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STRUCTURAL STABILITY OF POLYNOMIAL SECOND ORDER
DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS

ADOLFO W. GUZMAN

ABSTRACT. This work characterizes the structurally stable second order dif-

ferential equations of the form 2" = 7' a;(z)(z’)? where a; : R — R are C"

periodic functions. These equations have naturally the cylinder M = S1 xR as
the phase space and are associated to the vector fields X (f) = y% +f(z,y) C%,
where f(z,y) = [, ai(m)yi(%. We apply a compactification to M as well
as to X(f) to study the behavior at infinity. For n > 1, we define a set
2™ of X(f) that is open and dense and characterizes the class of structural
differential equations as above.

1. INTRODUCTION

We denote by £™" the space of vector fields
XU =i+ S aten 2
=0

defined on M = S! x R where a;(x) are C" periodic functions, r > 1 and n > 1.
A vector field X (f) is associated naturally, it is in fact equivalent, to the second
order differential equation

E;:2" = f(z,2") where f(z,y)= Zai(x)y’

We endow €™ with the structure in which X (f) is identified with the n + 1-tuple
(ap(x),...,an(x)) of its coefficient functions and the norm is defined by

dk

p ai(z)] 2 € 81,0 <i<n}.

XNl = sup {I

The aim of this paper is to characterize the vector fields X (f) € £™" (therefore,

Ey) that are structurally stable under small perturbations in the space £™". See
precise definition below.
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We establish the structural stability of X(f) € £™" on the open surface M
using a compactification of the type v = z and v = arctan(y) (cylindrical com-
pactification). We denote the compactifications of X (f) and M by X(f) and M
respectively. In section 2, we find the following expressions:
For n=1,2,3, X(f) = sin(v) 2 + 31" a;(u) cos® ¥ (v) sin’ (v) 2
for n >4, X(f) = sin(v) cos"3(v) 2 + 307 ai(u) sin’(v) cos™ ¢ (v) 2.
This allows us to understand the behavior of X (f) at infinity (i.e at the ends) of M
by studying )~((f) near the boundary of M. Thus we find that on 8M, )?(f) has:
periodic orbits when n = 1, 2; tangency points when n = 3; hyperbolic singularities
when n = 4; and semi-hyperbolic or nilpotent singularities when n > 4. See section
3.

The characterization of structurally stable vector fields X (f) on M is expressed

in terms of )?(f) on M. For that, we give the following definition:

Definition 1.1. A vector field X (f) is structurally stable in M if there is a
neighborhood U in £™" such that VX (g) € U, there exists a homeomorphism
hg : M — M which maps trajectories of X (f) onto trajectories of )N((g), preserving
orientation and OM.

In section 4, we define for each n > 1 a subset X" of £™" such that if X(f) € X7,
its compactification X (f) has generic properties with respect to singularities, to
periodic orbits and to connections of singularity separatrix on M. Tn this way, we
extend the conditions of Peixoto M.M and Peixoto M.C (see [13], also [17]) that
characterize the C!-structurally stable systems on closed surfaces, with singularities
on the boundary. We recall that these conditions include tangencies at the boundary
of a closed surface which insure the C! structural stability.

The main results of this paper can be formulated as follows:

Theorem 1.2 (Genericity). X" is open and dense in E™" where r > 2 forn =1
orn>5andr>1 forn=23 or4.

Theorem 1.3 (Characterization). X (f) € ™" is structurally stable if and only if
X(f)eX™ wherer >2 forn=1orn>5andr >1 forn=2,3 or4.

We prove Theorems 1.2 and 1.3 in sections 5 and 6 respectively. In section 7,
we present a discussion of the sources that motivate this work. Our results make
a link between the works of Sotomayor [18] and Barreto [2] and Shahshahani [16]
dedicated to C"-structurally stable second order differential equations. The first
author considered Ey with the uniform topology on compact regions of R2 and M;
the second two authors considered £y with the Whitney topology on the whole M.

2. COMPACTIFICATION

In this section, we define a vector field on the cylinder M = S* x [5, 5] induced
by X(f) € E™", where f(x,y) = Y., ai(z)y’, and we describe X (f) in coordinate
neighborhoods of the infinity of M. We denote by M° = S x (5, %)

Let C: M — M° be a diffeomorphism defined by
C(z,y) = (x,arctan(y)).

The ends of M are transformed into the circles C1z = S* x {+3}.
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Now, we induce the vector field C.(X(f)) on M° = S' x (5,5) by X(f) as
follows
Co(X (), v) = DC(z,y) - X (f)(,y)
where (u,v) = C(x,y) and DC(x,y) is the derivative of C at (x,y).
Thus we obtain

C. (X(f))(u, U) _ Sil’l(U) E + Z az(u) sini(v) cos_i+2(v)£

cos(v) du o’

~

Then the following vector field
%) = J s CX() - forn=1,2,3
cos(v)"~2 - Cu(X(f)) forn >4

can be extended to the whole M.
We call X(f) the cylindrical compactification of X (f). The explicit expressions

of X(f) are:
forn=1,2,3,

X(f) = sin(v)(% + Z a;(u) cos®> " (v) sin’ (v) =— (2.1)

and for n > 4,

9
Ov’

X(f) =sin(v) cos"_3(v)(,% + Z a;(u) sin(v) cos™ " (v) (2.2)
i=0

In the sequel, we write X(f) in coordinate neighborhoods of the ends of M.
Under the map Y : U* — U™ defined by Y(z,y) = (z, %) for y # 0, the sets

Ut ={(z,y) e M:z €8,y >yo},
U™ ={(z,y) e M :x€S" y<—yo}
(where yo € RT) are transformed into
Ut ={(z,y) e M :z€5",0<y<y;'}
(77:{(:z:,y)EM:x€Sl,—y0_1 <y <0}

respectively. The ends of M are represented by the circle 50 =S5t x {0} C U+.
Now, we induce the vector field Y. (X(f)) on U* \ Cy by X(f) as follows

T (X () (u,v) = DY (z,y) - X (f)(2,y)
where (u,v) = Y(z,y). Then the vector field

~ v T (X forn=1,2,3
=127 (X))
v YW (X(f)) forn>4
can be extended to the whole U%. The explicit expressions of X (f) are
for n =1,2,3, Xl(f):%—;ai(u)v 5 (2.3)
forn>4, Xi(f) :11”_3i —zn:al(u)vn_ig. (2.4)
- ou ’ v
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3. BEHAVIOR OF X (f) AT INFINITY

In this section, we study the behavior of X(f) near infinity by means of its
cylindrical compactification X (f).

Proposition 3.1. Let X(f) € E™"(M), where f(z,y) = > iy ai(x)y’, r > 2 and
n=12. Then
(a) For n = 1, Cy1z are periodic orbits of )Z'(f) with the first and second
derivatives of the Poincaré map equal to 1 and £2 fOT a1 (s)ds respectively.
(b) Forn =2, Cyz are periodic orbits of X(f) with the first derivative of the
Poincaré map equal to exp(F fOT as(s)ds).

Proof. (a) Let v+(u) = (£u,£7%) be the periodic orbits of X(f) on Ciz where
u € [0,7] and 7 is the period of a;(u). Taking the change of variables u = s and

v==%5 —n, X(f) is associated to the differential equations

d
d—s = =+ cos(n)
J t (3.1)
d—Tt] = ao(s) sin®(n) % a1 (s) sin®(n) cos(n)
Dividing the last equation by the first, we obtain
dn
— =R 3.2
0 = R(s, ) (32)

where R(s,n) = £ao(s) Scig:((;’)) + a1 (s) sin?(n) and R(s,0) = 0.

Let n = f(s; s0,10) be a solution of (3.2) with the initial condition f(so; S0, 70) =
1o- Without loss of generality we can consider sg = 0.

