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A STEADY STATE OF MORPHOGEN GRADIENTS FOR
SEMILINEAR ELLIPTIC SYSTEMS

EUN HEUI KIM

ABSTRACT. In this paper we establish the existence of positive solutions to a
system of steady-state Neumann boundary problems. This system has been
observed in some biological experiments, morphogen gradients; effects of De-
capentaplegic (Dpp) and short gastrulation (Sog). Mathematical difficulties
arise from this system being nonquasimonotone and semilinear. We overcome
such difficulties by using the fixed point iteration via upper-lower solution
methods. We also discuss an example, the Dpp-Sog system, of such problems.

1. INTRODUCTION

We present a mathematical analysis on the model problem of morphogen gradi-
ents. Morphogens are molecules that diffuse from a local source to form a concen-
tration. The concentration determines the reactions of all cells and activates genes
to form patterns of cell differentiation [10]. Experiments in morphogen diffusions
to understand the pattern formations of tissue in developing animals give rise to a
broad range of systems of reaction-diffusion equations see for example [2], 4] [5] [0, [15].

This paper focuses on a mathematical analysis on a general system including
the model problem of morphogen gradients. More precisely, we establish the exis-
tence of positive solutions to the nonlinear steady state system arising morphogen
gradients. Interesting features of the system we study in this paper are that it is
nonquasimonotone, where few theories can be found for nonquasimonotone system
[1L 6l [7, 8] (note that although the first three references are systems with the zero
Dirichlet boundary conditions, the techniques therein can be employed in the Neu-
mann boundary conditions) and it has certain nonlinearities on the source terms.
As an example of such system we also discuss model equations arising in experi-
ments of morphogen. In particular it is of our interest to study the Dpp-Sog system
[5L 9], see Section 3, which has certain growth rates and nonlinearities, see structure
conditions for the general system in the following section. We note that to under-
stand the stabilities of the reaction-diffusion system, in this paper, we focus on the
steady state solutions.
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This paper is organized in two parts; first we state structure conditions and
establish an existence result for a class of elliptic systems. In the second part of
paper we discuss the model problem and outline a proof by constructing upper and
lower solutions to the model system.

2. A CLASS OF SYSTEMS

In this section we show the existence of positive solutions to the following elliptic
system
Au+ f(z,u,v,w) =0 in Q,
Av + g(z,u,v,w) =0 in Q,
Aw + h(z,u,v) =0 in Q,
Ou Ov  Ow

%—%—%:0 OnaQ,

where the source terms f, g and h satisfy the following structure conditions:
(F) f(z,p,q,7) is LT in x € Q ¢ RY with P > N and f(x,p,q,r) is locally
Lipschitz in p, q,r.
For p,q,7 > 0,

fl@.p.a,r) = fr(p,a.r) + 2z p.q,r), f(@,0,¢,7) > fo(z) >0, (2.1)

fl (pa q,T) S —)\PW (22)
where A > 0 and v > 1, and

with a positive constant C'.
For (z,p,q,7) € Q x [0,00)3, f(x,p,q,r) is nondecreasing in ¢ and non-
increasing in r.
(G) g(z,p,q,v) is LT in x € Q c RN with P > N and g(z,p,q,r) is locally
Lipschitz in p, q,r.

g(x,u,v,w) = g(u,v,w) + go(x). (2.4)

For (x,p,q,7) € Q x [0,00)3, there exist positive constants C, and g1 such
that

0>g(p,q,r) > —Cy and 0<go(z) < g1. (2.5)

(H) h(z,p,q)is LT inx € Q c RN with P > N and h(z, p, q) is locally Lipschitz
in p,q. For (z,p,q) € Q x [0,00)2, h(z,p,q) is nondecreasing in p and non-
increasing in q.

The condition (F) implies the source term can be separated in two parts based on
the growth rates in terms of u. We note that the conditions and can
be generalized further, namely the result still holds if we replace the assumptions
and to

lim f(x,p,-, )p” 7 ==X\ (2.6)

p—+o0
with A > 0 and v > 1. In fact the conditions (F)(G) and (H) implies that the
existence result of the system is governed by the first equation and the other two
equations act almost like “shadow” equations where such terminology was intro-
duced by [13].
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We use the upper-lower solutions method and the Schauder fixed point theorem
to establish the existence result [16, B]. We point out that the upper-lower solutions
are not necessary in a classical sense, namely we allow them to be distributional
solutions for the corresponding inequalities. That is, we say u is a lower (upper)
solution if u € C(Q) satisfies

Au+ F(z) > ()0 in D'(Q), g—Z‘BQ < (>)0 ae..

