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EXISTENCE OF POSITIVE SOLUTIONS FOR SYSTEMS OF
NONLINEAR STURM-LIOUVILLE DIFFERENTIAL EQUATIONS
WITH WEIGHT FUNCTIONS

JINFANG HE, LU YANG

ABSTRACT. This article concerns the existence of component-wise positive so-
lutions for systems of nonlinear Sturm-Liouville differential equations with
weight functions, in which one nonlinear term is uniformly superlinear or uni-
formly sublinear, and the other is locally uniformly superlinear or locally
uniformly sublinear. As applications, we consider the existence of global
component-wise positive solutions to the corresponding nonlinear eigenvalue
problem with respect to positive parameters. The discussion is based on the
product formula of fixed point index on product cone, the fixed point index
theory in cones and Leray-Schauder degree theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider the existence of component-wise positive solutions for
the following system of nonlinear Sturm-Liouville differential equations with weight
functions

—(p®u) + q(t)u = wi(t) fi(t,u,v), t€(0,1),
7(p(t)’l)/) + q(t)’l) w?(t)fQ(tvuav)a t e (07 1)7 (1 1)
au(0) — bp(0)u'(0) = cu ’

u(1) + dp(1)u'(1) = 0,
av(0) — bp(0)v'(0) = cv(1) + dp(1)v'(1) =0,
and the existence of global component-wise positive solutions to the corresponding
nonlinear eigenvalue problem

_(p(t)u/)l + Q(t)u - AU]l (t)fl (t7 Uu, U)? te (07 l)a
—(p(t)v") + q(t)v = pws(t) f2(t, u,v),  t€(0,1),
au(0) — bp(0)u'(0) = cu(1) + dp(1)u’(1) =0,
av(0) — bp(0)0'(0) = ev(1) + dp(1)0/(1) = 0,
with respect to positive parameters A\ and u, here functions p, q,w;, f; (i = 1,2)
and constants a, b, ¢, d satisfy the following conditions:
(H1) p € CY([0,1],R}),q € C([0,1],R*) and {wy,ws} C C([0,1],R*)\{0}, here
Ry = (0,00), and R* = [0, 00);

(1.2)
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(H2) a,b,¢,d >0 and (a+ b)(c + d) > 0, in addition, ¢(t) Z 0 if a = ¢ = 0;

(H3) {fla f2} C C([Ov 1} x Rt x RJraRJr)'

The elliptic boundary value problem arises in many areas of applied mathematics
and physics, and only its positive solution is significant in practice (see [I}, 2] 4]
14, 19, 221, 29]). First, we give the definitions of positive solutions for systems of
nonlinear Sturm-Liouville differential equations.

Definition 1.1. Let C*[0,1] = {u € C[0,1]|u(t) > 0, Vt € [0,1]}. We say that
(u,v) is one positive solution to system (L.1) (resp. (L.2)), if (u,v) € CT[0,1] x
CT[0,1)\{(0,0)} satisfies (resp. we say that (u,v) is one component-
wise positive solution to system (L.I) (resp. (1.2)), if (u,v) € [CT[0,1]\{0}] x
[CT]0,1]\{0}] satisfies (resp.).

In recent years, the study of positive solutions for ordinary elliptic systems and
the study of positive radial solutions for elliptic systems in annular domains have
received considerable attention, see [6l [T3] [T5] [16], 25] 26] BT B2 [35] and the refer-
ences therein. These references discussed mainly or for the special case
p(t) = wi(t) = we(t) = 1 and ¢(t) = b = d = 0, and established some interesting
results by introducing some new types of sublinear or superlinear conditions except

for the classical sublinear or superlinear conditions (i.e., lim|(, )0 fuLﬂ}”) = oo and
B ) o0 S50 = 0, 08 limgu s H550 = 0 and Ty ) soe 2557 = 00) and

applying the fixed point theorems of cone expansion/compression type, the lower
and upper solutions method and the fixed point index theory in cones, and espe-
cially extended the relevant results on the scalar second-order ordinary differential
equation. For instance, Ubilla and co-authors [31 [32] have developed new notions
of local superlinearity and superlinearity, where they have considered the existence,
nonexistence and multiplicity of positive solutions for elliptic systems and ordinary
elliptic systems involving parameters, and obtained some crucial results by the
fixed point theorem of cone expansion/compression type, the lower and upper so-
lutions method and topological degree theory. Subsequently, Cheng [6] introduced
two classes of nonlinear terms (i.e. uniformly superlinear and uniformly sublinear
terms) and obtained some results on the existence of component-wise positive solu-
tions under the so-called uniformly superlinear and uniformly sublinear conditions
by use of the fixed point index formula on product cone and fixed point index theory
in cones.

Recently, there have been also many extensive attentions (see [3 5] [8, 17 18]
23), 241, 27, 28], 301, [33], [34] and references therein) for the Sturm-Liouville boundary
value problem

—(p®u) +q(t)u= f(t,u), te(0,1)

au(0) — bp(0)u’(0) = cu(1) + dp(1)u’(1) = 0.
Usually, the nonlinearity f has some conditions involving the limiting behavior of
f(t,u)/u at zero and at infinity, for example, the classical sublinear condition (i.e.,
limy, 0 f(t,u)/u = 0o and lim, o f(¢,u)/u = 0) or the classical superlinear condi-
tion (i.e., lim, o f(¢,u)/u = 0 and lim, o f(¢,u)/u = 00). In addition, Li [28] and
Sun and Zhang [33] 34] considered under the general sublinear condition (i.e.
limy o f(t,u)/u > 8 > limy— oo f(t,u)/u) or general superlinear condition (i.e.
limy, o f(t,u)/u < 61 < limy, o f(t,w)/u) involving the principal eigenvalue ¢; of
Sturm-Liouville operator, in some sense their conditions are optimal. As to the clas-
sical sub-superlinear case (i.e. lim, o f(t,u)/u = co and lim, . f(t,u)/u = c0),

(1.3)
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in [§] Cheng and Dai have discussed the following Sturm-Liouville nonlinear eigen-
value problem
—(p)u') +a(t)u = Af(t,u), te(0,1),
au(0) — bp(0)u'(0) = cu(1) + dp(1)/(1) = 0,
and showed that there exists a positive real number A, such that problem has
at least two solutions, at least one or no positive solutions according to A € (0, \,),
A=) or A >\,

In this paper, we intend to improve and extend the relevant results in [6] [8], 28]
to systems of nonlinear Sturm-Liouville differential equations with weight functions
(i.e. systems and ) In concrete, we try to weaken the uniformly super-
linear or uniformly sublinear conditions used in [6] to some extent such that our
results include the relevant results in [0l 8, 28] at the same time, in particular, our
results are also new even for the scalar Sturm-Liouville differential equation. For
convenience and simplicity, denote by A; 1 the first eigenvalue of linear eigenvalue
problem with a weight function

—(p®)w') + q(t)u = Mwi(t)u, te(0,1),
au(0) — bp(0)u'(0) = cu(1) + dp(1)u'(1) = 0.
It is well-known that A; ; > 0 is a simple eigenvalue with a positive eigenfunction
e;1(t) such that e;1(¢) > 0 for t € (0,1) and |e;1| = max;e(o,1] le;i ()] =1
(i=1,2).
Our main results are the following. First, we present some results (see Theorems
1.6)) about the existence of component-wise positive solutions to system (|1.1)).

In the case that the nonlinear terms are so called “super-sublinear”, we have the
following result.

(1.4)

(1.5)

Theorem 1.2. Assume that f1 and fo respectively satisfy the following hypotheses:

(H4)
t t
lim sup max M < A1,1 < liminf min M
u—s0+ t€[0,1] u u—+o00 te(0,1] u
uniformly with respect to v € R ;
(H5)
t t
lim inf min folt,u,v) > g1 > limsup max ftuwv)
v—0* t€[0,1] v v——+oo t€[0,1] v

uniformly with respect to u € [0, M],

where M € R s arbitrary. Then system (1.1) has at least one component-wise
positive solution.