Now, we consider the function d(ng) = ¢(n9) — no where ¢(ng) = f(7;0,m0) is
the first return map, which is defined on an arc normal to y4. The integral expres-
sions for d'(no) and d”(ng) can be found in [1] page 252. Their calculation is in-
cluded here for the sake of completeness. From the relation % = R(s, f(s;0,m0)) =

%f(s; 0,10), we obtain

d  of B 0 ) _ ﬁ '
s 87770) = %R(Sa f(5;0,m0)) a0 (5;0,m0) (3.3)
d 0*f B 9?2 ' af ) 9
£(8T7(2)) = 87723(87f(8,07770)) : (3770(8707770))
5 o f (3.4)
+ %R(Sv f(sv 0, 770))8777(2)(55 0, 770)
The solutions of (3.3) and (3.4) are given by
0 50
S (si0.m) = expl | S R(t £(t0.m0)i) (3.5)
o2 f ) s o2
8773(3;0,770) = eXP(/O %R(tvf(t;oﬂo))dt) A 87723(75’]0(75;0,770)) 56
, .

- (%(ﬁomo))Q exp(— / %R(ﬂ F(t0,m0))db)t
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The partial derivatives of R(s,n) with respect to 7 are:
OR sin* ()

T sa1) = on(e)Bsin ) + 0 42 s sinlicostn) (37
R s ) = tan(s sin(n ) sin®(n) Sln5(n)
8772 ( 777) ==+ 0( )(6 CObg( ) +4 COb(?’]) +2 cos3 (77) ) (38)

+ 2a; (s)(cos?(n) — sin(n)).
Since 19 = 0 and f(s;0,70) = 7o, it follows from (3.5)-(3.8),

d(no) = f(7;0,m0) —n =0
d'(no) =0

d"(no) = £2 /OT ai(s)ds

(b) Tt follows from a straightforward computation of the divergence of

X(f) = sin(v)a% + (ao(u) cos®(v) + ay (u) sin(v) cos?(v)

+ as(u) sin®(v) cos(v))%

i.e. for a periodic orbit v+ = (fu,£7)), div DX (v+) = Fas(u). O
We say that X (f) is transversal to OM at (u,v) if

X(f) - blu,v) = (X (f)(u,0), V(u, v)) # 0,
where b(u,v) is a C? function such that b(u, v) =0 on OM, b(u,v) > 0 on M°

(interior of M) and Vb(u,v) # 0 at (u, v) € OM.

When X (f) - b(u,v) = 0, we say that X (f) is tangent to OM. Moreover, we say
that the tangency is parabolic if

X2(f) - blu,v) = X(f) - (X(f) - b(u,v)) # 0.

Proposition 3.2. Let X(f) € £37(M), where f(z,y) = E?:o a;(z)y" and r > 1.
Then the trajectories of )~((f) are transversal to the circles Crz, except al points
(us, £3) in which they are tangent, with az(u.) = 0. The tangency is parabolic if
az(us) # 0. The tangency is external (resp. internal) in Cyz and internal (resp.
external) in C_= when aj(u.) >0 (resp. az(u.) <0).

Proof. We consider the function b : M — R defined by b(u,v) = cos(v). It satisfies
b(u,v) >0 on M° and b(u,v) = 0 for (u,v) € Cyx.
Here, the condition of the transversality of X (f) to Cix is given by
3

X(f) blu,v) =— Z ai(u) sin"*(v) cos® ¥ (v) = —az(u) # 0

i=0
for (u,v) € Cyx.
The condition of parabolic tangency is given by )Z'(f) -b(u,v) = 0 and )?2(f) .
b(u, %) = Fas(u) F az(u)az(u) # 0. Hence we have a parabolic tangency if
as(us) = 0 and aj(u.) # 0, where u, is a root of az(u). O
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We say that a singularity, (u,v), of X(f) is semi-hyperbolic if DX (f)(u,v) has
exactly one zero eigenvalue. Also we say that a singularity, (u, v) of X (f) is nilpotent
if DX (f)(u,v) is nilpotent.

Proposition 3.3. Let X(f) € £™"(M), where f(z,y) = > ai(z)y’, 7 > 1 and
n > 4. Then
(1) Forn = 4, X(f) has singularities, (ux, £5), on Cyz where u, is root of
aq(u). The singularities are hyperbolic if aly(u.) # 0 and as(u.) # 0, semi-
hyperbolic if ay(us) = 0 and as(u.) # 0, and nilpotent if ay(us) = 0 and
as(u.) = 0.
(2) Forn >4, X(f) has singularities, (u., +7%), on Cyx where u, is a root of
an(u). The singularities are semi-hyperbolic if an—1(ux) # 0, and nilpotent
if an—1(ux) =0 and a},(us) # 0.

Proof. (1) For n = 4, the Jacobian matrix of

4
X(f) = sin(v) COS(U)Béu + Z ai(u)sin’(v) Cos4_i(v)%
=0

at a singularity (u.,+7%) is

DX(f)(ua, %5) = <af4<0u*> -1 )

—ag(us)
The proof is finished by analyzing det(DX(f)) = a}(u,) and trace(DX(f)) =
—az(uy).
(2). For n > 4, X(f) = sin(v) cos"3(v) 2 + 3 a;(u) sin’ (v) cos" " (v) £ has the

=0

Jacobian matrix at (u.,£%)

- ™ 0 0
DX(f)(us, £5) = ((il)"a;(u*) (:I:l)nanl(u*)>

Hence this singularity is semi-hyperbolic when a,_;(u,) # 0 and nilpotent when
an—1(ux) =0 and a), (u.) # 0. O

Remark 3.4. The Propositions 3.1-3.3 also hold if we consider X, (f) given by
(2.3) and (2.4) instead of X (f). In this case, the singularities or periodic orbits of

Xl(f) lie on Co.

For simplicity, in the following propositions, we use X 1(f) as (2.4) to describe the
phase portrait of the semi-hyperbolic singularities of X (f) at infinity when n > 4.

Proposition 3.5. Let X(f) € &*7, where f(z,y) = Z?:o a;(z)y’, r > 2. Let
(ux,0) be a semi-hyperbolic singularity of X1(f) in Coy and let k € N, k > 2, such
that

aflk)(u*) #0 and aij)(u*) =0, forj<k.
Then (u.,0) is one of the following topological types:
(a) a node, if k is odd and aik) (ux) >0, figure 1 (a);
(b) @ saddle, if k is odd and aflk)(u*) <0, figure 1 (b);
(¢c) a saddle-node, if k is even, figure 2.
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FIGURE 1. Phase portraits of semi-hyperbolic singularities in Co
for n = 4. (a) Node , (b) Saddle.
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FIGURE 2. Phase portraits of semi-hyperbolic singularities saddle-
node in Cy for n = 4: (a) ag(u.) >0, (b) ag(us) < 0.
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Proof. We can suppose that u, = 0. We calculate the restriction of

4

)~(1(f) = vﬁ - Zai(u)v47i%

ou 4
1=0

to the center manifold W, in (u.,0) when aj(u.) = 0 and ag(u.) # 0.

The center manifold of )}1( f) is tangent to eigenspace T, associated to null
eigenvalue and is spanned by the vector (1,0). Then W, is the graph of a C"-
function h : R — R,

We = {(u,v) € R* : v = h(u)}.

By the condition of tangency of W, h(u.) = h'(u.) = 0.
The restriction of X;(f) to the center manifold is of the form

u = h(u) (3.9)

Replacing v = h(u) in the second component of X, (f), we obtain ¢(u) = h'(u)h(u)+
S as(u)hA= (u) = 0 for all u.
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Let k € N, k > 2 such that a( (us) # 0 and a(J)( «) =0as j < k. Writing
h(u) = hou? + -+ + hgub + -, wehave
dlue) =0, ¢ (us) =0, ¢"(us) =2a3(us)hy =0,
#" (u) = 3!(2h3 + az(u.)h3) =0, ...

