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RECOVERING A TIME- AND SPACE-DEPENDENT KERNEL IN
A HYPERBOLIC INTEGRO-DIFFERENTIAL EQUATION FROM
A RESTRICTED DIRICHLET-TO-NEUMANN OPERATOR

JAAN JANNO

ABSTRACT. We prove that a space- and time-dependent kernel occurring in
a hyperbolic integro-differential equation in three space dimensions can be
uniquely reconstructed from the restriction of the Dirichlet-to-Neumann oper-
ator of the equation into a set of Dirichlet data of the form of products of a
fixed time-dependent coefficient times arbitrary space-dependent functions.

1. INTRODUCTION

Motion of viscoelastic materials is governed by hyperbolic integro-differential
equations involving time-dependent (and in the case of inhomogeneity also space-
dependent) kernels [22, 23]. These kernels, which describe the relaxation of the
material, are often unknown or scarcely known in practice. To determine these
kernels, inverse problems are used.

Inverse problems for space-independent kernels in hyperbolic equations are well-
studied (see e.g. [4, Bl [6] (7, 10 [TT], 15, 16} 19, 27]). Some results are obtained in
the case of space-dependent kernels, too. For instance, in [I8], [19] the identification
of kernels depending on partial space variables or satisfying certain spherical sym-
metry conditions, was studied. The papers [I3] [16] [I7] consider the determination
of kernels representable as finite sums of products of known space-dependent and
unknown time-dependent functions.

In this paper we consider a hyperbolic integro-differential equation in a three-
dimensional domain, which contains a time- and space-dependent kernel. We do
not assume any special form of this kernel and study an inverse problem to recover
the kernel from the Dirichlet-to-Neumann operator (DNO) of the equation.

A global uniqueness result for an inverse problem involving DNO of an elliptic
equation was first time proved in the paper [24]. Later on this result was extended
to several identification problems of inhomogeneous media, in particular some prob-
lems to identify space- and time-dependent coefficients of evolutionary equations
(see, e.g., [8 19, 25]). In [3] a problem to identify a kernel contained in a lower or-
der term of a hyperbolic equation was studied. In the mentioned papers the time-
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and space-dependent unknowns are recovered by means of the full DNO, i.e., DNO
given in all space- and time-dependent Dirichlet data.

On the other hand, inverse problems using full DNO are highly over-determined.
In this paper we will show how it is possible to reduce the amount of information
related to DNO in a case of a special problem of such kind. Namely, we will prove
that the identification of the kernel in the above-mentioned hyperbolic integro-
differential equation does not require the full DNO. The kernel can be uniquely re-
covered from a restriction of DNO into a set of Dirichlet data which contain products
of a fixed time-dependent coefficient times arbitrary space-dependent functions. A
similar result for a parabolic problem was earlier proved by the author in [12].

2. PROBLEM FORMULATION AND RESULTS

Let us start by introducing some notation. Given a Banach space X, ¢ € R,
k€ {0,1,2,...} and p € [1,00] we define the following sets of abstract functions
with values in X:

WEP((0,00); X) = {z:(0,00) = X : e 72() € Wk’p((O,oo);X)} ,
CE([0,00); X) = {2 :]0,00) = X :e772(-) € C*([0,00); X)} .

Here W*P((0,00); X) is the abstract Sobolev space and C*([0,00); X) consists of
abstract functions bounded and continuous in [0, 00) together with their derivatives
up to the order k. In case k = 0 we set LP((0,00); X) := W2P((0,00); X) and
C,([0,00); X) := C2(]0,00); X). Moreover, in case X = C, we use the simplified
notation W¥2(0,00) := WkP((0,00); C) and C*[0,00) := C%([0,00);C). Finally,
given k € {0,1,2,...} and p > 0, we denote by C*#(Q) the space of functions
which are Holder-continuous of degree A in §2 together with their derivatives up to
the order k.

Let 2 be a three-dimensional domain with a Lipschitz-boundary I'. In case €2
is filled by the isotropic non-homogeneous viscoelastic material, the constitutive
relations and the system of equations of motion of the material point of Q0 contain
time- and space-dependent relaxation functions a(t, z) and b(¢, z), which correspond
to the shear and bulk moduli, respectively (see [22, p. 122-127]). We suppose that
these functions are unknown. Unfortunately, inverse problems to determine both
a(t,z) and b(t,x) in the viscoelasticity system, are very complex. Therefore we
essentially simplify the situation taking into consideration a partially theoretical
scalar model of such kind. If the displacement field is solenoidal, then the system
of equations of motion is reduced to three independent equations of divergence type,
which can be summarized as

t
p(x)0fv(t,z) = / div[a(t — 7,2)Vo,v(r,x)]dr , z€Q, teR, (2.1)

where v is an arbitrary linear combination of coordinates of the displacement and
p is the density. We will pose and study an inverse problem that consists in deter-
mining the kernel a(¢, x) in fort >0 and x € Q.

