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ABSTRACT. In this article we study a non-self-adjoint eigenparameter depen-
dent singular differential 1D Hamiltonian system with the singular end points a
and b in the Hilbert space L% ((a,b); C2) and we consider that this 1D Hamil-
tonian system is in the limit-circle cases at a and b. For this purpose we
use the maximal dissipative operator associated with the considered problem
whose spectral analysis is sufficient for boundary value problem. Self-adjoint
dilation theory of Sz.-Nagy-Foiag developed for the dissipative operators is
used. Moreover we construct incoming and outgoing spectral representations
of the self-adjoint dilation. This representations allows us to determine the
scattering matrix. Therefore a functional model of the dissipative operator
is constructed. Moreover, a functional model of the dissipative operator is
constructed and its characteristic function in terms of solutions of the cor-
responding Hamiltonian system is described. Therefore using the obtained
results for the characteristic function theory, theorems on completeness of the
system of eigenvectors and associated vectors of the dissipative operator and
Hamiltonian boundary value problem have been proved.

1. INTRODUCTION

One of the important problems in the spectral theory of operators include a
spectral parameter both in the equation and boundary conditions. Eigenparameter
dependent boundary value problems occurs in various problems of physics and en-
gineering. In particular such problems occurring in physical processed can be found
in [6,[7,[I7]. Moreover one can find numerous studies devoted to eigenparameter de-
pendent boundary value problems in [T}, 2 [3] 51 7], 8], [TT], 177, (19}, (20}, 22}, 24, 26 27 29]

This article mainly considers a non-self-adjoint eigenparameter dependent one
dimensional (1D) singular differential Hamiltonian boundary value problem given
by —. It is known that contour integration method of resolvent is one of
the main methods used in the spectral analysis of boundary value problem (2.8)-
(2.10). However this method needs a well estimation of the resolvent on expanding
contours separating the spectrum. It is better to note that the applicability of this
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method is restricted to weak perturbations of self-adjoint operators and operators
with sparse discrete spectrum. The resolvent R, corresponding to the boundary
value problem — can not be investigated directly, because there is no
asymptotics of solutions associated with the system concerning the spectral
parameter A\. Therefore contour integration method is not useful for the boundary
value problem (2.8)-(2.10).

For studying the spectral properties of the boundary value problem —,
the characteristic function theory of the model operator is suitable. Using the
fundamental results given in [I8, [21], characteristic function is constructed with
studying the self-adjoint dilations. This self-adjoint dilations allow us to study the
scattering problem and the characteristic function is realized as a scattering matrix
(see [15]). For readers we should noted that, for the papers including the non-self-
adjoint dissipative 1D singular differential Hamiltonian (or Dirac-type) systems
with A-independent boundary conditions, see, for example [4].

This article is organized as follows. In Section 2, the maximal dissipative operator
Ag associated with the boundary value problem (2.8)-(2.10) is constructed and we
establish the self-adjoint dilation Sg of the operator Ag. In the section 3 we show
that the scattering theory of Lax-Phillips [15] is applicable for the operator Sz and
we can reveal the scattering matrix ©4 through the solution of system . In
the incoming spectral presentation of the dilation, the operator Ag is converted to
the model dissipative operator with the characteristic function ©g, which is, in its
turn, unitary equivalent to Ag. Finally, we derive the theorems on factorization
of the characteristic function and completeness of the system of eigenvectors and
associated vectors of the operator Mg, and boundary value problem —.

2. CONSTRUCTION OF THE MAXIMAL DISSIPATIVE OPERATOR AND ITS
SELF-ADJOINT DILATION

We consider the 1D Hamiltonian system

Li(z) == Jd‘z(tt) +Q(t)z(t) = AP(t)z(t),

teN:=(ab), —o0<a<b< 400,

where A is a complex parameter, endpoints a and b are singular for Ly,
0 -1 (M (1)
1 0) \a@@®)’
_ (p() b(t) _ (a(t) k()
ro= (5 ) e0=(E )
P(t) > 0 for almost all ¢ € 2 and the entries of the (2 x 2) matrices P(t) and Q(t)
are real-valued, Lebesgue measurable and locally integrable functions on 2.

Let us consider the differential expression L(x) := P~!(t)L1(x) and the Hilbert
space L%(Q, E) (E := C?) including all vector-valued functions = such that

<
I

[ (P02t < +oc

and with the inner product (z,y) := fj(P(t)x(t), y(t)) gdt.
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We denote by Dyax the linear set consisting of all vectors z € £%(€2; E) such that
() and () are locally absolutely continuous functions on Q, and L(z) € £%(Q; E).
We define the mazimal operator Mpax on Dyax by the equality Myaxx = L(x).