Remark 1.3. In particular, if w (t) = we(t) = 1, f1 and fs is respectively indepen-
dent of v and u, then Theorem [T.2] implies the results on nonlinear Sturm-Liouville
boundary value problem (see [28]). In addition, if p(t) = wi(t) = wa(t) =1
and ¢(t) = b = d = 0, then Theorem implies the main result in [6] and the
locally uniformly sublinear condition (H5) is weaker than the uniformly sublinear
condition used in [6].

The “sub-superlinear” case is different from the “super-sublinear” case, since
the uniformly sublinear term f; need to be controlled at the infinity for a priori
estimates of solution component u. On this purpose, we introduce condition (H7)
and get the following result.
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Theorem 1.4. Assume that fi and fo satisfy the following conditions:

(H6)
t t
liminf min M > A1,1 > limsup max M
u—0t te[0,1] U u——+o00 t€[0,1] U
uniformly with respect to v € R ;
(H7) limsup,_, o, maxepo,1] f1(t,u,v) = g(u) uniformly with respect to u €
[0, M], here g is locally bounded;
(H8)
f2 (ta u,v

lim sup max_ fo(t,u,v)/v < Ag1 < liminf min
v—0+ t€[0,1] v—+00 t€(0,1] v

uniformly with respect to u € [0, M],

where M € R s arbitrary. Then system (1.1)) has at least one component-wise
positive solution.

From the proofs of Theorems|[I.2]and [I.4] it is not difficult to obtain the following
results on the “super-superlinear” and “sub-sublinear” cases.

Theorem 1.5. Assume (H4) and (H8) are satisfied. Then system (1.1)) has at least
one component-wise positive solution.

Theorem 1.6. Assume (H5)-(H7) are satisfied. Then system (1.1) has at least
one component-wise positive solution.

As a direct conclusion of Theorems [[-4] [[-5] and [T.6] we have the following
corollary.
Corollary 1.7. Assume that fy satisfies one of the following conditions:
(H4*) limsup,, .+ maxsefo,1) f1(t, u,v)/u =0 and

liminf min filt,w,v) = +o0,
u—+00 t[0,1] U

uniformly with respect to v € Rt
(H6*) liminf,_,o+ mingepo 1) f1(t, u,v)/u = +oo and

t,u,v
lim sup max filt,w,v)
u—4oco t€[0,1] U

= O7
uniformly with respect to v € RT, and condition (HT) is valid;
and assume that fo satisfies one of the following conditions:
(H5%) liminf, o+ minsejo,1) f2(f, u,v) /v = +o00 and

li fQ(taU'a U)
1umsup max ————
v—+oo t€[0,1] v

=0

uniformly with respect to u € [0, M];
(H8*) limsup,_,o+ max;epo1] fo(t, u,v)/v =0 and
t
lim inf min fot,w,v) = 400
v—+00 t€(0,1] v
uniformly with respect to u € [0, M],

where M € R is arbitrary. Then problem (1.2]) has at least one component-wise
positive solution for all (A, p) € ]Rar X R(J{,
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Secondly, we give a result (see Theorem about the multiplicity of positive
solutions to system . On this purpose, we need a concept of a strict upper
solution. Let us consider the following more general system of nonlinear Sturm-
Liouville differential equations

—(p(t)u’) + q(t)u = f(t»%v),
—(p(t)") +q(t)v
au(0) — bp(0)u/(0) = Cu(1)+dp(1)u (1)=0
av(0) — bp(0)v'(0) = cv(1) + dp(1)v'(1) =0,
where F,G : 2 — R is a continuous function and 2 C [0,1] x R2.

Definition 1.8. For a,,a, € C%(0,1) N C[0,1], (o, a,) is said to be a lower
(strict lower) solution of (1.6) if (¢, v, (t), .y (t)) € 2 for all ¢t € (0,1) and

)
—(p(t)a)" + q(t)ow — F(t, o, o) <0 (< 0), (0,1)
—(p(t)as,) + q(t)aw — G(t, au, 00) <O (<0), € (0,1)

aay,(0) = bp(0)er, (0) < 0 (< 0), caw(1) +dp(1)ar, ( ) <0 (<0),
acw,(0) — bp(0)ar, (0) < 0 (< 0), can(1) +dp(1)a, (1) < 0 (< 0).

An upper (strict upper) solution (8., 3,) € (C%(0,1)NC*[0,1]) x (C?(0,1)NC*[0, 1])
can also be defined if it satisfies the reverse of the above inequalities.

i

0 <0
0 <0

NN

Definition 1.9. For a function F : 2 — R, F(t,u,v) is said to be quasi-monotone
nondecreasing with respect to v (or u) if for fixed ¢,
F(t,u,v1) < F(t,u,v2) as vy < vg,
(or F(t,ur,v) < F(t,ua,v) asu < ug).
Theorem 1.10. Suppose that {wy, w2} C C([0,1],RY), and that f1 and fo satisfy
the following assumptions:

(H9) f1 (resp. fa) is quasi-monotone nondecreasing with respect to v (resp. u);
(H10) liminf, o minge(o,1) f1(t,u,0)/u > A1,1 and

liminf min 7f2(t,07v)
v—=0  tel0,1] v
(Hll) lim inf, oo minte[o’l] fl(t,u,O)/u > )\1’1 and
liminf min 7f2(t’0’v)
v—oo t€[0,1] v

In addition, if system (1.1) has a strict upper solution (B, By), then system (1.1))
has at least two positive solutions.

> Aa1;

> Ao

)

Finally, we provide the following result about the existence of a global component-
wise positive solutions to problem ([1.2)).

Theorem 1.11. Assume that {wy, w2} C C([0,1],RY), and that fi and fo satisfy
(H9) and the following conditions:
(H10%) f; € C([0,1] x R* x R*\RY) (i =1,2);
(H11*) liminf, o mingeo 1) f1(t,u,0)/u = oo and
fg(t, 0, ’U)

liminf min =—————~ = ¢
v—0o0 te(0,1] v
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Then there exist a simple arc 'y C Rar X ]RS' excluding both end points (A«,0) and
(0, py), which separates Ra’ X RS‘ into two disjoint subsets 01 and Os such that
problem has at least one or at least two component-wise positive solutions
according to (A, ) in Ty or Oy respectively, and has no solutions for (A, u) € Os.

In plane, a curve is said to be a simple arc if it is homeomorphic with a straight
line segment (see [36] for more details).

Remark 1.12. It is remarkable that our conditions (H9) and (H11*) are weaker
than the nondecreasing conditions and the classical superlinear conditions used in
[16, 26]. In particular, if A\ = p, wi(t) = wa(t) = 1, fi(t,u,v) = f(t,u) and
fa(t,u,v) = f(t,v), then Theorem covers the result on Sturm-Liouville non-
linear eigenvalue problem (see [8]).

On the existence results of component-wise positive solutions for system ,
the difficulty in proving is how to construct a proper cone and open sets in the
cone. In order that the features of weight functions and nonlinear terms can be
exploited better, we choose a product cone K x K with K C C*[0,1] being a
proper sub-cone and construct a proper open set O; x Oy C [K\{0}] x [K\{0}],
and then seek solutions to system in O1 X O3, here the main idea derives from
[10, 13} [7, 12]. Motivated by the idea in [9] [IT], we analyze the structure and prop-
erties of the parameters set . (defined in Section 4) and obtain the existence and
nonexistence of component-wise positive solutions to problem . In addition,
for dealing with the multiplicity of component-wise positive solutions to problem
, we consider a general system of Sturm-Liouville differential equations with
quasi-monotone nondecreasing nonlinear terms and establish the relation between
Leray-Schauder degree and a pair of strict lower and upper solutions for this system
(see Theorem in Section 2), here the idea involved partly comes from [2] 20].
Based on Theorem and the construction of a pair of strict lower and upper
solutions, we can show the multiplicity of positive solutions for systems (|1.1)) and
[2).

This article is organized as follows: in Section 2, we state some preliminaries. In
Section 3, we prove our main results on problem . In Section 4, as applications,
we prove the global existence of component-wise positive solutions to the nonlinear

eigenvalue problem (1.2)).