Let us assume v(t,z) = 0 for t < 0. Then the equation for twice differen-
tiable v(t, ) is equivalent to the integrated equation

p(x)ow(t, z) = /o (t—7)divia(t — 7, 2)Vo,v(r,z)]dr , z€Q,teR. (2.2)
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We interpret the latter equation as a generalized form of (2.1)) and complement it
with the initial and Dirichlet boundary conditions

v(0,2) =0, z€Q, v(t,x) =¢(t,z), xzel,t>0. (2.3)

t
Let us associate with v the secondary variable s(t,x) = [ a(t —7,2)Vo,v(r,x)dr
and denote by v(x) the outer normal of the boundary of © at the point = € T
Given p,a and 1, the solution v of the initial-boundary value problem ({2.2)), (2.3

determines the normal component of s at the boundary:
t
h(t,z) = —v(x) - s(t,z) = / a(t — 1,2)0,0v(T,x)dr, x € T',t > 0. (2.4)
0

The operator D, which depends on p and a, and maps the Dirichlet data v via the
solution v to the Neumann data h, is called the Dirichlet-to-Neumann operator of
the problem , .

We begin by eliminating the derivative in the equation by the change of
variable

u(t,z) = ow(t,x) & v(t,x) = /tu(T, x)dr . (2.5)

Defining ¢(t, x) := 041)(t, ), the problem (2.2)), is transformed to
p(z)u(t,z) = /t(t —7)div[a(t — 7, 2)Vu(r,z)|dr, ze€Q,t>0, (2.6)
i u(t,z) =(t,x), zel,t>0. (2.7)

For the obtained problem have the following theorem which will be be proved in
section 3.

Theorem 2.1. Let
pEL=Q), plx)=po>0, e (2.8)

and
a € Wyt ((0,00); WH(Q)) N W2:H((0,00); L2(2))

a(0,z) > ap >0, €0
with some o9 € R. Moreover, let

pE le’l((oa OO); Hd/z(r)) ) QD(O,SC) = ath(O,IZ?) == 8?50(07:6) =0 (210)

(2.9)

with some o1 € R.

Then there exists o,, which depends on a and satisfies the inequalities o, >
0, o, > 09, such that the problem , has a solution u in the space
C,, ([0,00); H*(Q)), where o, = max{o1,0,}. Moreover, u(0,z) = 0. The solution
is unique in the space L} ((0,00); H*(9)).

Due to (2.4) and (2.5) the Neumann data h has the form
t
h(t,z) = / a(t — 7, z)0u(r,z)dr, xe€l,t>0. (2.11)
0

Theorem with the trace theorem implies the following result.
Corollary 2.2. Under the assumptions of Theorem h € CL ([0, 00); LA(T)).
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Let D be the operator which assigns to a function ¢ the function h via the
solution u of the problem |i 1D Observing Corollary m we see that D
transforms the set of functions ¢ satisfying (2.10) into the space C. ([0, c0); L*(T)),

provided p and a meet the conditions 1' and |D Moreover, Dy = 56,51/).
Therefore, the operator D transforms the space

{0 € WEH(0,00): HYA(T) |90, ) = (0, 2) = -+ = (0, 2) = 0}

into the space C, ([0,00); L?(T')), provided p and a meet the conditions (2.8) and
9.

Let us choose a function f such that
feWgH0,00), f#0,Imf=0, f0)=f(0)=---=fY(0)=0, (212)

where o1 € R. For given f, p and a satisfying (2.12)), (2.8)) and (2.9)), respectively, let
us define the operator \, : H3/(I') — C} ([0, 00); L*(I)) by the following relation

hog = DUf(09(@) = D( [ 5(r)ir o)

The main result of the paper is the following theorem, which asserts that a
is uniquely recovered by A, in other words, by the restriction of the Dirichlet- to—

Neumann operator D in the set of Dirichlet data of the form (¢, x) fo T)dT g(x
with fixed f.

Theorem 2.3. Let T'. be some neighbourhood of T'. Assume that (2.8)), (2.12)
are valid and p € CY*(T.) with some pw > 0. Furthermore, let a1 and as be two
functions satisfying (2.9)) and the relations

a; € L, ((0,00); W2>(Q) N CY™(T,)) , Ima; =0, j=1,2. (2.13)
Then the equality Mg, = Ao, tmplies a; = as.
The proof of this theorem will be given in section 5. It uses a preliminary result
concerning the boundary identifiability proved in section 4.
3. AUXILIARY RESULTS

Let X be a complex Banach space and z € LL((0,00); X) with some o € R.
Then the Laplace transform of z, i.e.,

Z(p) = Lisp(z) = / e Plz(t)dt (3.1)
0
exists in the half plane Rep > o and is holomorphic there (see [22]).
Lemma 3.1. Let z € LL((0,00); X) with some o € R. Then
1Z(p)lx < C(z,Rep) for Rep>o, (3-2)
where -
C(z,s) = / e~ (=)t He*‘”z(t)HX dt—0 as s—o0. (3.3)
0
If, in addition, z € WEL((0,00); X) with some k € {1,2,...} then

Ip"Z(p) =" 2(0) = p* 22 (0) =+ =247 D(0) || ¢ < C(z"),Rep) for Rep >,
(3.4)
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which in case z(0) = 2/(0) = --- = z2#=1(0) = 0 implies
Pl IZ(®) < C(=™), Rep)  forRep>o. (3.5)
The proof of the lemma above can be found in [12].
Lemma 3.2. Let Z : C — X be holomorphic for Rep > o with some o € R and
pPIZ(p)llx < co for Rep > o (3.6)

with a constant co. Then there exists a function z € C,([0,00); X) such that Z(p) =
Li—p(2). Moreover, z(0) = 0.

