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EXISTENCE OF SOLUTIONS TO NONLOCAL ELLIPTIC
PROBLEMS WITH SINGULAR AND COMBINED
NONLINEARITIES

JESUS ALBERTO LEON TORDECILLA

ABSTRACT. We use an approximation scheme together with a variation of the
fixed point theorem to show the existence of a positive solution to a nonlo-
cal boundary value problem. This problem has a smooth bounded domain in
RN a singular term, and combined nonlinearities. We also study the symmet-
ric, monotonicity, and asymptotic behavior of the solutions with respect to a
parameter involved in the problem.

1. INTRODUCTION

Let @ C RN (N > 2) be a smooth bounded domain. We prove the existence of
a positive solution to the nonlocal boundary value problem

_M(/Q Vul?) Au = Ma(@)u ™ +u?) + fu), €,
u=0, x€0dIQ,

(1.1)

where 0 < ¢ < 1, 0 < v < 1, A > 0 is a parameter, a € L*(Q) with a > 0,
M:R* — RT is a continuous and positive function in [0,1] and f: R — R is a
continuous function satisfying

0 < tf(t) < CJtPP, (1.2)

with 1 < p < % if N >3o0rl < pif N =2 Two typical examples are
M(t) = ct+d with ¢ > 0 and d > 0, and f(u) = u”.

By a solution of (1.1)) we mean a function u € H{(2) such that u > 0 in Q and

—M(/Q|Vu|2> /QvuwzA/Q(a(x)u—7+uQ)¢+/Qf(u)¢=o
()

for all ¢ € H}

Problem is called nonlocal because of the presence of the term M, which
implies that the equation in is no longer a point-wise function. This phe-
nomenon provokes some mathematical difficulties, which makes the study of such
problems particularly interesting. This problem has a physical motivation. In fact,
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the operator M( [, |Vu|*)Au appears in the Kirchhoff equation, which arises in
nonlinear vibrations, namely

Ug — M(/ |Vu|2>Au =g(u), €,
u :Qo, x € a0 % [0,T], (1.3)
u(z,0) = up(x), wp(x,0) =ui(x).
Such a hyperbolic equation is a general version of the Kirchhoff equation
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presented by Kirchhoff in [20]. This equation extends the classical d’Alembert’s
wave equation by considering the effects of the changes in the length of the strings
during the vibrations. The parameters in equation have the following mean-
ings: L is the length of the string, h is the area of cross-section, E is the Young
modulus of the material, p is the mass density and Py is the initial tension.

Equations with singularities have attracted a great attention due to the rela-
tionship with models of non-Newtonian fluids, in applications to heat conduction
in electrically conducting materials, boundary layer phenomena for viscous fluids,
and chemical heterogeneous catalysts (see, e.g., [0 7, 24, 28] and the references
therein). One of the first studies appeared in [10, [12]. There, the authors consider
an approximation of the singular equation by a regular problem, where monotonic-
ity methods can be applied and then passing to the limit to obtain the solution
of the original equation. Recently, the existence of a solution to the problem
was investigated, for the cases f = 0 or f(u) = uP, M(t) =ct+d, and Q C R3is a
bounded domain, see [3, 8, 13, 2I]. Furthermore, for the cases a = 0 and f(u) = uP
where the nonlinearity is convex-concave, the existence of solutions to has
been extensively researched in [T, 1T} 22].

When M = 1, equation is reduced to the singular semilinear elliptic problem

—Au=Ma(x)u™" +u?) + f(u), x€Q,

1.
u=0, x¢€oN. (15)

Many authors have considered problems related with . In [14], it was studied
the existence, nonexistence, and uniqueness of positive solution to the problem
—Au+ a(x)g(u) = pf(z,u) + Ah(z) in Q and v = 0 on 99, where f is a positive
function with sublinear growth, a,h € C%%(Q) with @ > 0 and h > 0, and g is a
singular nonlinearity. The same hypotheses were used to address similar questions
by [9] for a different equation —Au = a(z)g(u) + Af(u). In [I5], the existence
of multiple positive solutions was studied for the singular, critical elliptic problem
—Au = MNu"®4+ul + p(u)) in Q and v = 0 on IQ, where § >0, 1 < ¢ < 2* — 1 and
p is a smooth function with subcritical asymptotic behavior at infinite. Moreover,
n [16], in addition to studying the existence of a positive solution, the authors
investigated the asymptotic behavior of the solutions when the exponent p — 1.
Note that in the problem we establish the asymptotic behavior of the solutions
regarding the parameter A. Our main results read as follows.