2. PRELIMINARIES

In this section, we shall establish some functional analytic framework and change
problems (|1.1)) and (|1.2) into the equivalent fixed point problems. At the same time,
we will give some useful preliminary results.

2.1. Equivalent fixed point problems. First, for a given h € C[0, 1], we recall
the construction and properties of Green’s function of the linear boundary value
problem

=(p(H)) + q(t)u = h(t), t < (0,1),

au(0) — bp(0)u'(0) = cu(1) + dp(1)u'(1) = 0. 21)
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For this matter, let p(t) € C?[0,1] be the unique solution of the linear boundary
value problem

—(p()¢") +q(t)p =0, te(0,1),
ap(0) — bp(0)¢'(0) = 0, (2.2)
cp(1) +dp(1)¢'(1) = 1,
and (t) € C?[0,1] be the unique solution of the linear boundary value problem
—(p®¢") +q(t)Y =0, te(0,1),
ath(0) = bp(0)¢'(0) = 1, (2.3)
(1) + dp(1)¢' (1) = 0.
Then, by the maximum principles ¢, 1 > 0, moreover (t),1(t) > 0 for allt € (0,1).
Lemma 2.1 ([28]). ¢'(t) >0, V¢t € (0,1], ¥'(t) <0, V¢t € [0,1), and
p()(@ ()(t) — () () = p >0, tel0,1], (2.4)
where p 1s a positive constant.

Let h € C0, 1], then problem (2.1) has a unique solution

1
u(t) :/ G(t,s)h(s)ds, te]0,1], (2.5)
0
where the Green’s function G : [0,1] x [0,1] — RT is

Lot 0<t
Gie.s) = | 1OV,
Los)(t), 0
and G(t, s) has the following properties:

(i) G(t,s) = G(s,t) for all t,s € [0,1];
(ii) G(t,s) > 0 for all t,s € (0,1);
(ii) G(t,s) < G(s,s) for all t,s € [0, 1];

(iv) G(t,s) = 0G(t,t)G(s,s) for all t,s € [0, 1], where § > 0 is a constant.
It is well known that C0,1] is a Banach space with the maximum norm |u| =
maxeo,] [u(t)], and C*[0,1] := {u € C[0,1] : u(t) > 0, Vt € [0,1]} is a total cone
of C[0,1].

Lemma 2.2 ([28]). Let h € C1[0,1], then the solution of satisfies
u(t) = 6G(¢t,t)|lull, Vvt e[0,1].

Noticing that {wi,wa} C C([0,1],RT)\{0}, there exists {t1,t2} C (0,1) such
that wy(t1) > 0 and wa(t2) > 0. Choose &y € (0,1/2) such that {¢;,t2} C (0,1 —
o). Now we construct a sub-cone K of CT|0,1] as follows

K={ueCT[0,1] : u(t) = o||ul, Vt € [do, 1 — 0]},

<L 56
<1 (2.6)

here o = J¢(d9)y(1 — dg)/p > 0. For convenience, we also introduce some subsets
in cone K,

K,={ueK:|ul|<r}, O0K,={ueK:|ul|=r},
K,={ue K :|ul]|<r}, forr>0.
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For 7 € [0, 1], define the mappings Ty 1, Tr2 : CT[0,1] x CT[0,1] — CT[0,1] and
T, Tf,, : C*[0,1] x CT[0,1] = C*[0,1] x CT[0, 1] by

Tr 1 (u, 0)(t) =/0 G(t; s)wi(s)[Tf1(s,u(s), v(s)) + (1 = 7)f1(s,u(s),0)] ds,

Tr2(u, 0)(t) =/O G(t; s)wa(s)[Tfa(s, u(s), v(s)) + (1 = 7) fa(s,0,v(s))] ds, (2.7)

T (u, 0)(t) = (Tr1(u, 0)(t), Tr 2 (u, v) (1)),
T3 1 (u, 0) (t) = (AT 1 (u, v)(8), pT7 2 (u, 0) () = (AX(u, 0) (1), B (u, v)(t)).

It is clear that the existence of component-wise positive solutions of system (|1.1))
(resp. (L.2))) is equivalent to the existence of fixed points of T; (resp. Tiu) in

[EA{0}] > [K\{0}].

Lemma 2.3. T.(K X K) C K x K and T, : K x K — K x K is completely
continuous.

Proof. For (u,v) € K x K, we show that T (u,v) € K x K, i.e., Tr 1(u,v) € K and
T, 2(u,v) € K. Let

h(t) = wi (B[ fr(t u(t), () + (1= 1) fa(t; u(t), 0)],
then T’ 1 (u, v)(t) is the solution of (2.I). By (2.6)), Lemmas we have
T (0, 0)(t) > Gt )| Tt (,0) |

@(00)(1 = bo)[Tra(w, 0) = ol Tr1(u,v)[l, T €[00, 1 — o]

[«

>

T >

Similarly,

T,,-A’Q(’LL, 'U)(t) > 0-||T7—’2(’U/,’U)||, te [50, 1-— 50]
Consequently T:1(u,v) € K and T;2(u,v) € K, thus T-(K x K) C K x K.
By Ascoli-Arzela theorem, we known that 7, : K x K — K x K is completely
continuous. (I

Remark 2.4. Let T(7,u,v)(t) = Tr(u,v)(t) and T (7, u,v)(t) = T5 ,(u,v)(t),
then by the Ascoli-Arzela theorem, T', Ty, : [0,1] x K x K — K x K are both
compactly continuous.

2.2. Fixed point index and its properties. Now we recall some concepts and
results about the fixed point index (see [9) 14, 22]), which will be used in the proofs
of our theorems. Let X be a Banach space and let P C X be a closed convex cone
in X. Assume that W is a bounded open subset of X with boundary OW, and let
A:PNW — P be a completely continuous operator. If Au # v for v € PN OW,
then the fixed point index i(A, P N W, P) is defined. One important fact is that if
i(A, PN W, P) # 0 then A has a fixed point in P N W. The following results are
useful in our proofs.

Lemma 2.5 ([22,[37)). Let E be a Banach space and let P C E be a closed convex
cone in E. Forr >0, denote P, ={u € P : ||lu|| <r}, OP. = {u € P: |ju|| = r}.
Let A: P — P be completely continuous. Then the following conclusions are valid:
(i) if pAu # u for every u € OP, and u € (0,1], then i(A, P.,P) =1;
(ii) If mapping A satisfies the following two conditions:
(a) infueop, ||Aul| > 0;
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(b) pAu # u for every u € OP, and pu > 1,

then i(A, P., P) = 0.
Lemma 2.6 ([9]). Let X be a real Banach space, P; C X be a closed convex cone,
W, be a bounded open subset of X with boundary OW,; (i =1,2) and P = P; X P,
W = Wy xW,. Assume thatT : PONW — P is completely continuous and that there
exist compactly continuous mappings A; : B,NW; — P; and H : (PNW)x[0,1] — P
such that

(a) H(-,1) =T, H(-,0) = A, where A(u,v) := (Ayu, Agv) for all (u,v) € PNW;

(b) Asu; # w; for all u; € PN OW,;

(¢) Hw,7) # w for all (w,7) € (PNIW) x (0,1].
Then

(T, PNW,P)=i(A1,PLNW1, Py) - i(As, P, N W3, Py).

