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GENERALIZED EIGENFUNCTIONS OF RELATIVISTIC
SCHRODINGER OPERATORS I

TOMIO UMEDA

ABSTRACT. Generalized eigenfunctions of the 3-dimensional relativistic Schro-
dinger operator v —A+V (z) with |V (z)| < C{z)~7, o > 1, are considered. We
construct the generalized eigenfunctions by exploiting results on the limiting
absorption principle. We compute explicitly the integral kernel of (v/—A —
2)71, 2 € C\ [0, +00), which has nothing in common with the integral kernel
of (—A — 2)71, but the leading term of the integral kernels of the boundary
values (v—A —XAFi0)~!, A > 0, turn out to be the same, up to a constant, as
the integral kernels of the boundary values (—A — AF40) 1. This fact enables
us to show that the asymptotic behavior, as || — 400, of the generalized
eigenfunction of vV—A + V(z) is equal to the sum of a plane wave and a
spherical wave when o > 3.

1. INTRODUCTION

This is the first part of a paper, consisting of two parts, on the operator
V-A+V(z), zeR3 (1.1)

with a short range potential V(z), the operator which we shall call the relativistic
Schrédinger operator. The first part, the present paper, is concerned with asymp-
totic behaviors, as |x| — +o0, of the generalized eigenfunctions of v/—A + V(z),
whereas the second part [28] deals with the completeness of the generalized eigen-
functions, i.e., the eigenfunction expansion for the absolutely continuous spectrum.

We remark here that a prototype of generalized eigenfunction expansions is pro-
vided by the Fourier inversion formula

u(z) = (2m)~"/? / ek a(k) di,

n

where €% should be regarded as a generalized eigenfunction of the Laplace oper-

ator —A, in the sense that e®* satisfies —A,e™* = |k|?e’*"* but does not belong
to L?(R?). It has to be noted that the absolutely continuous spectrum of —A is
given by the interval [0, 4+00).
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Although relativistic Schrédinger operators have received a substantial amount
of attention in recent years, there have been only a few works on the decay of
eigenfunctions associated to the discrete spectra of these operators; see Nardini
[16, 17 Carmona-Masters-Simon [4] and Helffer-Parisse [§]. And it is a surprise
that up to now there seems to have been no results on asymptotic behaviors of
the generalized eigenfunctions of these operators and on the completeness of the
generalized eigenfunctions.

For the purpose of making a comparison, let us briefly recall some results of Ikebe
[7] on the asymptotic behaviors of the generalized eigenfunctions of the Schrodinger
operator

~A+V(z), zeR?

in connection with the eigenfunction expansion for the absolutely continuous spec-
trum. In [7], the generalized eigenfunction of —A + V(x) was constructed as a
solution to the Lippmann-Schwinger equation

gyt L[ e k) d 1.2
oz, k) =e 477/1RSv’U—y| (W)e(y, k) dy, (1.2)
the solution being unique if p(z,k) — e®** belongs to Co(R32), the space of all
continuous functions vanishing at infinity. Then the generalized Fourier transform,
whose kernel is the generalized eigenfunctions obtained, was introduced and the
generalized Fourier inversion formula, i.e., the eigenfunction expansion for the ab-
solutely continuous spectrum of the operator —A + V(x) was established.

Ikebe’s discussions on asymptotic behaviors of the generalized eigenfunctions
were based upon the Lippmann-Schwinger equation . Roughly speaking, we
see that his assumption on the potential function is that V(x) is locally Holder
continuous and V(z) = O(|z|~7), o > 2, at infinity (see Ikebe [T, §1] for the
precise description of his assumption).

It is apparent that the term

1 eilkllz—yl
dr o —y]
in comes from the integral kernel of the resolvent of —A:
(A — 2) lu(z) = i/ Mu(y) dy, Imy/z>0
A Jra |x =yl ’

for z € C\ [0,400). In other words, the limiting absorption principle for —A shows
that the boundary value of the resolvent (—A —z)~%, as 2 = A +ipu (A, > 0) tends
to A 40, is expressed as the integral operator

A ) 1 eiVAlz—y|
“A—\—30)" = — _ dy.
( ) u(w) = = [ ey
It was also shown in [7], by appealing to the Lippmann-Schwinger equation (|1.2)),
that if ¢ > 3 then the generalized eigenfunction has the asymptotics

cilkllz| 1

o, k) :e”"“—f—f(|k|,w$,wk)W +0(m) (1.3)

as |z| — +oo, where w, = z/|x|, and wy = k/|k|. From the view point of physics,
(1.3) is interpreted to mean that ¢(z, k) is asymptotically equal to a superposition
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of the incoming plane wave e*** and the outgoing spherical wave e’*1# /|| (cf.
Yafaev [29] §1.3]).

What we have recalled above indicates that computing the integral kernel of
(vV—=A — z)7! is naturally a starting point to investigate asymptotic behaviors of
the generalized eigenfunctions of v/—A + V(x). Our computations show that the
integral kernel of the resolvent of v/—A is given by

(VA=) ) = [ g = puty) dy

for z € C\ [0,400), where
_ 1 + z
Co2m2|z)?  2m?|x|
(see Section 2). For the definitions of the cosine and sine integral functions ci(z)
and si(z), see Subsection in Appendix.

