) p(s)ds = 0.
Then f:(t) p(s) ds < 1/e holds eventually, so (1.1)) has a non-oscillatory solution [3]
Corollary 2.1.1]. O

Remark 3.2. In view of Lemma[3.1] we restrict our attention to 0 < w < 1. Using
the series expansion of A in , we can show that A is an increasing function of
w. Therefore, A possesses its maximal value and the bound in has its minimal
value when w = 1. Also the constant B has its maximal value, and the bound in

(1.9) has its minimal value when w = 1.
Lemma 3.3. Assume (1.6 holds and 7(t) < t. <t. Then

t (t) 2(t) (1)
ta 7(s1) T(s2) T(s8n-1)

it tn—1 t n
27(/ p(s)ds) .
n! .

Proof. This is achieved by induction on the number of integrals. For the basic step
n = 2, we have

t (1) t t w t 9
/ p(sl)/ p(s2)dsadsy > w/ p(sl)/ p(s2) dsads; = 5(/ p(s) ds) ,
ty 7(s1) ty s1 . ty

where the equality follows from Lemma [2.1
For the induction step, we assume the inequality holds for n — 1 integrals, and
show it holds for n integrals. Under this assumption and using (|1.6)), we see that

it = | jp<s1>“(1:'+f)f (/ ((jpw as)"

[ ([

s1

By the substitution method with u = fstl p(s)ds, we have du = —p(s1)dsy, and
Ju"™! du = Lu™ which yields the desired result. O

Lemma 3.4. Assume 0 < o < 1/e, (1.6, and that x is an eventually positive
solution of (L.1)). Then

1
Bga—i——ln(l—l—Qw—w)\l—i—aw)\l).
w)\l

Proof. Since 0 < a < 1/e, we have 1 < Ay, so there exists A € (1,A;). Then the
conditions in Lemma are satisfied, therefore holds. As in [I2, Lemma Eﬂ
we consider the function g(t) := x(7(t))/z(t) which is continuous, g(7(t)) =1 < A,
and g(t) > \. Then there exists t, € (7(t),t) such that

t R
2r®) _ 5. (3.1)
x(ty)
From Lemma H foreachd <1 —a — )\% there exists t3 such that
t .
z(t) >d forallt>ty; (3.2)

(7 (1))
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If necessary we may increase ty to make it greater than the ¢; in (2.6)). Dividing
(1.1) by «(¢) and then integrating, by (2.6]), we have
te L. ot
/ z(s) ds:—/ p(s)mdsg—)\/ p(s)ds.
T(t) z(s) T(t) z(s) T(t)
From this inequality and ,
b In(A
/ p(s) ds < BA) (3.3)
(t) A
Now we estimate A := ftt* p(s)ds. Integrating (1.1) from ¢, to ¢, and proceeding
as in (2.7)), , we have
(ts) — x(t) = Az(7(t) + [p2(D2(T2(1) + p3(t)a(7°(8)) + - - + pu ()2 (7" (1))] -
By (2.6),
w(t.) — () > Ax(r(t)) + [pa(DA + ps(DA® + -+ + pu (A" ((2) .

Dividing by z(7(t)), using Lemma [3.3] and (3.2), we have
A% A3 .
A+?w)\+?w1+2>\2+~~+

A" g ¢ 2) ()

- 2(7(0) 2 (0) (4

To solve the above inequality we define the polynomial
2 3 n
Qn(A)=A+ %w/\ + %M“)\Q +o %wH”'*"*l)\"*l - (% —d).

Note that all the coefficients of A are positive and the independent term is negative,
so by the Descartes’ rule of signs, @,, has at most one positive root. Since @Q,(0) <0
and lima 00 @n(A) = o0, it follows that @, has exactly one positive root. To
satisfy , A must be less than or equal to the positive root of @,. When
t — oo, it follows that by definition ¢, — oo and n — oo. Therefore we can
increase n, which provides more accurate estimates for A. There are formulas for
obtaining the roots when n = 1,2,3,4, but not for n > 5. Sficas et al [12] solved
this equation when n = 2, by using its positive root as an estimate for the solution
of . Our approach is to use the solution of

g, InlA) =0

as an estimate for the solution of (3.4).
When w = 1 we need to find the positive solution of
M _AN-1T 1
MMt
A