2.3. Sub and super solutions and Leray-Schauder degree. Now we con-
sider the fixed point operator associated with , i.e., the compact operator
T :C[0,1] x C[0,1] — C]0,1] x C[0,1] defined by T'(n,€) := (u,v) if

—(p®u) +q(t)u = F(t,n,§), te(0,1),

—(0') +at)v =G(t,n,§), te(0,1),

au(0) — bp(0)u'(0) = cu(1) + dp(1)u’'(1) =0,

av(0) — bp(0)v'(0) = cv(1) + dp(1)v'(1) = 0.
In fact, by . the operator T above can be expressed as

/Gts (s,n(s ds/ G(t,s)G sn()ﬁ(s))ds). (2.9)

The following theorem provides the relation between Leray-Schauder degree of
compactly continuous field id — T and a pair of strict lower and upper solutions for

[T9).
Theorem 2.7. Let (o, o) and (By, By) be a strict lower solution and a strict

upper solution of (1.6) respectively such that

(1) au(t) < Bu(t), and o, (t) < By(t), for all t € [0,1];
(ii) &8 = {(t,u,v) € [0,1] x R? : v, (t) < u < Bu(t) and a,(t) < v < By(t)} C
D;
(ili) F(t,u,v) is quasi-monotone nondecreasing with respect to v and G(t,u,v)
s quasi-monotone nondecreasing with respect to u.
Denote 2 = {(u,v) € C[0,1] x C[0,1] : oy, < u < By and o, < v < B, on [0,1]},
then
deg(id — T,Q,(0,0)) =1

in particular, problem has at least one solution (u,v) such that
ay(t) < u(t) < Bu(t), and a,(t) <o(t) < By(t), forallte[0,1].
Proof. Define the modified functions
F*(t,u,v) = F(t,p1(t, u,v),pa(t,u,v)), G*(t,u,v) = G(t,p1(t,u,v), pa(t,u,v)),
where p; are given by

p1(t, u,v) = max{a,(t), min{u, B, (t)}}, p2(t,u,v) = max{a,(t), min{v, 5,(t)}}.
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Then F*,G* : [0,1] x R? — R are continuous and bounded.
Let us consider a modified problem

() +q(t)u = F(t,u,v), te(0,1),

—(pt0') +a(t)v =G"(t,u,v), te€(0,1)

au(0) — bp(0)u'(0) = cu(1) + dp(1)u'(1) =

av(0) — bp(0)v'(0) = cv(1) + dp(1)v'(1) =

and corresponding compact operator T* : C[0, 1]xC[0, 1] — C10,1]xC[0,1]; (n,&) —
(u,v) if
);

);
(1)+dp(1) (1) =0,
co(1) +dp(1)v'(1) =

)

(2.10)

0,
0

b

—_

—(p®)') + q(t)u

—(p)") +a(t)v
au(0) — bp(0)u'(0)
av(0) — bp(0)v'(0)
Now we have the following claims.
Claim 1. T*(n,§) = T(n,§) for all (n,&) € Q. It follows from the definitions of
modified functions and operators T* and T'.

Claim 2. If (u,v) is a solution of (2.10)), then (u,v) € Q. We only prove that
ay, < uon [0,1], the remainder is similar and omitted here.
First, we show that a,, < u on [0, 1]. By contradiction, assume that there exists
a tg € (0,1) such that u(tg) < au(to). Then there is an interval [t1,t2] C [0, 1] such
that one of the following cases is valid:
(i) t1,t2 € [0,1] and u(t) < au(t) for all ¢ € (t1,t2), u(t;) — ay(t;) = 0 for
i=1,2
(ii) t1 =0, t2 € (0,1) and u(t) < ay(t) for all ¢t € [t1,t2), u(ta) — ayu(t2) = 0;
(iii) t; € (0,1), t2 =1 and u(t) < o (¢) for all t € (¢1,%2], u(t1) — o (t1) = 0;
(iv) t1 =0, to = 1 and u(t) < oy, (t) for all ¢ € [t1, ta].
Thus, «,, — u has a positive maximum on [t1, t3]. On the other hand,
— (p(t) (e (t) = u(t))') + q(t) (o (t) — u(t))
< F (b o (t), o (1)) = F7 (t,u(t), v(t))
= F(t,au(t), ay(t)) — F(t, au(t), pa(t, ult), v(t))) <0
forallt € (t1,t2). Hence, maxycpy, ] (c—u) () < max{(ay—u)"(t1), (c,—u)*(t2)}
by the maximum principle (see [2I]). Moreover, combining with the boundary
conditions of a,, and u, the cases (ii), (iii) and (iv) above can not happen. Therefore,
oy, —u < 0 on [ty,te] from the case (i), which contradicts that a,, —u has a positive
maximum on [ty ta].

Next, we prove that a,, < u on [0,1]. Obviously, a,, < uw on (0,1). In fact, by
contradiction, assume that there exists a t* € (0,1) such that a,(t*) = u(t*). Then
u'(t) = ap, (t7), (o —w)"(t7) <0,

—(plow —u)) (%) + q(t") (o — w) (") = —p(t*) (o — w)"(t") > 0.

However,

F(t,m,€), tE(O,
*(t777’£)’ ( )

= Cu

—_

(2.11)

= (plaw —u)") (") + q(t") ey — u)(t")
< F(t an(t), ap (™)) = F* (", u(t™), v(t"))
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= F (", au(t?), o (t7)) — F(t, au(t™), p2(t*, u(t”), v(t"))) <0,

which is a contradiction. Furthermore, combining the proved fact that a, < u on
(0, 1) with the boundary conditions of «,, and u, it is easy to prove that a,,(t) < u(t)
also for t =0, 1.

Claim 3. There exists an open ball

B, ={(u,v) : max{tren[gbﬁ} |u(t)|7trerl[6a§] [v(®)|} <r} C C[0,1] x C[0,1],

such that T*(C10,1] x C[0,1]) C B, and 2 C B,. It is sufficient to notice that F*
and G* are both continuous and bounded.
Combining the claims with the excision and homotopy invariance of Leray-
Schauder degree, we have
deg(ld - Tv Q» (97 9)) = deg(ld - T*v Qa (07 9))
= deg(id — T, B, (0,6))
= deg(id, By, (0,60)) = 1.
The proof is complete. ([

3. ProoFs oF THEOREMS [1.2] [T.4] AND

As for Theorems [1.2 our main idea of proofs is to choose a bounded open
set D = (Kg,\K,) X (Kg,\K,,) in product cone K x K (here R; > r; > 0 are
to be determined for j = 1,2), such that the family of operators {7’} ¢[o,1] satisfy
the sufficient conditions for the homotopy invariance of fixed point index on 0D.
Furthermore, Lemmas can be applied to Tj.

Proof of Theorem[I-3 In turn, we will determine ry, Ry, ro and Ry according to
the following steps.

Step 1. From the uniformly superlinear assumption of f; at u = 0, there are
e € (0,A1,1) and 71 > 0 such that

Tt u,v)+(1=7)f1(t,u,0) < (Mg —e)u, Vte[0,1], (u,v) €[0,71]xRT. (3.1)
We claim that
plr1(u,v) #u, Ype (0,1] and (u,v) € 0K,, x K. (3.2)

In fact, if it were not true, then there exist uo € (0,1] and (ug, v9) € 0K, x K, such
that 1oy 1(uo, vo) = uo, that is, (ug, vo) satisfies the following differential equation

—(p(t)ug)" + q(t)uo = pows (t)[7 f1(t, uo, vo) + (1 — 7) f1(t, uo, 0)],
aug(0) — bp(0)ug(0) = cug(1) + dp(1)ug(1) = 0.
In combination with (3.1]), it follows that
—(p(t)ug)" + q(t)uo < wy(t)[7f1(t, uo,v0) + (1 —7) f1(t, uo, 0)] < (A1,1 — &)wr (t)uo.
Multiplying the both sides of this inequality by e; 1(¢) and integrating on [0, 1], we
obtain that
1 1
)\171/ wl(t)uo(t)el,l(t) dt g ()\1,1 — E)/ w1<t)uO(t)€1)1(t) dt.
0 0

Noticing that fol wi (t)ug(t)er1(t)dt > 0, hence A1 < A1 — €, which is a contra-
diction!

(3.3)
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Step 2. From the uniformly superlinear hypothesis of f; at u = +o0, there exist
€ > 0 and m > 0 such that

Tf(t, u,v) + (1 —7)f1(t,u,0) = (A1 + €)u, (3.4)
for all t € [0,1], (u,v) € [m, +00) x RT; thus
Tf1 (t, U, ”U) + (1 - T)fl (t, u, 0) > ()\1,1 + 6)7.L -Ci1, (35)

for all t € [0,1], (u,v) € RT x RT, where C11 = (A11 +¢&)m
Now we can prove that there exists a Ry > rq such that

wlr 1 (u,v) # u, €ianlg 1T 1(uw,v)|| >0, VYu=>=1,(uv)€dKg xK. (3.6)
u Rq

First, if there are (ug,v9) € K x K and po > 1 such that ug = poTr 1(uo,vo),
together with (3.5)), we obtain

—(p(t)ug) + q(t)uo = w1 (t)[7 f1(t, w0, v0) + (1 — 7) f1(t, 0, 0)]
2 wl(t>[(>\1,1 + E)UO — 0171].