The assertion of the lemma above follows from [22] Proposition 0.2].

Lemma 3.3. Let a satisfy (2.9))) with some o9 € R and A(p,z) = Li—p(a(-,x)).
Then

I A®, )lwr=@) < 1 for Rep > oo (3.7)
with a constant ¢; and
pA(p,) — a(0,) as Rep —
in WH>°(Q) uniformly with respect to Tmp. (38)
Moreover, there exists o, satisfying the inequalities o, > 0, 0, > 09, such that

Ip| |A(p,x)| > k>0 for Rep >o0,, 2€Q, (3.9)

Repa(0,2) — [pa(0,2) — p*A(p,z)| > x>0 for Rep >a,, x € Q. (3.10)
Proof. Using the estimate for a we obtain

lpA(p,-) —a(0,-)|lw1.~@) < C(da,Rep) for Rep > oy, (3.11)

Ip*Ap,-) — pa(0,-) — 9,a(0,)|| L~ () < C(82a,Rep) for Rep>oy. (3.12)

In view of and the assumption a(0,x) > ag > 0 the relation implies

- and yields (3.10). O

Lemma 3.4. Let ¢ satisfy (2.10) with some o1 € R and ®(p,x) = L1, ((, x)).
Then
PI°@(p, M gsr2qy S ez for Rep > oy (3.13)

with a constant cy.

The assertion of this lemma follows from (3.5) and (3.3).

4. DIRECT PROBLEM

The direct problem (2.6)), (2.7) is formally equivalent to the following elliptic

boundary value problem derived by means of the Laplace transform:
(LAU)(p,z) = —div (A(p,2)VU(p,x)) + pp(z)U(p,x) =0, z€Q, (4.1)
Up,xz) =®(p,z), x€l. (4.2)

Here p € (Cv A(p,fb) = Lt—&l)(a('vm»#b(pax) = ﬁt—m(@('?x))’ and U(p,:E) =
Lip(u(:,z)).
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Proposition 4.1. Let p satisfy (2.8) and a satisfy (2.9) with some oo € R. More-
over, let ®(p,x) and F(p,x) be given functions such that

®(p,-) € HY*(T), F(p,-) € L*(Q) for Rep > oy (4.3)
with some o1 € R. Then the problem
(LAU)(pv 1') = F(pv 1’), T € Q, U(pa .’E) = q)(pv 1’), zel (44)

has a unique solution U(p,-) € H*(Q) for every Rep > o, with o, = max{c,, 01}
and o4 from Lemma[3.3 This solution satisfies the estimate

1U®, Mmz0) < eslpl® (1F@: )z + IS0, )lgs2ry) . Rep>ou, (4.5)
where the coefficient cs depends on p,a, (), but is independent of p, ® and F.

Proof. Due to the assumption ®(p,:) € H3/?(T') for Rep > o1, there exists a
function ®(p, z) such that ®(p, ) € H2(Q) and ®(p, z)|zer = @(p, ) for Rep > 0.
Denoting W = U — &, the problem li reduces to the following problem with
homogeneous boundary condition for W:
(LaW)(p.z) = F(p.x) = (Lad)(p.2), 2 €Q, W(p2)=0,z€l.  (46)

The sesquilinear form, associated with the operator L 4 in the space Hg (€2), reads

I,(W1,Ws) = /QA(p, 2)VWi(z) - VW (z)dx +p/Qp(:c)W1(:c)W2(z)da:. (4.7)

By (2.8) and the assertion (3.7)) of Lemma l, is bounded in (H}(£2))? if Rep >
0. We are going to prove the coercitivity of [,. For any W € H{ () we have

L, (W, W)| > |*/ 0,2)| VW (x )|2da:+p/ p(z)|W (z 2dx|
(4.8)
| |2/ |Pa 0 a: (p,;z:)| \VW(:c)|2d;p,

In order to estimate the first term on the right-hand side of (4.8) from below
we use the relation |e;p~! + cap| > Rep(ci|p|™2 + ¢2), which, as easily can be
verified, holds for any c¢;,co > 0 and Re p > 0. Applying this relation with ¢; =
Jo a(0,2)|[ VW (z)[?dz and ¢, = [, p(z 7)|?dz in we derive

|avwn>ﬁ,/mwmmm—mwwme@wMWW@Wm

+%gémmwuwm

for Rep > 0. Applying the estimate ((3.10) of Lemma and the assumed inequality
p(x) > po > 0 we obtain

(W W) > ea( 2||VW||L2(Q)+HW”L2(Q)) Rep >0, (4.9)

Pl
with a coefficient ¢, depending on a and p. Thus, I, is coercive in (H}(2))? for
Rep > o,.

