Electronic Journal of Differential Equations, Vol. 2005(2005), No. 21, pp. 1-7.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

CONTINUOUS SELECTIONS OF SET OF MILD SOLUTIONS OF
EVOLUTION INCLUSIONS

ANNAMALAI ANGURAJ, CHINNAGOUNDER MURUGESAN

ABSTRACT. We prove the existence of continuous selections of the set valued
map § — S(§) where S(§) is the set of all mild solutions of the evolution
inclusions of the form

t
z(t) € A(t)z(t) + /0 K(t,s)F(s,z(s))ds

z(0)=¢, tel=|[0,T],

where F is a lower semi continuous set valued map Lipchitzean with respect to
z in a separable Banach space X, A is the infinitesimal generator of a Cp-semi
group of bounded linear operators from X to X, and K(¢,s) is a continuous
real valued function defined on I x I with ¢ > s for all t,s € I and £ € X.

1. INTRODUCTION

Existence of solutions of differential inclusions and integrodifferential equations
has been studied by many authors [II, 2 [3]. Existence of continuous selections of
the solution sets of the Cauchy problem & (t) € F(t,z(t)), x(0) = £ was first proved
by Cellina [5] for F' Lipchitzean with respect to x defined on an open subset of
R x R™ and taking compact uniformly bounded values. Cellina proved that the
map that associates the set of solutions S(§) of the above Cauchy problem to the
initial point £, admits a selection continuous from R"™ to the space of absolutely
continuous functions.

Extensions of Cellina’s result to Lipchitzean maps with closed non empty values
in a separable Banach space has been obtained in [4] and [6]. In [7] Staicu proved
the existence of a continuous selection of the set valued map £ — S(§) where S(&)
is the set of all mild solutions of the Cauchy problem

x(t) € Ax(t) + F(t,z(t)), z(0) =&

where A is the infinitesimal generator of a Cjy - semi group and F is Lipchitzean
with respect to x. Staicu also proved the same result for the set of all weak solutions
by considering that —A is a maximal monotone map.

In this present work first we prove the existence of a continuous selection of
the set valued map £ — S(§) where S(&) is the set of all mild solutions of the
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integrodifferential inclusions of the form
t
x(t) € Ax(t) —|—/ K(t,s)F(s,z(s))ds, z(0)=¢&, telI=][0,T] (1.1)
0

where F' is a set valued map Lipchitzean with respect to z in a separable Banach
space X, A is the infinitesimal generator of a Cp-semi group of bounded linear
operators from X to X and K (¢, s) is a continuous real valued function defined on
I x I witht > sforallt,s € I and £ € X. Then we extend our result for the
evolution inclusions of the form

@(t) € A(t)a(t) +/O K(t,8)F(s,z(s))ds, 2(0)=¢, tel=1[0,T]. (L2

2. PRELIMINARIES

Let T > 0, I = [0,T] and denote by L the o-algebra of all Lebesgue measurable
subsets of I. Let X be a real separable Banach space with norm || -||. Let 2% be
the family of all non empty subsets of X and B(X) be the family of Borel subsets
of X.

If x € X and A is a subset of X, then we define

d(z, A) = inf{||lz — y|| : y € A}.

For any two closed and bounded non empty subsets A and B of X, we define
Housdorff distance from A and B by

h(A, B) = max{sup{d(x, B) : © € A},sup{d(y, A) : © € B}}.
Let C(I,X) denote the Banach space of all continuous functions x : I — X with
norm
[2llco = sup{[lz(t)[ : t € I}.
Let L'(I, X) denote the Banach space of all Bochner integrable functions x : I — X
with norm ||z|j; = fOT lz(¢)||dt. Let D be the family of all decomposable closed non
empty subsets of L'(I, X).

A set valued map G : S — 2% is said to be lower semi continuous (I.s.c) if for
every closed subset C' of X the set {s € S: G(s) C C} is closed in S.

A function g : S — X such that g(s) € G(s) for all s € S is called a selection
of G(-). Let {G(t) : t > 0} be a strongly continuous semi group of bounded linear
operators from X to X. Here G(t) is a mapping (operator) of X into itself for every
t > 0 with

(1) G(0) = I (the identity mapping of X onto X)
(2) G(t+s) =G(t)G(s) for all t,s > 0.
Now we assume the following;:

(H1) F : I x X — 2% is a lower semi continuous set valued map taking non
empty closed bounded values.

(H2) F is £ ® B(X) measurable.

(H3) There exists a k € L'(I,R) such that the Hausdorff distance satisfies
h(F(t,z(t), F(t,y(t))) < k(t)||z(t) —y(@)| for all z,y € X and a.e. t € [

(H4) There exists a 8 € L*(I, R) such that d(0, F(t,0)) < 8(t) a.e. t € I

(H5) K : D — R is areal valued continuous function where D = {(t,s) € I x I :
t > s} such that B = sup{||K (¢, s)| : t > s}.