It follows that

1
)\171/0 wl(t)uo(t)el,l(t)dt
>(Al,1+a)/0 wi (o (t)er 1 (1) dt — 01,1/0 wi (t)ers () dt,

which yields

1 1
C
/ wy (t)ug(t)ey 1 (t) dt < % wy (t)ey 1 (t) dt.
0 0
Furthermore, in view of the definition of cone K, we know that

1—6o Cl 1 1
U/ wl(t)elvl(t) dt”U()H g T7 wl(t)elyl(t) dt,
6() 0

that is,
C 1 1—-60 1
luoll < = wl()ell()dt(/ wl()ell()dt> = R". (3.7)
(3 0 8o

Therefore, as R > R*,u # pTh1(u,v) for all (u,v) € 0Kgr x K and p > 1. In
addition, if R > m/o, then by use of (3.4) we know that for all (u,v) € 0Kgr x K,

[T, (u, 0)|

> Tealn v><§>
/ G(E, sywn(s)Irfi (s, u(s), v(s)) + (1 — 7)fa (s, u(s), 0)] ds

G(55) / Gls. ) ()l fa (s u(s), v(s) + (1= ) (s, u(s). 0] ds

11

1—6o
> 5G(§’ 5)/6 G(57 S)wl(s)[Tfl(S’u(s)vv(s» + (1 - T)f1(57u(5)70)] ds

11, 1%
@(d0)Y(1 — 50)0(5 5)/ w1 (s)[7f1(s,u(s),v(s)) + (L —7) f1(s,u(s),0)] ds

o

b\@z
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o, 1 1. [0
> +2)Glg.z) [ s full.

It follows that inf (,, ,yeor px i [|Tr,1(u,v)|| > 0. We choose Ry > max{ri, R*,m/c}.

Step 3. In view of the locally uniformly sublinear assumption of f; at v = 0, there
exist € > 0 and ro > 0 such that

Tfa(t, u,v) + (1 —7) f2(t,0,v) = (A21 + €)v, (3.8)

for all ¢t € [0,1], (u,v) € [0, Ry] x [0,72]. By (3.8) and the proof similar to steps 1
and 2, we can deduce that

uTr o(u,v) # v, ig}ﬁ | Tr2(u,v)|| >0, VYu=>=1, (u,v) € Kg, x 0K,,. (3.9)
ve ro

Step 4. From the locally uniformly sublinear hypothesis of fo at v = 400, there
exist € € (0,A2,1), n > 0 and Cy > 0 such that

Tfa(t, u,v) + (1 —7) f2(t,0,v) < (A2 — €)v, (3.10)
for all t € [0,1], (u,v) € [0, Ry] X [n,+00), and
7ot u,v) + (1 = 7) f2(t,0,0) < (A1 —€)v + Co, (3.11)

for all t € [0,1], (u,v) € [0, R1] x RT. From (3.11]) and the similar argument used
in step 2, it can be proved that if vo = poTr 2(ug,vo) for (ug,v9) € Kg, x K and
to € (0,1], then

02 1 1—6o 1
ool < 7/ wa(t)ea, s (t) dt(/ wat)esa(t)dt) =R (3.12)
ge Jo 5o
Hence, we choose Ry > max{ry, R'}, then
plro(u,v) #v, Vpe(0,1] and (u,v) € Kg, x OKRg,. (3.13)

Now we choose an open set D = (Kg,\K,,) x (Kg,\K,,). Based on the ex-
pressions (3.2), (3.6), (3.9) and (3.13), it is easy to verify that {7} c[o,1] satisfy

the sufficient conditions for the homotopy invariance of fixed point index on 9D.
Hence, by Lemmas [2.5] and [2.6} m, we obtain

i(Ty,D,K x K) = H i(To,j, Kr,\K,,, K)

7]7KR’ ) /L.(TO)J7KTJ7K)]

i ::]w I

Therefore, system (|1.1)) has at least one component-wise positive solution. ([l

Proof of Theorem[1.jl Similar to the arguments used in the proof of Theorem
we will determine r1, Ry, ro and Ry in turn.

Step 1. In view of the uniformly sublinear assumption of f; at u = 0, there are
€ > 0 and r1 > 0 such that

Tfi(t,u,v) 4+ (1 —7) f1(t,u,0) = (A1 + €)u, (3.14)
for all t € [0,1], (u,v) € [0,71] X RT. Now we can deduce that
wTr 1 (u,v) # u, eiglf( 1771 (u,0)|| >0, Yu=1, (u,v) € 0K, x K. (3.15)
u 1
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First, by contradiction suppose that there are o > 1 and (ug,vo) € 0K, x K such
that uo = poTr1(uo, vo), together with (3.14), we have that

—(p(t)ug)" + q(t)uo = w1 (t)[7 f1(t, uo, vo) + (1 — 7) f1(t, uo, 0)] = (A1,1 + &)wi () uo.
It follows that

)\171/0 w1 (t)uo(t)el’l(t) dt > ()\1,1 + 5)A w1 (t)UO(t)(:’Ll(t) dt,

which yields a contradiction A1 1 > A1 +e€.
In addition, by (3.14) we know that for all (u,v) € 0K,, x K,

L

T (,0) | > T (u,0) 5

— / G(%, s)wy(8)[Tf1(s,u(s),v(s)) + (1 — 7) f1(s,u(s),0)] ds
0
I (3.16)
> (A1 + 6)/0 G(i,s)wl(s)u(s)ds

L) [ w6 as-
55 Owls s,8)ds - ||ul],

which implies that inf(, ,)eax,, xx [|T7,1(u,v)[| > 0.

> (A1 +)0°G(

Step 2. From the uniformly sublinear hypothesis of f; at © = +o00 and condition
(HT7), there exist € € (0, A1,1), n > 0 and C5 > 0 such that

Tt u,v) + (1 —7)fi(t,u,0) < (A1 — €)u, (3.17)
for all t € [0,1], (u,v) € [n,+00) x R, and
Tf1(t,u,v) + (1 —7)fi(t,u,0) < (A1,1 —e)u+ Cy, (3.18)

for all t € [0,1], (u,v) € RT x RT.

From and the similar argument used in step 2 of proof of Theorem [1.2] it
can be proved that if ug = poTr 1(uo, vo) for (ug,v9) € K x K and po € (0, 1], then
[luo|| < R’ (defined in with wq(t) and e 1(t) replaced by wi(t) and ey 1(t)
respectively). Hence, we choose Ry > max{ry, R}, then

uTr1(u,v) #u, Yue (0,1], (u,v) € Kg, x K. (3.19)

Step 3. From the locally uniformly superlinear assumption of f; at v = 0, there
are € € (0,\2,1) and ro > 0 such that

Tfo(t,u,v) + (1 —7) f2(t,0,v) < (A2;1 — €)v, (3.20)
for all t € [0,1], (u,v) € [0, R1] X [0, r2]. We claim that
wlro(u,v) #v, Vp € (0,1] and (u,v) € Kg, X 0K,,. (3.21)

In fact, if this were not true, then there exist o € (0,1] and (ug, vo) € Kgr, X 0K,
such that 10T 2(uo, vo) = vo. In combination with (3.20), it follows that

—(p(t)vy)" + q(t)ve < wa(t)[7f2(t, uo,v0) + (1 — 7) f2(t,0,0)] < (Az;1 — €)wa(t)vo.

Multiplying the both sides of this inequality by e2 1(¢) and integrating on [0, 1], we
obtain that

)\2’1‘/0 U)Q(t)vo(t)EQ’l(t) dt < ()\2’1 - E)\/0 wg(t)’(}o(t)eg’l(t) dt,
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which yields that A2 1 < A21 — €, a contradiction!