The integral kernel g,(x — y) has nothing in common with the integral kernel of
(—A — 2)~ 1 but if we take the limit of g,(z — y) as 2z approaches the positive half
of the real axis (z = A +iu — A +40), then the term

4. () [sin(zla) ci(—zla]) — cos(z||)si(—2|z)]

A eirlr—yl

2 |z -y

emerges as the leading term of gyy;o(x — y), which is actually the integral kernel of
the boundary value (v —A — X —i0)~':

(V=A =X —i0) tu(z) = /3 Irrio(z —y)uly)dy, >0,

R
where
A ei/\|x| 1
R N P PR (1.49)

ma(x) = O(Jz| %) as |z| — +o0.
This fact enables us to investigate asymptotic behaviors of the generalized eigen-
functions of v/—A + V(z) by utilizing the integral equation which we shall call the
modified Lippmann-Schwinger equation.
Unfortunately, the term 1/(272%|z|?) in is quite troublesome. The reason
for this is that our generalized eigenfunctions must be bounded functions of x since
they are expected to be distorted plane waves in physics terminology. However, the

integral operator
1 1
i - d
2 /R?’ |z — ylzu(y) v

which is known as the Riesz potential, cannot be a bounded operator from LP(R?)
to L°°(R?) for any p > 1 (see Stein [23| p. 119]). To overcome this difficulty, we
shall introduce a few inequalities for the Riesz potentials in Section 5, one of which
actually gives an estimate of L°°-norm of the Riesz potential .

We should like to remark here that one might ignore the formula —A,e?*™* =
|k|?e?™"* plays a significant role in discussing the generalized eigenfunction expansion
for the Schrédinger operator —A + V' (z), because the formula is so trivial. On the
contrary, it is far from trivial to show that

V=A™ * = |kle®™* (in the distribution sense). (1.5)
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Indeed, the left hand side of (1.5]) is formally defined by
[ esielate - e,

where §(-) is the delta function and the symbol || of /—A is singular at the origin
¢ = 0. Therefore, making sense of the expression v/—A, e’ * is one of the main
tasks in the present paper, and it will be accomplished in Section 8 with the aid of
a theorem in Section 6.

Assumptions. Throughout this paper we shall assume that V(x) is a real-valued
measurable function on R3 satisfying

[V(z)| <Clx)™7, o>1, (1.6)

though o will be required to satisfy the assumption ¢ > 2 when we investigate
asymptotic behaviors of the generalized eigenfunctions in precise manners. We
emphasize that we do not require any smoothness assumption on the potential
V. Although we could allow some local singularities of V' in the sense that V(z)
behaves like |z — 29|~ with 0 < 3 < 1 near some isolated points z’s, we shall not
do so for the sake of simplicity.

The plan of the paper is as follows. In Section 2, we compute the integral
kernel of the resolvent (v/—A — z)~! for z € C\ [0, +0c0). In Section 3, we derive
expressions of the boundary values (v/—A — XA Fi0)~! on the half positive axis in
terms of the boundary values (—A — X\ Fi0)~!. The expressions will be used in
Section 6. In Section 4, we compute the integral kernels of (v/—A — X Fi0)~ L.
In order to show that our generalized eigenfunctions are bounded functions, we
shall prove some inequalities, in Section 5, for the Riesz potential and the integral
operator appearing as a part of (v/—A — XA Fi0)~!. In Section 6, we establish the
radiation conditions for v/—A, which implies that the second term of the generalized
eigenfunction of v/—A+V () is a spherical wave in a certain sense. In Section 7, we
establish the radiation conditions for v/—A + V' (), which is of some interest on its
own. We construct the generalized eigenfunctions of v/—A+V (z), and characterize
them as unique solutions to the modified Lippmann-Schwinger equations in Section
8. In Section 9, we show that the generalized eigenfunctions are bounded functions
of x, and continuous functions of the both variables  and k. Our discussions
here are based on the modified Lippmann-Schwinger equations. In Section 10,
we give estimates on the difference between the generalized eigenfunction and the
plane wave when o > 2. Also, we give estimates on the difference between the
generalized eigenfunction and the sum of a plane and a spherical waves when o > 3.
In Appendix, we illustrate some properties of the cosine and sine integral functions,
and prove inequalities for a convolution which are used several times in the present
paper.

It is worthwhile to mention that all the results and the discussions in Sections
3, 6 and 7 remain valid for the n-dimensional case with n > 2 with trivial changes.
However, we shall confine our attention, throughout the present paper, to the 3-
dimensional case for the sake of clarity of description.

Notation. We introduce the notation which will be used in the present paper.
Although the discussions in the present paper will be made for the 3-dimensional
case, the notation introduced here are given in the n-dimensional setting.
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For z € R", |z| denotes the Euclidean norm of = and

(@) = T+ a2

The Fourier transform of a function u is denoted by Fu or 4, and defined by

pfqu)zzixs>::<2w>*"/2j/ e Eu() da.

n

For s and / in R, we define the weighted L2-space and the weighted Sobolev space
by

L2*(R"™) = {f | (z)f € L*(R™)},
H%(R") = {f | (z)*(D)"f € L*(R")}

respectively, where D stands for —id/0x and (D) = /1 + |D]2 = /1 — A. When
s = 0, we write L?2(R") = L2°(R") and H*(R") = H*°(R"). The inner products
and the norms in L?°(R™) and H**(R") are given by

(e = [ (@ (alafa) da
1fllL2s = {(f, f)Lz‘s}l/Q

and
(Feghnes = [ (0D f(a) Dyt da
I Fllzres = {(fs ) pes /2

respectively.

By C§°(R™) we mean the space of C*°-functions of compact support. By S(R™)
we mean the Schwartz space of rapidly decreasing functions, and by S’(R™) the
space of tempered distributions. For a pair of f € S'(R") and ¢¥ € S(R™), we
denote the duality bracket by (f, ). For a pair of f € L>~*(R") and g € L**(R"),
we define the anti-duality bracket by

(f.9)=ss = [ fl2)g(z)dz.

R'IL

For a pair of Hilbert spaces H and K, B(H, K) denotes the Banach space of all
bounded linear operators from H to K. We set B(H) = B(H, H).

For a selfadjoint operator T" in a Hilbert space, o(T") and p(T') denote the spec-
trum of 7" and the resolvent set of T' respectively. The point spectrum, i.e., the
set of all eigenvalues of T, will be denoted by o,(T"). The essential spectrum, the
continuous spectrum and the absolutely continuous spectrum of 7" will be denoted
by 0ess(T), 0c(T) and o, (T) respectively.