For zy € 0f) where the normal derivative is undefined we impose

87“(330) = lim sup(inf)w

< (>)o,
3n T—To |£L’0 — ZL’| ( )

where £y — x and the normal at z¢ is less than 7/2 — ¢ for some fixed § > 0. We
now establish the following existence theorem.

Theorem 2.1. For a given bounded open domain €2 C RN and if Q is a region of
the class W*T then there exist u;, vi,w; € C(Q) ,i = 1,2, upper-lower solutions in
a distributional sense, and ezist u,v,w € W%F(Q) N C*+(Q)-solutions such that
O=u <u<ug, 0<v; <v<wvy and 0 < wy <w < wsy in €.
Proof. We first construct a set of upper-lower solutions in a distributional sense to
the system. We find v; € C(Q), i = 1,2, lower and upper solutions respectively.
Since 0 > g(u,v,w) > —Cy provided u,v,w > 0 we find v; (the lower solution to
v) to be a positive solution to
(91)1
On |8
We find vy > v1 (the upper solution to v) to be a positive solution to
81}2
%L?Q
This can be done by choosing integration constants for v; and vs correspondingly.
We now fix v;, i =1, 2.

Now with vy we find a positive solution w; (the lower solution to w) which
satisfies

Av; — Cy + go(z) > 0in D'(9), o <0ae.

Avsy + go(x) <0 in D'(Q), >0 ae..

awl
LY
With vy and w; we now find a positive solution uy (the upper solution to u) to
8’&2
37‘6
Let ¢ be the first eigenfunction satisfying A¢ + A1¢ = 0 with 9¢/0n = 0 on O
A1 >0, and ||¢]|cc = 1. Then by letting us = K (¢ + 2) > 1 with a constant K > 1
to be determined we show uo satisfies the last inequalities. More precisely since we
have f1(p,-,-) < —Ap” with v > 1 and thus

Awy + h(x,0,v2) >0 in D'(Q), <0 ae..

Aug + f(z,ug, v2,w1) <0 in D'(), o > 0ae.

Auy + f(x, uz, vo, wr)
< =KMo — A(K (¢ +2))" + sup f(va, w1)(K¢+ 2K +1) + Cy
< K\ — \K” +supf(vg,w1)(3K—|— 1)+Cr<0

by taking K > K1(A1,7, A, sup f(va, wr), Cy) > 0. In fact uy is the upper solution
in a classical sense.



4 E. H. KIM EJDE-2005/62

We now find wo (the upper solution to w) such that we > w; and it is a positive
solution to
611)2

on ‘asz
Finally since ws > 0 and vy > 0, we let u; = 0 so that u; (the lower solution to u)
satisfies

Aws + h(z,uz,v1) <0, D'(Q), >0 a.e..

Aug + f(x,u1,v1,wz) > fo(x) > 0.
We now define a set S C C1(Q) x C*(Q) x C1(Q);
S:{(u,v,w):ulgugug, v1 <v < v, wy <w < wsin

||U||cl(§) <A, ||U||cl(§) < B, Hchl(ﬁ) <C

ou Ov Ow
a—n:%:a—n:Oonﬁﬂ}.
The set S is clearly closed, bounded and convex. Define a map 7" on S such that
ATu— MTu+ f(z,u,v,w) = —Mu (2.7)
ATv+ g(z,u,v,w) =0 (2.8)
ATw + h(z,u,v) =0 (2.9)

oTu 0Tv OTw
on  On  On =0 onof, (2:10)

where M is a positive constant so that f, + M > 0 for u,v,w,€ S and f, is the
Lipschitz constant of f in w. Such M can be found independently to u since u; <
u < up and f € C%'. Since f, g and h are uniformly bounded in L> with respect
to u,v and w, there exist unique solutions 7w, Tv and Tw in W2 N C1#(Q) with
B8 =1— N/P, see for the existence of the unique solution in [I1l Proposition 7.18]
and the solution space [3, Theorem 7.26] to , and correspondingly,
and thus the map T is well-defined.