6™ (u) = kl(a (u. + as(w)he) + ah(u)hgy + -+ aéﬁ ? (1. )ho)
+ Asp(ho, -+ hi—1) + Aor(ha, -+ s hi—2) + A1g(ho, -+, hi—3)
+ AOkJ(h27 BN} hk—4) =0

whereAik(hg,...):dk( “hA ) (uy) as i =0,...,3.
We solve these equations with respect to h; as follows

h2=h3=~-~=hk_1=0 and hkz—

az(u.)

(k)
Then h(u) = au® + O(uF*t1), where a = —“;B(ii*)). Hence, (3.9) is of the form

u' = ou® + O(uFTY).

The proposition follows by analyzing the sign of « and the orientation of the hyper-
bolic manifold (unstable W,, or stable W) which is tangent to v = —ag(us)u. O

Proposition 3.6. Let X(f) € E™", where f(z,y) = > i,ai(z)y’, r > 2 and
n > 4. Let (uy,0) be a semi-hyperbolic singularity of X1(f) and let k € N, k > 1,
such that

aP (u,) #0 and a9 (u,) =0 for j < k.

Then (ux,0) is one of the following topological types:
(a) a node, if n is even, k is odd and alf )(u*) > 0, figures 8 (a) and 8 (b);
(b) a saddle, if n is even, k is odd and alf )(u*) <0, figures 8 (¢) and 3 d);
(¢) a saddle-node, if (n — 3) - k is even, figures 4 and 5.

FIGURE 3. Phase portraits of semi-hyperbolic singularities saddle
and node in Cy for n > 5
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FIGURE 4. Phase portraits of semi-hyperbolic singularities saddle-
node for in Cog n > 5 and k > 2

UZV

FI1GURE 5. Phase portraits of semi-hyperbolic singularities saddle-
node in Cy forn >5and k=1

Proof. We use the method of the center manifold as in Proposition 3.5. We find
that the restriction of X7 (f) to the center manifold, W, is of the form

g(u) — an—3uk(n—3) + O(uk+1(n—2))

where o = —%((“u))
The proof is finished by analyzing the sign of a and the orientation of the hy-
perbolic manifold (unstable W,, or stable W) which is tangent to v-axis. g

4. DEFINITION OF THE SETS X"

According to section 3, the behaviors of X (f) on C4z, under non-degeneracy
conditions on the periodic orbits, singularities and tangencies, split in the following
cases.

A: Ciz are periodic orbits of X (f) with the first and second derivatives of
the Poincaré map equal 1 and + fOT a1(s)ds respectively. This occurs when
n = 1.

B: Uiz are hyperbolic periodic orbits of X (f) with second derivative of the
Poincaré map equals 2 [ as(s)ds. This occurs when n = 2.

C: the trajectories of )?(f) are either transversal or tangent to C'rz. This
case occurs when n = 3.
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D: )Z'(f) has hyperbolic singularities in C'yz. This cases occurs when n = 4.
E: X (f) has semi-hyperbolic singularities in Cxz. This occurs when n > 5.

With these cases in mind, in the subsections 4.1-4.5, we define for the corre-
sponding n the set X" C £™" and we prove its density in the space £™".

Throughout this section, we denote by X(f) and M = S! x [, 5] the cylin-

drical compactification of X (f) and M respectively. Also we consider the following
notation:

Cig =St x {:l:%}, Co = St x 0,

AX(f) = detDX(f) and 0 X (f) = traceDX(f) where DX (f) is the Jacobian

matrix of X (f).
In the first subsection, we present several lemmas which hold for all cases.

Preliminary lemmas. The first lemma is a particular and easy case of Sard’s
Theorem [15].

Lemma 4.1. Let h: I — R be a C' function. The set of critical values of h, given
by Crit(h) = {h(x) : h'(x) = 0}, has zero Lebesgue measure in R.

Lemma 4.2. Let X(f) € E™"(M) withr > 2 and n > 1. Then the set
BMX(f)) = {uo € R : X(f + po) has some singularity
(uy,0) € Co with AX (f + po) = 0}
has Lebesgue measure zero in R.
Proof. Let f(z,y) =Y i_yai(z)y". The set of critical value of —ag is given by
Crit(—ag) = {po € R : Iz, such that — ag(z,,) = po € ag(zy,) = 0}.

By Lemma 4.1, Crit(—ag) has zero Lebesgue measure in . On the other hand, we
can write

Crit(—ap) = {po € R : I(zy,,0) € Cp such that X(f+ 10)(Zp,,0) = (0,0)
with AX(f + po)(z,,,0) = 0}.
It follows that BY(X(f)) = Crit(—ao). O

Lemma 4.3. Let X(f) € E™"(M), withr > 1, n > 1, and ug ¢ BY(X(f)). Then
the set

BY(X(f):p0) ={p1 € R« X(f + po + pay) has some
non-hyperbolic singularity}

has zero Lebesgue measure in R.
Proof. Let f(z,y) = 1y ai(x)y'. For g ¢ B (X(f)), all singularities of X (f +
fo) in Co, say (us,0), satisty AX(f + po)(us,0) # 0.

Thus X (f + po + p1y) has in Cy a finite number of singularities. For each one,
(ux,0), there is a single value pi € R such that o X (f + po + piy) = 0, since
o X (f 4+ po + p1y) = ar(u) + p1. Hence, (uy,0) is a non-hyperbolic singularity of

X(f + po + 1iy)-
Then BE (X (f); no) can be written of the form

By (X (f); o) = {p1 € R a1(2z) + p1 = 0,a0(x) + po = 0 e ag(z) > 0}
It follows that BY (X (f); o) is a finite set and has therefore zero measure in ®. O
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Lemma 4.4. Let X(f) € Em"(M), n > 1. Then for po € R and r > 1, the set

BH(X(f); p0) = {pmn € R: X(f + po + p1y) has some non-hyperbolic

periodic orbit contained in M}
has zero Lebesgue measure in R.

Proof. A period orbit v of )N((f + po + p1y) is one of the following types:

(a) homotopic to zero. It contains in its interior a singularity and cuts the
z-axis transversally.

(b) non-homotopic to zero. It circles the cylinder without intercepting the z-
axis.

For each type we find expressions for the derivatives of the first return map with
respect to a parameter.

We consider X (f) with f(z,y) = > i, a;(z)y’ and n > 1.

Case (a). For py € R, we consider a periodic orbit of)N((f+u0+,u1y), v(t,p, p1) =
(e(t, p, p1), ¥(t, p, 1)) through p = (zo,0) with period 7 = 7(zq, pu1).

Let 7(x, u1) be the Poincaré map defined in an interval I C Cy, where zy € I,
and associated to X (f + po + p1y).

The derivatives of 7(z, 1) with respect to « and u; were calculated in [1] by
Andronov et al. Here, we write them in terms of the coefficients of f(x,y)+puo+pu1y
as follows

T (w0, 1)

O o, ) Hexp | e 6+ mds)

P (2o, 1) [7(rom)
(:L'O7/'L1> aL
I =7 (0,20, 1) Jo

+ pa)dt)y? (s)ds

[T, exp(— / (ia: ()61 (1)

Since W(xo, p1) # 0 (and by the Implicit Function Theorem) there is a function
p1(z) defined in a neighborhood I, of 2 such that 7(z, ui(x))—z = 0 for Va € I,,.
The derivative of the last equation with respect to x is

o om Oy B
%(l‘o,ul)*‘aﬂ (w0, pt1)—5— o -1=0.

Thus + is non-hyperbolic if and only 1f - =0.
We remark that for each x € I, ul( ) is a value of the parameter such that
X(f + wo + p1(x)y) has a periodic orbit through (z,0). This periodic orbit is
non-hyperbolic when 4 (z) is a critical value.
Then, for each ug € R fixed, the set of critical values of ui(z) is written as

01 ={p1(z) € R : X(f + po + p1(x)y) has a homotopic to zero periodic orbit
non-hyperbolic through (z,0)}.

