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EXISTENCE OF SOLUTIONS FOR THE ONE-PHASE AND THE
MULTI-LAYER FREE-BOUNDARY PROBLEMS WITH THE
P-LAPLACIAN OPERATOR

IDRISSA LY, DIARAF SECK

ABSTRACT. By considering the p-laplacian operator, we show the existence of a
solution to the exterior (resp interior) free boundary problem with non constant
Bernoulli free boundary condition. In the second part of this article, we study
the existence of solutions to the two-layer shape optimization problem. From
a monotonicity result, we show the existence of classical solutions to the two-
layer Bernoulli free-boundary problem with nonlinear joining conditions. Also
we extend the existence result to the multi-layer case.

1. INTRODUCTION

In part I, we study the exterior and interior free-boundary problem with non-
constant Bernoulli boundary condition. Given K a C2-regular bounded domain in
RY and a positive continuous function g, such that g(z) > a > 0 for all z € R, we
find for the exterior problem a domain €2 and a function ug such that

—Apug =0 iInNK, 1<p<oo

ug =0 on 0N
ug =1 on 0K (1.1)
aUQ -
o g(x) on o0

Here A, denotes the p-Laplace operator, i.e. Apu := div(||Vul[P~2Vu) and v, is
the normal exterior unit of 2. And for the interior problem, we look for a domain
) and a function ugq such that

—Apug =0 in K\Q, 1<p<oo

ug =1 on 0N

ug =0 on 0K (1.2)
(9’11,9 -
By g(x) on 90

2000 Mathematics Subject Classification. 35R35.

Key words and phrases. Bernoulli free boundary problem; starshaped domain;
shape optimization; shape derivative; monotonicity.

(©2006 Texas State University - San Marcos.

Submitted March 6, 2006. Published October 11, 2006.

1



2 I. LY, D. SECK EJDE-2006/128

where v; is the normal interior unit of 2. The problem arises when a fluid flows in
porous medium around an obstacle. In certain industrial problems such as shape
optimization, galvanization, we seek to find level lines of the potential function with
prescribed pressure.

Inspired by the pioneering work of Beurling, where the notion of sub and su-
persolutions in geometrical case is used, Henrot and Shahgohlian [16] studied this
problem . They proved that when K C R¥ is a bounded and convex domain a
generalization of [14] [I5] to the case of the non-constant Bernoulli boundary con-
dition.

By combining a variational approach and a sequential method, we establish an
existence result by generalizing the problems studied in [25] [26] to the case of the
non-constant Bernoulli boundary condition.

The structure of Part I is as follows: In the first part, we present the main
result which generalizes results in [25] [26], to the case of non-constant Bernoulli
boundary condition. In the second section, we give auxiliary results. The third
part deals with the study of the shape optimization problem and the existence of
Lagrange multiplier \q, for the exterior (respectively interior) case. First, we study
the existence result for the shape optimization problem for the exterior case: Find

min{J; (w),w € O},

where O! = {w D K : w is an open set satisfying the e-cone property, fw g—:(x)da: =
Vo}, where Vj is a given positive value. The functional J; is

J1(w) = %/ IV, ||Pdz,
w\K

where u,, is a solution to the Dirichlet problem
—Apu, =0 inw\K, 1<p<oo
Uy =0 on Ow (1.3)
u, =1 on OK.

Second, we study the existence result for the shape optimization problem. For the
interior case: Find

min{Jz(w),w € 0?},
where O? = {w C K : w is an open set satisfying the e-cone property, N i—g(as)dx =
Wo}, where Wy is a given positive value. The functional J5 is
1

Ja(w) == p/K\ IV |Pdz,

where u,, is a solution to the Dirichlet problem
—Apuy, =0 in K\w, 1 <p<oo
Uy, =1 on OJw (1.4)
U, =0 on OK.

Next, we obtain an optimality condition for the exterior (respectively interior)
case

ou

T (L/\Q)l/p (respectively ou _ (LAQ)I/p) on 90
Ve

1—p v; p—1
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Then we conclude this section with a monotonicity result for the exterior (respec-
tively interior) case. The last part is the proof of the main result for the exterior
(respectively interior) case.

In Part II, we study the multi-layer case. Let D and D} be C2-regular, compact
sets in R™V and star shaped with respect to the origin such that D} strictly contains
D}. We look for (D, v,u) where D is C2-regular domain such that D§ C D C D C
D7 and v and u are solutions of the problems

—Apu=0 in Di\D —Ayu=0 in D\Dj
v=1 ondD u=0 ondD (1.5)
v=0 on dD] u=1 ondD]

respectively, and satisfy the nonlinear joining condition
Vol = [[Vu|P =X ondD, XA eR. (1.6)

This joining condition is justified by the method which we are using.

The described above problem appears in several physical situations and can be
appropriately interpreted in many industrial applications. In the case p = 2, we
refer the reader to [I], 2] and the references therein.

Inspired by the pioneering work of Beurling, where the notion of sub and su-
per solutions in the geometrical case is used, Acker et al [7] studied this problem
with a more general non linear joining junction. They assumed that Dg and Dj
are bounded convex domains and D7 contains Df strictly. By considering the p-
laplacian operator, we show the existence of a solution to the exterior (resp interior)
free boundary problem with non constant Bernoulli free boundary condition. In
the second part of this article, we study the existence of solutions to the two-layer
shape optimization problem. From a monotonicity result, we show the existence of
classical solutions to the two-layer Bernoulli free-boundary problem with nonlinear
joining conditions. Also we extend the existence result to the multi-layer case..
They proved there exists a convex C' domain D, Dj CC D CC Dj which is a
classical solution of the two-layer free-boundary problem —.

Using convex domains, Acker [II [2] proved the existence for multi-layer free
boundary problems by using the operator method in the case where p = 2. Laurence
and Stredulinsky [18] [19], use convex domains, when proving an existence result in
the case p =2, N = 2.

Now, by combining a variational approach and a sequential method, we establish
an existence result for non necessarily convex domains.