Theorem 1.1. Suppose that f: R — R is a continuous function satisfying (1.2))
and M: RT — RT 4s a continuous and positive function satisfying (1.6). Then
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there exists \* > 0 such that for every A € (0, \*), the problem (1.1)) has a positive
solution u € H}(Q).

Proposition 1.2. Suppose that, under the conditions in Theor@m a(z) =0
and Q = B, is an open ball in RN with radius o0 and center x = 0. Ifu € H}(Q) is a
positive solution to , give by Theorem then u is symmetric with respect to
the hyperplane x1 = 0 and decreasing in the direction x1 > 0, where © = (z1,2') €
B

o
Remark 1.3. If a(z) = 0, then we can show using well-known Bootstrap arguments

that the positive solutions u € HZ () to (1.1) are classical, that is, u € C%*(Q) for
some « € (0,1).

Proposition 1.4. Suppose that uy € H}(Q) is a positive solution to (1.1), given
by Theorem [I.1], then
Hu,\||H3(Q) =0 asA—0T.

Notice that in this article we do not impose any extra hypotheses on M be-
yond continuity and positivity in [0,1]. In comparison with problems that found
in the literature, the novelty in problem is that our results hold for a new
nonlocal problem, that is, when M (t) = d — ¢t with d > ¢ > 0. Recently, non-
singular problems related to this operator were studied in [25] 27]. The results
obtained in Proposition [1.2] are apparently new in the study of nonlocal problems
with singularity.

Remark 1.5. If M is a continuous and positive function in the compact set [0, 1],
then there exist mg > 0 and my, > 0 such that

mo < M(t) < me for every t € [0,1]. (1.6)

This article is organized as follows: in Section [2] we give some auxiliary results
that will be used throughout the paper. We approximate f by a sequence (f,)
of Lipschitz functions. Then, in Section [3| we prove the existence of solutions
v, for an approximate problem in finite dimension. In Section [4| we prove
Theoremwhere we show that the solutions v,, of are bounded and converge
to a positive solution of . Finally, in Section [5 we investigated the symmetry,
monotonicity and asymptotic behavior of solutions to the problem , that is,
we prove Propositions [I.2] and

2. AUXILIARY RESULTS

In this section, we present some preliminary results that will be used throughout
the paper. Initially, we approximate the function f give in (L.1) by a sequence of
Lipschitz functions f;: R — R defined by

—k[G(~k - 1) - G(=k)], ift<—k
—k[G(t - 7) — G(t)], if —k<t<-1/k
) ERG(-3) - G(-1)), if —1/k<t<0
Ju®) = kzt[G(%)kf G(%)],k if0<t<1/k 21)
kGt + 1) — G(b)], if1/k<t<k
kIG(k+ 1) — G(k)], if t >k
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The following approximation result was proved in [26] and it uses an explicit
expression of the sequence defined in ({2.1)).

Lemma 2.1. Let f: R — R be a continuous function such that tf(t) > 0 for every

t € R. Then there exists a sequence fr: R — R of continuous functions satisfying

(i) tfx(t) > 0 for every t € R;
(il) Yk € N, Je > 0 such that | fr(§) — fr(n)] < ekl — n| for every &,n € R;
(i) fx — f wniformly in bounded subsets of R.

The sequence (fi) in Lemmahas some additional properties that are deduced

from (|1.2).