By , 1) and the relation <T>(p7 -) € H?(Q) for Rep > oy the inclusion
F(p,-) — (La®)(p,-) € L?(Q) ¢ H~1(Q) holds for Rep > o,. Consequently, due to
the Lax-Milgram lemma the problem has a unique solution W (p,-) € H}(2)
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for Rep > oy. This yields the existence and uniqueness of the solution U(p,-) of
the problem (4.4)) in the space H'(Q2) for any Rep > 0.
To prove the assertion U(p,-) € H?(2) for Rep > o, we rewrite the problem

(4.4) in the form
AU(p,z) = Fy(p,z), z€Q, U(p,z)=®(p,z), z €T (4.10)
for Rep > o, where A is the Laplacian and

Fy(p,x) = A(p,x) " [pp(z)U (p,x) — VA(p,z) - VU (p,z) — F(p,x)] . (4.11)

In view of the assumptions of Proposition [£.1] and the assertions of Lemma we
see that Fyy(p, ) € L*(Q) for Rep > o,. Taking this relation and the assumption
®(p,-) € H3/?(T) into account, the well-known theory of smoothness of the solution
of the Dirichlet problem for the Poisson equation (see, e.g., [26, Theorem 27.2])
yields U(p,-) € H?(Q2) for Rep > o, and the estimate

HU(pa )||H2(Q) < ¢ (”FU(p, ')HL2(Q) + H(I)(pa ')HH3/2(F)) ) Rep > Oy, (412)

where c¢5 is a constant depending on €.

It remains to derive (4.5). We substitute W (p,-) for Wy and W» in the for-
mula , where W is the solution of , and apply the divergence theorem
for the first integral in the right-hand side of this formula to get I,(W, W) =
JolF(p,z) — (LAE))(p, x)]W (p, z)dx. Thereupon we estimate this expression from
above by means of the Cauchy-Schwartz inequality, use the definition of L4 and
combine the obtained result with the estimate from below . This leads to the
relation

IW @, @) < colpl (I1P®, ez + IplIBE, 2@ ) (4.13)

for Rep > o, where k € {0;1} and ¢g depends on a, p. Note that we can choose
5(1}, \) € H%(Q), satisfying the relation &v)(p, Z)|zer = ®(p, x), so that the inequality
|D(p, a2 < erl|®(P, )l gs/2(ry holds for Rep > o, with a constant ¢, which
depends on 2 but is independent of ®. Using the latter inequality, the estimate
and the obvious relation 1 < o ![p| for Rep > oy, in the formula U = W + &
we obtain

1T, My < eslpl® (IF s ) z2@) + PIIR®, sz r)) - (4.14)

for Rep > o, where k € {0;1} and cg depends on a, p, Q. Applying the assumptions
imposed on p, F', the assertions (3.7), (3.9) of Lemma and the estimate (4.14))
in (4.11) we derive

10 (0, )lz20) < colpl® (1F (R, )l 220 + 1112, Ml 372r)) » (4.15)
for Rep > oy, where ¢g depends on a,p,. Finally, (4.12) with (4.15) implies
(4.5). O

Proposition 4.2. Let the assumptions of Proposition hold for p,a and ®.
Also let A(p,-) and ®(p,-) be holomorphic in Rep > o, with values in W1>°(Q)
and H3/?(T'), respectively. Then the solution U(p,-) of , is holomorphic
in Rep > o, with values in H*(Q).
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Proof. Let p and g be arbitrary numbers such that Rep > o,, Req > 0,. Define
Aq(p ) := Alg, x) — Ap, ), Bq(p, x) := P(q,2) — ®(p, ), Ug(p,x) := Ulg,x) —
U(p,z). From and we obtain the following problem for Uy:
(LaUy)(p,x) = div { Aq(p, z)V[Uy(p, ) + U(p, z)] }
— (¢ = p)p(@)[Ug(p, ) + U(p, )], (4.16)
Uq(p, 2)|zer = @q(p, x).

Applying estimate (4.5) of Proposition to this problem we obtain

HUq(P, ')||H2(Q) < 03\10|2 {[HAq(P, ')lem(n) + |q *MHPHLOO(Q)}
X [1U4(p, a2 + 10 s 2] + 10lI1@q (@, M aror2ry -

This estimate due the relations || A4(p, -)[lw1. () — 0 and [|®4(p, ) || gs/2(ry — 0 as
q — p, following from the assumptions of the proposition, yields

[Uq(p, M zr2(0) =0 asqg—p. (4.17)

Further, let A’(p,z) and ®'(p,x) be the derivatives of A(p,z) and ®(p,z) with
respect to p, respectively, and let U be the solution of the problem

(LaU)(p,z) = div (A’ (p,2)VU(p,z)) , U(p,2)|ser = ¥ (p, ). (4.18)

Denoting ﬁq(p7 T) = % — U(p, x) = %}W — U(p,z) and subtracting

(4.18) from (4.16)) divided by ¢ — p we obtain the problem

(LaT,)(p,2) = div { [A;(f’p””) A (p.2)] VU (p.x) + "ﬁ(f”zj”)vvq(p, )}

7p($)Uq(p, IE),
_ Py(p,2)

Uqg(p, @)|zer = a—p ' (p, ).