The structure of the Part II is as follows. In the first part, we present the main
result. By considering the auxiliary results in the Part I, we study in the second part
the shape optimization problem and the existence of Lagrange multiplier function
A. The existence result for the shape optimization problem consists of finding a
domain D such that

J(D) = min{J(w),w € O.},

where O, = {w C RN, Dj CcC D CC D3, w verifying the e-cone property , vol(w) =
mg}, where vol denotes the volume, my is a fixed value in R . The functional J is
defined on O, by

1 1
Joy== [ e [ val 1<p<oc,
P Jpr\D P Jp\D;
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where v and u are solutions of

—Apu=0 in DI\D —Apu =0 in D\Dj
v=1 ondD u=0 ondD (1.7)
v=0 on dD] u=1 on 0D

respectively. Next, we obtain the joining condition as an optimality condition:
IVol? — || VulP = LlAD on dD, Ap € R. (1.8)
p—

Then we conclude this section with a monotonicity result. The third section is
devoted to the proof of the main result. And the last part is devoted to the extension
to the multi-layer case.

2. MAIN RESULTS OF PART I

For the exterior case, let K be a C2-regular, star-shaped with respect to the
origin and bounded domain.

Theorem 2.1. If$2 solution of the shape optimization problem min{.J; (w),w € O}
is C%-reqular domain, then the free boundary problem admits a classical unique
solution 2.

For the interior case, let K be a C2-regular, star-shaped with respect to the origin
and bounded domain. Let

e/RK ifp:N
a(Rk,p,N) = e + ifp#N
|(E)%%i _ (&)1‘3’_; | Rk '

N—-1 N-—1

where Rx = sup{R > 0: B(o,R) C K}, Here ck is the minimal value for which
the interior Bernoulli problem (|1.2)) admits a solution.

Theorem 2.2. If the solution Q of the shape optimization problem min{J(w),w €
02} is C%-regular, then for all constant ¢ > 0 satisfying ¢ > o(Rx,p, N), Q is the
classical solution of the free-boundary problem . Moreover The constant cy
satisfies 0 < cx < a(Rg,p, N).

To prove these theorems we need the following results.

3. AUXILIARY RESULTS

For the rest of this article, we consider a fixed, closed domain D which contains
all the open subsets used.

Let ¢ be an unitary vector of R, € be a real number strictly positive and y be
in RN. We call a cone with vertex y, of direction ¢ and angle to the vertex and
height €, the set defined by

C(y: ¢ e6) ={w €RY : |z —y| < e and |(w — y)¢| > |o — y|cose}.

Let Q be an open set of R™Y, €2 is said to have the e-cone property if for all z € 9Q
then there exists a direction ¢ and a strictly positive real number € such that

C(y,C,e,6) CQ, forall y € B(w,e)NQ.
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Let K1 and K5 be two compact subsets of D. Let
d(x, K1) = inf d d(x,K5) = inf d .
($7 1) ylean (J], y)7 (.177 2) ylEnK1 ($7 y)

Note that

p(K1,Ks) = sup d(z, K1), p(Ks2, K1) = sup d(z, Ks).
z€K2 zeKy

Let
dr (K1, K3) = max|p(Ky, K2), p(Ka, K1)],

which is called the Hausdorff distance of K; and Ks.

Let (£2,) be a sequence of open subsets of D and 2 be an open subset of D. We
say that the sequence (2,,) converges on  in the Hausdorff sense and we denote
by Qn 2 Q if limy, 4 oo dg (D\Qy, D\Q) = 0.

Let (£2,) be a sequence of open sets of RY and € be an open set of RY. We
say that the sequence (£2,,) converges on € in the sense of LP, 1 < p < oo if xq,
converges on xq in LfOC(RN ), xa being the characteristic functions of €2.

Let (€2,,) be a sequence of open subsets of D and €2 be an open subset of D. We
say that the sequence (€2,,) converges on 2 in the compact sense if:

(1) Every compact G subset of 2, is included in 2, for n large enough,
(2) every compact @ subset of Q¢ is included in Q¢ for n large enough.

Lemma 3.1. Let 1 and Q2 be two different domains star-shaped with respect to
the origin and bounded. If Q11 C Qo then there exists 0 < tg < 1 such that tols C 4
and toaQQ n an 7é @

The proof of the above lemma can be found in [22].

Lemma 3.2. Let (f,)nen be a sequence of functions of LP(2), 1 < p < oo and
f e LP(Q). We suppose f,, converges on f a.e. and lim, .o ||fullp = || fllp. Then
we have lim, .o || fn — fllp = 0.

For the proof of the above lemma see for example [17].

Lemma 3.3 (Brezis-Lieb). Let (fn)nen be a bounded sequence in LP(2), 1 < p <
oo. We suppose that f,, converges on f a.e., then f € LP(Q)) and

1l = 2 (I = Fllp + 1l

For the proof of the above lemma, see for example [17].

Lemma 3.4. Let (Q)nen be a sequence of open sets in RN having the e-cone
property, with Q, C F C D, F a compact set and D a ball, then, there exists an
open set ), included in F', which satisfies the §-cone property and a subsequence
(. )ken such that

Ll

H
X, — X, O, — Q

g
00, Loa, Q, B

The above lemma is a well known result in functional analysis related to shape
optimization; its proof can be found for example in [26].
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4. SHAPE OPTIMIZATION RESULT AND MONOTONICITY RESULT

For the exterior case, we have the following result, whose proof can be found in
[25].

Proposition 4.1. The problem: Find 2 € O} such that J1(Q) = min{J;(w),w €
O} admits a solution.

For the interior case, we have the following result, whose proof can be found in
[26].