For two arbitrary vectors x,y € Dpax, we obtain the Green’s formula as

(Muax, y) = (2, Mmaxy) = W[z, 7] — Walz, 7], (2.2)
where
Wile, 7] =2V 07? (1) - P (g (1) (te ),
W,lz, 7] := lm [z,7];, Whlz,7y] = tlirgl_ Wiz, 7).

t—a™t

Let Dpin be the set of all vectors € Dy,ay satisfying
Wb[l',y] - Wa[xvy] = 07 Vy € Dmax~ (23)

We denote by My, the restriction of the operator M.x t0 Duin. It is known
that the operator My, is a minimal symmetric operator with deficiency indices
(0,0), (1,1) or (2,2), and Mpayx = M2, (see [ 6, [0l [0, 12, (13} 14} 16, 25, 28]).
Note that for defect index (0,0), the operator My, is self-adjoint, i.e., M, =
Mmin = Mmax~

In this article, we assume that M,,;, has deficiency index (2,2), i.e., the limit-
circle case holds for the differential expression L at a and b (see [3] 4] 6] [9, 10} 12} 13|
141 [T6] 25 [28]). There are several sufficient conditions that ensure the limit-circle
case (see [3, @, 10, 12| 13| 14, 16, 23| 28]).

We denote by 6 and ¢ the solutions of the system

Li(z)=0,te (2.4)

satisfying the initial conditions
0W)=1, 6P)=0, ¢W()=0, ¢P()=1, ceq. (2.5)

From conditions we have
Wil0, 0] = Wel0,6] =1 (a <t <b), (2.6)

since the Wronskian of two solutions of is independent of ¢. Moreover these
solutions are linearly independent if and only if their Wronskian in non-zero. There-
fore, # and ¢ form a fundamental system of solutions for the system . Since
M pin has deficiency indices (2,2), 0,¢ € £%(Q; E) and furthermore 6, ¢ € Dpax.
Therefore, the domain Dy,;, of the operator M, includes definitely the vectors
x € Dax satisfying the boundary conditions (see [4])

Walz, 0] = Wylx, 9] = Wh|z, 0] = W[z, 6] = 0. (2.7)
This article mainly considers the boundary value problem

dx(t
7 L QU)a(t) = APU)R(1), @ € Dy 1€ D, (28)
0147 (z) — 6245 () = A1 Ay (z) — 054, (2)), (2.9)
At () — BAT (x) =0, Tm 3 > 0, (2.10)

where A\ € C, 01, 02,07, 05 € R := (—00,0),
_ |01 &
6:= 5 8 > 0,

and A7 (z) := W, [z, 0], A; (x) := W,z 9], AT (2) := W[z, 0], AT (z) := W[z, ¢].
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We adopt the following notation:
S_(z) := 0147 (z) — 624 (z),
S" (z) = 61 AT (z) — 65 A5 (),
Si(x) = Af (z) — BA] ().

For arbitrary z,y € Dpax, the following equahtles are obtained by direct calcula-
tions,

Waliry] = 5[5 ()L (5) ~ S_(2)S_(y), (211)
Wilz,y] = Wiz, 0)Wily, 8] — Wilz, o)Wely, 0]:  (a <t <), (2.12)
S.=5), AI@ =4[, AL@ =A50)

We denote by py and w)y the solutions of satisfying
AT(pA) =02 = 85N, Ay (pa) =01 =8N, AT (wn) =8, Af(wn) =1
Using we obtain that
A(A) =Welwx, pa] = =Wilpa, wa] = =Walpa, wi]

=— %[5— (PA)SZ(wxr) = SZ(pa)S—(wr)] = =ASL(wa) + S_(wn).

Moreover, equality (2.7)) gives us
A(N) = =Wilpa,wa] = —Wi[px, wil
— —AF () A3 (@2) + Af (o) AT (w2) (2.14)
= —Af(px) + BAF (pr) = —S4(pr)-

The spectrum of the boundary value problem (2.8)-(2.10|) coincide with the zeros
of the function A. Since A is analytic and not identically zero (py and wy are linearly
independent), it follows that the function A has at most a countable number of
isolated zeros with finite multiplicity and possible limit points at infinity.