A+
In this case (3.4) is satisfied if
1 ~ A
A< 3 In (2 - )\d) , (3.5)

which corresponds to (3.7), below, with w = 1.
For 0 < w < 1, we define a new polynomial
. 2 3 A"

A% . A R e
Q”(A):AJ’_?W/\_F?WQ/\Q—}—‘FFM 5 1_(

>l =
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Note that Q2 = Qs, and Q2(A) < Qn(A) < Qn(A) for n > 2, because 0 < w < 1.
Thereforq the positive root of @Q),, is less than the positive root of ),,. The equation
limy, 00 Qn(A) =0 is

AN AW — 1 B

1
A+ = =—d)=0
wA (/\ )
Therefore, (3.4]) is satisfied if
1 o
A< —In(l+w-whd). (3.7)
wA

Note that the right-hand side of this inequality is less than the right-hand side of
, because they correspond to the roots of Qn and of @Q,, respectively.

Adding and , and then computing the limit as A= A and d —
1—a-— )\% yields

K In()\;) 1 1
lim su / s)ds < +—h(l+w—-—wh(l—a——
t—)oop T(t)p( ) M WAL ( il At ))

1
:a+—ln(1+2w7w)\1+aw)\1).
w)\l

This completes the proof. [
Theorem 3.5. Assume (1.6), 0 < a < 1/e, and

1
B>Q+Jln(l+2w—)\1w+a)\1w). (3.8)
1

Then every solution of (1.1) is oscillatory.

Proof. For the sake of contradiction, assume that there is an eventually positive
solution. Then by Lemma [3.4 we have a contradiction to (3.8). On the other hand
if y is an eventually negative solution of , we may consider x = —y which is
an eventually positive solution. ([l

Remark 3.6. For w = 1, the bound in Theorem is slightly lower than the one

in [12], see Table [1] For an example of an equation that satisfies the assumptions
in Theorem we refer the reader to [12].

TABLE 1. Oscillation criteria when w =1

cond. |a=1/e, \y =e | a=2In(e/2)/e, \1=€/2 | a=0, )\ =1

@7 | B> 0471518 | B> 0.923057 B>1
[O) | B> 0.459987 | B> 0.741974 B> 3 —1~0.732750

(3-8) | 8> 0.459188 B> 0.716267 B8 > In(2) ~ 0.693147
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4. EQUATIONS WITH MULTIPLE DELAYS

As an application of the above results, we present a condition for the oscillation
of solutions to the equation

2 (t) + Zpi(t)x(n(t)) =0, (4.1)

where p;, 7; € C([tg, ), [0,00)), 7:(t) < ¢, and limy_, o 7;(t) = co. In this section
we do not require 7; to be monotonic, instead we redefine 7 as the non-decreasing
function

7(t) = max { max {r;(s)}}.

If z is an eventually positive solution of (4.1]), then /() = — >_1", pi(t)x(r(t)) <0
so x is non-increasing, and

(1) + (Zpi(t))x(T(t)) <0. (4.2)

In this section the summation 27;1 p; plays the role of p in the previous sections,
while 7 plays the same role as before. We redefine the constants

t m t m
a = liminf sz(s) ds, [ =lim sup/ Zpi(s) ds;

while A; < Ay remain as the roots of A = e®*. In Sections 2 and 3 we replace p(-) by
> pi(+), and replace the sign = by <, in (2.7)-(2.9). The rest of the inequalities

remain valid, so we only restate the main results.

Theorem 4.1. Let 0 < a < 1/e, and

2
B>2+——1. (4.3)
AL

Then every solution of (4.1)) is oscillatory.
Theorem 4.2. Assume (1.6), 0 < a < 1/e, and

1
B>a+—ln(1+2w—/\1w+a)\1w). (4.4)
w>\1

Then every solution of (4.1)) is oscillatory.

Our conditions for the oscillation of solutions of equations with multiple delays
are rather basic. For alternative oscillation criteria, we refer the reader to [10, sec.
2.6, 2, [@].

We conclude this article by stating that the optimal bound 5 > 1/e has not been
reached yet; so there is room for improvement.
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