Case (b). Let y(t) = (¢(t),%(t)) be a non-homotopic to zero periodic orbit, with
period 7, through (0, ) where yg # 0. The Poincaré map, 7 (y, 1), is defined by

m(y, 1) = V(7 y, 111) (4.1)
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where W(z,y, 1) is a solution of differential equation

dv 1 [ ;
%(:Evyuul) = 6 (Z al(x)\ll —|—M1(I> = F(xvya,ul)
=0

with the initial condition ¥(0,y, u1) = y.
The derivative of ¥(x,y, 11) with respect to p; is the solution of linear equation
d oV
—(=—) =Dy F(z,V
d.’E(aMl) 2 (ZL’, (xvyvﬂl)vul)
where Do F'(z,y, 1) = —a‘;—(f) and DsF(z,y,pu1) = 1.
By equation (4.1) the derivative of 7(y, pu1) with respect to u; is given by

a T
ai(ym) =exp(I(T,y,u1))/ exp(—Z(s,y, p1))ds
Ha 0

where Z(t,y, p1) = fot Doy F(s,9(s,y, p1), 11)ds

Similarly to (a), we find a function uy : I, — R where I, is an interval of y-axis
containing yo and without intersection with the z-axis such that 7(y, u1(y)) —y = 0.
Hence, v is non-hyperbolic if and only if %:1 =0.

The critical value set of p1(y) is given by

Oz ={p1(&) € R : X(f + po + p1(§)y) has a non-hyperbolic periodic orbit
circling the cylinder through (0,&)}

ov
a (m,y,m)+D3F(:E,‘I/($,y,/11)7/¢1)
1231

The proof of ¢) is complete by observing that
B3 (X (f); o) = 01U Oy
and by applying the Sard Lemma to sets O e Os. O
4.1. Case A. In this case, X,,(f) denotes the vector field X (f + po + p1y) where
= (o, p1) € R2.

Definition 4.5. Let 3! be the set of C"-vector fields X (f) € V" with r > 2 such
that X (f) satisfies:

(1) the singularities are hyperbolic and contained in Cp.

(2) the periodic orbits in the MP° are hyperbolic and the periodic orbits in C z
are semi-stable.
(3) no saddle connection.

Next, we give the measure of the complementary set of 3! in the parameter
space R2.

Theorem 4.6. Let X(f) € EY7, with r > 2. Then the set
BYX(f) = {n € R : X, (f) ¢ ')
has zero Lebesgue measure in 2.
We have divided the proof in a sequence of lemmas.
Lemma 4.7. Let X(f) € EY". Then for r > 2, the set
BYUX(f)) ={pu1 € R: X(f + pay) has some non semi-hyperbolic
periodic orbit in Cyx }

has zero Lebesgue measure in R.
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Proof. We observe that the periodic orbits of )?(f—i—,uo +H1y) in Cyz donot depend
of pg. Moreover, the second derivative of the Poincaré map of these periodic orbits
is "’ =42 fOT a1(s)ds + 2u17 (see Proposition 3.1).

Thus 7/ = 0 only for a finite number of p1. Then B}(X(f)) has zero Lebesgue
measure in R. O

Lemma 4.8. Let X(f) € EY", r > 1 and po ¢ Bi(X(f)). Then the set
B (X (f);po) = {p1 € R : X(f + po + pay) has not the condition 3 of '}
has zero Lebesgue measure in R.

Proof. Fix puo ¢ B1(X(f)). The number of singularities of X (f + 1) is finite. Thus
the saddle connections of X u(f) also are finite in number for values of j.

We claim that all connections can be broken with perturbations of the form
X(f + po + p1y). Suppose that for pt, X (f + po + ply) has a trajectory pg in the

superior part of M connecting the saddles p and ¢ in Cy. We denote by Sg(q) the
stable separatrix of ¢ and by S;(p) the unstable separatrix of p. See figure 6.

a

FIGURE 6. Breaking connection of saddles p and ¢ for p; > uj

Let sep(p1) be the separation function of Sy (p, )?(f+uo+u1y)) and Sg(q, )Z'(er
to + p1y)). It is defined on a transversal section to the trajectory that links the
saddles. The derivative of sep(u;) with respect to p is of the form

+oo t -
sep(u3) = / exp(— / Aiv(X(f + o+ 1iy) (u(s), v(s)))ds)

K1 —00

X+ o+ i) A dimff(f o+ i) (u(s), v(s))dt

where A is the vectorial product defined by (v1,v2) A (w1, we) = —det (:j)l ;}}2)
1 w2

and (u(s),v(s)) is an orbit connecting the saddles p and ¢. For a treatment of
the integral formula of sep,,, (-) we refer the reader to Guckeheimer-Holmes [9] and
Chicone [4].
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In our case,

+oo t .
sep(u) = — / exp(— / div(R(f + o + i) (u(s), v(s)))ds)

M1 —00 (42)
x sin?(v(t)) cos?(v(t))dt.
Since v(t) € [~F, 5], the integrand in (4.2) is a non-negative function. Therefore

sep,, (17) < 0. Then the connection of p and ¢ saddles is broken, without another
connection to arise. Thus B2 (X (f);uo) is a discrete set. This ends the proof. [

Proof of Theorem 4.6. The set BY(X(f)) is the union of the following sets
By =Bi(X(f)) xR, Bz= U {10} x By(X(f), o),

po€ER—BH(X(f))

By = |J {no} x Bi(X(f)ipo), Ba=Rx Bi(X(f)),

HoER
Bi= U o} x Bi(X (). o),
no€R— B (X (f))
where B} (X (f),-), i =1,...,5 are given by Lemmas 4.2-4.8 respectively.
Each set B;:

e contains parameters (g, 1) € R2 such that X (f + po + p1y) violates at
least a condition of ¥

e is measurable. Because its complement in 12 is open.

e has measure zero in R2. Because B; and By are products of # times a zero
measure set in . To calculate the measure of B; for i = 2,3 and 5, we use
Fubini’s Theorem [14]:

/W X (Bi)dpodpy = /(/X('vBil(X(f)aMO))dﬂ'l)dﬂo =0

where x(+) is the characteristic function of sets in R?.

Then B!(X(f)) is measurable with zero Lebesgue measure in R2. O
4.2. Case B. In this case, X,(f) denotes the vector field X (f + po + p1y + p2y?)
where p = (po, p1, p2) € R2.

Definition 4.9. Let X2 be the set of C"-vector fields X (f) € £2" with r > 1 such
that X (f) satisfies:

(1) the singularities are hyperbolic and contained in Cp.
(2) the periodic orbits are hyperbolic and contained in M.
(3) no saddle connection.

We now give the measure of the complement of X2 in the parameter space R3.
Theorem 4.10. Let X(f) € E*", with r > 1. Then the set
BA(X(f)) = {n € % : X,(f) ¢ =2}
has zero Lebesque measure in R3.

We have divided the proof in a sequence of lemmas.
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Lemma 4.11. Let X(f) € E*" with r > 1. Then, the set

B2(X(f)) = {2 € R : X(f + poy?) has some non semi-hyperbolic
periodic orbit in Cyz}
has zero Lebesgue measure in R.
Proof. Let f(z,y) = ao(x) + a1(z)y + az(x)y?. By Proposition 3.1, X(f) has two

periodic orbits of period 7 (the same period of function a;(u)) on Ciz with first

derivative of the Poincaré maps equals to exp(F [, az(u)du). Then, X(f + pay?)
has a periodic orbit on Ct = non-hyperbolic if and only if i = :I:% fOT as(uw)du. Tt
follows that B%(X(f)) is discrete and has therefore zero measure in R. O

We remark that for every (o, i) € R2, BH(X(f + o + pny)) = BA(X(f)).