2. INTEGRAL KERNELS OF THE RESOLVENTS OF H,

This section is devoted to the computation of the resolvent kernel of Hy = v—A
on R3. We shall start with the definition of the operator Hy, and the description
of its basic properties from the view point of spectral theory.

Let Hy be the selfadjoint operator in L?(R3) given by

Hy:=+v—A with domain H'(R?).
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Since Hj is unitarily equivalent, through the Fourier transform F, to the multipli-
cation operator by |£|x in L2(R§)7 it follows from Kato [10, p. 520, Example 1.9]
that Hy is absolutely continuous, and that

U(HO) = Uac(HO) = [0,00)

Furthermore, we see that Hy restricted on C§°(IR?) is essentially selfadjoint. Indeed,
with a C'*° —function y satisfying

_ )1 i<,
X(f)—{o if g > 2,

we can decompose v —A into a regular part and a singular part:
V=A=(1=x(D)V-A+x(D)V-A,
which enables us to regard v/ —A as a sum of a essentially selfadjoint operator

on C§°(R3) (see Nagase and Umeda [I5, Theorem 3.4]) and a bounded selfadjoint
operator. The resolvent of Hy will be denoted by

Ro(2) = (Ho —2)"" (2 € p(Hy) = C\ [0, 00)).

By virtue of the fact that Ro(z) = F~1(|¢] — 2)"1F. it would be possible to
obtain the resolvent kernel, i.e., the integral kernel of Ry(z) by direct computation
of [F~1(|¢] — z)~1](z). We shall, however, avoid this computation. Instead, we take
advantage of the fact that the strongly continuous semigroup generated by —Hy

is expressed as a convolution with the Poisson kernel (Stein [23] p. 61], Strichartz
24, p. 50]):

e Mou(w) = Pivule) = [ P = guldy. t>0,ue LR,

R3
where .
P, == 2.1
t(x) 7T2(t2 + |.’L'|2)2 ( )
We then take the Laplace transform of e~*0 to get the resolvent:
—+oo
Ry(z) = / ee o gt if Rez < 0.
0
Thus we need the following prerequisite.
Lemma 2.1. If Rez < 0, then
e t 1 z . ] .
| e 1 P dt = 537 + 27T2a[s1n(za) ci(—za) — cos(za) si(—za)],

where a is a positive constant.
Proof. Since

t _d { 1 }
(t24a2)2  dt 2(t2 +a2) )’
we get, by integration by parts,

400 +o0
t 1 z 1
tz tz
———dt=— + = —— dt. 2.2
/0 ¢ @ +a2)2 2a2+2/0 ‘C Pra (22)

Applying the formula (11.4]) in Appendix to the integral on the right-hand side of
(2.2) and noting the remark after the formula (11.4)), we obtain the lemma. O
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In accordance with Lemma we need to introduce two functions, which con-
stitute the integral kernel of Ry(z) as we shall see in Theorem below.

Definition 2.2. For z € C\ [0, +00), we define

0.(x) = ——— [ sin(z]a]) ci(—2[z]) — cos(z|z]) si(—2[«])], (2.3)
272 x|

0:(2) == —s

PRs +0.(2). (2.4)

By Gy we mean the operator defined by

Goulw) 1= 55 | = uly) (2.5)

" 22 Re [T — y|2u
By G, we mean the operator defined by
Gula) = G wule) = [ .o = )uty) dy. (26)

Note that Gy is the Riesz potential. See Stein [23] p. 117], in which I is the
same as the operator Gy in the present paper. Note also that (2.3), (2.4) and
Lemma [2.1] yield

+o0
/0 etzm dt = g.(x) 2.7)
if Rez < 0.
Theorem 2.3. If z € C\ [0, +00), then Ro(z)u = G,u for all u € C§°(R3).
Proof. Tt is sufficient to show that

(Ro(2)u,v) 2 = (GLu,v) 2 (2.8)
for all z € C\ [0, +00) and all u, v € C§°(R3).

As mentioned before Lemma [2.1] we have

+oo
(Ro(2)u,v)r2 = / et* (e tHoy, v) 2 dt
0

= /0+00 etz{/RB( . Pi(x — y)u(y) dy)@dm}dt

if Rez < 0. In order to make a change of order of integration in , we shall
show that the function e!*P,(z — y)u(y)v(x) is absolutely integrable with respect
the variables x, y and ¢ if Rez < 0 and u, v € C§°(R3). To this end, we see (by
integration by parts as in ) that

+o00 +oo
t 1 Re z 1
t(Re z) dt = t(Re z) dt
/0 ‘ (12 4 a?)? 22 T 2 0 ‘ t2 + a2

(2.9)

1 |Rez|l [T,
< (Re z) dt
~ 2a? 242 J, ¢

1

a?’
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This estimate, together with (2.1), implies

///RSX o
2 //]RG Irc—yl2 L W
= /Rs i) dx(/lw—yg i /Iw—yzl ) ”Lufy;:Q W

1 1
< llolls (el [ = dy+ ulls) < +oo.
T wi<1 1yl

¢"*Pulw — y)uly)o(a) | do dy dt

| /\

Therefore, we can make a change of order of integration in (2.9)), and we get

(Ro(2)u, 0) :/R{/]R (/(:Ooet’fwz(t“f;_ym2 dt)uly) dy bo(z) dz (2.10)

when Re z < 0. If we apply Lemma [2.1] to the integral with respect to the ¢ variable
in ) and appeal to (2.7, we obtain
(Ro(2)u,v)r2 = (G u,v)2 on{z € C|Rez < 0}. (2.11)

[[, ote -tz

with respect to z under the sign of integration (recall ([2.3] , and that w,
v € C§°(R?)), we can deduce that (G,u,v)r2 is a holomorph1c functlon of z in
C\ [0,400). In view of the fact that (Ro(z)u,v)r2 is also a holomorphic function
of z in C\ [0, +00), implies that (2.8]) holds on C \ [0, +00) for all u, v €
Cs°(R3). O

Differentiating

Remark. Since Ry(z) is a bounded operator in L?(R3) for any z € C \ [0, +00),
Theorem implies that so is G,. On the other hand, it is a well-known fact (Stein
[23, Chapter V, §1.2]) that the Riesz potential Gy cannot be a bounded operator
in L2(R%). This makes it difficult to show directly from (2.3)-(2.6) that G. is a
bounded operator in L?(R3).