Proposition 4.2. The problem: Find Q € O? such that Jo(Q) = min{Js(w),w €
O?} admits a solution.
Remark 4.3. Let us define another class of domains:
P
Op = {w D K : w is an open set of RY .CF-regular domain, / g—p(:ﬂ)daz =V}
w

where k > 3. It is possible to use the oriented distance, the results in [9, theorems
5.3 5.5,5.6], [10] and the Ascoli theorem to prove the existence of a domain at least
of class C*~! which is minimum for the shape optimization problem.

For the rest of this article, we assume that  is C2-regular in order to use the
shape derivatives. The next theorems give a necessary condition optimality condi-
tion. We follow the approach of Sokolowski-Zolesio [29] to define the shape deriva-
tives (see also [28]).

For the exterior case, we have the following result.

Proposition 4.4. If Q is the solution of the shape optimization problem
min{.J; (w) : w € O},

then there exists a Lagrange multiplier Aq < 0 such that —g—i = (&)\Q)% 9(x) on
o0N.
Proof. Let J; be a functional defined on O} by
1
Jy(w) = f/ VP,
P Juw\K
where u,, is a solution to the Dirichlet problem
—Apuy, =0 InO\K, 1 <p<oo
Uy =0 on Jw (4.1)
uy, =1 on OK.

We use classical Hadamard’s formula to compute the Eulerian derivative of the
functional J; at the point €2 in the direction V. A standard computation, see [22],
shows

1
dJy (€ V):/ ||Vu||p*2%u’ds+f/ [IVul[PV(0).veds
o0 ve P Joo

where v’ = —BBTUGV(O).Ve on 0. This implies

1 —
dJ(QV) = Tp /m |V u||PV(0).veds.
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Let us take J(Q) = [, Z—Z(x)da: Then

4J(Q: V) = /Q div(i—:(x)V(O))dx: /8 QZ—:(x)V(O).Veds.

(2 is optimal then there exists a Lagrange multiplier A € R such that d.J;(Q,V) =
AadJ(Q; V). We obtain

L—p g’
(——=||Vu|? = da=(2)V(0).v)ds =0 for all V.
o P cP
Then

D
[VulP = %AQ%@) on 99,

_ (P 39
HVuH—(l_p)\Q) C(x) on 0N

Since €2 is C2?-regular and u = 0 on 92, we get

ou D

_5Ve:(1—p (z) on 0.

Aa)¥

SEES)

For the interior case, we have the following result.
Proposition 4.5. If Q is the solution of the shape optimization problem
min{Jz(w) : w € 0%},

then there exists a Lagrange multiplier Aq > 0 such that g—; = (%/\Q)%%(Z‘) on
on0.

For the proof of the above proposition, we use the same technics as in proposition
[44] To conclude this section, we state a monotonicity result. For the exterior case,
we have the following result, whose proof can be found in [25].

Proposition 4.6. Suppose that K is star-shaped with respect to the origin. Let {2y
and Qs be two different solutions to the shape optimization problem min{J; (w),w €
OL}, star-shaped with respect to the origin such that Q; C Qa. The mapping which
associates to every ) the corresponding Lagrange multiplier \q is strictly increasing
i.e )\92 > )\Ql.

For the interior case, we have the following result, whose proof is found in [26].

Proposition 4.7. Suppose that K is star-shaped with respect to the origin. Let {0y
and Qs be two different solutions to the shape optimization problem min{J(w),w €
0?2}, star-shaped with respect to the origin such that Q1 C Qo and 92y NNy # 0.
The mapping which associates to every ) the corresponding Lagrange multiplier Ag
is decreasing i.e A, > Aq,-

5. PROOF OF THE MAIN RESULTS OF PART I

We use the preceding properties to prove the main result. Exterior case:
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Proof of the Theorem[2.1. We choose a ball B(O, R) centered at the origin and
radius R and a ball B(O,r) such that B(O,r) C K C B(O, R). First, we have to
look for a solution ug to the problem
—Ayu=0 in BR\B,
u=0 onJdBg (5.1)
u=1 on dB,.
The solution ug is explicitly determined by
1 _
nlz|| —InR ifp= N
Inr—InR 59
= p—N p—N
uo () Hm”‘;j _R‘;_l (5.2)

e —pex ifp#N,
re=1 — Rp-1

and
L ifp=N
[ZPmR —Inr) 07
[Vuo(2)[| = |1];;JIVH|$||”Z?{“
— if N.
|r211¥ — R%| b #

In particular |Vug|| < ¢ on dBp for R big enough.
Now consider the problem
—Apu=0 in Bp\K
u=0 ondBg (5.3)
u=1 on JK.

This problem admits a solution denoted by ugr. This solution is obtained by mini-
mizing the functional J; defined on the Sobolev space

V' = {v e Wy?(Bg),v = lon K}

and Jy(v) = %fBR\K IVo||Pd.
Consider the problem
—Apu =0 in BRr\K
v=0 on dBg (5.4)
v=ug onOK.
It is easy to see that v = wu, is a solution to problem (5.4). By the comparison
principle [30], we obtain 0 < up < 1 and 0 < ug < 1. On J(Bgr\K), we obtain
ug > up and then, ug > ug in Bg\K. Finally, we have |Vug| > |[Vuo|| on OBg.

Case p= N. If Ri < Ry, we get [Vuolljopy, < [[Vuol|op,, then the mapping for
all R associates ||Vugl|jap,, is decreasing.

Initially, we choose a radius Ry big enough and we compute ||Vu()|||BBRU and if
|||VU0|||aB,‘O —¢| > &, where § > 0 is a fixed and sufficiently small number. We
continue the process by varying R in the increasing sense, we will achieve a step
denoted IV such that |||Vu0|||3BRN - c| < 6.

Consider Oy the class of admissible domains defined as follows

p
ON{wEOC:wCBRN,/‘ZpVO},
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where V) denotes a fixed positive constant. We look for 2 € Oy and A\ a real such
that
—Apu=0 in NK

u=0 on 0N
u=1 ondK (5.5)
ou

5 = cq on 0f)

where cq = (%)\Q)%%(l‘). Applying proposition 1) the shape optimization

problem min{.J; (w),w € Oy} admits a solution and by proposition Q satisfies

the overdetermined boundary condition —% =cQ.