Lemma 2.2. Let f: R — R be a continuous function satisfying (1.2) for every
t € R. Then the sequence fi of Lemma|2.1] satisfies

(i) Vk € N, 0 < tfi(t) < Ch|t|P for every |t| > 1/k;
(ii) Vk € N, 0 < tfi(t) < Colt|? for every |t| < 1/k,

where C1 and Cy are positive constants independent of k.

Proof. The proof consist of four steps and it is basically deduced using the mean
value theorem. Everywhere in this proof, the constant C' is the one of ([1.2)).

Step 1. Suppose of —k < t < —1/k. By the mean value theorem, there exists
ne(t— %,t) such that

fu(t) = —k[G(t — %) —G(t)] = —kG'(n)(t - % —t) = f(n)

and so, tf,(t) = tf(n). Since t — ¢ < n <t < 0 and f(n) < 0, we obtain
tfx(t) <nf(n). Therefore,

1 1
tfe(t) <nf(n) < Clnl* < Clt = 2P < C(jt] + 1) < CJt)" < C2P [l

Step 2. Assume % <t < k. By the mean value theorem, there exists n € (t,t+ %)
such that

Fult) = K[G(t + 7) ~ GO = kG )t + 7 — 1) = ()

and thus fi,(t) = tf(n). Since 0 <t <n < t+ 1 and f(n) > 0, we have ¢ fx(t) <
nf(n). Therefore

1
thu(t) <nf(n) < Ol < Clt+ P < CQJE)P < C27|tfP.

Step 3. Suppose that [t| > k, then

| —k[G(~k - 1)~ G(=k), ift<—k
Ju®) = {k[G(m;)kG(k)L if ¢t > k.

If t < —Fk, by the mean value theorem, there exists n € (—k — +, —k) such that

k
Filt) = K[G( k= 1) = G(=R)] = kG (n) (— h+ 1 +K) = ()
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and tf,(t) = tf(n). Since —k — + <n < —k <0 and k < |n| < k + 1, we conclude
that |

tnw=;wwscﬂmw

< Ol (k + %)”*1 (2.2)
1, p—
< Oftl(jt + )" < ol
If t > k, by the mean value theorem, there exists n € (k, k + %) such that
1 1
filt) = K[G bk + 7) = G = kG () (k+ . = k) = ().

By computations similar to those for (2.2]) one has

S t
tnmznww§c;mw§mW@

Step 4. Suppose that [¢t| < %, then
2 2y _ 1 if —Ll<t<
fult) = {k HG(~2) ~ G(-1)), if —1 _<t <0

K[G(2) — G(3)], ifo<t<l.

If —1/k <t <0, by the mean value theorem, there exists n € (—%, —%) such that

2 1 2 1

fu(t) = K*[G( - %) -G(- %)} = k*tG'(n)( - o %)) = —ktf(n).
Therefore,
2
tfi(t) = —kt*f(n) = ko f ()
2
<K=nf(n) < Cf! (2:3)

< ORIt ()t < 02 e
If 0 < ¢ < 1/k, by the mean value theorem, there exists 1 € (1, %) such that
2 1 2 1
fu(t) = k[G(E) - G(%)] = thG/(U)(E - %) = ktf(n).

By computations similar to those for (2.3)) one obtains

t2 t2 _
Efi(t) = Kt f () = konf () < k=nf (n) < O2 e[
The proof of lemma, follows by talking C; = C2P and Cy = C2P~1. d

The next lemma will be used to show the symmetry and monotonicity of the
positive solutions to (1.1

Lemma 2.3. Let Q C RY be a bounded open set, convex in the direction of x1 and
symmetric with respect the hyperplane x1 = 0. Let u € C%(Q)NC%(Q) be a positive
solution to the problem —Au = g(u) in Q@ and u =0 in I, where g: R — R is a
locally Lipschitz function. Then u(xz1,2’) < u(—x1,2") for every x = (z1,2') € Q
such that x1 > 0. Furthermore, 8%‘1 < 0 for every x € Q, x1 > 0. See [4, Theorem
1.2].