3. PROPERTIES OF THE RESOLVENTS OF H,

This section is devoted to investigating properties of the resolvents of Hy =
vV/—A. We put emphasis on expressions of the extended resolvents Rg(z) in the
forms which will be useful for establishing the radiation conditions for v/—A as well
as vV—A + V(z).

We shall begin with the limiting absorption principle for v/—A, which assures
the existence of the extended resolvents ROjE (z), that is, the existence of the bound-
ary values of Rp(z) on the positive axis. The limiting absorption principle for
VvV —A + m? was first proved by Umeda [25] in the case where m > 0. The results in
[25] were greatly generalized by Ben-Artzi and Nemirovski [3], where they were able
to treat v/—A. Actually, Theorem below is a corollary to results in Ben-Artzi
and Nemirovski [3, Section 2], which is based on a general theory developed by
Ben-Artzi and Devinatz [2].

Theorem 3.1 (Ben-Artzi and Nemirovski [3]). Let s > 1/2. Then



EJDE-2006/127 GENERALIZED EIGENFUNCTIONS 9

(i) For each A > 0, there exist the limits
RE(N) = lim Ro(A+ip) in B(L»*, HY79).
“w
(ii) The operator-valued functions RT (z) defined by
4 Ro(z) ifzeC*
Ry (2) = RE —
oA ifz=A>0
are B(L**, HY~%)-valued continuous functions, where C* and C~ are the
upper and the lower half-planes respectively:
C* ={z € C|+Im z > 0}.

Theorem below gives representation formulae for the extended resolvents
RE(z) of vV/=A in terms of the extended resolvents I (z) of —A (see Agmon [T}
Section 4] for the limiting absorption principle for —A). The advantage of Theorem
[3:2)is that its representation formulae are convenient tools to derive the radiation

conditions for v/—A, which we shall need in later sections. It should be noted that
Theorem [3.2] provides an alternative proof of Theorem

Theorem 3.2. Let s > 1/2. Suppose that b > a > 0, and define
Dy :={z=A+ipeCla<A<b|ul < g}

Then there exist operator-valued functions A(z) and B(z) such that

(i) A(z) is a B(L**)-valued continuous function on C,
(ii) B(z) is a B(L**, HY=%)-valued continuous function on Dy,
(ili) RT(2) = I35 (22)A(2) + B(z) for all z € DX, where

D% :={2€ Dy | £Im z > 0}.

Following the idea in Umeda [25] Section 2], we shall give a proof of Theorem
by means of a series of lemmas. We first note that for z € C*

T 1+ =
Ro(z) = F~! [7I§I2 —|F
(3.1)
_ 1 _ (=)
_ 1 e 1
_F [lfP — |7 F @l F+ o |7,
where v is a Cg°-function, which will be specified soon. It is easy to see that
%az <Rez? <b? forVz € Dy, (3.2)
and that
+Im 22 >0 for Vz € Dy, NC* (3.3)

In view of (3.2) and (3.3)), we choose v € C§°(R3) so that

1 if 2a? < |¢)? < 32
v(§) = L 2 |1 ‘2 : 2 2
0 if [¢]* < 7a® or 20% < €)%
One can easily find that

’|§|2 —2%| > ~a® for Vz € Dy, V¢ € supp[l — 1], (3.4)

NG
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and that
2 - 22| = %|§|2 if 2 € Dy, |2 > gb? (3.5)
In accordance with (3.1)), we now define A(z) and B(z) by
A(z) = F 7 2+ 5(©)lél| F = 21+ F 7 [ n©)lel| # (3.6)
and .
B(z):=F" [W]f (3.7)
respectively. With
Io(z)=(-A—2)"', 2e€C\][0,+00), (3.8)
we have
Ro(2) = Iy(2?)A(2) + B(z) for Vz € Dy, with Tm 2 # 0 (3.9)

by (3.1). In order to treat A(z) and B(z) in weighted L2-spaces and weighted
Sobolev spaces, we need terminology and a boundedness result on pseudo-
differential operators in these spaces.

Definition 3.3. A C*°-function p(z,£) on R” x R™ is said to be in the class S,
(1 € R) if for any pair o and 8 of multi-indices there exists a constant Cos > 0
such that

() (o] <ot

The class S& o is a Fréchet space equipped with the seminorms

) = max s {|(5)" (52) Pl ™} =0z,

lel,1B1<L ¢

For p(z,¢) € Sg’ o» & pseudodifferential operator p(x, D) is defined by

p(, Dyu(x) = (2m) "/ / ¢ Ep(x, €)a(E) de.

It is well-known (Kumano-go [12, Theorem 1.3, p. 57]) that p(z, D) maps S(R™)
continuously into itself, and by duality, maps S’(R™) into itself.

Lemma 3.4. Let p(x,§) belong to Sy " for some integer m > 0, and let s € R.
Then there exist a nonnegative constant C = C,,s and a positive integer £ = lp,s
such that

(@, Dyull e < Clply™™ lul 2.
for all u € S(R™).

Proof. We first prove the lemma in the case where m = 0. If s > 0, the lemma
is a special case of |25, Lemma 2.2], where (z)°p(z, D){(z)”® was shown to be a
bounded operator in L?(R™), of which norm is estimated by a constant times | p|g0)
with some integer /.