We have Q € Oy, then Q2 C Bpg,,, according to the lemmathere exists tg < 1
such that tgBr,y C Q, and tg0Bg, NN # 0. Let us take zy € te0Br, N IN and
set uy, (2) = ury (5), & € Bry \K. wy, satisfies

—Aputo =0 in tO(BRN\K)
uy, =0 on tp0Br, (5.6)
uy, =1 on te0K.

On the other hand, we have tgBr, C £, let us take ws = Ujto By » then w3 satisfies

—Apws =0 intoBry\K
W3 = U4,9Br, ON toOBRy (5.7)
w3 =1 on JK.
Let us consider the problem
—Apz=0 intyBry\K
z=0 on 0ty0BRr, (5.8)
Z = Uty g ON oK.
It is easy to see that z = wy, is a solution to the problem . And we get

0<uy, <land 0 <u <1. On I(tgBry\K), we have u, < u, by the comparison
principle [30], we obtain us, < u in(tgBr, \K). We have

Uty (T — Vet) — Uz, (X0) u(zo — vet) — u(zo)

lim < lim ,
t—0 t t—0 t
which is equivalent to
Ouy, ou
- < - .
Ve (w0) < Ve (o)
This implies
ou
\% < —
IVusy (o)) < ~ 5,7
Let us consider €} = Qy as the first iteration and
1 g’
ON:{IUEOGZ’LUCQQCBRN, EZVl}’ (‘/1<VE))
w

where V; denotes a fixed positive constant.
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We iterate by looking for Qy € O} and A, such that such that
—Apu1 =0 in Ql\K
u; =0 on 0
u; =1 ondK (5.9)
0
_g cq, on 0%

v
where ¢, = (p;f’l)\gl)%g(x). Applying proposition 1} the shape optimization

(&

problem min{.J(w), w € O} admits a solution and by proposition ) satisfies

the overdetermined boundary condition —% = cg,. We have Q € O}, then

Q1 C Bry, according the lemma [3.1] there exists t; < 1 such that t; Br, C €, then
t10BRr, NOQy # 0.
Let us take x1 € t10BRry N 0 and set ug, (z) = ury(§),

t € BRN\K. (A
satisfies

—Aputl =0 in tl(BRN \K)
us, =0 on t10BRy (5.10)
uy, =1 on t10K.
On the other hand, we have t1 Br, C {21, let us take wy = Ujt, Bry > then wy satisfies
—AP’LU4 =0 in tlBRN\K
=W op, OB 110BRy (5.11)
wyg =1 on 0K.

Wy

Let us consider the problem
—Apz=0 int 1B \K
z=0 ont10Bg, (5.12)
Z=ut g on K.
It is easy to see that z = uy, is a solution to . And we get 0 <y, <1 and

0 <wuy <1. On 9(t1Bry \K), we have us; < uy, by the comparison principle [30],
we obtain uy, <wuy in(t1Bgr, \K). We have

lim ug, (1 — Vet) — ug, (1) < lim up (z1 — vet) — ur(xq)
t—0 t t—0 t

3

which is equivalent to
Oug, Ouy
Ov, (1) = v, (1)

This implies

8’&1
\V4 < — .
Vg (z1)]] o (1)
We can continue the process until a step denoted by k such that
Buk
- 81/6 (Z’k) - Cﬂk

For all s € OBg,, we get ||Vuo(s)|| < [|[Vury(s)| then there exists so € OBg,,
such that ||Vug(so)|| > cq,-

The sequence (cq,)<;<k) is strictly decreasing and positive, then (p;f)l)\gj)%
converges on c¢. Then there exists 2 solution to problem , the sequence
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(€25)(0<j<k) gives a good approximation to §2. The uniqueness of the solution Q is
given by the monotonicity result.

Case p # N. If Ry < Ry, we get [|[Vuol||ops, = [[Vuol|oBys, then the mapping
for all R associates ||Vuol||sp, is decreasing. Initially, we choose a radius Ry big
enough and we compute ||Vuol|jop,, and if |||Vuo||\aBR0 —¢| > 6,6 >0 fixed and
sufficiently small number. We continue the process by varying R in the increasing
sense, we will achieve a step denoted N such that ‘||Vu0||‘aBRN —¢| < 6. Here the
reasoning is identical to the case p = N. O

Interior case.
Proof of the Theorem[2.2. Let Rx = sup{R > 0: B(o,R) C K}. Let r > 0 such
that B(o,7) C B(o, Rk). First, we have to look for a solution g to the problem
—Apu =0 in B \B,r
u=0 on 0dBg, (5.13)
u=1 on JB,.
The solution ug is explicitly determined by

In ||z — In Rg

ifp=N
Inr —In Ry np
uo(z) = 115N 4 g (5.14)
H l'w pji if p# N,
Ry —re=1
and
N T ¥
r(lnRi —Inr) b=
[Vuo(z)|| = ‘@‘Hx”}lﬁl
L% ifp#N.
|rz;7f1 — Rz;j|

In particular |[Vuo|| > ¢ on 9B, for r small enough. Now let us consider the
problem

—Apu=0 in K\B,
u=1 ondB, (5.15)
u=0 onOK.

Then problem (5.15)) admits a solution denoted by u,.. This solution is obtained by
minimizing the functional J defined on the Sobolev space

V' ={v e W"(K\B,),v = lon B, and v =0 on 9K}
and J(v) = %fK\BT |Vo|[Pdz. Consider the problem
“Apw=0 in By, \B,
v=1 on 0B, (5.16)
v=1u, on dBp,.

It is easy to see that v = wu, is a solution to (5.16)). By the comparison principle
[30], we obtain 0 < ug < 1 and 0 < u,. < 1. On 9(Bg, \B), we obtain u, > wug
and then, u, > ug in Br, \B,. Finally, we have ||Vu,|| < ||Vuo| on dB,.
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Case p = N.