Using the estimate (4.5 for this problem we have
1Uq(p; ) 120

Aqy(p, -
< sl {IlU (. ~>||Hz<m||#p) -

/(p7'>||W1,oo(Q)

+ 1Uq(p, ) r2(0) (4.19)
Aq(p, )

[ 22

Py(p, )
+ |p|quj - (b/(pv .)HH3/2(F)}'

||W1>0°(Q) + ||P||L°°(Q)}

Due to the assumptions of the proposition we have H % — A'(p, ~)‘|W1m(ﬂ) —0

and ||q>;(fpz;') —@'(p, -)||H3/2(F) — 0 as ¢ — p. Using these relations as well as (4.17
' U(g)=U(p.) _,
a—p

in (4.19) we obtain ||(7q(p, N a2 — 0 as ¢ — p, or equivalently,

ﬁ(p, ) as ¢ — p in H%(Q). This yields the differentiability, hence holomorphy of
U(p,-) at p. O
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Proof of Theorem [2. In virtue of Proposition [.1] the problem (4.1]), (4.2)) has a
unique solution U(p,.) € H?(Q) for any Rep > o,. Applying the estimate (4.5) to
this solution and observing Lemma [3.4] we obtain

pPIU(p, )| m2() < c2c5 for Rep > oy .

Further, since A and ® are the Laplace transforms of abstract functions a and
¢ with values in W5H>°(Q) and H3/2(T), respectively, A(p,-) € WH>(Q) and
®(p,-) € H?*T) are holomorphic in the half-plane Rep > o,. Proposition
yields the holomorphy of U(p,-) € H?(Q) for Rep > o,. Summing up, the as-
sumptions of Lemma [3.2] are valid for U. Consequently, there exists a function
u € Cy, ([0,00); H*(Q)) such that L£;—,(u(-,z)) = U(p,z) and u(0,z) = 0. Apply-
ing the inverse transform to , we see that u satisfies the problem ,
(2.7). This proves the existence assertion of Theorem

To prove the uniqueness assertion let us suppose that , has two solu-
tions u/ € L} ((0,00); H*()), j = 1,2. Denote U7 (p, z) = L, (v’ (-, x)), j = 1,2.
Then U (p,-) € H*(Q), j = 1,2 solve , for Rep > oy. Proposition
implies U!(p,-) = U?(p,-) for Rep > o,. Finally, by the uniqueness of the inverse
transform the relation u!(¢,-) = u?(t,-) for almost any t € (0, o) follows. O

5. UNIQUENESS ON THE BOUNDARY

In this section we will prove that the assumption A,, = A,, implies the equalities
a1 = ag and d,a; = J,as on the boundary I'.

We begin by introducing some additional notation. Let u, 4 denote the solution
of , corresponding to the kernel a and the boundary condition (¢, x) =
f(t)g(z). Define U, 4(p,x) = Lip(Ua,q(-,2)) and F(p) = Li—p(f). Then U, 4
solves ([4.1)), with the boundary condition ®(p,z) = F(p)g(x). Further, let
A, stand for the operator that assigns to every function g € H3/?(T') the Laplace
transform of A\,g, namely

(Aag)(p7 ‘T) = ‘Ctﬂp(()‘ag)('ﬂ SL'))

—ri, ( / - = 7 ) Byt (T, x)dx) (5.1)

0
=A(p,x)0, Uy g(p,x), x €T, Rep>oy.
Finally, for any pair of functions a; and ay satisfying (2.9) we define A;(p,z) =
Li—p(a;(-,x)), 7 =1,2 and 012 := max{o1,04,, T, }-
Let us prove some lemmas. First one is an analogue of the Alessandrini’s equality
for the inverse conductivity problem [I].

Lemma 5.1. Let (2.8), 2.12) hold, a1, ay satisfy [2.9) and g1,90 € H/*(I).
Then

/ [Al (p7 x) - AQ(pv $)} VUal,gl (pv .’E) : VU’ag,g2 (p7 x)d:v
& (5.2)

= F) [ (A0, = 00)91) (0 2)ga(@)dTs . Rep> oz,
r
where dI',, is the Lebesgue surface measure of T.