If s < 0, we consider (z) °p*(z, D){x)*, where p*(z,D) is a formal adjoint
operator of p(x, D) in the sense that

(p(x, D)u,v)r2 = (u,p*(x, D)v) 12, u,v € S(R").

It is well-known that the symbol p*(z, &) of the operator p*(x, D) belongs to 5§,
(see [12, Theorem 2.6, p. 74]), and that each seminorm of p*(x, £) is estimated by a



EJDE-2006/127 GENERALIZED EIGENFUNCTIONS 11

seminorm of p(x, &) (see [I2, Theorem 2.5, p. 73]). Hence, for all v and v in S(R"™),
we have

((x)"p(x, D)(x)"u,v) >

= |, (@) ~p* (2, D) (@) 0) 2
< Jlullz2 @) ~*p* (2, D)(x) v e
< Jlulz2Clp* | flvll 2 (because —s > 0)
0
<l 2 C" pl ) [l 22,
where in the second inequality the result in the preceding paragraph was used.

We have thus shown that for s < 0, the operator (x)°p(x, D){z)”° is bounded in

L?(R™), and its norm is estimated by a constant times \p|§,0) with some integer ¢'.

All that remains is to prove the lemma in the case where m is a positive integer.
This can be done in the same manner as in the proof of [25] Lemma 2.2]. We omit
the details. (]

We now turn to the proof of Theorem Note that s in Lemma [3.5] below can
be negative. This is due to Lemma |3.4]

Lemma 3.5. For any s € R, A(z) is a B(L?*)-valued continuous function on C.

Proof. Since the support of the function « is away from the origin, it is evident that
Y(€)I€] € C§°(R?), which one can regard as a subset of S . Then it follows from
Lemma 3.4 that v(D)|D| defines a bounded operator in L**(R?). This immediately
implies the lemma, because of the fact that A(z) = 2I + v(D)|D|. O

Lemma 3.6. For any s > 0, B(z) is a B(L*®, HY~*)-valued continuous function
on Dgp.

Proof. In order to decompose the symbol of B(z) into a regular part and a singular
part, we shall use the same function y € C§°(R?) as in the beginning of Section 2.
We thus define

11— 1—
Bi(z) = F~ [( 7(|££)|)2(_ 25(5)”5‘]?,
By(z) = 7 [ U —|z|<2£>_>>;§>|§|} s
It is obvious that
B(z) = Bi(z) + Ba(2). (3.10)

Therefore, it is sufficient to show that both B;(z) and By(z) are B(L*®, HY~%)-
valued continuous functions on D.
As for By(z), we note that the symbol of B;(z) is a C*°-function, and we shall

apply Lemma To this end, we exploit the inequalities (3.4) and (3.5), and

obtain
() (LD gt

for all a, where C, is a constant independent of z € Dg,. It then follows from
(3.11) and Lemma [3.4 with m = 1 that for every s € R

| B1(2)ul| gr.s < Csllullzze, u e S(R?), (3.12)
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where Cj is a constant independent of z € Dg;,. Therefore, for each z € Dy, B1(2)
can be extended to a bounded operator from L?*(R3) to H'*(R3). In a similar
fashion, we can see that for z, 2’ € Dy,

K@%)a{ (1- v(fg)z(i;;c(i))ﬁl = W(E)i(i;;c(é)ﬂfl }‘

< Calz = 2'|(€) 71
for all o, where the constant C,, is independent of 2z, 2/ € D,,. Lemma with
m = 3, together with (3.13)), gives
1{B1(2) — Bu(z)}ullos < Culz — 2'llullpze, u e SR,

(3.13)

for every s € R, where Cj is a constant being uniform for z, 2/ € Dg;. In particular,
Bi(z) is a B(L**, H*)-valued continuous function on D, for every s € R. As a
result, we can deduce that B(z) is a B(L*®, H''~*)-valued continuous function on
Dy, for every s > 0.

As for Bs(z), we exhibit it as a product of a pseudodifferential operator with a
smooth symbol and a pseudodifferential operator with a singular symbol:

Note that Bs 1(z) can be treated in a similar fashion to B;(z), and one can deduce
that for every s € R

| Ba1(2)ul g2e < Csllullpze, ue SR, (3.14)

|7 7 [x@)lel] £ = Ban(2) - Ban.

where C; is a constant independent of z € D, and that
{B2,1(2) = B2a(z")}ul e < Colz = 2'[[|uf 20, u € S(R?),

for every s € R, where C’ is a constant independent of z, 2’ € D,,. In particu-
lar, B 1(z) is a B(L?%, H?*)-valued continuous function on Dgy, for every s € R.
Taking into account the fact that x(£)|¢| is a bounded function, we see that for
s>0,

| B2,2ul[ 2.~ < || B22ul|L2

< (amaxx(€)1€])

< (maxx ()& lluf 2.+

Hence we have By s € B(L**, L%~%) for every s > 0, which implies that Bs(z) =
Bj1(z)B22 is a B(L**, H?>~%)-valued continuous function on Dy, for every s > 0.
Summing up the arguments, we have completed the proof of the lemma. ([

It is clear that we have actually showed the following assertion in the proof of
Lemma

Corollary 3.7. There exist a B(L**, HY*)-valued continuous function Bi(z) on
Dy, for every s € R and a B(L278, HQ’_S)-valued continuous function Ba(z) on Dy
for every s > 0 such that B(2)u = By(2)u+ Ba(2)u for all u € L**(R3) with s > 0.