We first show the map T satisfies the first inequalities. First since v,w € S,
evaluate u; = 0 we get

A'Ull + f(SC,Ul,’U,’lU) 2 fO(‘T) Z 0

and
0 <A(uy —Tu) — M(uy — Tu) — Mu+ f(x,ur,v,w) — f(x,u,v,w)
< A(uy —Tu) — M(uy — Tu) + (fu + M)(u; — u)
< A(uy — Tu) — M(u; — Tu),

since v € S and f, + M > 0 by the choice of M > 0. In fact since u; satisfies
the last inequality point-wise and also holds the zero Neumann boundary condition
point-wise as well, we can apply the strong maximum principle [3] Theorem 3.5] to
get u; —Tu < 0 or uy — Tu = ¢ for some constant c¢. Since M > 0 the constant ¢
must be zero and since Au; # ATu thus we get Tu > uy in Q.

To show us be an upper solution, we evaluate

0 < A(Tu—usz) + f(z,u,v,w) — f(z,ug,va,w1) + Mu— MTu
< A(Tu —ug) — M(Tu —us) + (fu + M)(u—u2) + fo(v —v2) + fo(w —wq)
< A(Tu — ug) — M(Tu — ug),
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since u,v,w € S, fu + M > 0, and f, > 0 and f,, < 0 where f, and f, are
some bounded functions. Now since d(ug — T'w)/0n > 0 on 02 we apply the same
argument as before to get ug > T in Q. Therefore u; < Tu < ug in Q.

We also show v; < Tv < vg and wi; < Tw < Tws by using u,v,w € S and
the differential inequalities of v; and w;. More precisely as before we have A(v; —
Tv) > 0 in D'(Q2). By the weak Maximum principle [3, Corollary 3.2] we get
supg (v1 — Tv) < supyg (v — Tw)t. Now suppose there exist a constant k > 0 and
a point zo € 0f) such that

sup(vy — Tv)" = (v — Tv)(xg) = k.
o0
Since v; and T are continuous, we can find a set ), such that Q = {z € Q :
(v1 —Tw) < k} and ) N Q = z9. We now apply Hopf lemma in Qj, Lemma 3.4 in
[3], to get
o0y vi(xo) —v1(z) _ OTw

0> 2 (z) > lim inf =0.
Z 5y (o) 2 lim _inf wo—2z|  on (z0)

The contradiction is apparent. Thus there is no such k& > 0,(hence supyq(vi —
Tw)™ = 0) and thus Tv > v;. Similarly we get the rest of inequalities, and for i =
1,2, Tv # v; and Tw # w;. This shows the map T satisfies the first inequalities in S.
(In the case if we find u;,i = 1,2 as lower /upper solutions in a distributional sense
we apply the same arguments as we did for v; — T to get the desired inequalities.)

We show the map T is compact, satisfies the second inequalities (this leads T
being into), and continuous in S to get a fixed point in S. The map is compact since
the source term is uniformly bounded in u, v and w. To be precise, since u, v, w € S
and the source terms f, g and h are uniformly bounded in L°°, thus we apply the
L¥-theory [L1], Proposition 7.18] to obtain the uniform bounds of the solutions T'u,
Tv, and Tw in W2 (Q) for given P > N, namely, || Tu||y2r < C(N, P, M)| f|Lr,
ITv|lwz2r < C(N,P)|gllrr, and || Tw||w2» < C(N,P)|h|lpr. Apply imbedding
theory [3, Theorem 7.26] to get the uniform bounds of the solutions T'u, T'v, and Tw
in C1%(Q) where 0 < o < 1— N/P is independent of solutions. Since we now have
C12(Q) bounds uniformly in Tu, Tv and Tw we simply let their uniform bounds
to A, B and C respectively. Thus T maps S into. Furthermore, T(S) C C1<(£)
which is precompact in C*(Q) with 0 < a < 1 — N/P. This leads T is compact in
S. Finally to show the map T is continuous, we take convergence sequences u;, v;
and w; and show that the sequences Tu;, Tv; and Tw; have limits in S. Calculate

A(Tu; —Tuj) — M(Tu; — Tuy) + f(z, ws, vi,ws) — f(z, uj, v, w;i) + M(u; — uy)
= A(Tu; — Tuj) — M(Tu; — Tuy) + (fu + M) (u; — uy)
+ fo(vi = vj) + fu(wi —wy)
Since T'u;, v5, wy are in S and M > 0 the LP-theory [11] leads to
Tui — Tujlwzr < Clu — ujlpoe + [0i = vjlLee + [wi — wj[Le)

and this implies Tw; is a Cauchy sequence in W% (Q) and thus (by imbedding)
the sequence Tu; has a limit in S. Similarly v; and w; have limits in S as well.
Therefore there exists a fixed point Tu = u, Tv =v and Tw = w in S. Now apply
regularity arguments [3] to obtain W2F(Q) N C1%(Q)-solutions. This completes
the proof. O
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We note that the regularity of the solutions can be improved to C%%(Q) if we

allow
flz,...)9(z,...),h(x,...) € COP(Q) and 9N € C*7 for some 0 < 3,7 < 1.