Proof. Let a,b be arbitrary functions satisfying (2.9), A = £,—.,(a), B = L,_,(b)
and g, be arbitrary functions in H3/ 2(T"). Multiplying the equation 1) for Ug g
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by Uy, using the divergence formula and the definition of A, we obtain the equality
E(A,g;B,vy) =0, where

E(A,g;:B,7)

- / A, 2)VUa g (0.2) - VUp oy (5 2) + pp(@)Un g (p. 2)Up o (p )] iz

- F0) [ (Rag)pra) (o)L
r
This equality implies the relation

E(Alagl;A27g2) - E(A2792;Alvgl) - E(A2791;A2792) + E(A2792;A2ugl) = Oa
which is identical to ([5.2)). O

Lemma 5.2. Let z € T’ and B be a neighbourhood of z. Let o and 3 be given
functions such that o € WH*°(Q) N CY#(B), B € L>*(Q) N CO*(B) with some
>0 and a(z) > ag >0, B(z) > po >0 for v € QU B. Then, for anyy € B\ 9,
there exists a function w, : QU B\ {y} — R satisfying the following conditions:

(i) wy solves the equation
—div(a(z)Vwy(z)) + B(z)wy(z) =0, z € QU B\ {y}; (5.3)
(ii) wy(x)|seq belongs to H*(Y). Moreover, for any x € B\ {y} the relation

a(y)

= m + wy(:c) (54)

1s valid, where
jwy (@)] < ol — 9", [On,wy (@) < crolz —y*72 i=1,2,3  (5.5)

with a coefficient c1o and an exponent § € (0,1) independent of x € B\ {y}
andy € B\ Q.

The proof of this lemma is given in [I2]. Now we can prove the main result of
the section.

Theorem 5.3. Let the assumptions of Theorem [2.3 be satisfied for p, f and aq,
ag. Then Ay, = Ag, implies a1 (t, z) = ao(t, z) and dya1(t, z) = Opas(t,z) for z €T
and a.e. t € (0,00).

Proof. The proof uses in an adapted form the method of singular solutions due to
Alessandrini [2]. First, we note that the assumption \,, = \,, implies A,, = A,,.
This, by Lemma [5.1] yields

/[A1 — Ao)(p, 2)VUa, g, (P, ) - VUa,.g,(p,x)dz =0 for Rep > o19. (5.6)
Q

Let us choose some py € R, pg > o012, such that F(pg) # 0. In view of the
assumptions Ima; =0, a;(0,z) > ap > 0 and the assertions , of Lemma
the functions A; satisfy the inequality A;(po,z) > o= > 0 for € (2. Moreover,
due to we have A;(po,-) € WH>(Q)nCH*(T,), j =1,2.

Let z be an arbitrary point on I'. Observing the properties of A;(po,x) and the
assumptions imposed on p, we can choose a neighbourhood B, C T'¢ of z such that

the assumptions of Lemma are fulfilled for B = B,, , § = pop and o = A;(po, -)
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with j € {1,2}. Let w;, with j € {1,2} be a function which fulfills the assertions
of Lemma for o = oj = A;(po,-), B = pop. Thus,

— div(A4;(po, 2)Vwjy (x)) + pop(z)wjy(2) =0, =€ QUB\{y}, j=1,2, (5.7)

Observing the assertions of Lemma and the inequality «;(y) > pﬁo > 0, one can
verify that

a1 (y)az(y)

Vwyy(x) - Vway(x) ~ |z — y[*

as y — x. (5.8)

Let us set g;(x) := w;j,(x)|zer for j = 1,2. Then the function Ug; 4, (p,z) solves

@1), [@2) with A = A; and ®(p,z) = F(p)g;(z) = F(p)w;(x)|ser. Since (1)
in case p = po coincides with (5.7), we have Uy, 4. (po, z) = F(po)w;,y () for x € 2.
Using this relation in (5.6)) and taking the inequality F'(pg) # 0 into account we
obtain

I, := / [A1 — As)(po, ) Vwi y(z) - Vws y(x)dr =0. (5.9)
Q
On the other hand, by 4;(po, ) € C'*(B,) we have
(A1 — A2)(po, ) = (A1 — A2)(po, 2) + V(A1 — A2)(2) - (x — 2) + O(|lz — 2['*#)

for z € B,. Thus, I, = I{ + I, + I7, where

IS = (A1 — A2)(po, z)/ Vwi y(x) - Vws y(z)dz,
QNB,

I; = V(A1 — A3)(po, 2) - / (x — 2)Vwi y(z) - Vws y(z)de,

QNB,

IS - / O(Ja — 2["*#) Vwy y (2) - Via,y () da
QNB.
+ / (A1 — As)(po, 2)Vawn (&) - Vo, ().
O\B.