Lemma 4.12. Let X(f) € £>"(M), where r > 1 and let po ¢ B?(X(f)). Then
the set

B2(X(f);po) = {p1 € R : X(f + puo + pay) has not the condition 3 of X2}
has zero Lebesgue measure in R.

For the proof of this lemma; see proof of Lemma 4.8.
Proof of Theorem 4.10. The set B%(X(f)) is union of following sets:

Bi = BH(X(f)) xR, By= U {so} x BE(X(f),10) x R,
no€R—BE(X(f))
By = J {mo} x B3(X(f)imo) x R, Bi=R>x BI(X(f)),
po€ER

85: U {N’O}XBE(X(f)MU’O) ><§R,

1o €R—BF(X(f))

where B?(X(f),"),i=1,...,5, are given by Lemmas 4.2-4.4, 4.11 and 4.12 respec-
tively.
Each B;

e contains parameters (pg, i1, p12) € R such that X (f + po + 1y + pey?)
violates at least a condition of ¥.2.

e is measurable. Because its complement in R? is open.

e has zero measure in R3. Because B; and B, are product of i*? times a zero
measure set in ®. To measure B; for i = 2,3 and 5, we apply the Fubini
Theorem as follows

| xBduodimdus = [ ([ 3t BHX). o). i)z =0
R3 Rn2

where x(+) is characteristic function in R3.
Then B?(X(f)) has zero measure in R3. O
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4.3. Case C. Here X, (f) denotes the vector field X (f + po + 1y + poy>) where
= (po, fi1, o) € B2

Definition 4.13. Let ¥3 be the set of X(f) € 37, r > 1 such that X (f) satisfies:
(1) the singularities are hyperbolic and contained in Cy.

(2) the periodic orbits are hyperbolic and contained in Me.

(3) the tangency points of )Z'(f) with Cyz are parabolic.

(4)

4) (a) there are no saddle connection of X(f).

(b) the separatriz of the singularity points in Cy can be only transversal
to Ci% .
(¢) The trajectories are tangent to C’i% at most one point.

Theorem 4.14. Let X(f) € €™ with r > 1. Then the set
BYX(f)) = {(o, p1, 2) € R - X(f + o + pay + pay®) ¢ T°}

has Lebesque measure zero in R3.
The proof of this Theorem needs the following lemmas.
Lemma 4.15. Let X(f) € E3" with r > 1. Then, the set
B3(X(f)) = {2 € R : X(f + p2y®) has not the condition 8 of £}
has Lebesgue measure zero in R.

Proof. Let X(f) with f(x,y) = Z?:o ai(x)y". By Proposition 3.2, (u.,+%) € Ciz
is a tangency point of X (f + poy®) if as(u,) + pe = 0. Moreover the tangency is
parabolic when af(u.) # 0.

The set of critical values of —ag(u),
Crit(—as(u)) = {2 € R : 3 (u«,0) such that az(u.) + p2 = 0 e ay(u.) = 0},

describes the set of s € R such that X (f + po + p1y + u2y?) does not satisfy the
condition 3 of 3.
By Sard’s Lemma, B3 (X (f); po, 1) has Lebesgue measure zero in . O

Lemma 4.16. Let X(f) € €37, r > 1, pg ¢ B3(X(f)) and puz ¢ B3(X(f)). Then
the set

B2(X(f); po, p2) = {p1 € R+ X(f+po+my+hay®) has not the condition 4 of B*}
has zero Lebesgue measure in R.

Proof. Fix po ¢ B3(X(f)) and us ¢ B3(X(f)) as in Lemmas 4.2 and 4.15.
There are three types of connections (see figure 7).
(a) Connections of saddles in Cj.
(b) A saddle separatrix that is tangent to C'y = or C_ = with parabolic tangency.
(c) A trajectory with two parabolic tangencies to Cyz.

The saddle connections of )Z'(f + po + p1y + p2y?) happen in a number finite of
11, since the number of singularities is finite.

The Lemma 4.7 applies straightforwardly to (a), (b) and (c). In fact, we can
break these connections with perturbations of the form X (f + po + 1y + poy®)
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SN
p q

g b) 0

FIGURE 7. Saddle connections in Cp and tangency points in Cyz.

where o and pgo are fixed. The derivative of the separation function of the stable
and unstable manifolds is

400 t .
sep(u) = — / exp(— / div (X (f + po + 15y + 1y®) (u(s), o(5)))ds)

M1 —0o0

(4.3)
x sin?(v(t)) cos?(v(t))dt.

For (b) and (c) we must consider the time T taken by a trajectory from ¢ € M° to
a tangency point p € Cyz. Thus we have

T ¢
sep(uf) =~ = [ exp(~ [ dv(E (S + po + iy + e a(s),v(s))ds)
m (X (@) o 0

x sin?(v(t)) cos®(v(t))dt.
(4.4)
The integrands in (4.3) and (4.4) are non-negative functions for v(t) € [~F, F].
Since sep,,, (47) < 0, the connections are broken and no other one can arise. Then

By (X (f); po, pe) is a discrete subset of & and has zero Lebesgue measure. O
Proof of Theorem 4.14. The set B3(X(f)) is union of

By =Bi(X(f)) xR, B>= U {no} x B3(X(f), mo) x R,
Ho€R—BF (X (f))
By = J {mo} x BI(X(f)ipo) x R, Ba =R x BYX(f)),
po€ER
Bs= U {mo} x BIX(f), po, pa) x {2},
(ko,p2)€S
where S = R — B3(X(f)) x R — B3(X(f)) and B3(X(f),-),i=1,...,5, are given
by the Lemmas 4.2-4.4 and 4.15-4.16 respectively.
Each B;:

e contains (g, i1, u2) € R such that the X (f + po + py + pey®) violates at
least some condition of 3.
e is mensurable. Because its complement in R2 is open.
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e has zero measure in #3. Because B; and By are products of R? times a
set of zero measure in R. For B; with i = 2,3 e 5, we apply the Fubini
Theorem.

This completes the proof. O
4.4. Case D. In this case, X, (f) denotes the vector field X (f + uo + p1y + poy® +
M3y4) where w= (H07H1,H27M3) € §R4'

Definition 4.17. Let £* be the set of X(f) € £4" with 7 > 1 such that X(f)
satisfies:

(1) the singularities (u.,-) € Co U Cyz are hyperbolic and the eigenvalues
associated to singularities in C'1z are distinct.

(2) the periodic orbits are hyperbolic and contained in Me.
(3) there are no connection of singularity separatrix. More specifically
(a) no connection of saddle that belongs to Cp or Cyz,
(b) separatrices of saddle in Cyp or in Cix are not weak manifolds of a
node in Cyz.

Theorem 4.18. Let X(f) € EY", where r > 1. Then
BYX(f) ={neR: X(f+ po+ my+ p2y® + psy*) ¢ 2}
has Lebesque measure zero in R*.
The proof of this Theorem needs the following lemmas.
Lemma 4.19. Let X(f) = X(E?:O a;(z)y') € EY" with r > 1. Then, the set
BHX(f)) = {us € R : X(f + psy®) has some singularity in
Cyz with AX(f + psy*) = 0}
has Lebesgue measure zero in R.
Proof. The set Crit(—as) = {3 = —as(z) : aj(z) = 0} determines the set of 3

such that X (f + psy*) has singularities in Cyz with AX(f+ usy*) = 0. By Sard’s
theorem, this set has Lebesgue measure zero in . ([

Lemma 4.20. Let X(f) = X(Z?:o a;(z)y?) € EY" with r > 1, and let py ¢
BHX(f)) and uz ¢ B3(X(f)). Then the set
B2(X(f);pu3) = {p2 €N : X (f + poy® + psy®) has some hyperbolic, with equal
eigenvalues, or non-hyperbolic singularity in Ci%}

has Lebesgue measure zero in R.