6 JESUS A. L. TORDECILLA EJDE-2022/40

Now, we recall the Hardy-Sobolev inequality, which will play a key role in the
proof of our main result:

Lemma 2.4 (Hardy-Sobolev inequality [I8]). If u € Wg’p(Q) with 1 < p < N,
thend%6L"(Q),for%=%—%,0<7§l and
u
HCTTHL“(Q) < Cl|Vul Lr(a),
where d(x) = dist(z,0Q) and C > 0 is a constant which does not depend on .

The following lemma will be used for showing that the solutions of an approxi-
mate problem discussed in Section [3| converges to a solution to the problem (|1.1)).

Lemma 2.5 ([26, Theorem 1.1]). Let Q be a bounded open set in RN, up: R — R
be a sequence of functions, and gr: R — R be a sequence of functions such that
g (ug) are mensurable in Q for every k € N. Assume that gi(ug) — v a.e. in
Q and fQ gk (up)ug < C for a constant C independent of k. And suppose that for
every B C R, B bounded, there is a constant C'g depending only on B such that
lgr(z)] < CB, for allx € B and k € N. Then v € L*(Q) and gi(ux) — v in L (Q).

We conclude this section by presenting a lemma, which is a consequence of
Brouwer’s Fixed Point Theorem. However, our statement is a subtle (but very
useful) generalization by comparing it with the literature.

Lemma 2.6. Let F': R — R? be a continuous function such that (F(£),£) >0 for
every € € R with |¢| = r for some v > 0. Then there exists zo in the closed ball
B,(0) such that F(z) = 0.

3. APPROXIMATE PROBLEM IN A FINITE DIMENSIONAL SPACE

For each n € N, consider the sequence (f;,,) of Lipschitz functions given by the
Lemmas and We will show the existence of a solution to the approximate
problem

—M(/ |vu|2)m =\ (a(a:)vs(v F1/y/m) "0t 4 vq) + fulv) + %, zeqQ,
Q
u=0, x€0dQ,

(3.1)
where 0 < v < s< 1,0 < ¢ <1, A >0 is a parameter, ¢(x) is a positive function
such that ¢ € C%2(Q) for some « € (0, 1]. Notice that for us to show the existence
of a solution to the approximate problem 7 we will use the Galerkin method
together with the fixed point theorem given in Lemma The main result in this
section is the following.

Lemma 3.1. For eachn € N, there exists \* > 0 andn* € N such that (3.1) admits
a positive solution v, € H}(Q) for every A € (0,\*) and n > n*. Furthermore,

anHHé(Q) <, VTLEN7
where r does not depend on n.

In the following lemma we prove that nonnegative solutions for the approximate
problem (3.1]) are in fact regular.

Lemma 3.2. Let v € H}(Q) be a nonegative solution to (3.1). Then v € C*(Q)
for some a. € (0,1).
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In the next corollary, we will emphasize the significance of considering the se-
quence (f,,) of Lipchitz functions in the approximate problem (3.1)).

Corollary 3.3. Suppose that a(x) = 0 and Q = B,. Then, for each n € N, the
solution v, € C**(Q) to (3.1)) satisfies

vn(z1,2") < vy (=21, 2"), (3.2)
for every x = (z1,2") € B, such that 1 > 0. Furthermore,
ou
— <0 foreveryxeQ, x; > 0. (3.3)
81'1

Proof Lemma[3.} Let B = {w1, w2, ..., Wpn,...} bean orthonormal basis of H}(€2).
For each m € N, we define

Wm = [’LUl,’LUQ,...,wm],

to be the m-dimensional space generated by {wy,ws, ..., w,}. Define the function
F: R™ — R™ such that

F(f) = (Fl(f)’ F2(€)’ ) Fm(f))a
where £ = (£1,&2,...,&m) € R™,
F5(€)

:M(/QWUI?)/QVvaj—)\/Q(a(x)(v+)8(v++1/\/ﬁ)f(v+s)+(U+)q>wj

_/an(v+)wj_%/g¢wj

for j=1,2,...,mand v =) " &w; belongs to W,,. Therefore,
(F

(€):€)
:M(/Q|Vv|2)/ﬂ|vij|2_)\/ﬂ(a(x)(v+)s+1(v++1/\/,ﬁ)—('y+s)_’_(v+)q>

[ et [

where v = max{0,v} and v_ = v}y —v.
Notice that F' is continuous by Sobolev embedding and dominated convergence
theorem. Given v € W,,,, we define

(3.4)

1 1
QZZ{%EQZ|U|ZE}, Q;:{er:|v|<ﬁ}.