Observing that the singularity of w, ,(x) is located at x = y, where w; ,(z) satisfies
the relation , and the distance between y and Q \ B, is bounded away from
0 as y — z, we see that the term Ig is bounded as y — z. Moreover, supposing
(A1 — A2)(po, 2) # 0, we have I,, ~ I and |IJ] — oo as y — z. But this contradicts
(5.9). Thus, (A1 — A2)(po, z) = 0. Further, supposing V(A; — As)(po, z) # 0, we
have I, ~ Iy1 and |I;| — 00 as y — z. Again, this contradicts . Consequently,
V(Al - AQ)(po, Z) =0.
Since z € I was chosen arbitrarily, we have proven the equalities

Al(pv') = AQ(pv')a aVAl(pa') = aVAQ(pv') (510)

in CVA(T) for any p > 019 such that F(p) # 0. The set {p : p > 012, F(p) # 0}
has an accumulation point because of the assumption f # 0. Therefore, by means
of the analytic continuation we can extend the equalities in CLA(T) to all
Rep > o12. Finally, by uniqueness of the inverse transform we obtain the assertion
of the theorem. O
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6. UNIQUENESS IN THE WHOLE DOMAIN

In this section, we prove Theorem [2.3| For this end we need the following lemmas.

Lemma 6.1. Let (2.8), (2.12) hold and a satisfy (2.9), (2.13)). Moreover, let

g € H3/2('). Define
Varg(p, ) = A2 (p,2)Up g (p, 7) | (6.1)
where AY?(p, x) is the principal value of the square root of A(p,x), namely

A A
Al/z(p,.%‘) _ |A(p,$)|1/2(COS arg 2(17’37) + isin arg 2(p7$)).

Then Vy 4(p,-) belongs to H*(Y) and solves the problem

—AV, 4(p,x) + K(p,2)Vag(p,z) =0, z€Q, (6.2)
Vag(p.w) = F())A2(p,x)g(x), x €T (6.3)

for Rep > oy, where K(p,-) belongs to L>°(2) and is given by
K(p,z) = [AAY?(p,2) + pp(a) A~ (p, )| A7V (p, ) (6.4)

for Rep > o,.

Proof. In view of the assumption ([2.13)) we obtain A(p, -) € W2>°(Q) for Rep > 0.
This together with the assertion (3.9)) of Lemma yields
172

AV (p,-) e WE(Q),  |AY2(p2)| 2 Pz 0, zeQ (6.5)

for Rep > o0,. Applying these relations and (2.8) in (6.4) we deduce K(p,:) €
L>(Q) for Rep > 0,. Further, due to Theorem Uay(p,-) € H?() for Rep >
oy. This in view of (6.1) and (6.5) yields V, g(p, ) € H2 (Q) for Rep > o, Finally,

observing that U, 4(p, z) solves the problem (L.1), ([£.2) with (I>(p, x) = F(p)g(x)
the change of the unknown by (6.1) in this problern results in and ( Wlth

K of the form

Lemma 6.2. Let the assumptions of Theorem be wvalid for f, p, a1 and as.
Assume that g1, g2 € H>*(T) and K;,j=1,2, are defined by (6.4) with A replaced
by A;. Let A1(p,z) = A2(p,x), 0,A1(p,x) = 0, Aa(p, ) for any x € T and Rep >
o12. Then

[ 1K1 0.2) = Kol 2)] Vo gy (5.0 Vo p.2)
@ (6.6)
= F() [ (A, = Au)n) (. 2)g2(a)d0s, Rep> oz,

r
Proof. Let a,b be arbitrary functions satisfying (2.9), A = Li—,p(a), B = L1—,(b),
K be given by 1D and g,~ be arbitrary functions in H3/2(F). Multiplying the

equation (6.2) for V, 4, by V4, and using the divergence formula we obtain the
equality E‘(A,g; B,v) =0, where

E(A,g:B,7) = /Q (VWi (5 2) - VVor (b1 2) + K (p,) Vi (b 2) Vi (s )] e

- / 0,V Vi ,dT .
r
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This equality implies the relation

B(A1, 15 As, go) — E(Az, g2 A1, g1) — E(As, 913 A2, g2) + E(As, go3 Aa, g1) = 0,

which is identical to

/[Kl — KQ]Va7g%7’ydI
Q

= / (00 Va1 .01 Vas,gs — 00 Vas.g0 Var.gr + 00 Vas. 00 Vas.gi — O Vas.g1 Vas,g2) Alw -
' (6.7)
By and the proved equalities A(p,z) = A1(p,z) = Aa(p,z), 0, A1(p,x) =
0y A2(p, ) for z € T we have
Vaz,g1 (0:2) = Vay 1 (p,2) = F(p) A (p, 2)g1 () ,
Vaags (9, 2) = Vay 02 (p,2) = F(p) A (p, 2)g2(2) ,
Va0, (P, %) — 00 Vs 6, (Ps )
= 0,[41(p,2)"*|Usy 4, (p, %) = 0, [A2(p, 2)"/*|Usy 4, (, )
+ ATV (p,2) [A1(p, 2)0, Uay g, (0, 7) = Aa(p,2)0,Uay g, (p, )]
= A7 (p,2) [(Aay = Aax)g1] (0, @)

for x € T'. Using these relations in we derive . ([
Lemma 6.3. Let z,(,n € R3 and w > 0 satisfy the relations
sp=zec=n-C=0, =1, jP=EEiue (6:5)
Define
G=iG+wn)+¢ &=i(5—wn) . (6.9)

Furthermore, let a; € L™(2), j = 1,2. Then there exists M > 0 depending on a1,
ag such that the equations

—Aw;(2) + aj(2)0;(x) =0, j=1,2 (6.10)
have solutions W;, j = 1,2, which belong to H?*(Y) and have the form
Wj(x) = ™% [L+4;()] (6.11)

where ¥, j = 1,2 satisfy the estimates
1 .
[¥illzz@) < HHQJ'HLOO(Q) for [§|> M, j=1,2. (6.12)
J
The proof of the above lemma is given in [12].