Consider the Hilbert space H := L%(£); E) & C consisting of vector-valued func-
tions with values in C? equipped with the inner product

b
(@mﬁz/kpmm@mmwmﬁ+§u%,

(2.13)

where 0 0
. i (t - yi(t
t) = . g(t) = .
s = ("), a0 = (19)
Let D(Ag) be the linear set of all vectors & = <§1 € H with 1 € Dax,
2

Sy(z1) = 0 and o = S’ (z1). We construct the operator Az on D(Ag) by the

equality = (L)
Apt = L(Z) := (S(xl)) '

Since a linear operator ¥ (with dense domain D(¥)) acting on some Hilbert
space $) is called dissipative (accumulative) if Im(Tf, f) > 0) for all f € D(T) and
mazimal dissipative (mazimal accumulative) if it does not have a proper dissipative
extension, we can state the following result.

Theorem 2.1. The operator Ag is mazimal dissipative in the space H.
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Proof. Note that D(Ag) is dense set in H. For & € D(Ag). Using (2.11) we obtain
(Aﬁj:’ j) - (‘%’ Aﬁi‘)

= Waler, 1] = Walos, @] + 518 (00)5T (o) — S (e0)5 (o))
=Wilo1,71] = Al (= ) 3 (@1) — Af (1) A (71)
= BAZ (11)A3 (T1) — BAS (1) A (71)

= (6—ﬁ)|A§(x1)l2-

Therefore Im(Ag#, 2) = Im 3| A5 (21)|? > 0. Hence we obtain that Ag is a dissipa-
tive in H. One can show that (Ag —AI)D(Ag) = H for Im A < 0. Consequently Az
is a maximal dissipative operator in the space H and this completes the proof. [I

Let ¥ denote the linear operator with the domain D(%) acting in the Hilbert
space ). A complex number )\ is called an eigenvalue of an operator ¥ if there
exists a non-zero element zy € D(T) such that Tz9g = Agzo. Then 2p is called an
etgenvector of ¥ for A\g. The eigenvector corresponding to A\g spans a subspace of
D(%). This subspace is called the eigenspace of A\g and the geometric multiplicity
of A\g is the dimension of its eigenspace. The vectors z1, 22, ...,2; are called the
assoctated vectors of the eigenvector 2 if they belong to D(¥) and Tz; = Aozj+2j_1,
j=1,2,..., k. The non-zero vector z € D(¥) is called a root vector of the operator
T corresponding to the eigenvalue \g, if all powers of T are defined on this element
and (T — Aol)™z = 0 for some integer m. The set of all root vectors of T that
corresponds to the same eigenvalue Ay with the vector z = 0 forms a linear set
My, and is called the root lineal. The dimension of the lineal 9y, is called the
algebraic multiplicity of the eigenvalue A\g. The root lineal 91y, coincides with the
linear span of all eigenvectors and associated vectors of ¥ that corresponds to the
eigenvalue A\g. As a consequence, we conclude that the completeness of the system
of all eigenvectors and associated vectors of ¥ is equivalent to the completeness of
the system of all root vectors of this operator.

Definition 2.2. If the following conditions are satisfied
L(x0) = Moo, S—(x0) — XoS” (20) =0, Si(z0) =0, (2.15)
L(xs) — Aoxs — 251 =0, S_(x5) — XS (xs) — S (x5-1) =0,

2.16
Si(zs) =0, s=1,2,...,m, (2.16)

then the system of vectors xg,x1,...,Z,, is called a chain of eigenvectors and as-
sociated vectors corresponding to the eigenvalue g of the boundary value problem

£9-21).

Lemma 2.3. The eigenvalues of the boundary value problem — nclud-
ing their multiplicity and the eigenvalues of the maximal dissipative operator Ag
coincide with each other. Each chain of eigenvectors and associated vectors of the
boundary value problem —, meeting the requirements of the eigenvalue Xy,
corresponds to the chain of eigenvectors and associated vectors Lo, 1, . .., Tm of the
operator Ag corresponding to the same eigenvalue Ag. In this case, we have

N Tk o
x’“_(S’_(xk)>’ k=0,1,...,m. (2.17)
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Proof. Let &y € D(Ag) and consider the equality Agdo = AoZo. Then one obtains
that L(zg) = Xoxo, S—(x09)—AoS_ (:co) =0, Sy (x0) = 0, that is, z¢ is an eigenvector
of the boundary value problem (2.8] - Conversely, consider that - is
satisfied. Then we obtain