Proof. Let us ¢ B (X(f)). Since

ag(u,) + 2 = 2y/ay (), (4.5)

X (f + pu2y® + usy*) has a hyperbolic singularity (u., +7) with equal eigenvalues.
Then there exists a single value p} that satisfies the condition (4.5).

On the other hand, for each non-hyperbolic singularity (u.,£%) of )Z'(f+u2y3 +
psy*), there exists a unique value p3 such that o (X (f 4 p3y® +psy?)) = —(as(us)+
p2) = 0. Tt follows that B2(X(f);us) is discrete in R and has therefore zero
Lebesgue measure. O
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Lemma 4.21. Let X(f) € E4" withr > 1, po ¢ BY(X(f)) and us ¢ B (X(f)).
Then, the set

BE(X(f); pos pt3) = {p1 € R+ X(f + po + pay + pay*) has not
the condition 3 of ©*}

has Lebesque measure zero in R.

Proof. All singularity connections of X (f) can be broken with perturbations of the

form )~((f + o + p1y + psy?). The derivative of the separation function is of the
form

—+oo t .
sep(yi}) = — / exp(— / div(Z(f + o + iy + psy™))ds)

M1 —00

(4.6)
x sin?(v(t)) cos®(v(t))dt.

The integrand in (4.6) is non-negative for v(t) € [~5, 7]. Then sep,, (0) < 0. This

ends the proof. O

Proof of Theorem 4.18. The set B*(X(f)) is union of

By = B{(X(f)) xR, By = U {10} x B3(X(f), o) x R?,
o €R=B3 (X (f))
By = | {no} x BI(X(f); o) x R?,
HoER
By =R x B{(X(f)), Bs=R*x B5(X(f),p3) % U {us}t,
ns€R—BH(X(f))

Bs = U {10} x B5(X(f), o, p3) x R x {us},

(o,p3)€S

where S =R — BH(X(f)) x R — B{(X(f)) and B} X(f),-),i=1,...,6, are given
by the Lemmas 4.2-4.4 and 4.19-4.21.
Each Bi
e contains (po, fi1, 2, u3) € R* such that X(f + po + p1y + p2y® + psy?)
violates at least a condition of ¥4
e is measurable. Because its complement in R®? is open.
e has measure zero in $*. Because B; and B, are products of R times a set
of measure zero in . For other B;, we apply the Fubini Theorem.

This completes the proof. ([l

4.5. Case E. In this case, X, (f) denotes the vector field X (f+po+py+p2y™ 1),
where u = (o, g1, p2) € R and n > 5.

]geﬁnition 4.22. Let X" be the set of X(f) € £™" for n > 5 and r > 2 such that
X (f) satisfies:
(1) the singularities (u.,0) € Cy are hyperbolic and the singularities (u., £%) €
C.z are semi-hyperbolic.
(2) the periodic orbits are hyperbolic and contained in M.

no connections of singularity separatrix. More specifically
3 ti f singularit trix. M ificall
(a) no connection of saddles that belong to Cy,
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(b) saddle separatrices in Cy are not invariant manifolds of singularities in
Ciz.

(¢) no connection between singularities that belong to Cyiz by invariant
manifolds.

Theorem 4.23. Let X(f) € E™" withn > 5 and r > 2. Then the set
B (X(f)) = {(nos 1, p2) € R* - X(f + po + py + poy™ ") ¢ 2"}
has zero Lebesque measure in R3.

Lemma 4.24. Let X(f) = X(37_,ai(x)y") € E™" withn > 5, r > 1. Then the
set

BYX(f) = {p2 € R: X(f + poy™ ") has some singularity in
Cyx with o X (f + poy™ ) = 0}
has zero Lebesgue measure in R.

Proof. Each singularity (u,£7%) of )Z'(f + pu2y™ 1) that satisfies a,_1(u) + p2 =0,
determines a non semi-hyperbolic singularity. Then, B} (X (f)) must be a discrete
set with measure zero in R. O

Lemma 4.25. Let X(f) € E™" withn > 5, r > 2, po ¢ BY(X(f)) and pa ¢
B3 (X(f)). Then the set

BE(X(f); o, p2) = {p1 € R X(f + po + pu1y + poy™ ")
does not satisfying property 3 of E"}
has zero Lebesgue measure in R.

Proof. Tt follows by the same way as in Lemma 4.21. In this case, the derivative of
the separation function of the stable and unstable manifolds is of the form

—+o0 t .
wmmz—/ emv/dmxw+m+ﬁwWw“wM>
0

i o (4.7)
x sin?(v(t)) cos™*(v(t))dt.
The integrand in (4.7) is a non-negative function. O
Proof of Theorem 4.23. The set B"(X(f)) is union of:
Bi=BI(X(H) xR, Ba=  |J  {no} x BHX(f). o) x R,

Ho€R=BT (X (f))

Bs = U {po} x BE(X(f)ipo) x R, By =R*x B (X(f)),
Ho€ER

Bs = U {no} x B3 (X(f); o, p2) X {p2}
(po,p2)€S
where S = R — BY(X(f)) x R— B}X(f)) and B X(f),),i=1,...,5, are given
by Lemmas 4.2-4.4 and 4.24-4.25.
Each Bi
e contains (pg, pi1, p2) € R such that X (f + po + p1y + pey™ 1) violates at
least a condition of ™.
e is measurable. Because its complement in R3 is open.
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e has measure zero in R3. (As in the proof of Theorem 4.18 by the Fubini
Theorem).

This completes the proof. ([l

Remark 4.26. Theorems 4.6 to 4.23 express the measure of the complementary
set of 3" for n > 1. They may be summarized by stating that

B™"(X(f)) = {(tt0, 11, -1, fin) = X (f + po + 11y + pn—1y™ " + pny™) ¢ X"}

has zero Lebesgue measure. However, we observe that for n > 4 three parameters
only are sufficient. In the present work, the proof has been divided in cases A-E
to make the presentation more accessible.

5. GENERICITY OF X".

In this section, we prove the genericity of X™.

Proof of Theorem 1.2. The density of X" follows straightforwardly from Theorems
4.6-4.23 for corresponding n. In fact, for X(f) € €™" and Ve > 0 we can find
X.(f) € ™ such that \)?#(f) —X(f)| <e peR where k=2forn=1; k=3
forn =2,3 and > 5; and k = 4 for n = 4.
To see that ¥" is open in ™" we write X (f) = y2 + 31", ai(x)yia%. In Cy,
a singularity of X (f), say (u,0), satisfies ag(u.) = 0 and ap(us) # 0. In Cyx, we
must consider the following cases:
(1) n = 3, since X(f) has a parabolic tangency at (u,-), it satisfies as(u,) = 0
and af(u) # 0.
(2) n = 4, a singularity of X (f), say (u., -), satisfies as(u,) = 0 and a} (u,) # 0,
and, also, as(u.) # 24/al(us) if aj(u.) > 0.
(3) n > 5, asingularity of X (f), say (us, ), satisfies a, (u,) = 0 and an_1 (us) #
0.
In all those cases, we can choose pg, pi1, 42 and pz sufficiently small such that
X (3o o bi(z)y"), where by = ag + po, b1 = a1 + p1, bp—1 = an—1 + po and b, =
an, + ps3, has singularities or tangencies of the same type than X (f).
If X(f) has a hyperbolic periodic orbit, X (g) with by = a;(u)+ p1 will also have
a hyperbolic periodic orbit for small values of ;. For n = 1 and 2, we obtain the
same type of periodic orbits in Ci%, taking by = a1 + p1 and by = ag + ps. [l

6. CHARACTERIZATION

We will prove the necessity of Theorem 1.3 in detail. For the sufficiency, we
will only touch on some aspects with respect to new canonical regions and to the
building of homeomorphism.