1
Vuollom, = o = h(r), Vr€]0,Rx|.

In Ry —Inr)

It is easy to see that h(r) is a strictly decreasing function on |0, RTK[ and a strictly

increasing function on |2£, Ry[. Then for all r €]0, Rk, [|[Vuol|jop, > h(££) =

R7.
(115 For g(x) = e¢/Rk, let § > 0 be a fixed and sufficiently small number. To

initialize we choose ro €]0, £ [U]££ Ry [ such that ’||Vu0|||33m —c| > 4. To fix

’e
ideas let us consider r¢ €]0, RTK[ The process will be identical if rq E]RTK, Rkl
By varying r in the increasing sense, we will achieve a step denoted n such that

R
ra €10, =~ [and||[Vuoljop,, —¢| <.
Consider O,, the class of admissible domains defined as follows
p
O = {w € O, B,, Cw,dB,, Now # 0, and / %p =V},

where V; denotes a fixed positive constant. We look for Q € O,, and Aq such that
~Apu=0 in K\Q

u=1 on 9N

u=0 ondK (5.17)
ou
o co on 0f)

where cq = (z%)\gz)% 9(z). Applying the proposition || the shape optimization
problem min{Js(w),w € O, } admits a solution and by proposition 4.5} €2 satisfies
the overdetermined boundary condition % = cq. Then problem l} admits a
solution.
Since Q € O,,, we have B, C Q, B,, N 0N # () and w,., satisfies
—Apu,, =0 in K\B,,
up, =1 on 0B, (5.18)
u,, =0 on 0K.

Let us consider the problem
—A,z=0 in K\Q
z=u,, on of) (5.19)
z=0 onJK.

It is easy to see that z = u,, is a solution to (5.19), and we get 0 < u,, <1 and
0 <u<1. Ond(K\Q), we have u,, < u. Since IQNIB,. # 0, let g € INNIB,,,,

we have

ur, (xo — vt) — up, (zg) u(xog — vt) — u(xo)

lim < lim ,
t—0 t t—0 t
This is equivalent to
ou, ou
n > _
G20 2 G o) = o
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Let = Qg as the first iteration. We iterate by looking for Q; € OL such that
7Ap’ll,1 =0 in K\Ql
up =1 on 0
w1 =0 on 0K (5.20)
0
an_ cq, on 0Q.

ov

where cq, = (p%l)\gl)%%(x), and
P
(’)}Lz{wEOG:QOCw, OwN OB, 75@/ gf=V1},

where Vi is a strictly positive constant and Vy < V;. By the same reasoning as
above, we conclude that
8u7~ 811,1

o (z1) > j(xl) = cq,

where 1 € 01 N OB,,. We can continue the process until a step denoted by k
which we will determine and we have

dur, (xg) > %(mk) =cq, and z € 0Q,NOB,,.

Finally, we have constructed an increasing sequence of domain solutions: Qo C
Q1 C Qy--- C Q. By the monotonicity result, we have cq, > cq, > cq, -+ > cq,-

Since ||Vu,, || < [|[Vug|| on 0B, k is chosen as follows: At each point s € 9B, ,
we have

3u0
CcQ,y, < W(SO) < Cop -
Then we obtain the inequality
e Ouyg e
— <2 s = — < — —.
Ry — Ov ( O) R — Q-1 Ry
The sequence (cq,)o<j<k) is decreasing and strictly positive, then it converges on

l. Passing to the limit in 1} we obtain that [ = i and there exists 2 solution
to problem (1.2). The sequence (£2;)<;<k) gives a good approximation to Q. The
uniqueness of the solution 2 is given by the monotonicity result.

(2) For g(x) > 7 and r €]0, B U] B Ry, We have the same reasoning and we
show that the problem (1.2)) admits a solution.

cay (5.21)

Case p # N. Here the reasoning is identical to the case p = N. We note that

p—N 1 1
IVuolljom,, = | P ’ x=y = h(r)
1- (ﬁ) Pt

—1
and h is strictly increasing on |(£=%) = Rk, Rk[ and a strictly decreasing on

—1\R2=L Nt
10, (=) ~=* Rk|[. For all

p—N 1 1 p—1 2=

9(x) > | T T R
PR - () | B

problem (1.1) admits a solution.
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It is easy to have, 0 < cx < a(Rk,p,N). If K is a ball of radius R, an explicit
computation gives cx = a(R,p, N) and for all 0 < ¢ < ¢x problem (|1.2) has no
solution. O

6. MAIN RESULT OF PART II

Let Di and Df be C2-regular, compact sets in RY and starshaped with respect
to the origin such that D7 strictly contains Df. We want to find (v, u) solutions of

—A,v=0 in D}\D —Apu=0 in D\Dj
v=1 ondD u=0 ondD (6.1)
v=0 on dD] u=1 on 0D

respectively, and satisfy the non linear joining condition
[IVo||P = [Vul|P =X on 0D, (6.2)
where A is a given real € R.

Theorem 6.1. Let D} and Dj be C?-reqular, compact sets in RN and starshaped
with respect to the origin such that D} strictly contains Dg. One supposes in add
that there is Ry = sup{R > 0: B(O, R) € D} }and D} € B(O, Ry) If D, C*-regular
domain solution to the shape optimization problem min{J(w),w € O.} such that
D§ cC D CC Dy, then D is a solution of the two-layer free boundary problem

613
To prove the main result of the Part II, we need to establish some results such
as shape optimization and monotonicity results.