Proof of Theorem[3.3 Assertions (i) and (ii) are special cases of Lemmas [3.5] and
respectively, since we assume s > 1/2 in the theorem. To prove assertion (iii),
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we recall a well-known result by Agmon [I, Theorem 4.1]: the extended resolvents
IE(z) defined by

L) = Io(z) ifzeC*

0 IEN) ifz=X>0
are B(L?*, H*~*)-valued continuous function on C* U (0, +00) provided that s >
1/2. In view of assertions (i) and (ii), the theorem follows from this fact and ({3.9)),

together with ((3.3)). O

It is worthwhile to improve assertion (ii) of Theorem (3.2

(3.15)

Theorem 3.8. Under the same assumptions and with the same notation as in
Theorem the operator-valued function B(z) has the following property: If 0 <
s <5/2 and t < s —3/2, then B(z) is a B(L*®, H"*)-valued continuous function
on Dgyp.

Proof. We utilize the decomposition of B(z) made in the proof of Lemma
where it was actually shown that B;(z) is a B(L?*, H%*)-valued continuous
function on Dy, for any s € R (see Corollary . It is therefore sufficient to prove
that Bs(z) has the property described in the theorem.

We use the same factorization as in the proof of Lemma [3.6}

BQ(Z) = Bgyl (2)32,2.

It is apparent that we have shown in the proof of Lemma that Ba1(z) is a
B(L**, H?#®)-valued continuous function on D, for every s € R. Since Bs o is
equal to a pseudodifferential operator y(D)v/—A, we can apply Umeda [26, Lemma
5.2]. Thus we see that Bao € B(L*®, L?") if 0 <s<3/2+1and ¢t <s—3/2. It
then follows that Bs(2) is a B(L?®, H*%)-valued continuous function on Dg; under
the assumption of the theorem. ([

4. INTEGRAL KERNELS OF R (\)

In this section, we shall derive the integral kernels of the boundary values RS‘L (A)
of the resolvent Ry(z) on the positive half axis (recall that the existence of Ry (\)
was assured in the previous section). We have to start with examining the boundary
values of the complex variable function ci(—z), z € C\ [0, +00), since the integral
kernel g,(z) of Ro(z) contains the term ci(—z|x|) as was shown in Section 2. In
connection with the integral kernel g, (z), it is worthwhile noting that all of sin(z),
cos(z) and si(z) are entire functions, but ci(z) is a many-valued function with
a logarithmic branch point at z = 0; we shall choose the principal branch (see

Subsection in Appendix).
By (11.1) in Appendix and the definition of the function h.(z) introduced in

Appendix, we have

ci(—z) = —iArg(—z) — v — log|z| + he(2) (4.1)
for z € C\ [0,400). Tt follows from (4.1)) that if A > 0, then
ci(—(Atip)) — tim+ci(A) asp |0, (4.2)

where we have used that fact that h. is an even function, as is remarked in Appen-
dix.
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We now turn to the boundary values of £, (x) on the positive axis (see (2.3)) for
the definition of £,(x)). Putting z = A+ip with A, u > 0, we take the limit of £,(x)
as i | 0. We then see that

L, (x sin(A|z|){ir + ci(A|z|)} — cos(A|z|){—7 — si(A|z])}] (4.3)

)= 22| z| [
for each x # 0 as i | 0, where we have used (4.2) and ([11.3)) in Appendix. By the
fact that e = cos(\|z|) & isin(\|z|), we get

A etiMal

‘, AT , 4.4
(@) = 5= S ) (44)
for each  # 0 as p | 0, where
A . ) .
my(z) = 7] [sm()\|x|) ci(A|z]) + cos(Alx]) si(Alz|)|. (4.5)
In accordance with (2.4)) in Section 2, we define
1 A eEiAlel
+
. A , 4.
gA (IE) 27T2|$‘2 + ot \Z‘| +m>\(x) ( 6)

(Recall that gy+io(z) in Introduction, which is exactly the same as gy (z) defined

above.) It follows immediately from (2.4)), and that for A > 0

grtin(z) = gy (), T #0 (4.7)
as p | 0. From the view point of the time independent theory of scattering, it
is very important that the leading term of at infinity is the second term
e A2l /(27| z|), which is the same, up to a constant, as the integral kernels of the
boundary values of the resolvent I'y(z) of —A on R3.

We finally state a result on the integral representations of the boundary values
of the resolvent Ry(z).

Theorem 4.1. Let s > 1/2. If A > 0, then
(R(:)t()‘)u7v)—s,s - / {/ gi‘: (:L' - y)u(y) dy}’l)(l’) dx
R3 JR3

for all u and v € C§°(R3?).

Proof. Tt follows from (2.6)) and Theorem that
(Bon £ imuo)e = [ { [ ganle - put) dyfoide, @)
R3 ~JR3

where p > 0. Since RZ(z) defined in Theorem [3.1] are B(L?*, L*~*)-valued con-
tinuous functions on C* U (0, +-00) respectively, we see that
(Ro(\ £ ip)u, v) — (REN)u,v) g0 (4.9)

as p | 0. As for the right hand side of (4.8)), we shall apply the Lebesgue dominated
convergence theorem. To this end, we first note that g,(x) is locally integrable.

More precisely, in view of (2.3)), (2.4), (4.1) and the fact that h.(z) and si(z) are

entire functions, we find that for each pair of A > 0 and a > 1, there corresponds a
positive constant C),, independent of p with 0 < g < 1, such that

1/]z)? if|z| <1

: (4.10)
1 if 1 <|z| <a.

|g)\:i:ip,<m)| S C)\a {
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Since u and v lie in C§°(R?), it follows from (4.10) that

u@e@)|
s — @@ <y e TS
lu(y)v(z)]  otherwise

where Cy,, > 0 is a constant, being dependent on A, u and v, but independent
of  with 0 < u < 1. Note that the functlon on the right hand side of (4.11] - is
integrable on R® x R3. By virtue of (4.7) and , we can apply the Lebesgue
dominated convergence theorem, and see that

//R Drrip(r — y)u(x)v(y) dedy — // g5 (x — y)u(z)v(y) dedy (4.12)

as ¢ | 0. Combining (4.8)) with ( . gives the theorem. O
It follows from Theorem [4.1] that the integral operators defined by
Guw)i= [ g yu)dy. e CRE) (1.13)
R3

can be extended to bounded operators from L%**(R3) to H»*(R3) for s > 1/2,
since RT(\) € B(L>%, HY~%) for s > 1/2, and