6.1. Necessity. There is a neighborhood U of X (f) in £" such that for X(g) € U
there is a homeomorphism Ay : M — M that transforms trajectories of X (f) in
trajectories of X (g).
By density of X", there is X (> b;(2)y’) € £" NU such that it is topologically
equivalent to X (f). Then X (f) inherits the following properties of X (3.7, b;(z)y"):
e In Cy, X(f) has a finite number of singularities and all topologically equiv-
alent to saddles, focus or nodes.
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e In Ciz, X(f) has a finite number of tangencies (when n = 3) or of singu-
larities (when n > 4). The tangencies are internal or external.

e The periodic orbits are finite in number, all are attractors or repellors and
are contained in the interior of M.

e X(f) has no connection of singularity separatrix, nor separatrix of saddle
tangent to Cyz.

The following properties of X (f) remain to be proved.

(a) The singularities in Cy are all hyperbolic. In fact, if AX (f) = 0 at some
singularity, say (u.,0), we can consider X (f 4 ¢8(u)(u — u,)) where 3 is a non-
negative periodic function on a neighborhood V of u, and with the compact support
contained in V', B(u,) = 1 and V does not contain other singularities. Consequently,
AX(f)(us,0) = —€3(u,). Then, by choosing the adequate sign for €, (u,,0) is also
a singularity of X (f + e3(u)(u — u)), but it has the different index as singularity
of X(f). This contradicts the structural stability of X (f).

(b) In C. z, depending on n, we have hyperbolic and semi-hyperbolic singularities,
or parabolic tangency points.

For n = 3, suppose that (u., %) is a point of non-parabolic tangency but it is
internal or external. That is, (u., §) satisfies az(u.) = 0 and a3(u.) = 0.

Let V' be a neighborhood of u, in R such that it contains no other tangency
points of X(f). For € to be small, X(f + e(z — u)B(x)y?) is sufficiently close to
X(f), where 8(x) is a non-negative C" periodic function with support contained in
V. Since )~((f+e(x—u*)ﬁ(ac)y3)~b~(u*, %) =0, (us, §) is a tangency point. Moreover
the tangency is parabolic, since X2(f + e(z — u.)3(x)y?) - b(u, §) = € # 0, where
b: M — R is defined by b(u,v) = cos(v), see the Proposition 3.2.

Then, if (u.,5) is an external (respectively internal) tangency point of X (f),
we take € positive (respectively, negative) such that X (f + e(z — u,)B(z)y?) has
at (u«, 5) an internal (respectively, external) tangency point, contradicting the
structural stability of X (f).

For n = 4, the hyperbolicity of all singularities of X (f) in Ciz can be shown

in the same way that (a), considering the system X (f + e(z — uy)B(z)y*) close to
X(f) and (u«, £7%) is a singularity of X (f).
We need to treat here only the case that DX (f) at a singularity of X (f) has equal

eigenvectors. In the fact, if (u.,£7%) is one such singularity then afj(u.) > 0 and

az(uy) = 2+/al(uy). Thus taking X (f +e(x —u.)B(2)y?) sufficiently near to X (f),
where G(x) is a non-negative periodic function with support in a neighborhood of
u, and without any other singularity, we find that (u.,+7%) is also a singularity
of X(f + e(x — us)B(x)y?), but with non-equal eigenvalues. More specifically, if

€ < 2¢/ad)(us) — az(uy), the singularity is a focus and if € > 24/a)j(u.) — az(u.) the
singularity is a hyperbolic node. Therefore, X (f + ¢(z — u.)3(z)y®) and X (f) can
not be topologically equivalent.

For n > 5, if (u., £7) is a singularity of )Z'(f) non-semi-hyperbolic then a,, (u.) =
0 and a,_1(u.) = 0. Now, X (f + e(z —u,)B(x)y™ ") sufficiently close to X (f) has
(u«, £5) as a semi-hyperbolic singularity. This contradicts the structural stability
of X(f).
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(c) The periodic orbits in M° are all hyperbolic. In fact, we suppose that v(s) =
(p(s),£(8)) is a periodic orbit of X (f) with period 7 such that x(v, X (f)) =0. We
will obtain a field X (f + ¢) sufficiently near to X (f) in which ~ is a periodic orbit
but x(v, X(f +9)) # 0.

Then, we search a function g(z,y) = bo(z) + b1(z)y, where by and by are C"-
periodic such that

(i) X(f + g) is near to X(f), we say at a distance |e| # 0.
(ii) X(f +9)(v) = X(f)(y) (i.e. v is a periodic orbit of both vector fields).

(iil) x(v, X(f+9)) #0

The conditions 4),4i), and 4ii) determine:

* sup|b§k)(a:)| <le| fori=1,2,0 <k <randze St

* bo(p(s)) +b1(p(s))E(s) = 0.
% b1 (p(s)) is not identically null in R.

The task is now to find a function b; : ® — R which is C"-periodic and not
identically null. Thus we can choose by : ® — R C"-periodic such that bo(p(s)) =
—b1(p(s))E(s) for s € R.

We should consider the following three situations:

(1) bo can not be null. Because, in otherwise, £(s) = 0 for s € R and Cj should
be a periodic orbit of X (f), contradicting the fact that all periodic orbits
only can intercept Cy at isolated points.

(2) If £(s) is not a non-null constant, say &y, then we can put by(x) =€ # 0
and bo(x) = —e& both constant. Thus, g(z,y) = —e&o + ey defines a
perturbation |e|-close to X (f) such that x(v, X(f + g)) =e.

(3) If £(s) is not constant, we can choose some sg € (0,7) such that £(sg) # 0
and ¢(sg) # 0. Let W = ([0, 7]) C . Then there is an open neighborhood
U of 5o contained in [0, 7] such that ¢ has differentiable inverse (since
¢'(s0) = &(s0) # 0). _

We suppose that &(sg) > 0. We denote U = o(U) C W and let V =
(a, B) be a neighborhood of (so) such that V ¢ V c U. (See figure 8).
Now, we can take a function b; : ® — R with the following properties:
* by(x) >0forx e Vand by(z)=0forz e W -V,
* C7 with r > 1,
x periodically extended to whole R.
Next, we define by : R — R by bo(z) = —b1(z)¢’ (¢~ (z)) for x € V and
bg =0 for x € W — V. by can be extended periodically to all ® and of C"
class. Tt follows that g(z,y) = ebo(z) + €bi(x)y is a perturbation of f(z,y),
as we wanted. In fact, X (f + ¢g) has v as a period orbit with characteristic
index
e (B
X = [T hels)ds £0,
Y
It follows from (1)-(3) that if 7 is attractor for X (f) then by taking ¢ > 0, X (f+g)
has at least two periodic orbits more than X (f). This contradicts the structural
stability of X (f). The proof of (c) is complete. Finally (a), (b) and (c) together
with the properties described above show that X (f) € X".
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FIGURE 8. (a) Homotopic to zero periodic orbit. (b) Periodic orbit
circling the cylinder. The points a and b are identified

6.2. Sufficiency. The proof of the sufficiency of Theorem 1.3 is essentially the
same given by Peixoto-Peixoto in [13] and later by Sotomayor in [17]. Here we
indicate some important aspects of this Theorem. .

Every X(f) € X" determines a decomposition of M in connected components,
called canonical regions, whose boundary are formed by separatrices (i.e. an arc of
trajectory, a singularity, a limit cycle, a saddle separatrix and a portion of OM ).

An attractor (resp. a source) of )?(f) associated to a canonical region R C M
is a node, a focus or a limit cycle of X (f) or is an arc of R where the trajectories
in R tend as t — +o00 (resp. t — —00). A critical region of a singularity p of )~((f)
is a neighborhood D of p such that the systems sufficiently near to X (f) have a
single singularity and of the same type as p. A critical region of a limit cycle I' of
X (f) is aring A contained I" such that the systems sufficiently close to X (f) have
a limit cycle and of the same stability that I".