7. SHAPE OPTIMIZATION AND MONOTONICITY RESULT

Theorem 7.1. The problem: Find D € O, such that J(D) = min{J(w),w € O}
admits a solution
Proof. Let E be a functional defined on W?(Dt) x WLP(D5) by
1 1
B@a) = [ IVl [ valr 1<p<s,
b Jps b Jps

where ¥ is the extension of v in Dy and @ is the extension by 0 in Di\D of u. And
v and w are solutions of

—A,v=0 in D}\D —Apu=0 in D\Dj
v=1 ondD u=0 ondD (7.1)
v=0 on dD] u=1 on 0dD;

Let J(D) := E(v,u). It is easy to see that J(D) > 0, this implies inf{J(w),w €
O} > —o0. Let a = inf{J(w),w € O.}. Then there exists a minimizing sequence
(Dn)(neny C Oc such that J(D,) converges to . Since the sequence is bounded,
there exists a compact set F' such that D§ CC D,, C F CC Dj. By the lemma
there exists a subsequence (D, )n,en) and D verifying the e-cone property such
that

1
XD, 5 xp andD,, A p.

It is easy to see the sequence (vy,,u,) is bounded in WP(D3) see [25, 27]. Since
WLP(D7) is a reflexive space, there exists a subsequence (v,,, , Uy, ) and (v*, u*) such
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that v, converges weakly on v* in WH?(D5) and u,, converges weakly on u* in
W1P(D3). The norm is lower semi continuous for the weak topology in WP (D7),
then we have

1 * 1 *
L
P Jps\D P Jp\Dg

1 1
thmﬂf/ HV%JP+7/‘ Vi, ||7).
P Jpi\Dy,, p 0

np, \Dg

From the above we get J(D) > a, then J(D) = min{J(w),w € O.}. O

Remark 7.2. On the one hand, see [25] [20], it is easy to verify that v = v*,u = u*
and v*, u* satisfy

—Apv* =0 in D'(DJ\D) —Apu* =0 in D'(D\Dy)
v* =1 ondD u*=0 ondD
v*=0 ondD] u*=1 on 0D}

respectively. On the other hand, we have regularity for v, u as solutions to (7.1));
see [IT] 211, 31].

Remark 7.3. The remark 4.1 can be stated for the multilayer case. The theorem
4.3 and the lemma 4.4 proved in [26] are valid too for the multilayer case.

For the rest of this article, we assume that D is C2-regular domain in order to
use the shape derivatives. We follow the approach of Sokolowski-Zolesio to define
the shape derivatives [29] (see also [28]).

Theorem 7.4. If D is a solution to the shape optimization problem min{J(w),w €
O.}, then there exists a Lagrange multiplier function A\p € R such that

IVo||P — [|Vul” = p%lAD on 9D. (7.2)
Proof of the theorem 7.4}
1 1
3oy=3 [ vl [ valr, 1<p<cs
P Jpy\D P Jp\D;
where v and u are solutions of
—Apu=0 in DI\D —Apu=0 in D\Dj
v=1 ondD u=0 ondD (7.3)
v=0 ondD] u=1 on 0D}

A standard computation , see [22], shows the Euleurian derivative of the functional
J at the point D in the direction V' is dJ(D,V) = A+ B, where

1
A= / |Vo||P~2 Vo' Vudr + 7/
D;\D P Jpp\

1
B:/ ||Vu||p72Vu’Vudx+f/ div(||Vul|P)V(0))dx
D\Dg P Jp\Dg

div(||Vo||?)V(0))dx
D
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By the Green formula, we have

1
A= 7/ div(||Vo|[P~2Vo)v'dz + 7/ Vol
D\D P Ja(pi\D)

1
+ */ IVv||PV(0).v1ds.
P Jo(py\D)
In D;\D, we have div(||Vv|P~2Vv) = 0, then
1 8 1
A= 7/ [ Vo|[P~2 —— 'd + - / V||V (0).1ds.
P Ja(p:\D) a(Dr\D)

By the same reasoning, we obtain
1

Au 1
B = 7/ [Vul|P~2 =—u'ds + - / | Vul[PV(0).vads.
p Jap\pg) s p Jao\pg)

Let us take v1 = —vy where v, is the exterior normal unit to D. By the computa-
tions, see [22], we obtain

ov
pP— 2 ,dS
Vl

ou

[—

U 8VQV() on 9D,
,_7(%

v = —81/1{/( ).vr on 0D.

This implies
1
A:—/ ||V1)||pV(O).V1dS+*/ [IVo||PV(0)vids,
oD b Jop

1
B = —/ |Vul[PV(0).v2ds + 7/ [|[Vul|PV(0).v2dz .
8D P Jap
Then we have
1—
dJ(D,V) = J/ (—IVoll” + | VullP)V(0).vads.

p dD

Let us take Jo(D) = [, dz = Vj, then

dJQ(D,V):/Ddiv(V(O))dx:/aD V(0).v2 ds.

There exists a Lagrange multiplier Ap € R such that dJ(D,V) = ApdJa2(D,V).
We obtain

1_
/ [Tp(fHVva + ||VullP) = Ap)]V(0).reds =0 for all V,
aD

then [|[Vo|[P — [[Vu|[P = -Z5Ap on OD. O
Remark 7.5. The consequence (D,v,u) in theorems (7.1)) and (7.4]) satisfies
—Apu=0 in DI\D —Apu =0 in D\Dj
v=1 ondD u=0 ondD
v=0 on dD] u=1 on 0D

and satisfy the nonlinear joining condition

IVellP = [VulP = —Ap on 9D,

To conclude this section, we state a monotonicity result, in the following sense.
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Theorem 7.6. Let D} and D} be C?-reqular, compact sets in RN and starshaped
with respect to the origin such that DT strictly contains D§. Let Dy and Ds be two
different solutions to the shape optimization problem min{J(w),w € O.} starshaped
with respect to the origin such that D1 C Dy and 0Dy NODy # 0 then Ap, > Ap,.