Step 4. From the locally uniformly superlinear hypothesis of fo at v = 400, there
exist € > 0 and m > 0 such that

Tfa(t, u,v) + (1 —7) f2(t,0,v) = (A2q + €)v, (3.22)
for all t € [0,1], (u,v) € [0, R1] X [m, +00); thus
Tfa(t,u,v) + (1 —7) f2(t,0,v) = (A2 +€)v — Cag, (3.23)

for all t € [0,1], (u,v) € [0, Ry] x RT, where C51 = (A\21 +&)m

From and the similar argument used in step 2 of proof of Theorem
it can be proved that if vg = poTr2(uo,vo) for (ug,vo) € Kgr, x K and
o = 1, then |lvg]] < R* (defined in with wq(¢), e11(t) and Cy 1 replaced
by wa(t), ea1(t) and Ca1 respectively); in addition, by it can also be
showed that inf(u’v)eK—RlXM{R | Tr2(u,v)]| > 0 as R > m/o. Hence, choose Ry >
max{ry, R*,m/c}, then

WL 2(u, v) # v, eg}g ITr2(uw,v)|| >0, VYu=>=1,(uv) € Kgr x0Kpg,. (3.24)
v Ro

Based on the expressions (3.15)), (3.19), (3.21) and (3.24)), it is easy to verify
that {7 },cjo,1) satisfy the sufficient conditions for the homotopy invariance of
fixed point index on 9D, here D = (Kg,\K,,) X (Kg,\K,). So, by Lemmas
and we have

2
i(Ty,D, K x K) = H i(To,j, Kr,\K,,, K)

2
H i(To; Kr, K) —i(To 5, K, K)] = —1.

Therefore, system ([1.1)) has at least one component-wise positive solution. (I

Proof of Theorem[I.10} First, we construct the strict lower solutions to system
(1.1). For this purpose, we define the extensions of f; (i = 1,2) preserving conti-
nuity, nonnegativity and quasi-monotone non-decreasing as follows

fi(t,u,v) = fi(t, Jul,v™), V(t,u,v) €10,1] x R x R,
fa(t,u,v) = fa(t,u™, v]), V(t,u,v) €[0,1] xR xR.
Then, by (H9) and (H10), there exist ¢ > 0 and r > 0 such that
filt,u,v) = fi(t,u,0) > (Mg +6e)|ul, VY(t,v) €[0,1] xR, |u| € (0,7),
fa(t,u,v) = fa(t,0,v) > (A1 +€)|v|, V(t,u)€[0,1] xR, |v] € (0,7).

Now we give strict lower solutions (o, (t), a,(t)) of system (1.1) according to the
following cases.

Case 1: a >0, ¢ > 0. By using (3.25)), it is easy to verify that
(au(t), au(t)) = (=1/2, —1/2)

is a strict lower solution of (|1.1)).

Case 2: a >0, c=0. Let e; 1(¢) be the normalized eigenfunction according to the
first eigenvalue A; 1 of (|1.5) with @ > 0 and ¢ = 0, then by the maximum principles

(3.25)
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and Hopf’s boundary point lemma (see [21]), e;1(t) > 0 for all ¢t € (0,1] (¢ = 1,2).
In addition, let w.(t) be a unique solution to the problem

—(p(t)u') +q(tyu=e* te(0,1),

au(0) — bp(0)u'(0) = 0, (3.26)
u(l) + /(1) = 0.
Here ¢ > 0 small enough, so that w.(t) > 0 for all ¢t € (0, 1] and w. = o(e) (¢ — 0).
Now choose € > 0 small enough such that there hold for all ¢ € [0, 1],
e2e; 1(t) + we(t) — e € (—r,0),

wi(H)[(2Ai1 + €)e2ei1 (1) + (Min + €)we(8)] + €2 < [q(t) + (i + Ow;i(t)]e, (3.27)

which is valid by the assumptions w; € C([0,1],R}) (i = 1,2). In view of (3.25)
and (3.27)), it is not difficult to verify that

(c(t), c(t)) = (211 (t) +we(t) — ¢, e%ear(t) +we(t) —¢) (3.28)
is a strict lower solution of ([1.1)).
Case 3: a =0, ¢ > 0. Let e;1(t) be the normalized eigenfunction according to
the first eigenvalue A;; of (L.5) with ¢ = 0 and ¢ > 0, then by the maximum
principles and Hopf’s boundary point lemma, e; 1(t) > 0 for all t € [0,1) (i =1, 2).
In addition, let w.(t) be a unique solution to the problem

—(p)) +q(tyu=¢* te(0,1),
u(0) — u’(0) =0, (3.29)
cu(1) + dp(1)u'(1) = 0.

Here ¢ > 0 small enough, so that w.(t) > 0 for all t € [0,1) and w. = o(¢) (¢ — 0).

Noticing that w; € C([0,1],Re) (i = 1,2), we can choose ¢ > 0 small enough
such that for all ¢ € [0,1] it holds

e2e; 1 (t) + we(t) — e € (—r,0),
wi(O)[(2Ni 1 + €)e%ei 1 (1) + (Nia + we(t)] + 2 < [q(t) + (Nix + e)w;(t)]e.
In view of (3.25]) and (3.30)), it is easy to verify that
(u(t), (1)) = (e%e1.1(t) +we(t) — &, e%ean(t) +we(t) —€) (3.31)
is a strict lower solution of (|1.1)).
Case 4: a =0, c=0;

Let e; 1(t) be the normalized eigenfunction according to the first eigenvalue A; 1
of (1.5) with @ = 0 and ¢ = 0, then by the maximum principles and Hopf’s boundary
point lemma, e; 1(¢t) > 0 for all ¢t € [0,1] (¢ = 1,2). In addition, let w.(¢) be a unique
solution to the problem

~(p(t)u') +a(tyu=¢* te(0,1),
u(0) —u'(0) =0, (3.32)
u(l) + (1) = 0.

(3.30)

Here € > 0 small enough, so that w.(¢) > 0 for all ¢ € [0,1] and w. = o(e) (¢ — 0).
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Now choose € > 0 small enough such that for all ¢ € [0, 1],
we(t) —eei1(t) € (—r,0),

(it + wi (e (t) + 2 < (201 + ews(Desr (t), (3.33)

which is valid because of the assumptions w; € C([0,1],RJ) (i = 1,2). In view of

(3-25) and (3.33)), it is not difficult to verify that
(o (1), ay(t)) = (we(t) —eer,1(t),we(t) —eez,1()) (3.34)

is a strict lower solution of .

Noticing that f; > 0 and w; > 0 (i = 1,2), by the definitions of strict upper so-
lutions, the maximum principles and Hopf’s boundary point lemma, we can deduce
that 5,(t) > 0 and S,(t) > 0 for all ¢t € [0,1]. Let Q = {(u,v) € C[0,1] x C[0,1] :
ay <u < By, and @, < v < S, on [0,1]}, then from Theorem We have

i(T1, QN (K x K), K x K) = deg(id =T1, 9, (6,0)) = 1. (3.35)

In the expressions (3.15)), (3.9), (3.6) and (3.24)), choosing 71,72 small enough and
R, Ry large enough such that

0<r < min Bu(t) < Bull <Ri. 0<ry< min By(t) < [|Bul| < Ra,
te[0,1] t€[0,1]

In view of Lemmas [2.5 and [2.6] we obtain that
(T, Ky, x Ko K % K) = i(Th, Kg, % Kgy, K x K) = 0. (3.36)

Combining with (3.35)-(3.36) and the additivity of fixed point index, we obtain
that

i(Ty, [N (K x K)\K,, x K, , K x K)=1,
i(Th(KRl XKR2)\QQ(K>< K),KXK) =-1,

which means that system (L.1)) has at least two positive solutions. (I

4. APPLICATION TO NONLINEAR EIGENVALUE PROBLEM (|1.2))

As applications, we consider the existence of global component-wise positive
solutions for problem (|1.2)). For Theorem our main idea of proof is to analyze
the properties and structure of the parameter sets

S ={(\p) Ry xRJ : Ti,u has a fixed point in [K\{0}] x [K\{0}]}, (4.1)

and in the interior of . denoted by int.”’. Then we construct the desired simple
arc ['g C RS‘ X R(')" in Theoremm For this purpose, first we show the existence of
component-wise positive solutions to problem for small parameters, and then
prove the existence of a priori bound of component-wise positive solutions to prob-
lem for large parameters which implies the nonexistence of component-wise
positive solutions to problem for sufficiently large parameters. For conve-
nience, we establish several preliminary lemmas.