Every canonical region has in its boundary only a source and an attractor. This
property plays a very important role in the classification of canonical regions. See
[13]. We denote by «, w and « a source, an attractor and a separatrix of X (f) re-
spectively. A separatrix can be a point (e.g. a singularity or an external tangency).

Then we classify a canonical region R by the number and type of separatrices
contained in JR, as follows (see figure 9).

Type i. OR = {a,w}.

Type ii. OR = {a,w,y1 } where 71 is a trajectory that is transversal to 9M,
and a and w belong to OM.

Type iii. OR = {a,w,¥1,p1 } where 7, is a trajectory with internal tangency
to OM and p; is a point of external tangency.

Type iv. OR = {a,w,v1,v2} where v, and 72 are arcs of trajectories.
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e Type v. OR = {a,w,p1,71,¥2} where p; is a saddle, v, and ~, are trajec-
tories tending to p;.

Type vi. OR = {a,w,p1,71,72,73} where py is a saddle, 1, ¥ are trajec-
tories tending to p; and ~y3 is a trajectory that does not tend to p;.

Type vii. OR = {a,w,p1,71, 72,73} where p; is a saddle, 71, 72 and 3 are
trajectories tending to p;.

Type viii. OR = {a,w,p1,71, Y2, P2, 3} where p; and py are saddles, v1, ¥2
trajectories tending to p; and -3 trajectory tending to ps.

Type ix. OR = {a,w,p1,71,72, 02,73, V4} where p; and p, are saddles, 71,
o trajectories tending to py, 3 and 74 are trajectories tending to ps.

W, , anrr 1 —~
M
1%
w ’72

. oM
Tipoi. Tipoi. Tipoii
w 1~
o oM w
( )} 1
Y1 Y2 P 3
W 2o o
Tipoiv. Tipov. Tipo vi.
st = V3
“ 2BM D1 2
Yoy 73 7.2\ V4
p1 o @
il Tipoix.

Tipo vii. Tipo viii.

FIGURE 9. Canonical regions classified by the number and the type
of separatrices.

In [13], Peixoto and Peixoto showed five types of canonical regions of C! vector
fields in the plane. Later, Sotomayor in [17] extended to seven regions considering
external and internal tangencies of trajectories (that are not saddle separatrices)
with the boundary.

We remark that the types i, v and viii are new ones, which arise by considering
singularities on the boundary of M. In Table 1 we compare the classifications of
Peixoto-Peixoto, Sotomayor and ours.

Now we define a homeomorphism between same type canonical regions of two
vector fields of ™ which are sufficiently close to each other. We present details of
homeomorphism between two canonical regions R and R of the type v. For that we
consider the function Zap : AB — [0, 1] defined by Zag(m) = llg’:g; where [(AB)
is the length of arc AB that links the points A and B, and m € AB (see figure 10).

Let D (respectively D) be a critical region of o € R (resp. & € R) and let
By =71 NAD (resp. By = 10N 85) and Ag = y2 Nw (resp. Ay = o N@). Hence,
the boundary of R-D° (respectively E—f)o) is formed by the singularity p; (resp.
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Type Peixoto-Peixoto  Sotomayor
i. OR = {a,w} I 1
ii.  OR={o,w,m}
1.  OR={a,w,v1,p1} 6
w.  OR={o,w, 71,72} I1 7
v. OR = {avwaplv’717’72}
vi.  OR={a,w,p1,71,72,73} III 4,5
vii.  OR = {a,w,p1,71,72,73} v 3
viii. OR = {a,w,p1,71,%2,P2,73}
ix. OR = {a,w,p1,71,72, P2, V3, Y4} \ 2

TABLE 1. Classification of canonical regions with the notation
given by Peixoto-Peixoto (I-V'), by Sotomayor (1-7) and by us
(i-ix).

F1GURE 10. Canonical regions of the type v.

p1), the arcs of trajectory p; Ag (resp. ﬁlgo) and Byp; (resp. Eoﬁl) and the arcs
ByBy (i.e. 9D) and Agp; (resp. ByBy and Agp1).
Each arc of 9(R-D°) is mapped to the corresponding one of 9(R-D°) by
ZZ()lpl [} ZAopl (A) if Ae AOpl
p(A) =421 0 Zpa,(A4) if A€ pidg

Z;olpl o ZBo;D1 (A) if A€ Bopy

We extend ¢ to interior of R-D° as follows. For P € (R-D°)°, there is a trajectory
BA through P where B € ByBy and A € Agp;. Hence,

p(P) = Z;; o Zpa(P).

The function ¢ : R-D° — R-D° is bijective. ¢! is defined in the same way.
The continuity of ¢ follows from that of solutions with respect to the initial values.

On the other hand, the homeomorphism of the critical region D, say ¥, also is
built using the function Z4g. See [13, 17] for more details. We observe that ¢ and
1 coincide in 9D, since both are defined in the same way. This finishes the building
of the homeomorphism.
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7. CONCLUDING REMARKS

A study of the structural stability of second order differential equation E¢ on
M = S' x R for C* functions f(x,y) periodic in x and with the Whitney topology
was carried out by Barreto in [2] (see also Shahshahani [16]). Below we review the
conditions for the structurally stable equations E; proposed by Barreto:

(1) All singularities are hyperbolic and, therefore, finite in number

(2) If a trajectory A has a saddle as its ao-limit (resp. w-limit), then every
trajectory in some tubular neighborhood of A has the same w-limit (resp.
a-limit). In particular, no trajectory joins saddle points.

(3) All periodic orbits are hyperbolic and, therefore, countable in number. Only
a finite number of these intersect Cj.

(4) The « and w-limit set of any trajectory can be only singularities, periodic
orbits or infinite.

Among the conditions above, (2) is the most difficult, if not impossible, to verify
in concrete cases. It corresponds to the asymptotic behavior of trajectory near
infinity. In this context, Camacho et al. in [3] and Kotus et al. in [11] and
[10] formulated analogous conditions of those by Peixoto for C" vector fields on
open surfaces with finite genus and a countable space of ends. They distinguish
a behavior at infinity of the type “saddle at infinity” formed by two unbounded
semi-trajectories with prolongational limit sets contained in the space of ends.

On compact regions of 2 and M, in [18], Sotomayor established a characteri-
zation theorem for C''-structurally stable second order differential equations, using
the uniform topology in the space of equations and the tangency conditions between
the orbits and the boundary of the regions.

The purpose of our work is to establish a link between [2] and [18], obtaining
conditions that allow verification in a simple calculatory fashion, when restricted
to the class £™". This is done by applying a compactification to the open surface
M and to the equation Ey, as explained in section 2. This compactification allows
us to obtain a large class of stable equations F; that have behaviors at infinity
not exhibited by the conditions studied in [2], and also to obtain some patterns
of behavior at infinity described in terms of the tangency conditions between the
orbits and the boundary of the compactification of M, as given in [18].

Other compactifications present discouraging results. For example, by applying a
two-point compactification, we would be able to induce a field with two singularities
at the infinite. In order to know the topological type of those singularities, we would
need to apply a blow-up [7]. We would expect the same topological types already
calculated in section 3.

Another example is the known Poincaré compactification that is applied success-
fully when the vector field on $2

(1) is polynomial in the variables x and y (see [17], [8], [6], [5], [12], among
other works); or
(2) has the Lojasiewicz property at infinity (see [19]).

The vector field X (f) is not completely polynomial. However, it can be proven
that X (f) has the property of Lojasiewicz at infinity. Then, M and X(f) can be
compactified by the Poincaré compactification as a compact cylinder, and a vector
field with two lines of singularities on the border of the cylinder.
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