To prove our theorem we need the following two lemmas.
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Lemma 2.1 ([5]). Let F : I x S — 2% S C X, be measurable with non empty
closed values, and let F(t,-) be lower semi continuous for each t € I. Then the map

& — Gp(§) given by
Gr&)={ve LYI,X):v(t) e F(T,&) Vtel}
is lower semi continuous from S into D if and only if there exists a continuous

function 3 : S — LY(I, R) such that for all £ € S, we have d(0, F(t,€)) < B(€)(t)
a.e tel.

Lemma 2.2 ([5]). Let ¢ : S — D be a lower semi continuous set valued map and
let o: S — LYI,X) and v : S — LY(I,X) be continuous maps. If for every & € S
the set

H(&) = cl{v € (&) : [lv(t) — () @) < ¥(§)(t) a.et I}

is non empty, then the map H : S — D defined above admits a continuous selection.

3. INTEGRODIFFERENTIAL INCLUSIONS
Definition. A function z(-,€) : I — X is called a mild solution of if there
exists a function f(-,€) € L*(I, X) such that
(i) f(t, &) € F(t,x(¢,&)) for almost all t € T
(i) z(t,&) = G(t)E + fg G(t—7) [y K(7,5)f(s,€)dsdr for each t € I.

Theorem 3.1. Let A be the infinitesimal generator of a Cy-semi group {G(t) :
t > 0} of bounded linear operators of X into X and the hypotheses (H1)-(H5) be
satisfied. Then there exists a function x(-,-) : I x X — X such that

(i) z(-, &) € S(&) for every £ € X and
(ii) & — x(-, &) is continuous from X into C(I,X).

Proof. Let € > 0 be given. For n € N let ¢, = —+. Let M = sup{|G(t)| : t € I}.
For every £ € X define 2((-,£) : I — X by

zo(t,€) = G(t)¢ (3.1)
Now
[o(t,€1) — wo(t, &) = [|G(£)&1 — G()&l| = |G(@)] [[§1 — &l < M|[& — &l

i.e. The map & — (-, &) is continuous from X to C(I, X). For each £ € X define
a(f) : I — R by

a(&)(t) = B(t) + k@) [|lzo(t, I - (3-2)
Now |a(&1)(t) — (&) (1) < k(t)||&1 — &2 i-e. af-) is continuous from X to L1(I, R).
By (H4) and we have

d(0, F'(t, zo(t,8)) < B(t) + k(B)[lzo(t, O

and so
d(0, F(t,xzo(t,&)) < a(§)(t) for ae. t €1 (3.3)

Define the set valued maps Gy : X — 2L'(1.X) and Hy: X — 2L'(1.X) by
Gol€) = {v € LM(I,X) (1) € F(t,ao(t)) ac. te I},
Ho (&) = cli{v € Go(§) : [lo(@)]| < a(§)(t) + €0}
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By Lemma and there exists a continuous selection hg : X — L'(I, X) of
Hy(+). Define m(t fo s)ds For n > 1 define 3, (£)(t) by

Ba(€)(t) = M"B"T" ! / / " a@) (PO = mEI

(n—1)

+ M"B"T" ( zn: el) / o T({))}nl d

1=0

Set fo(t,&) = ho(€)(t). By the definition of hg we see that fy(t,€) € F(t,x0(¢,&)).
Define

T

z1(t,8) = G(t)E+ /O G(t—r) K(7,$)fo(s,&)dsdr ¥V t € I\{0} (3.5)

0

By the deﬁnltlon of Hy(-) we see that || fo(t,8)] < a(§)(t) + €o for all ¢ € I\{0}.

From and (3.5) we have

[z1(2,€) = zo(t, ) S/O IG(t—T)I/OT [K (7, s)|ll fo(s, &) l|dsdr

<ats [ [ it lasar
<MB/ / {a(&)(s) +eo}

1
<MB// dsdT—&—MBT(Zei) /th
0

< AEO. -

We claim that there are two sequences {f,(-,€)} and {x,(-,€)} such that for n > 1
the following properties are satisfied:

the map & — £, (-, &) is continuous from X into L'(I, X)
fu(t,6) € F(t,x,(t,€)) foreach § € X ae. t €1

(a)

(b)

(€) Ifn(t,&) = fnoa(t, 6|l < k(1)B (5)()forae tel

(d) Tns1(t,€) = GE+ [y Gt —7) [ K(7,5) fuls,€)dsdr, for all t € I.