REMNu=Giu, uecCF(R?). (4.14)
5. ESTIMATES ON THE INTEGRAL OPERATORS

In this section, we consider the Riesz potential Gy (see (2.5))) and the integral
operators K)jf, M), defined by

n - A ii)\lx—y|
() () = AJHZT(”% (5.1)
(Myu)(z / ma(z —y)u(y) dy. (5.2)

(For the definition of my(z), see ([4.5)). Our task here is to derive estimates of
these operators in weighted LQ—Spaces as well as pointwise estimates of (Gou)(x),
(Kiu)(x) and (Myu)(x) for u belonging to some weighted L2-space or to a suitable
class of functions. We shall apply these estimates in the later sections in order to
examine asymptotic behaviors of the generalized eigenfunctions of v/—A + V(z) on
R3. In connection with this, it is important to notice that we have formal identities

RE(\) = Gf = Go + K + My, (5.3)
which hold at least on C§°(R3); see (4.6), (4.13)) and (5.17). It is well-known (Stein
[23, p. 119]) that the inequality

|Goul|Le~ < Cllul|Le
cannot hold for any p > 1. Furthermore, we make a remark that if one defines

ug(z) := {1/|ZL’| lz] <1

0 otherwise

then up € L?*(R3) for all s € R, and (Goug)(0) = +oo. In spite of these facts, we
need to find a class of functions u for which (Gou)(x) are bounded functions of .
Actually, we shall obtain two sufficient conditions (see Lemmas and below),
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either of which is suitable for showing the boundedness of generalized eigenfunctions

of vV—A+V(z) on R3. Tt is also well-known (Stein [23 p. 119]) that the inequality
1GoullLe < CllullLr

holds only if ¢7! = p~! — 37! in the context of the present paper. When p = 2, we

actually have

|Goullzs < Cllullze: (5.4)
On the other hand, we are going to show a few boundedness results on Gy in the
framework of weighted L?-spaces as well as in some other frameworks.
Lemma 5.1. Let s > 3/2. Then
(i) Go € B(L**,L?).
(ii) Go € B(L?,L?~%).

Proof. Let u € L**(R?). Since s > 3/2, the Schwarz inequality gives

/ ()] dez = / (@)™ - (@) u(@)) de < Calul| 2. (5.5)
R3 R3

hence u € LY(R3). With B = {x | |[z| <1} and E = {z | |x| > 1}, we decompose
the function 1/(272|x|?) into two parts:
1 13(&3) 1E(x)

- =:h h 5.6
2n2|z[?  272|z[? * 22| x)? 5(x) + hp(@), (5.6)

where 15(x) and 1g(z) are the characteristic functions of the sets B and E respec-
tively. It is clear that hp(z) € L'(R3) and hg(z) € L*(R?), and that

Gou = hp *u-+ hg *u. (5.7)

If we regard u as a function belonging to L?(R?), we can apply the Young inequality
(see Stein [23] p. 271]) to hp * u, and obtain

I * ullze < ksl llullze < hslloflul o (5.8)

If we regard u as a function belonging to L*(R3) (recall (5.5)), we can also apply
the Young inequality to hg * u, and obtain

1he * ullL> < |[hpllp2llullor < Csllhelze llullz2., (5.9)

where we have used (5.5). Combining (5.7)—(5.9)), we conclude that assertion (i) is
true.
To prove assertion (ii), we note that Gy is symmetric on C§°(R?):

(Gou,v) 2 = (u,Gov)r>  for u, v € CF°(R?),
which, together with assertion (i), implies
|(u, Gov) 2| < [|Goul[2[|v]| L2 < Cllull L2+ [[0] 2 (5.10)

for all u, v € C§°(R?). We can regard the left hand side of (5.10]) as the anti-duality
bracket (u, Gov)s —s. Hence, by the density argument, it follows from (5.10) that

1Govll2 -« < Cllv] 2

for all v € C§°(R?). This yields assertion (ii). O
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Lemma 5.2. If u satisfies

lu(z)] < Clx)~¢ €>1,C>0, (5.11)
then
(z)~(=1 if1 < <3,
|Gou(x)] < Cel|(-) ull e x § (@) 2log(1+ (x)) if £ =3,
(x)~2 if > 3.
Proof. Tt is evident from the definition (2.5)) that we have
1 1
< —||{-)* o —— dy. 12
Goula)| < gzl ulle | o (512)

If we apply Lemma in Appendix, with n =3, 8 = 2 and v = £, to the function
defined by the integral on the right hand side of (5.12)), then the lemma follows. O

Lemma 5.3. Suppose that

u e LA(R*) NLYR?), ¢>3. (5.13)
Then there exists a constant Cy, independent of u, such that

1Goullre < Cylllullz + [lullze) (5.14)

Proof. We exploit the same decomposition of Gou as in (5.7). If we apply the
Hoélder inequality to hp * u, we obtain

1 1 1/p
h < 7{ 4 , 5.15
)< 5 /|w—y§1 |z — y|2P y} el e (5.15)

1 1

where p~* =1 — ¢~ *. Since ¢ > 3, it follows that 2p < 3. Hence the inequality
, together with the assumption , implies that hp * u(z) is a bounded
function. Similarly, if we apply the Schwarz inequality to hg * u, we can deduce
that hg * u(z) is a bounded function. Summing up, we have shown the inequality
(5.14). O

In order to derive estimates of the operator M), we need the inequality

|sin(p) ci(p) + cos(p)si(p)| < const.(1+p)~%, 0< p < 400, (5.16)

which follows from the inequalities in the subsections and in Appendix.
The inequality (5.16)), together with (4.5)), immediately implies that for each A > 0,
there is a positive constant C'\ such that

|m(z)] < Cylz| ™ {z) L. (5.17)

It is apparent that one can take the constant C) in (5.17)) to be uniform for A in
each compact interval in (0, 400).