Now we rewrite as (F(€),&) = (F(£),6)T + (F(£),£)” where
(F(£):€)

X
= ([ 1ve) [ 1V [ (al)en) T s+ 1V 4 0)1)

N -

n

(F(£),€)"
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([ |vu|2)/ Vol )\/ () (g 1/ 4 (0,)7)
Q

- fn(vgp)og — E o Pv.

0=
Let K1 = |la]|=(q) and K = max{|¢(z)| : z € Q}. In the next two steps, we
estimate (F'(€),&)" and (F(£),£)".

Step 1. Since 0 < ¢ < 1 and 0 < v < s < 1, using Holder inequality and by the
Sobolev embedding we obtain

l; a(@)(v4) (04 +1/vn) ”“)<Kk/h$ T2 Glolyley,  (35)

n

/vq“ [ = ol g < Calll (3.
Furthermore,
[ év < Balgllpla < Calllngo- (37)
By Lemma i) and Sobolev embedding, we deduce
l;hWM4SCLW$“§ﬂM@hm<&MW% (3.8)

Thus, it follows from (3.5)—(3.8) that
(P, = MllolBy) [ 907 = MCallllglay + Colblile)  (9)

+1 Cy
~ Cillolity — ol (3.10)
where Cy, Cs, C3, and Cy are pOSlthG constants that do not depend on n nor m.
Step 2. Since 0 < ¢ <1 and 0 < s < 1, we deduce

/awwm“m+uwwwﬂém#¥/IW“gmwﬁf (3.11)
Q. n

n

[ ear <ol (3.12)
By Lemma ii) we find that
1
fulvsor <Ca [ Jou < Col0. (3.13)
Qn Q n
It follows from (3.11))—(3.13) that
(F(£),6)
1 (3.14)
> (Il [ 190 = AR + 10— - Calel
As a direct consequence of estimates (3.9) and (3.14) we obtain
(F(£).€)
> Ml ) | 190 = NCallollglay + Calloll o) 5.15)
Culfolzit — Ki|Qn™7 + |0 510
= Cullollgy o) = - lollag @) = AU n"z + Q] q+1) 51905
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Assume that [|v]|g1q) = r < 1 for some 0 <7 <1 to be fixed later. It follows from
(L.E) that M( ||UHH1(Q)) M (r?) > my, and so we deduce

C
(F(£),€) > mor® — A(Cor'™7 + Cgrqﬂ) BN S N P
L (3.16)
(K1|Q|n T )*CQ|Q|E
Note that if
mo \ 1/(p—1)
< (—) ,
2C4
then mor? — C17P™ > mgr?/2. Thus, by considering
1 . mo 1/(p—1)
r—imln{l, <ﬁ) }’
we obtain
2
(F(©),6) > ™0 _ \(Cor' ™ + Cyrrtty - G2y
n
1
(K1|Q\n T4 |2 q+1) 05‘Q|ﬁ

Now, defining p = m%ﬂ — M(Cart=7 + C3r9t1)| we choose A\* > 0 such that p > 0
for every A < A*. Therefore, we may take

mort? morl 0y
4Cy 7 4C3
Moreover, since v < s we may choose n* € N such that

A= min{

Cy
4 AE QT + (0] )+C’5|Q|— <L p , Vn > n*
Let £ € R™, such that || = r, then for A < A" and n > n* we have

(F(),6) > £ >0.