(SL@@) = &9 € D(Ap)

and AgZo = Ago. This implies that 2 is an eigenvector of the operator Ag.
Moreover let Zg, Z1, ..., Tm, be a chain of the eigenvectors and associated vectors
of the operator Ag corresponding to the eigenvalue A\g. Therefore taking in mind
that zy € D(.Ag) (k=0,1,...,m) and the equality Aﬁfco = AoZo, .Agi‘s = AoZs +
Ts_1, 8 =1,2,...,m, we arrive at the equality holds, where xq,z1,...,Tm
are taken to be the first components of the vectors Zg,Z1,...,Z,. Conversely,
on the basis of the elements xg,x1, ..., %, corresponding to —, we can

construct the vectors &y = (S,x(l; )> for which &, € D(Ag) (k=0,1,...,m) and
—(zp

Ago = XoZo, Agls = Aos + 2T5-1, s =1,2,---. This completes the proof. O

Let us consider the direct sum space H := £2(—00,0) @ H & £2(0,00), where

L?(—00,0) is called the ‘incoming’ channel and £2(0,00) is called the ‘outgoing’

channel. This direct sum space is called it the main Hilbert space of the dilation.
Consider the operator Sg in the main Hilbert space generated by the expression

du_ ~ d
S(u_,z,uy) = <idL€,L(:ﬁ),idL<+>,

where D(Sg) is the set consisting of vectors (u_, &, uy)
u_ € Wi(—00,0), uy € Wi(0,00), & € H, &(t ( ), 1 € Dmax, To =
BW,

SI_(xl)a Wb[xlae] - ﬂwb[xl7¢] = Yu- ( ) Wb[xlv ] [Z‘l,ﬁb] = ’yu+(0) (72 =
2Im 3, v > 0), where W} is the Sobolev space.

(u_, & uy) € D(Ss), (2.18)

batlsfylng the conditions:

Theorem 2.4. The operator Sg is self-adjoint in H and it is a self-adjoint dilation
of the dissipative operator Ag

Proof. Taking F,G € D(Sg), where F = (u_,#,uy) and G = (v_,§,v1), then we
obtain that

(SgF,G)u — (F,SgG)m
= Wy[z1, 51] — Walz1, 1] + %(57(351)5/7 (1) = SZ(x1)S—(y1))

+ i (0)5=(0) — i (0)7(0)
= W1, 5] + iu_ (0)7=(0) — iy (0)75(0)

— Wylen 7] w%(wb[xl,e] — BWilar, &) Welgn. O

— BWa[y1, 4]) + .L(Wb[l'lag] — BWslz1, 8)) Whlys, 6] — BWe[y1, ¢))
= Wlz1,7;] — Q{Wb[zla OWoly1, 0] — BWola1, 6] Ws[y1, ]

— BWylz1, ) Waly1, 0] + | B*We[z1, o)W [y1, 9]} + #{Wb[xla OWs [y1, 0]
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— BWslz1, 0 Woly1, @] — BWela1, S)Waly1, 0] + B2 Ws[z1, o) Waly1, 6]}
= Wolz1,7:] - #{(—BﬂL BYWsa1, 00Wsy1, o] + (=5 + B)Ws[z1, §)Walys, 0]}

=Whlz1,71] — Wz, O0Wh[y1, ¢] + We[x1, )] Wh[y1, 0]. (2.19)

From this equality and one obtains that (SgF, G)m — (F,SgG)m = 0, that is,
Sp is a symmetric operator in H. Hence D(Sg) C D(Sj).

Now we shall prove that S C Sg. Consider the bilinear form (SgF, G)n on
elements G' = (v_,§,vy) € D(S}), where F = (u_,0,uy) such that uz € Wy (Rs),
ux(0) =0 (R- := (—00,0], Ry := [0,00)). Integration by parts gives that S;G' =
(i%,y*,i%), where vy € W3 (Rx), §* € H. Moreover taking F = (0,%,0) €
D(Sg), we obtain

dv_ ~

~ ‘d'U+ o
Tg’L(y)’ZTg>’ Y1 € Duax, Y2 =5 (y1).  (2.20)

This equality implies that (SF,G)y = (F,SG)u, for all F' € D(Sg), where the
operator S is given by (2.18). Hence the sum of the integrated terms in the bilinear
form (SF, G)y must be zero:

SZG = SE<U*7?97U+> = <Z

Wafer, )~ Waler 7 + 5150500 ~ S @Sl 00
+du_(0)v—_(0) — duy (0)v4(0) = 0.
On the other hand, from we obtain
Walz1, y1] 4 iu_ (0)v_(0) — iuy (0)vy (0) = 0. (2.22)
Moreover the boundary conditions for Sg imply that
i

Wilay, 0] = yu—(0) + 7(%(0) — u4(0)), Welz1, 9] = %(U—(O) — u4(0)).