Proof. For any i € {1,2}, if D; is the solution to the shape optimization problem,
we have (v;, u;) satisfy the problem

—Ap’Ui =0 in DT\DZ —Apui =0 in DZ\DS
v; =1 on 0D; u; =0 on dD;
v; =0 on 9D} u; =1 on 0D

and the nonlinear joining condition
IV |P = || Vue||P = Ll)\pi on 0D;, \p, € R.
p—
Consider the problem
—Ap’l)g =0 in DT\DQ
V3 = V1 On 8D2 (74)
v3=0 on dD]
It is easy to see that vs = vy is a solution to (7.4). We get 0 < vy < 1 and
0 <wv; <1. On 9(D}\D3), we have v > v;. By the comparison principle [30], we
obtain ve > v; in D\ Ds.
Let xg € 3D, N OD5 and v be the exterior unit normal in xg, then we get
va (o + vh) — va(x0) - vy (zg + vh) — v1 (o)
h - h ’

By passing to the limit,

va(xg + vh) — va(x0) v1(zo + vh) — v1(zo)

. ST
) h = h ’

which implies

8112 81}1

22 (20) > = (20).

ov (x0) ov (z0)
It suffices to remark that %(xo) < 0 (i =1,2) to conclude that

Vo (zo) [P = [[Voa (o) |7 (7.5)

Consider the problem
7APU3 =0 in Dl\DS

uz = ug on 0D, (7.6)

uz =1 on 0D
It is easy to see that ug = wus is a solution to ). Weget 0 < u; <1 and
0 <wuy <1. On 9(D1\Dg), we have us > u;. By the comparison principle [30], we
obtain us > uy in Dy\D§.

Let zg € 0Dy N OD5, then
us(xo — vh) — ua(zo) - uy(zo — vh) — ug (o)
h - h

By passing to the limit,

lim uz (o — vh) — uz (o) > lim ui (o — vh) — ui(wo)
h—0 h h—0 h
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which implies

That is, ||Vuz(zo)|| > [|[Vui(zo)|, Then we have |Vua(zo)||” > ||[Vui(zo)||P. This
implies

—[[Vui(zo)[[” = = [[Vua(zo)|”- (7.7)
By combining ([7.5) and (7.7)),

IVor(@o) I = [IVur (zo)[[” = [[Voe|[” — [Vuel].
Then )\D1 Z )\Dg-

8. PROOF OF THE MAIN RESULT OF PART II

In this section, we use the preceding theorems to prove the main result.

Proof of the theorem[6.1} Let Ry = sup{R > 0, B(O,R) C Dj}. Let o > 0,7 > 0
such that B(O,rq) C D§ C B(O,r). First, we look for vy solution of the problem

—Apvg =0 in B \Br
vo=1 on 0B, (8.1)
vp =0 on 0Bpg,
and second ug solution of the problem
—Apup =0 in B;\B,,
up=0 on 0B, (8.2)
up =1 on 0B,
The problem (8.1]) admits a solution vy which is explicitly determined by

In ||z]] — In Ry .
_—— fp=N
Inr —In Ry np

vo(z) = = L RPT
o ifp#N,
Ry~ —rv=1

and
! ifp=N
[e[mRy —nr) P
N+1
IVoo(@)l = § |22 7=

Y ey if p# N.
[r7=T — Ry |

Also the problem (8.2)) admits a solution wug which is explicitly determined by

In|jz|| —lnr ” N
_— 1 =
Inrg —Inr p

p—N p—N
ol 5 5

= — ifp#£N,

uo(x)
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and
- ifp=N
Jz[(nrg —mr) -~ F7
—N-—pL2
IVuo (@)l = § 2= ||a) =757
— — if p# N.
Irg ™" — 7|
On 0B, let us take h(r) = ||Vugl[P — || Vuol|P.
Now consider the problem
—Ap,u=0 in Di\B,
v=1 on dB, (8.3)

v=0 on dD]

Problem (8.3) admits a solution denoted by v,.. This solution is obtained by mini-
mizing the functional J; on the Sobolev space

1
Vi ={veWyP(Di\B,),v=10n8B,} and J(v)= 5/ |V o|[Pd.
Di\B,

~Ayu=0 inB\D;
u=1 ondDj] (8.4)
u=0 ondB,

Then problem (8.4) admits a solution denoted by u,. This solution is obtained by
minimizing the functional J5 on the Sobolev space

1
Vo ={ue€ Wol’p(BT\DS),u =1londD§} and Ja(u)= 5/ IVul||Pdx.
B\Dg

Consider the problem

—Ap,v=0 in Bg,\Br, —Apu =0 in B, \Dg
v=1 on 0B, u=wuy onoD] (8.5)
v=wv, on JdBpg, u=0 ondB,.

It is easy to see that v = v, and u = ug are respectively solutions to the problem
(8.5). We have 0 < vy <1 and 0 < v, < 1. We obtain on d(Bg,\Br), vr > vo.
By the comparison principle [30], we have v, > vy in Br,\B,. Finally, we have
Vv || < ||Vl then

IVuollP > ||[Vor||P on dB,. (3.6)

Also, we have 0 < 4y < 1 and 0 < u, < 1. We obtain on 9(B,\D§), u, > ug. By
the comparison principle [30], we have u, > ug in B,\D§. We get |Vu,| > ||Vuol|
then

—[|Vuol|? > —||Vu,||’ on dB,. (8.7)
By combining and (8.7), we obtain
IVuoll” = [[Vuoll” = [[Vor [P = [[Vu[|” on 0B,.
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Case p = N. Note that

1 1 1
h(r) = — - for all Ry|.
) P <(ln Ry —1Inr)?  (—Inrg+ lnr)l’) . forall - €]ro, Ro

Let & > 0 be a fixed and sufficiently small number. To initialize, we choose r; €
Jro, Ro[, such that |h(r1) — A| > 6, A € R. By varying r in the increasing sense, we
will achieve a step denoted n such that r, €]rg, Ro[ and |h(r,) — A| < 0.