For every n € N, f, is a Lipschitz function, and then by Lemma [2:6] for every
m € N there exists y € R™ with |y|,, < r such that F(y) = 0, that is, there exists
U € W, satisfying

[vmll a0 <7 for every m € N,

/ |V u,,|? / Vo, Vw

[ (a0 (o + 1RO+ (0)7) (3.17)

and such that

7/an(vm+)w7%/ﬂ¢w’ Yw € Wh,.

Since W,,, € H}(Q) for every m € N and r does not depend on m, it follows that
(vm) is a bounded sequence in H{(Q2). Thus, for some subsequence, there exist
0 <tg<1andwv, € H(Q) (denoting v,, by v) such that

||Um||§{3(9) — to, (3.18)
U — v weakly in Hj(Q). (3.19)
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From ([3.19) and Sobolev compact embedding, we have
vm — v in L*(Q) and a.e. in Q. (3.20)

Let k € N, then for every k > m we obtain that W C W,, and

M(/Q|va|2)/QvaVwk

= )\/ (a(:c)(vm+)s(vm+ +1/v/n)~0F) 4 (vm+)q) wg (3.21)
Q
1
—/fn(vm+)wk— */ Pwy, Ywi € Wy.
Q nJo
It follows from ([3.19) that
/vaVwk — / VoVw, as m — oo. (3.22)
Q Q
Also, using (3.18)) and continuity of M we deduce that
M(/ |va\2) — M(ty) asm — 0. (3.23)
Q
By (3.20),

() (Vg )* (Wmy + 1/v/0) "0 = a(z)(vy) (v +1/v/n) "0+ ae. in Q

and (v )®|wk] = (vy)®|wg| a.e. in Q. Furthermore,
a(z) (Vi )* (Vi + 1/\/77')7(’Y+S) < K1Cp (vt )*wi],  Vm €N,

and by the Sobolev compact embedding one obtains

/(vm+)s|wk\ %/(v+)s|wk| as m — oo.
Q Q

Therefore, from generalized dominate convergence theorem,
[ @) (s + 1/ = [ al@)wn) o+ 13m0, (324
as m — oo. Also, thanks to and Lemma [2.1] (ii) we obtain
/ngn(vm+)wk — /an(v—k)wk as m — 0o. (3.25)
Thus, by (3.22 , , and 7 letting m — oo we deduce that
A / (6@ ) @+ 1V 4 i) w0t [ faloms o

/ Pwi

= [ (a@ @) o+ 1V 0+ (0)7)

+/an(v+)wk+%/g¢wk~

(3.26)
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It follows from (3.21)), (3.22)), (3.23), and (3.26) that

M(to) /Q VoV = A /Q (al@) () (v + /30 4 (0,)7)

) (3.27)
4 [ o+ [ dun, vun e Wi
Q nJa
Since [Wi]ren is dense in WOI’N(Q), we derive that
Mito) [ F65w = [ (a@)we)*(es + VA O 4 w4)7) 0
@ @ (3.28)

1
+ [t [ owvo e m@).

We claim that tg = ||vm||%,1 Indeed, taking w = v,, in (3.17)) we obtain
0

(@)

M(/Q|V1;m|2)/Q|va\2

Y / (@) (0n)* @ + LV 4 0 ) 0 (3:20)
/fn U )Um + /¢vm, Yw € W,,

So that, passing to the limit as m — oo in , we find

M (to)to = A (v4)* (vy 4+ 1/v/n)~OF) 4 (v,)
/ . : ) (3.30)
fn(v+)v+ dw

Therefore, taking w = v in 1} it follows from (3.30) that ¢y = ||v||§{é(9), since

M (to) > mg > 0. The claim is proved.
Moreover, v > 0 a.e. in Q. In fact since v_ € H}(Q2), by (3.28), we obtain

(/ |Vv|2>/VvVv_—/\/ Vi) (vy +1//n)~ ('v+s)+(v+)q) v
— [ futwsyo- =1 [ v

Hence,
M (IolBsyco) Bo-Brgeey = =M (IolBiyy) [ Fovo-
1
— [ a3 [ o0z
Q nJa
then v_ = 0 a.e. in €, since M(||v||fql(m) > M(tg) > 0. This completes the
0
proof. O