Therefore (2.12)) and (2.22)) give us

[yu—(0) + ?(U—(O) — uy (0)Ws[y1, 9] — %(U—(O) — u (0))W[ys, 0]

(2.23)
= tu4 (0)v4 (0) — tu_(0)v_(0).
If we compare the coefficients of u_(0) in (2.23)), we derive that
iy? — 1
Ll + V0] = v 0)
or
Waly, 0] — BWyy1, ¢] = v (0). (2.24)
Analogously, comparing the coefficients of v, (0) in (2.23)), we find that
Walyr, 6] = BWsy1, 6] = y04(0). (2.25)

In conclusion, conditions and prove that D(S;) € D(Sg), which implies
in turn that Sg = Sj.

It is known that the self-adjoint operator Sz generates the unitary group Y(s) =
exp(iSgs) (s € R) on H. Let P : H — H and P; : H — H denote the mappings
acting according to the formulae P : (u_,Z,us) — & and Py : & — (0,,0). We can
construct a family {)(s)} which is a strongly continuous semi-group of completely
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non-unitary contractions on H as Y(s) := PY(s)P1, s > 0. Now consider the
operator Tp@ = lims_+o(is) "' (VsZ — &). Tj is called the generator of the semi-
group Y(s). The domain of T3 consists of all the vectors for which the limit exists.
The operator Tp is maximal dissipative. The operator Sg is called the self-adjoint
dilation of Tg. If we verify the equality T3 = Ag, then we will have shown that Sg
is a self-adjoint dilation of Agz. For this purpose we shall get the equality [4, 21]

P(Sp— A) " 'Pri = (Ag — M), & €H, ImA<DO. (2.26)
Let (Sg — A)7'P12 = G = (v_,9,v4). Then (Sg — M[)G = P12, and hence,
L(9) — A = &, v_(€£) = v_(0)e~*¢ and v, (¢) = v4 (0)e~¢. Since G € D(Sg), we
have v_ € £L2(R_), which implies that v_(0) = 0, and thus 4 satisfies the boundary
condition Wy[y1,6] — BWsy1, ¢] = 0. Therefore, § € D(Ag). Moreover we have

v (0) = yHWy[y1, 0] — BWe[y1, ¢]}, since point A with Im A < 0 can not be an
eigenvalue of a dissipative operator. Thus we get that

(Sg— A 7'Piz = (0, (Ag — AI) "2,y (Waly1, 0] — BWelyr, 9]))

for £ € H and Im A < 0. Applying the mapping P, we get that (2.26) is satisfied

and
oo

(Ag = A)'=P(Sg—AI)'P; = —iP/ Y(s)e= P dsPy
0

= —i/ Vee ™ Mds = (Ag — AI)7Y, ITm A < 0.
0
Consequently Ag = T and this completes the proof. O

3. SCATTERING THEORY OF DILATION, FUNCTIONAL MODEL OF DISSIPATIVE
OPERATOR AND COMPLETENESS THEOREMS OF THE DISSIPATIVE OPERATOR

AND THE BOUNDARY VALUE PROBLEM ([2.8))-([2.10)

Lax-Phillips scattering theory [I5] may be applied with the help of the unitary
group {Y(s)}. To be more precise, following properties are satisfied:
(i) Y(s)D_ cD_, s <0 and Y(s)D; C Dy, s > 0;
(i) Neo¥(s)D- = Nyzo¥(5)D; — {O};
(i) Nez0Y(s)D_ = Ns<o Y (s)D, = H;
(iv) D_ L Dy, where D_ = (£%(R_),0,0) and D, = (0,0, L3(R)) are called
incoming and outgoing subspaces.

Property (iv) is obvious. Let us prove property (i) for D, (the proof for D_ is
similar). Consider the equality

e
RAF = (S5 — AI) 10,0, u) = (0,0, —ie~ ¢ / ¢Mu, (5)ds),
0

where Im A < 0, F' € D;. Therefore RyF € D;. Taking G L D4 one obtain
0= (RAF,G)n = —i/ e~ (Y(s)F,G)gds, ImA<O0.
0

This equation implies that (Y(s)F, G)g = 0 for all s > 0 and therefore Y(s)D; C D4
for s > 0. This proves the property (i).