Lemma 4.1. Assume that (H9) and (H10*) hold, for any r > 0 there exists a
(A, i) € RE x RE such that (0,A,] x (0, ] € 7.
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Proof. For any given r > 0, denote

o= s | / G(t, s)un (3) f1 (s u(s), v(s)) ds]]

(u,0)€0K, x K,
s= s | [ G ()00 sl
(u,v)EK, xOK,
It is easy to see that a and 3 are both positive by (H10x). Let (Ar, pr) = (55, %),
then for any (A, u) € (0,A,] x (0, u,], from (H9) we have
|AS (u,0)|| < A <7 =|ul|l, V(r,u,v)€[0,1] x OK, x K,,
1B (w, v)[| < pp <7 =vll, V(r,u,v)€l0,1] x K x K,
thus 7Y, (u,v) # (u,v), for all (7,u,v) € [0,1] x I(K, x K;). From Remark
Lemmas - 5 and [2.6] it follows that
i(Ty K x Ko, K x K) =i(AY, K, K) -i(B), K, , K) = 1
This and (H10*) imply that TAl’“ has a fixed point in [K,\{0}] x [K,\{0}] for all
(A, 1) € (0, A] x (0, par]. O
Lemma 4.2. Assume (H9) and (H11*) hold, S, = {u : A{(u,v) = u,(\,7) €
I x[0,1] and (u,v) € K x K} and S, = {v : B}, (u,v) = v, (u,7) € J x [0,1] and
(u,v) € K x K} where I,J C [a,+00) for some constant a > 0. Then there exist

constants Cp and Cy such that ||ul]| < Cy for all w € S, and ||v]| < Cy for all
vES,.

Remark 4.3. By Lemma[4.2] we know that
S = {(0,0) : T (,0) = (u,0), (1, A, p) € [0,1] x T x J, (u,0) € K x K}
is a bounded set. In particular, it implies the nonexistence of positive solutions to

(L2) for sufficiently large parameters (see Lemma [4.F)).

Proof. First, we prove that there exists a constant C such that ||u|| < Cr,Yu € S,,.
Suppose, reasoning by the contradiction, that there exist sequences {(\,, 7,)}2; C
Ix[0,1] and {(un,vn) }nzy C K x K such that AT (un, vy) = up and limy, o [Juy|| =
+oo. By (H11x), for k > (ao 510_60 G(3,s)wi(s)ds)~! there exist a R > 0 such
that

f1(t,u,0) = ku, Y(t,u) € [0,1] X [R, +00).
Now choose |luy| = o~ 1R. By (H9) and the inequality above, we obtain that

lunll = AT (un, on)|
1
> AKIL(UN,’UN)(?
AN/ G s)wi(s)fr (s, un (5), 0) ds
1— 50 1
> k:)\N/ G(§,s)w1(s)u1\;(s)d5
do
1—6¢ 1
> koo [ GG 9)un(9)ds v > ]|
do

which is a contradiction.
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Similarly, we can show that there exists a constant C; such that ||v|| < C; for
allv € S,. O

Lemma 4.4. Assume (H9), (H10%), (H11*) hold. If (A, ) € 7, then for any
(A ) € (0,A) x (0,7), problem has at least two component-wise positive so-

lutions, in particular, (0,A) x (0,71) C int.”. Moreover, (0, ] x (0,71] C ..

Proof. For any given (X, u) € (0,)) x (0,%), let (w,v) € [K\ {0}] x [K\ {0}] is a
fixed point of TXlﬁ‘ Then there exists an € € (0, 1) such that for all € € (0, ¢] and
t € 0,1],

ALt a() +e,3() +e) = fu(t,a(t), o(t)] < (A = N)ar/2,

B B D - (4.2)
ulf2(t,u(t) +e,0(t) +€) — fa(8,u(t), 0(t)] < (7 — p)gz/2,
where
¢ = min{ fi(¢,u,0) : (t,u) € [0,1] x [0, ]|z|]} > 0,
g2 = min{f5(t,0,v) : (t,v) € [0,1] x [0, [[7]]} >0,
and thus for all € € (0,¢] and t € [0, 1],
)\fl(t7ﬂ(t) + €’E<t) + 5) - Xfl(tvﬂ(t)’i(ﬁ)) < (/\ - )‘)QI/2 <0,
pf2(t,u(t) + &,0(t) +€) — mfo(t,u(t), v(t)) < (u—Ma2/2 <0
Moreover,
Awy (8) f1(ta(t) +€,0(t) + ) — Awi(8) (8, a(t), 0(t))
< (A= Mg min w(t)/2 <0,
relo (4.3)

pwa(t) fo(t,u(t) +&,0(t) + ) — pwa(t) fa(t, u(t), v(t))
< (k—Ma min wy(t)/2 <0,

which is valid by the assumptions w; € C([0,1],R}) (i = 1,2).
Next, we construct strict upper solutions (8, (t), 8,(t)) of (1.2) according to the
following cases.

Case 1: a > 0, ¢ > 0. Let (B,(t), B,(t)) = (u(t) + €,0(t) + ¢). Then by ([&.3),
(Bu(t), Bu(t)) on (0,1) satisfies

= Awi (t) f1(t, a(t), v(t
> Awy () f1(t, Bu(t), Bu(t)), (4.4)
—(p(t)B, (1)) + a(t)Bu(t) = —(p)V'(t))" + q(t)o(t)
= nwa(t) f2(t, u(t), v(t))
> pwa(t) f2(t, Bu(t), Bu(t))-
On the other hand,
afBu(0) = bp(0)5,,(0) = aB,(0) — bp(0)S,,(0) = ac > 0, (4.5)

¢Bu(1) + dp(1)B,(1) = cBu(1) + dp(1)BL(1) = e > 0.
From (4.4) and (4.5)), we obtain that (8, (¢), 8,(t)) is a strict upper solution of (1.2]).
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Case 2: a >0, c=0. Let

(Bu(t), Bu(t)) =

{( () + & + 55, 0(t) + € + gisty)s b>0, 46)

(u(t) + € +et, v(t) + e +et), b=0
From (4.3, it is not difficult to verity that (8, (t), 8, (t)) is a strict upper solution
of problem (1.2)) as € € (0, ¢] is sufficiently small.
Case 3: a=0,c> 0. Let

(@(t) + e + Soap ) + e + Somd,  d>0, W

(Bul), B(t)) = {(u(t)+s+s(1 —1), 5(t)+e+¢e(1—1t)), d=0.

Using (4.3)), it is easy to verity that (8.(t),[5,(t)) is a strict upper solution of
problem (1.2)) as € € (0, €] is sufficiently small.

Case 4: a =0, c=0. Let
(Bu(t), Bu(t)) = (@(t) +e(t* — t +1),3(t) +(t* — t + 1)),
where € € (0, €] is small enough such that
Awy (8) f1(t,7(t), 0(t)) — 2ep(t) — (2t — D)p/(t) > dwi (8) f1(t, Bu(t), Bu (1)), (4.8)
fw (1) f2(t,u(t), 0(t)) — 2ep(t) — e(2t = 1)p () > pwa(t) fo(t, Bu(t), Bu(t)),
which is valid in view of (4.3). Then by ([4.8)), (B.(t), B,(t)) satisfies

—(p(®)B(1)" + a(t)Bu(t) > Awi () f1(t, Bu(t), Bu(t)), t € (0,1), (4.9)
=(p(t)B, (1)) + a(t)Bu(t) > pwa(t) f2(t, Bu(t), Bu(t), t € (0,1). '
On the other hand,
—bp(0)8,(0) = —bp(0) 3, (0) = bp(0)= > 0, o

dp(1)B,(1) = dp(1)B,(1) = dp(1)e > 0.
By (4.9) and (4.10]), we obtain that (8, (t), 8,(t)) is a strict upper solution of (1.2]).