Consider O,, the class of admissible domains defined as follows

O,={weO,B,, Cw,dB. NOw#( and vol(w)=V;},
where V; denotes a fixed positive constant. We look for D € O,, such that

—Apu=0 in DI\D —Apu =0 in D\Dj
v=1 ondD u=0 ondD (8.8)
v=0 ondD] u=1 on dD]

and satisfies the nonlinear joining condition

IVol|P — ||Vaul? = ]%)\D on dD. (8.9)

Applying the theorem the shape optimization problem min{.J(w),w € O, }
admits a solution D and by the theorem [7.4] D satisfies the joining condition .
Since D € O,, we have B, C D and 9B,, N 9D # 0 and v, respectively u,,
satisfy

—Apv,, =0 in DI\B,, —Apu,, =0 in B, \Dj
v, =1 ondB,, Uy, =0 ondB,, (8.10)
v, =0 on 0D} u,, =1 on dDg.
Consider the problem
—Apz=0 in D{\D —A,g =0 in D\Dj
z=w,, on0D g=0 ondD (8.11)
z=0 on oD g =1uy, ondDyg.

It is easy to see that z = v, and g = u,, are respectively solutions to problem
(8-11). We get 0 < v,, <1 and 0 < v < 1. We have on d(Dj\D), v,, < v. By
the comparison principle [30], we obtain v,, < v in (Df\D). Since 0B, NID # 0,
let’s take z; € 0B, NJD, we have by passing to the limit

lim vy, (21 +vh) — v, (271) < lim v(xy +vh) — ’U(:L‘l)’
h—0 h h—0 h

this is equivalent to (where v is the exterior normal to D)
IVor, (@)[[P = [[Vo(z)[|P (8.12)

Weget 0 <u<1 and0 < u,, < 1. We have on d(D\D), u,, < u. By the
comparison principle [30], we obtain u,, < w in (D\D{). Since dB,., NOD # 0, let
us take x1 € 0B,,, N 0D, we have by passing to the limit

i Yo (x1 — vh) —ur, (z1) < lim u(xy — vh) — u(a:l),
h—0 h h—0 h

that is
—IVur, (z)[IP = = Vu(z1)[| (8.13)
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By combining the relations (8.12)) and (8.13)), we obtain
IVor, ()P = [|Vur, (x)[” 2 [Vo(z)[]P = [[Vulz)|]P.
Let us take D = D; as the first iteration. We iterate by looking Dy € O? such that

—AP’UQ =0 in DT\DQ —AI)UQ =0 in DQ\DS
vo =1 on 9Dy uy =0 on 0Dy (8.14)
vo=0 on dD] uz =1 on 9D,

and satisfies the nonlinear joining condition
[Voa|? — [ Vus|? = ]%Am on OD,. (8.15)

Also

O ={we O, Dy Cw,0B,, NOw#( and vol(w) =V},
where V5 is a strictly positive constant and Vi3 < V5. By the same reasoning as
above, we obtain

[Vor, (22" = [[Vur, (@) |7 = [[Vo(z)[|” = [[Vu(z) [P on 9B,

We can continue the process until a step denoted k, which we will be determined,
and we have

IVo. ()| = [[Vur, (xp)]|P < [|[Vo(ag)||P — |Vu(zg)||P andxy € D N OB, .
Finally, we constructed an increasing sequence of domain solutions
Dy CDyC---CDy_1 CDy.
By the monotonicity result, in theorem we have
ADy Z Ap, =+ 2 Ap,, = Ap,.
Since ||V, (i) ||P — [[Vur, ()P < [|[Voo|P — [[Vuel|P on 0B,,,, k is chosen as
follows in each point sy € 0B, ,
Ap, < h(s0) < Ap,_,-
Then we obtain the inequality
Ap, — A< h(sg) =A< Ap,_, — A (8.16)

The sequence (Ap,)o<j<k) is decreasing and underestimated because we cannot
indefinitely generate a sequence domains if not we will leave Dj. We have Ap, >
Ap; where D/ is the greatest domain contained in D},dD, N 0B, # 0.D is
solution to the shape optimization problem min{J(w),w € O,} and for all k, we
have Dy, C D..

The sequence (Ap,)o<j<k) converges to [. By passing to the limit in (8.16]),
we obtain { = A and there exists D solution to problem ((1.5)-(1.6). The sequence
(Dj)(0<j<k) gives a good approximation to D.

Case p # N. Here the reasoning is identical to the case p = N. We note that
p—N N1 1 1
hr) = (B R (e - ),
N -1 p—N — —3 p=N
|re=T — Ry~ P (r|rg™ —re1

for all r €]rg, Ro[. O
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9. THE MULTI-LAYER CASE

Let Dy and Dy, be C2-regular , compact sets in RY and starshaped with respect
to the origin such that Dy strictly contains Dy. One supposes that there is Ry
such that Dy C B(0,Ry) C Dy11 where Ry = sup{R > 0: B(0,R) C Dy41}. We
find a sequence of domains, C?-regular, starshaped with respect to the origin and
solution to the shape optimization problem min{J(w),w € O.}, Dy C Dy C Dy C
-++ C Dy C Dg4q such that (D;,v;,u;) is solution of

7Ap’l}i =0 in Di+1\Di prui =0 in Di\Di—l
v; =1 on dD; u; =0 on dD; (9.1)
V; = 0 on 5‘Di+1 U; = 1 on 5‘Di,1
and satisfy the non linear joining condition
[V0i]P = || Vu||P = Ll)\i on OD;, A € R,1 < i < k. (9.2)
p—

Theorem 9.1. Let Dy and Dy, 1 be C*-reqular , compact sets in RN and starshaped
with respect to the origin such that Dy strictly contains Dy. Then there exists a
sequence domains (D;)1<i<k), C?-regular domain solution to the shape optimization
problem min{J(w),w € O.} such that Dy C Dy C Dy -+ C Dy, C Dy41 solution of

the multi-layer free boundary problem -.

To prove this theorem, we use the method presented in the proof of the two layer
case. In fact we consider at first the domains Dy and Dy41. And according to the
two layer case there is Dy (Dg C D; C Dgyq) which is solution to the problem.
And sequentially, we seek D; (D;—1 C D; C Dy41,i = 2,---k).It is always possible
to invoke the two layer case in order to solve these types of problems.
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