To verify property (ii), we consider the mappings P+ : H — £2(R,) and P;" :
L2(R;) — Dy acting according to the formulas P+ : (u_,2,uy) — uy and P :
u — (0,0, u), respectively. We notice that the semi-group of isometries Y1 (s) :=
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PTY(s)P; (s > 0) is a one-sided shift in £2(R,). In fact, the generator of the
semi-group of the one-sided shift V(s) in £2(R..) is the differential operator i(d/d()
satisfying the boundary condition «(0) = 0. On the other side, the generator B
of the semi-group of isometries Y*(s) (s > 0) is the operator Bu = P+SgP; u =
PTS5(0,0,u) = P+(0,0,i(d/d¢)u) = i(d/d)u, where u € W3 (R) and u(0) = 0.
Since a semi-group is uniquely determined by its generator, we get Y*(s) = V(s),
and so,
ﬂsonJr(S)DJr = <070’ mszoV(5)£Q(R+)> = {0}7 s >0,

i.e., property (ii) is proved.

According to the Lax-Phillips scattering theory, the scattering matrix is defined
with the help of the theory of spectral representations. During this process, we will
have also proved property (iii) of the incoming and outgoing subspaces.

We shall remind that the linear operator B (with domain D(B)) acting in the
Hilbert space $) is called completely non-self-adjoint (or pure) if there is no invariant
subspace I C D(B) (M # {0}) of the operator B on which the restriction B to
M is self-adjoint.

Lemma 3.1. The operator Ag is completely non-self-adjoint (pure).

Proof. Let Aj; be a self-adjoint part of A with domain D(Aj;) = H' N D(Ap) in
the non-trivial subspace H' C ‘H. If # € D(Aj). Let & € D(A}) and At (1) —
BAT (z1) =0, AT (z1) — BAF (z1) = 0, 29 = S" (x1). Therefore we have Wy[x1, 0] =
Whelz1,¢] = 0, 2o = S’ (z1). This implies that Z(¢,\) = 0 for the eigenvectors
#(t, A) of the operator Aj that lie in 1’ and are eigenvectors of Ag. Therefore by
the theorem on expansion in eigenvectors of the self-adjoint operator A’ﬁ we find
that H' = {0}. Consequently the operator Ag is pure and the lemma is proved. O

Let us set
H_ = USZ()Y(S)D,, H, = USZ()Y(S)DJr.

Lemma 3.2. The equality H_ + H, = H holds.

Proof. Consider the subspace H' = H & (H_ + H,). Using property (i) of the
subspace D, we obtain that the subspace H' is invariant relative to the group
{Y(s)}. Moreover H' can be considered as H' = (0, H’, 0), where H' is a subspace
in H. Therefore, if the subspace H' (and hence also H') were non-trivial, then the
unitary group {Y’(s)} restricted to this subspace would be a unitary part of the
group {Y(s)}. Therefore the restriction Aj; of Ag to H' would be a self-adjoint
operator in H’. Consequently the purity of the operator Ag implies that H' = {0}.
Thus, the proof is complete. (I

Consider the solutions y(t) and ¥, (t) of the system (2.8)) satisfying the condi-
tions

04 o]
AT () = fv Ay () = gl, A7 () = 02 — 05\, Ay (Py) = &1 — O1 .
For convenience, we adopt the following notation:
_ Welxa, 9] _ Weln, 0] (%(t))
w2 : W [thx, 8] o) Wylthr, @]’ vald): 5 ) B
050 1= TN+ (3.2)

B o\ + 8
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The fact that ¢ is a meromorphic function on the complex plane C with a countable
number of poles on the real axis follows from . Further it is possible to show
that the function o satisfies Im AIm o (\) < 0 for all Im A # 0, and o(\) = o()) for
all A € C, except the real poles of o.

Consider the vector

U3 (1,6,¢) = (€980 {o(A) + B)Welxr, 615 (1), Bs(Ne ). (3.3)

which, for real values of A\, do not belong to the space H and satisfies the equation
S¥ = AV with the corresponding boundary conditions for the operator Sg.

Define the map ®_ : F — F_()\) by (B_F)(\) := F_(\) := ﬁ(F, U )m on the

vectors F' = (u_, %, uy). Here, the functions u_, u,, and 7 are smooth, compactly
supported functions.