We shall claim the above by induction on n.We assume that already there exist
functions fi ... f, and z1 ...z, satisfying (a)—(d). Define z,41(-,&) : I — X by

Tpi1(t, &) = §+/Gt—T/KTsfn §)dsdr, Vtel.
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Then by (c) and (d), for ¢ € I\{0}, we have
”anrl(ta f) - xn(tv 5) ”

= H/O G(t—7) /OTK<T,s>{fn(s,§>—fn1<s,§)}dsd7||
<M5 [ [0, = fialldsar 50

< MB/ / s)dsdr
_ n—1
<MB/ / M”B"T" 1/ / " g du
o Jo o Jo (”_1)

+M”B”T”(Xn:ei> /0 [m(s zn_ 1() ,)] du}dsdT (3.7)
< MBI / / *nm( W g ar
wt et (S ) [ () = m(n)]"
+M+B+T+(§ei)/ond7 (3.8)
< Ba(§)(?).

y (H3) we now have

d(fn(t, ), Fn(t,zns1(t,€)) < k()[lzns1(t,€) — 2nlt, Il < k(t)Bny1 () (3.9)
Define a set valued map Gy 1q : X — 2L (%) by
Grni1(§) ={ve LN, X) :v(t) € F(t,xn1(t,€)) ae tel}

By Lemma 3.1 and (| ., Gn+1 is lower semi continuous from X into D. Define a
set valued map Hy4q : X — oL (1,X) by

Hoi1 = cl{v € Grsr (€)1 [0(t) = Fu(t, )] < k()Bas(t) ae. tel}  (3.10)

Therefore, H,,41(£) is non empty for each £ € X. By Lemmal[2.2 and (3.10) we see
that there exists a cotinuous selection

Bg1: X — LYI,X)  of Hyyy().

Then fr11(t,€) = hyt1(€)(t) for each 5 € I and each t € I satisfies the properties
(a)-(c) of our claim. By the property (c) and (3.6)-(3.9) we have

20410, €) = @ )lloe < MB fa(€) = fa-1(- Ol
MBT||kH

(MBla(©)]; + MBTe)

Therefore, the sequence {f,(-,&)} is a Cauchy sequence in L1(I, X) and the se-
quence {z,(-),&)} is a Cauchy sequence in C(I, X). Let f(-,£) € L'(I,X) be the
limit of the Cauchy sequence {f,(-,£)} and z(-,§) € C(I,X) be the limit of the
Cauchy sequuence {z,(-),£)}.

Now we can easily show that the map & — f(-,£) is continuous from X into
LY(I,X) and the map & — z(-,&) is continuous from X into C(I,X) and for all
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¢ € X and almost all t € I, f(t,€) € F(t,x(¢,£)). Taking limit in (d) we obtain

t T
2(t,6) = G(t)e +/ Gt — T)/ K(r,s)f(t,6)dsdr Vil
0 0
This completes the proof. ([l

4. EVOLUTION INCLUSIONS

Now we prove the existence of continuous selections of the set of mild solutions
of evolution inclusions .
Definition A function x(-,§) : I — X is called a mild solution of if there
exists a function f(-,€) € L*(I, X) such that
(i) f(t, &) € F(t,x(t,€)) for almost all t € I
(ii) =(t,€) = G(t,0)¢ + fot (t.7) [y K (s,&)dsdr for each t € I.
We introduce the following norms, where w is a constant,
]z = e |=|,

[zlls = sup{[|z(t)]|2, ¢ € I},

ek = | el

Theorem 4.1. Let A(t) be the infinitesimal generator of a Cy-semi group of a
two parameter family {G(t,7) : t > 0,7 > 0} of bounded linear operators of X
into X and the hypotheses (H1)—(H5) be satisfied. Then there exists a function
x(+,+) : I x X — X such that

(i) z(-,€) € S(§) for every £ € X and

(il) & — x(-, &) is continuous from X into C(I,X).
Proof. Let ||G(t,7)|| < Me“(*=7) where w is a constant. For every & € X define
xo(,€) : I — X by

To (t7 f) = G(tv 0)5

Now taking [3,,(£)(t) as in theorem 3.1, we can prove that there are two sequences
{fn(-,8)} and {z,(-, &)} such that for n > 1 the following properties are satisfied:
(a) The map & — f,(+,€) is continuous from X into L'(I, X).
(b) fu(t,€) € F(t,xn(t,€)) for each € € X ae. t €1
() [[fn(t,€) = fro1(t, )l < k(1) Bn(E)(1) for ae tel

(d) Tpi1(t,€) = G(¢,0)€ + fot (t,7) Jy K(7,8)fn(s,&)dsdr, for all t € I.
Now we have

[#nt1(5€) = 2n (- E)lls < MBI fu(-,€) = fa-1(- )4

M BT||k||4
< IBTVY (o, 4 5T

Then the Cauchy sequence {x,(.,&)} converges to a limit z(.,§) € C(I, X). Now
we can easily show that the map & — f(-,€) is continuous from X into L'(I, X)
and the map & — z(-, ) is continuous from X into C(I, X) and for all £ € X and
almost all t € I, f(¢,£) € F(t,x(t,£)). Taking limit in (d) we obtain

z(t,§) = G(lt,0)§+/0 G(t, ) /OT K(r,s)f(t,&)dsdr Vtel.

This completes the proof. (I
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