Hence, problem has at least two component-wise positive solutions for
(A, 1) € (0,)) x (0,7z) by Theoremand the fact that problem has positive
solutions in which at least one component is zero if and only if Ay = 0 because
of condition (H10%). In particular, (0,A) x (0,77) C .. In addition, if (\,u) €
(0,A) x (0,7), then there is an ¢ > 0 such that (A —e,A+¢) x (u—e,u+¢) C
(0,\) x (0,7) C ., and thus (), x) € int.#. So, (0, ) x (0,71) C int.7.

Moreover, by Lemma [£.2] and Lebesgue dominated convergence theorem, we
know that (0, ] x (0,7] C .. O

In what follows, denote

d(int .7) := the boundary of int.#, int.” := the closure of int.7, (4.11)

we will discuss the properties and structures of sets . and int .¥ in the subsequent
lemmas.

Lemma 4.5. Assume that (H9), (H10*), (H11*) hold. Then int.? is nonempty
and bounded.
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Proof. By Lemma and Lemma [4.4] it is easy to see that int % is nonempty.

Next, we prove that int .% is bounded. In fact, if int . is unbounded, then there
exist sequences {(un,vy)}52, C [K\ {0}] x [K\ {0}] and {(An, ptn)}22, C int.”
such that Tinyﬂn (Un,Vn) = (Un,vn) and limy, o0 Ay = 400 or limy, o0 fl, = +00.
Without loss of generality, suppose that lim, ., A, = +00. From Lemma
we know that there exists a constant M > 0 such that ||u,| < M, ¥n € N. Let
m = min{ f1(¢,«,0) : (¢,u) € [0,1] x [0, M]} which is positive, then

M > [unl] = AL, (i, 00)l] > mA| / s)ds| >0,

thus A, < (m|| fo (s)ds||)~tM, a contradiction. Hence, int.# is bounded.
O

Lemma 4.6. Assume that (H9), (H10%*), (H11*) hold. Then there is a (A, ptx) €
Ry x Ry such that O(int ) N {(A\, p) : A = 0} = {(A,0) : A € [0, \]JU{(0, ) :
i€ [0, p]} and int .7 C [0, Ai] X [0, pe].

Proof. By Lemma we can define
A =sup{A: (A, p) €int} and p, =sup{p: (A pu) € int. S}, (4.12)

which are both positive.

Let (A, ) € int.#, then there exists a sequence {(An, pn)}22, C int. such
that A = lim,,_,, A, and p = lim,,_, o gt,. Combining with , it is easy to
see that (A, u) € [0,As] X [0, s]. Thus, int.” C [0, ] x [0, u]. In particular,
O(int ) N {(A\p) : Ap =0} € {(\,0): X e [0,\]}U{(0,p) : p € [0,p]}. On
the other hand, by and Lemma the reversed inclusion relation is also
valid. t

Now define a family of straight lines
L(s)={(\p) €ER*: p=X—s}, 5€ [—fuu,\s]. (4.13)
Moreover, by Lemma for all s € [—fue, As],

A(s) = sup{A: (A1) € L(s) NIE Y, pals) = A(s) — s, T(s) = (A(s), ()

are well-defined.

Lemma 4.7. Assume that (H9), (H10*), (H11*) hold. Then
(i) A(s) is nondecreasing and pu(s) is nonincreasing, which implies that {T'(s) :
$ € [—phs, M)} is a simple arc;
(i) {T'(s) : s € [—p, M} N {(A, 1)+ A = 0} = {(As, 0), (0, )}
(iil) 9(int.#) N (RF x RE) = {T(s) : s € (—pu; M) };
(iv) & =int L U{T(s) : 5 € (—pis, M) }-

Proof. (i) By contradiction, suppose that there exist s1, 82 € [— s, Ai] with $1 < 52,
such that A(s1) > A(s2) or p(s1) < u(s2). Without loss of generality, assume that
A(s1) > A(s2). Then, by the definition of I'(s1), there is a (N, y') € int.” in
the neighborhood of (A(s1), (s1)) with X > A(s2) and g/ > p(s2). On the other
hand, by the definition of I'(s3), there is a (A, ") &€ int.# in the neighborhood
of (A(s2), u(s2)) with A(s2) < M < X and u(ss) < p” < ', which implies that
(N, 1) € int.# in view of Lemma [4.4] a contradiction. Hence, A(s1) < A(s2) and
p(s1) = p(sz2), for all si,s2 € [—fs, Ax] With s1 < s3. Moreover, combining the



22 J. HE, L. YANG EJDE-2019/111

definition of T'(s) with the nondecreasing of A(s) and the nonincreasing of u(s), it
is easy to see that

51— s2|/V2 < |T(s1) = T(s2)| < [s1— s2|, V1,80 € [—pu, ).

This means that both I and I'~! are continuous, so {I'(s) : s € [—fu«, A«]} and the
straight line segment {(A,0) : A € [—p«, Ai]} are homeomorphic, thus {I'(s) : s €
[— s, M)} is a simple arc.

(ii) From Lemma [4.6] it is clear that I'(—p.) = (0, 1) and T'(A.) = (A4, 0).
Now suppose that there is a so € (—p«, As), such that A(sp) = 0 or u(sg) = 0.
Without loss of generality, assume that A(sp) = 0, then sg € (—p,0]. By use
of the monotonicity of A(s), we have that A(s) = 0, for all s € [—p., S|, which
implies that {(0,u) : p € (—so,p«]} N I(int.”) is an empty set. On the other
hand, by Lemma [£.6] {(0, 1) : p € (—s0, s]} C 9(int ), a contradiction. That is,
{T(s) : s € (—pos, M)} N { (A, ) = A = 0} is empty. So, item (ii) is valid.

(iii) By the definition of T'(s) and (ii), we obtain that {I'(s) : s € (—ps, Ax)} C
A(int ) N (R x RY). Contrarily, for any given (\, ) € d(int.#) N (RF x RY),
we will show that (A, pu) € {I'(s) : s € (—px, As)}. Let so = A — p, then sp €
(—ptss Ax). We claim that (A, p) = T'(sp). In fact, from the definition of I'(sg),
we have that A(sg) > A; in addition, if A\(sg) > A, then there is a (A, i) € int.”
in the neighborhood of (A(so), i(s0)) with X > X\ and @ > p, which implies that
(\, 1) € int. by Lemma a contradiction.

(iv) For any given s € (—p., As), there exists a sequence {(An,pn)}se, C
int & such that lim, o (An, ) = (A(s), 1(s)). Combining with Lemma and
Lebesgue dominated convergence theorem, (A(s),u(s)) € . In other words,
{T'(s) : s € (—ps, M)} CF. So, int Z U{L(s) : s € (—fus, Ax) } C .

On the other hand, . C int.” U{T'(s) : s € (—ps, Ar)}. In fact, if there is
(Ap) € and (A\,p) ¢ int.” U{[(s) : s € (—p,As)}, then by Lemma [£.4]
{T'(s) : s € (—px, Ax)} Nint .7 is nonempty, a contradiction. O

Proof of Theorem[I.11] By Lemma [1.7, {I'(s) : s € [~p1., \s]} ia a simple arc with
both end (4, 0) and (0, ), and separates R x Ry into two disjoint subsets int .7
and R x R\.7. Denote

Oy =int.?, To={T(s):s€ (—p,\)}, O2=RJ xRS\ .7. (4.14)

It is clear that 03N = ¢, and that ¢, UTy = . from item (iv) of Lemma By
the definition of .# and the fact that problem has positive solutions in which
at least one component is zero if and only if Ay = 0 due to the condition (H10x%),
we obtain that problem has at least one component-wise positive solution for
(A, 1) € ToU O and no solutions for (A, p) € 0. Next, it is sufficient to show that
problem has at least two component-wise positive solutions for (A, u) € .
In fact, by (), 1) € Oy, there is a (X, i) € 0y such that (A, i) € (0,A) x (0,71), then
the desired conclusion derives from Lemma [£.4] O
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