Lemma 3.3. H_ is isometrically mapped by the transformation ® _ onto L2(R).
Parseval equality and the inversion formula hold for all vectors F,G € H_ as follows

(F,G)g = (F_,G_)p2 = /jo F_-(ANG_(Nd\, F= \/% /jo F_(\)U5dA,
where F_(X\) = (P_F)(\) and G_(\) = (2_G)(N).
Proof. For F,G €D_, F = (u_,0,0), and G = (v_,0,0), we have
F )= (B0 s = 1/0 u_(€)ePEde € M2
— m y £ JH \/% - — —

where H3 describe the Hardy classes in £2(IR) consisting of the functions that are
analytically extendable to the upper and lower half-planes, respectively, and with
the help of the Parseval equality for Fourier integrals

(FG= [ w@r@i=[ FNG-Ndr=(@ o 6.
—0o0 — 00

To extend the Parseval equality to the whole of H_, consider the dense set of H'
in H_ consisting of the vectors obtained as follows from the smooth, compactly sup-
ported functions in D_ : F e H_ if F = Y(s)Fo, Fy = (u—,0,0), u_ € C§°(—00,0),
where s = sy is a non-negative number depending on F. In this case, if F,G € H'_,
then we have Y(—s)F,Y(—s)G € D_ for s > sp and s > s¢, and, moreover, the
first components of these vectors lie in C§°(—o0,0). Consequently being unitary of
the operators Y(s) (s € R) we obtain from the equality ®_Y(s)F = (Y(s)F,U, )u
= eM(F, Uy )u = e ®_F that

(F,G)iz = (Y(~5)F, Y(~5)G)sg = (®_Y(—5)F, &_Y(~5)G) 2

, , I 3.4
= (e _F e ™M _G) 2 = (F,G) 2. (384)

Passing to the closure in , we get the Parseval equality for the whole space
H_. The inversion formula follows from the Parseval equality if all integrals in it
are understood as limits in the mean of integrals over finite intervals. Hence the
fact that ®_ maps H_ onto the whole of £?(R) follows from the following

O_H_ = UgoP_Y(s)D_ = Ugspe—sH2 = L*(R).

Therefore the lemma is proved. [
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Consider the vector

\Ili(tv 55 C) = <®5 ()‘)eii){? ’Y’{(/\) {(U(/\) =+ E)Wb [X)u ¢]} 1[5\ (t)v 67M<>’ (35)
which, for real A\ do not belong to the space H_, satisfies the equation SU =
A¥ and the corresponding boundary conditions for the operator Sg. Define the
transformation ® : F — F,(\) on vectors F = (u_,#, uy), in which the functions
u_,us, and & are smooth, compactly supported functions, by setting (&4 F)(\) :=
F () = \/%(F, U1 )m. Next results can be verified in a similar manner used in
the proof of Lemma |3.3

Lemma 3.4. H, is isometrically maps by the transformation ®, onto L2(R), and
for all vectors F,G € H, the Parseval equality and the inversion formula hold:

oo

(F.6 = (FrnGiler = [ FANG v F=— [~ Faoywian

—00

where Fy (M) = (D, F)(\) and G4 (\) = (DLG)(N).

Using (3.2), we get that [©5(\)| = 1 for A € R. Consequently we obtain from

the definitions of the vectors Uy and ¥y that

Uy =0re5(0) (AeR). (3.6)
Lemmas and imply that Hl_ = H,; and Lemma implies that H =
H_ = H,. Thus, property (iii) has been validated for the incoming and outgoing
subspaces.

The transformation ®_ is the incoming spectral representation for the group
{Y(s)}. In fact, the transformation ®_ isometrically maps H onto £?(R) with
the subspace D_ mapped onto H? and the operators Y(s) are transformed into the
operators of multiplication by e***. Similarly, the transformation ®_ is the outgoing
spectral representation for {Y(s)}. Equality given by implies that the passage
from the @, -representation of the vector ' € H to its ®_-representation is realized
by multiplication of the function ©5(X) : F_(\) = ©5(A)Fy(\). According to [I5],
we see that the scattering function (matriz) of the group {Y(s)} with respect to
the subspaces D_ and Dy, is the coefficient by which the ®_-representation of
a vector F' € H must be multiplied to get the corresponding @ -representation:
F(X\) = ©3(A\)F_()\). Therefore we can state the following theorem.

Theorem 3.5. The function Og is the scattering function (matriz) of the unitary
group {Y(s)} (of the self-adjoint operator Sg).

We shall remind that the analytic function © on the upper half-plane C is called
inner function on Cy if [©(A)| <1 for A € C; and |O(N\)| = 1 for almost all A € R.
Let © be an arbitrary non-constant inner function (see [I8]) on the upper half-
plane. The subspace N' = H3 © OH3 is not the trivial space and is a subspace of
the Hilbert space H%. We consider the semi-group of operators X (s) (s > 0) acting
in NV according to the formula X (s)u = Ple**u], u = u(\) € N, where P is the
orthogonal projection from Hi onto A. The generator of the semi-group {X(s)}
is defined by 7u = lim,_. yo[(is) " (X (s)u — u)], where 7 is a maximal dissipative
operator acting in N and with the domain D(7) consisting of all functions u € N
for which the limit exists. The operator 7 is called a model dissipative operator. It
is better to note that this model dissipative operator, which is associated with the
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names of Lax and Phillips [I5], is a special case of a more general model dissipative
operator constructed by Sz.-Nagy and Foiag [I8]. The basic assertion is that © is
the characteristic function of the operator ¥.