Proof of Theorem[2.3. To prove this theorem, we will apply in an adapted form,
the method due to Sylvester and Uhlmann [24]. Assume that A\,, = A,,. Let us
fix some pg € R, pg > 012, such that F(pg) # 0. Further, let us choose z € R? and
w > 0 and let ¢,n € R3 satisfy the relations . Define a;(z) := K;(po,z) for
j =1,2, where Kj is given by with A replaced by A;. Finally, let @w;, j = 1,2,
be the functions satisfying the assertions of Lemmawith these ;. By virtue of
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Theoremwe have Ay (p,z) = Aa(p,x) =: A(p,x) for x € T', Rep > o12. Let us
set
w;(z) :
gi(zx) = forzel, j=1,2. 6.13
5(2) F(po)AY/?(po, ) ( )
The functions g;, j = 1,2 belong to H3/2(T") because of the relations @; € H?((),

F(po) # 0 and (6.5)). The problem (6.2), (6.3)) for Vg, 4, reads

—AVa, 0, (0, 2) + Kj(p, 2)Va, g, (p,7) =0, z€Q, (6.14)
Va,.g,(p, ) = F(p)AV?(p,x)g;(x), =z €T, (6.15)

where Rep > o12. Due to the relation a; = K;(po, ) the equation (6.14)) for Vo, 4.
coincides with for w; in case p = po. Further, in view of (6.13]) and m
we have V,, 4. (po,x) = w;(x) for x € T and j = 1,2. Recall that w; solves (6.10)).
Thus, by the uniqueness of the solution of the boundary value problem (6.14]),
(6.15)), we obtain the equality Vi, 4. (po, ) = w;(z) for x € Q and j = 1,2.

By the assumptions of Theorem the supposed relation A\,, = A\,, and The-
orem the assumptions of Lemma are satisfied. Moreover, A, = A4, implies
Ay, = A,,. Hence, the equality holds with 0 in the right-hand side. In case
P = pg it reads

/Q (K1 (po, @) — Ko (po, 2)] @1 () @2(x)de = 0.
This, in view of and , implies
/Q [K1(po, x) — Ka(po, )] € *[1 + 41 (2)][1 + Yo (z)]dz = 0. (6.16)

From (/6.8)) and we see that that |{;| — oo as w — oo for fixed z. Hence, by
and (6.12) ||1;]|z2(q) — 0 as w — oo for fixed z. Thus, passing to the limit w — oo
in (6.16) we deduce

/Q [K1(po, ) — Ka2(po, )] €™ *dx = 0.

Since this equality holds for arbitrary z € R3, we obtain K (pg,z) = Ka(po,z) for
x €.

Due to this equality, |D and Theorem the difference Ai/Q(po, ~)7A;/2 (po, *)
solves the problem

— A4 (po, @) — A5/ (po, )] + 6o, 2)[A1 % (po, ) — A3 *(po, 2)] =0,  (6.17)
AV2(py,x) — AY?(po, ) =0, =z €T, (6.18)
where
a(po, )
1 [ pop(x) 1 AAs(po,x) |VA2(po,3?)|2)]
Aé/z(po, x) A}/Q(po, x) A;/Q(po, x) 2 4As(po, )

Let us study the asymptotic behaviour of & as pg — 0o. Observe that (2.13) and

the assertions (3.2)), (3.3) of Lemma imply [|AA2(po, )|z (@) — 0 as po — oo.
Moreover, by the assertions (3.7) and (3.9)) of Lemma
[VA2(po, 2)* _ 1 [poVAz(po, x)|? < a

= < — —0 aspyg— oo.
|A2(p0733)| Po po|A2(p0,$)| KPo

(pop(x) +
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Consequently, in view of (2.8])

e ) ~ pop(z) 1 1

o) P ) o) T A )
uniformly in € Q. The assumptions Ima; = 0, j = 1,2 and a;(0,z) > ap > 0
imply that A;(po,z) > 0 for sufficiently large po. Hence, &(po,z) > 0 for pg > &
with some sufficiently large o. This implies that the solution of the problem ,
is unique if pg > &. Consequently, A1(po,z) = Aa2(po,x) for x € Q and
po > 0 such that F(pg) # 0.

The set {p | p > 7, F(p) # 0} has an accumulation point in view of the assump-
tion f # 0. Hence, by means of analytic continuation we can extend the equality
Ai(p,-) = As(p,-) for all Rep > o012. Finally, by the uniqueness of the inverse
transform we derive a; = as. O

as pg — 00
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