3. AN EXAMPLE: MORPHOGEN GRADIENTS

In this section we present a biological example of the system where the details
of modeling viewpoints can be found in [Bl @, 10, 12| [14] [15].

In multicellular systems, experiments suggest that the Drosophila wing disc of
fly depends on the decapentaplegic (Dpp) gene [10]. In development of the Dpp
concentration, proteins including short gastrulation (Sog) activate to inhibit Dpp.
As a result of the activation of Sog, Dpp decreases its activity [12} 14l [15]. Tt is of
our interest to understand mathematical structures, in particular the steady state
solutions, on the model problem of the Dpp-Sog system. In fact, the model prob-
lem also includes effects of the co-inhibitor twisted gastrulation (Tsg), extracellular
protease tolloid (T1d) and a second ligand screw (Scw) [12}[14]. For a mathematical
simplification, this paper focuses only on the effect of Dpp and Sog. It is noted by
[5] that although the mathematical simplification may reduce the biological factors
the numerical simulation suggests that the simplified system preserves the funda-
mental features of the model system. More precisely we consider the following
system on the interval Q = (0,1) C R

0A
i AA—hp Al — B) —hpsAD + fr.B+ (frs + 91s)C + vor
0B
T hpA(1 - B) - (fL +91)B
oC
e AC + hpsAD — (frs +grs)C
0D
e AD — hrsAD + fr.sC 4+ vos

with zero Neumann boundary conditions. Here A and B are the concentrations of
free ligand and of receptor-bound ligand of Dpp, respectively, and C' and D are the
concentrations of the degradation of the bound complex and of the destruction of
the inhibitors Sog, respectively. Coefficients hy, etc are positive constants (biological
factors) and vor, = vpH(1/2 — x) and vos = vsH(x — 1/2) where vy, and vg are
positive constants and H is the Heaviside function, where the Heaviside functions
incorporate that ligand A is produced on the half of the domain, i.e., in the dorsal
half of the embryo, and the new factor D is produced on the other half of the
domain, i.e., the ventral half of the embryo, see [Bl [12] [14] for details.

To understand the stabilities of the governing system, we consider the steady
state system:

AA—hpA(1 = B) —hrsAD + frB+ (frs + 9.s)C +vor =0 (3.1)
hpA(1—B)—(fr +g9.)B=0 (3.2)

AC + hpsAD — (fLS + gLs)C =0 (33)

AD — hpsAD + frsC +vos =0 (3.4)

with zero Neumann boundary conditions. Now notice that using equation (3.2]) we
can write (3.1 to

AA—hpsAD — gL B+ (frs + g.s)C +vor, =0. (3.5)
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Define v = A+ C and denote u = A so that C'= v — u and from (3.5) and (3.3)) to
get

Av —grB+vor =0. (3.6)
Also define w = C' + D such that D = w — v + u and from (3.5)) and (3.4) to get
Aw — grs(v—u) +vos =0. (3.7)
From (3.2) we get
A v

- hiA+fo+9r u+a

where « = (fr + gr.)/hr > 0, and thus B is increasing in u. Finally we obtain an
equivalent system in the following;

Au— hpgu(w —v+u) — gL B(u) + (frs + grs)(v — u) +vor, =0 (3.8)
Av — g, B(u) +vor, =0
Aw —grs(v—u) +vos =0 (3.10)
Ju Ov Ow
%7%,%f0 (3.11)

Note that in (3.8) for u,v,w > 0 we have
f(x,O,U,w) = (fLS +9LS)U +voL 2 vorL = 07
fHu,v,w) = —hpsu? = hpsuw — g B(u) = (frs + grs)u < —hpsu®,
f2(@,u,v,w) = hpsw + (fLs + grs)v + vor,
and clearly all the conditions in (F) hold.
Also in (3.9) and in (3.10)), we have g(x, u,v,w) = —gr, B(u)+vos which satisfies
the conditions in (G) provided v > 0, and h(z, u,v) = —grs(v—u)+vos which holds
the conditions (H) as well. Thus we establish the existence of positive solutions to

the system (3.8)-(3.10) in the following theorem. Since the proof follows exactly as
in the Theorem we only construct upper-lower solutions explicitly.