Consider the space H=D_ & N @& D, where ' = (0, H,0). Under the unitary
transformation ®_ we have

H— L3(R), F—F_ (\)=(®_F)(\), D_—H2, D, —OzH2,

N = H2 005H2, Y(s)F — (B_Y(s)®Z'F_)(\) = e F_(\).
Therefore, according to the model operator theory, (3.7 implies that our operator
Apg is unitarily equivalent to the model dissipative operator with the characteristic

function ©g. Since the characteristic functions of unitarily equivalent dissipative
operators coincide [4, [I8| 21], we have proved the following theorem.

(3.7)

Theorem 3.6. The characteristic function of the dissipative operator Ag coincides
with the function ©p defined by (3.2)).

It is known that one can take the complete information about the spectral proper-
ties of the maximal dissipative operator 43. For example, the absence of a singular
factor s(A) of the characteristic function ©g in the factorization ©g(A) = s(A)B())
(B(A) is a Blaschke product) guarantees the completeness of the system of eigen-
vectors and associated vectors of the operator Ag (see [II, 5], 18] 21]).

Theorem 3.7. For all values of B with Im 3 > 0, with the possible exception of
a single value B = By, the characteristic function ©g of the dissipative operator
Ag is a Blaschke product. The spectrum of Ag is purely discrete and belongs to
the open upper half-plane. The operator Ag (B8 # Bo) has a countable number of
isolated eigenvalues with finite algebraic multiplicity and limit points at infinity. The
system of all eigenvectors and associated vectors (or root vectors) of the operator
Ag (8 # Bo) is complete in the space H.

Proof. Using that Im ATm o(A\) < 0 for all Im A # 0, and o(\) = o(}) for all A € C,
except the real poles of o(A) and (3.2)), one can obtain that [©5()\)| < 1 for all
A € Ci and |©35(A)| = 1 for almost all A € R. This implies that ©g()) is an
inner function in the upper half-plane, and it is meromorphic in the whole complex
A-plane. Therefore, it can be factored as follows

O5(N) = e Bs(A), b=0b(8) >0, (3.8)
where Bs(A) is a Blaschke product. Therefore
105(0)] = e[| By(N)] < e MO T\ > 0. (3.9)
Moreover (3.2)) yields
B —BOs(\)
A)=— 7 1
0= (3.10)

If b(B) > 0 for a given value § (Im 3 > 0), then by we have lim;_, 4 ©5(it) =
0, which together with implies that lim; 1. o(it) = —3. Since o(A) is
independent of 3, b(3) can be non-zero at not more than a single point 8 = Gy
(and, further By = — lim;_, 4o, o(it)). The theorem is proved. O

Since, by Lemma[2.3] the eigenvalues of the boundary value problem (2.8)-(2.10])
and the eigenvalues of the operator Ag coincide, including their multiplicity and,

furthermore, for the eigenvectors and associated vectors of the boundary problems
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(2-8)-(@-10)), the formula (2.17) is fulfilled. Then Theorem can be stated as

follows.

Theorem 3.8. The spectrum of the boundary value problem (2.8)-(2.10) is purely
discrete and belongs to the open upper half-plane. For all values of B with Im 3 > 0,
with the possible exception of a single value B = By, the boundary value problem

(2.8)-(2.10) (8 # Bo) has a countable number of isolated eigenvalues with finite

algebraic multiplicity and limit points at infinity. The system of eigenvectors and
associated vectors of this problem (8 # (o) is complete in the space L3 (; E).

Since a linear operator ¥ acting in the Hilbert space $) is maximal accumulative
if and only if —% is maximal dissipative, all results concerning maximal dissipative
operators can be immediately transferred to maximal accumulative operators. Then
the Theorem yields the following result.

Corollary 3.9. For Imf < 0 the spectrum of the boundary value problem (12.8))-
(2.10) is purely discrete and belongs to the open lower half-plane. For all values
of B with Im [ < 0, with the possible exception of a single value = (1, the

boundary value problem (2.8)-(2.10) (8 # (1) has a countable number of isolated
etgenvalues with finite algebraic multiplicity and limit points at infinity. The system

of eigenvectors and associated vectors of this problem (8 # (1) is complete in the
space L% (S E).
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