Proof of Lemma[3.3 Define

glw) = Méto) [A(a@)() (w() + 13m0+ o(@)?) + fuol) + 2],

n
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Clearly,
1 ks g K.
9 < S (K 5 ol Jel” - fao) 4 2], (3.31)
where K = ||a| () and K = max{¢(xz) : z € Q}. Notice that
e e S (i (3.32)

where 2 < 8 < % Moreover, since f, is a Lipschitz function and f,(0) = 0, we
obtain |f,(v)| < Cp|v|, and so

[fa(0)] < Cu(1+[0]*7h). (3.33)
It follows from (3.31)), (3.32), and (3.33) that
g < C1 + Colu|’, (3.34)
where
1 ats K, 1 ats
= K 2 _ = — K 2 .
Ch M(to)[ 1n +A+Ch+ n :|7 Co M(to)[ 1n +)\+an|

Therefore, by applying bootstrap arguments and using (3.34), similar to those found
in [19], we conclude that v € C%%(Q) for some a € (0,1). The proof is complete. [

Remark 3.4. Since ¢/n # 0, we deduce that v # 0 in Q. Therefore, it follows
from maximum principle that v > 0 in €2, since v > 0 in 2.
Proof of Lemma[3.3 Let g: R — R be a function defined by g(t) = m()\t‘l +

fa(t)). Notice that g is a locally Lipschitz function because t? and f,, are Lipschitz
functions. According to Lemma the solutions v, € C%%(Q) of problem (3.1))

satisfy (3.2) and (3.3). O

4. PROOF OF THEOREM [L1]

We will use the existence of a unique solution z to the problem
—Az=21 x2€Q,
z>0, xe€, (4.1)
z=0, x€0dN,
where 0 < ¢ < 1, to show that v, > az in €, with a a constant independent of
n. This implies that the limit of the sequence v,, of solutions to the approximate
problem (3.1)) is positive. See for instance [5] for the details of problem (4.1)).

Also, we use Lemma[2.5] together with the Hardy-Sobolev inequality, see Lemma
to show that v,, converges to a positive solution v to (|1.1)).

Proof of Theorem[I.1. By Lemmas and equation (3.1) has a solution v, €
C?%2(Q), for some 0 < a < 1, for each n € N. From (3.19) we know that

Um — v, weakly in H} () as m — oo. (4.2)
Thus

vnllm @) < li'ggiglof [vmllgi@) <7 <1 forevery n €N,

and 7 does not depend on n. Therefore, up to a subsequence, there exist 0 < to < 1
and v € H}(Q) such that

”UnH%{[}(Q) — 1ty asn— o, (4.3)



EJDE-2022/40 NONLOCAL ELLIPTIC PROBLEMS 13

v, — v weakly in Hg(9), (4.4)
and, by the Sobolev embedding for 1 < o < 400,
v, — v in L7(Q) and a.e. in Q. (4.5)
Moreover, since M is continuous we obtain, by , that
M(H”ﬂ”%{é(ﬂ)) — M (to). (4.6)

Now, it follows from that 0 < mg < M(||vn|\fqé(ﬂ)) < Mo and since v, > 0,
then by taking u = Am_! we find that
—Av, > pvl, xeQ,
vy, >0, x€Q,
v, =0, x €.