Theorem 3.1. There exist positive solutions to the steady state system (3.8)—(3.10)
and (3.11)).

Proof. Since the proof follows exactly as in Theorem [2.I] we only construct a set of
upper-lower solutions to the system. We first find v;, ¢ = 1,2, distributional lower
and upper solutions respectively. Since 0 < B(u) < 1 provided u > 0 we find vy
(the lower solution to v) to be a positive solution to
v —gr +v H(1/2—2) >0,
where H is the Heaviside function. Set
g L%Q x €[0,1/2]
v = (z—1)2
g5 x€(1/2,1]
so that v is positive and continuous on (0,1), and dv;/On =0 at 2 =0 and 2 = 1.

Since vy, > 0 and v{ = gr, a.ein (0, 1), the inequality holds.
We find vy (the upper solution to v) to be a positive solution to

v +oH(1/2 —x) <0.
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Similar calculation as before we set
o — —UL§+81 x €0,1/2]
2 —UL%Q—FULJZ-FCQ z € (1/2,1]
so that Quvy/On =0 at ¢ =0 and z = 1 and v) = —vy, a.e. in (0,1). We can find

integration constants c; and ¢ so that v2(1/2) = —*& +¢; = =& + & + ¢ to get
vy is continuous on [0, 1] and ve > vy that is ¢; and ¢y satisfy
v gL

v gL
— 4 = d — 4 =.
cl>8 3 an coy > 3 3

We now fix the integration constants ¢;, i = 1, 2.
With the vy we just found, we look for a positive solution w; (the lower solution
to w) to
1
wy — grsve + vsH(x —1/2) > 0.
Set

wy — gLsmaX’ng; . x €10,1/2]
gLSmaxvg(x_Tl) xz € (1/2,1]

so that Ow;/0n =0at x =0 and z = 1 and w] = grs max vy a.e and wy is positive
and continuous on (0, 1).

With vy and wy, we now find a positive solution uz (the upper solution to u).
By letting us = K(cos(mz) + 2) > 1 with some large K > 1 we can see that usg
satisfies

uly + fH(ug, va,wr) + f2 (2, uz,v2,w1)
<y — (hpsminwy + frs + grs)us — hrsus
+ hrs maxvaus + (frs + grs) maxve + v H(1/2 — x)
< —Kn?cos(mz) — hpgK?(cos(mz) + 2)?
+ hrpsmaxve K (cos(mx) + 2) + (frs + grs) max vy + vy,
< —hpsK? + (3hpsmaxvy + ) K + (frs + grs) max vy + vy < 0

by taking K = max{6hrs maxvs + 272, [h; §2((frs + grs) maxvs + vg)]'/2}.
We now find ws (the upper solution to w) to be a positive solution to

wy — grsv1 + grsus +vsH(x —1/2) <0.
Since minwv; = 0 and maxuy = 2K we can let wp be a positive solution to
wl + gr.s2K +vsH(x —1/2) < 0.

Again we let

v, | lors2K +vs) 5+ dy x € [0,1/2]
’ —(90s2K +vs) (322 —2) +ds  x € (1/2,1]
so that Jws/On = 0 at ¢ = 0 and z = 1 and w) = —(g9rs2K + vg) a.e. in

(0,1). This again brings two integration constants and so we choose them such that
wg > wy and wsy is continuous on [0,1]. Namely, we find d; > (9rs2K + vg)/8 +
(9rs maxwy)/8 and dy = (g9rs2K + vg)/2 + dy where ds holds dy > 3(g9rs2K +
vs)/8 + (grs maxvy)/8.

Finally since now we have v; > 0 it is easy to see that f(x,0,v1,ws) = (frs +
grs)v1 +vpH(1/2 —x) > vpH(1/2 — 1) > 0 and thus we let u; = 0 so that
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uff

+ f(z,0,v1,we) > 0. Clearly 0 = u; < ug, and du;/dn < 0 at the boundary.

Therefore, by Theorem there exist solutions u; < u < ug, v1 < v < v and

w1

< w < wy and this completes the proof. O
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