Thus, by defining z,, = ,uﬁ v, we deduce that
Zn Zn \4
() ()
pr=a pi=a
that is, —Az, > z4. By [2| Lemma 3.3], it follows that z, > z for every n € N,
implying

Up > uﬁz, vn € N. (4.7

Letting n — oo in (4.7), we have v > ,ul%qz in . Therefore, v > 0 a.e. in Q.
We claim that v is a solution of ([L.1]). Since v, — v a.e. in Q we have

folvn(2)) = flv(x)) ae. in Q (4.8)
by the uniform convergence of Lemma [2.1(iii).
Observe that

/ | fr(vn)vn| <O, Vn €N, (4.9)
Q

where C' > 0 is a constant independent of n. Indeed, let z be a solution to (4.1)).
In view of the maximum principle we have

% <0 in 09.
So that, by (4.7) and using [23, Lemma 2.6], we find
vn(z) > ATaz(z) > Cd(x) > 0, (4.10)

where C is a positive constant. Furthermore, using the Hardy-Sobolev inequality,
Lemma we deduce that v,/d" € L7(Q) with 2 =1 — 22 "and
Un
e
Using the estimate [vn||giq) < r, we obtain || ||L-(@) < Cr and so, by (4.10)
and Holder’s inequality, we have

a(x)(vy)?* (v n)~(r+s) n Un
[ a@ w1y < gy [ e [ e

<o [ ()" <

where C' = Cyr is a constant independent of n.

o) < ClVunllz2(o)-

(4.11)
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Recall from that
M(lenl ) / Vo,V
- /\/ “(on + 1/3/m) "0 + (o)1) w (4.12)
fn(vn)w + qﬁw Yw € HE(Q).

Talking w = vy, in li and since vy, is bounded in H}(9), by the Sobolev compact
embedding we obtain (4.9).

By (4.8), (4.9), and the expression of f,, in (2.1)), the assumptions of Lemma
are satisfied, implying f(v) € L*(Q) and
fn(vy) = f(v) in LY(9).
Furthermore, since v, — v a.e. in Q, from (4.11) and the dominated converge
theorem we have

/ a(z)(vn)* (v + 1/v/n) 0w — / a(x)v Tw, Yw € Hi(Q).
Q Q

Note that, by (4.8]), we have v(z) > Cd(x) a.e. in Q and in addition it follows from
the Hardy-Sobolev inequality that v=Yw € L'(Q), since 0 < v < 1.

Finally, letting n — 1 in (4.12)), we have
M(%VO)/ VoVuw = )\/(a(:v)v_v +vHw +/ fo(@w, Ywe H}(Q). (4.13)
Q Q Q

Observe that, similarly to Lemma we can show that to = ||v||§{1(Q). Thus, we
0

conclude from ([4.13)) that v € H(Q) is a positive solution to problem (1.1)). This
completes the proof. ([

5. SYMMETRIC7 MONOTONICITY, AND ASYMPTOTIC BEHAVIOR OF THE
SOLUTIONS

In this section we show Propositions [1.2] and [T.4}

Proof of Proposition[3.3 Since v, — v a.e. in Q, where v € H}(Q2) is a solution of
, by Lemma letting n — oo, we have v(x1,2") < v(—x1,2") for every z =
(x1,2) € B, such that x; > 0. Similarly, we may show that v(—z1,2") < v(zq,2’).
Furthermore,

ou

—— <0 for every x € B, with 1 > 0.

8%‘1
Therefore, v is symmetric with respect to the hyperplane z; = 0 and decreasing in
the direction x; with z; > 0, where = (21,2') € B,. O

Remark 5.1. If we consider f instead of f,,, we cannot apply Theorem [2.3|because
the function g(t) = At? + f(t) is not necessarily Lipschitz continuous.

Proof of Proposition[1.4 It follows from definition of solution to problem ([L.1),
considering ¢ = u as a test function, that

M(lellngio) [ 1Vl =2 [ a@)@! =+t + [ f .

. 1
< MCsllull ey + Callullffsio) + Crllullfi o),



EJDE-2022/40 NONLOCAL ELLIPTIC PROBLEMS 15
where C is give by (3.8).
Since u # 0, it follows from (5.1]) that
1+
Jull5: Ty [mo — Ci
On the other hand, by the choice of r in Lemma [3.1] we deduce that

mo — Cl||u||%;1%m >mg—CirP 2 > 2.

2
(

o] SMCs + Cillultg). (52)

Then, from (5.2) we find that |lul|g1) < CATH . Therefore lullga) — 0 as
A — 07. The proof is complete. O
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