Lemma 5.4. There exists a positive constant C}, being uniform for \ in each
compact interval in (0,+00), such that

[ Myu(@)| < Cxllul 2 (5.18)
for all u € L?(R3).

Proof. Tt follows from (5.17) that m, € L?(R3). Applying the Schwarz inequality
to the right hand side of (5.2 gives the lemma. O
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Lemma 5.5. Let s > 3/2. Then there exists a constant Csy such that
| Myu(@)| < Coa({z) ™2 + (2) ) [Jul| p2.c
for all u € L**(R®), Cyx being uniform for \ in each compact interval in (0, +00).

Proof. Let u € L**(R3). We first note that Myu(z) satisfies the inequality (5.18)),
since we can regard u as an element in L?(R?). Hence, we have

Myu()| < O [l . (5.19)
We shall show the inequality
[Myu(z)| < ChCo(l2] 7> + (2) ) [[u £2.s, (5.20)

where C' is the same constant as in |l and C, is a constant depending only on
s. The inequality (5.20]), together with the inequality (5.19)), gives the lemma. In
5.20)

order to show (| , we decompose Myu(z) into three terms:
Myu(z) = I(x) + I (x) + I (x), (5.21)
where
I@) = [ eyt dy (5.22)
lyl<|z]/2
1) = | (e = y)uly) dy, (523)
lyl2l|zl/2, le—y|>|z|/2
I (x) := / ma(x — y)u(y) dy. (5.24)
ly|=]z]/2, le—y|<|=|/2

To deal with I(x), we note that |z —y| > |z| — |y| > |z|/2 if |y| < |z|/2. This fact,
together with (5.17)), yields

I(2)] < Cy / & — |2 Ju(y)| dy
ly|<|z]/2
< 4ChJa] 2 / fu(y)| dy (5.25)
ly|<|z]/2

< AC\Cylz| 2 ||ul| L2.s

where we have used (j5.5)) in the last inequality and the constant Cj is the same one

as in (5.5)). It follows from (5.17) that
[ ()] < CA/ |2 =y 7 Ju(y)| dy < 4C\Csl| 2 ||ul| 2. (5.26)

le—y|>]|x]/2
To get an estimate of IIT(x), we should note that if |z — y| < |z|/2, then |y| >
|x| — | — y| > |z|/2, hence (y) > (x)/2. By using this fact and (5.17)), we have

m@) < e [ o =yl o =) u(w)] dy
jo—y|<l|z|/2
(y)~> 1/2 (5.27)
<c / S B T
A{ lz—y|<|z|/2 |z —y|*(x — y)? } el

S 250)\ <.’E>_S||u||L2,s,

where we have used the Schwarz inequality in the second inequality. Finally we

deduce from (5.21)) — (5.27) that (5.20)) is verified. O
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As an immediate corollary to Lemma [5.5] we obtain a boundedness result on the
operator M.

Lemma 5.6. If s > 3/2, then My € B(L**,L?). Moreover, the operator norm of
My, is bounded by a constant Csy, which is uniform for X\ in each compact interval
in (0, 400).

We shall close this section with estimates of the operator K )jf

Lemma 5.7. Let s > 1/2. Then there exists a positive constant Cy such that

(x)=(s=1/2) if1/2 < s < 3/2,
[Kyu(@)| < CsMllullp2 § ()~ {log(1+ (2))}/2 if s = 3/2,
()1 if s >3/2

for all u € L**(R3).
Proof. Let u € L**(R3). Then applying the Schwarz inequality to (5.1)), we have

A 1 1/2
K < —{/ ———d } 5. 5.28
| )\’U,(l')| = o RS |$_y|2<y>25 Y ||uHL2 ( )
We now apply Lemma in Appendix with n =3, 8 =2 and v = 2s > 1, and
obtain the lemma. O

As an immediate consequence of Lemma we obtain a boundedness result on
the operators K f

Lemma 5.8. If s > 1, then K& € B(L>*,L>~*). Moreover, the operator norms
of K)jf are bounded by CsX, where Cy is a constant depending only on s.

Summing up all the results of Lemma [5.1{ii) and Lemmas [5.4] and we see
that (5.3) hold on L**(R3), s > 1/2, i.e.,

RE(MNu = GFu = Gou+ Kfu+ Myu (5.29)
for all A > 0 and all u € L**(R3) with s > 1/2.

6. RADIATION CONDITIONS FOR v/ —A

This section is devoted to discussing radiation conditions for v/—A on R3. The
main result in this section is Theorem [6.5

It is well-known that the radiation condition

(% - i)\)u =0(r ?) asr = |z| — o0

was first introduced in order to single out an outgoing solution of the Helmholtz
equation (—A — A\?)u = f in R3, where A > 0. The outgoing solution is the one
which behaves as €**" /r at infinity. In the present paper we shall exploit the Tkebe-
Saito’s formulation of the radiation conditions for the Helmholtz equation, which we
regard as a special case of the time-independent Schrédinger equations investigated
in Ikebe-Saito [9, Theorems 1.4, 1.5 and Remark 1.6]. See also Saitd [20], [21] and
Pladdy-Saito-Umeda [I§] for the formulation of the radiation conditions.

Theorem 6.1 (Ikebe and Saito [9]). Let 1/2 < s < 1.
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(i) Suppose that u belongs L?~%(R3) N HE

loc

(R3) and satisfies the equation

(=A=X)u=0, A>0, (6.1)
and, in addition, that u satisfies either the outgoing radiation condition
0
(50 —idwy Jue L1 ®Y), j=1,23, (6.2)
(%cj
or the incoming radiation condition
0
(— n i)\wj)u e L2 Y(R%), j=1,2,3 (6.3)
a’l}j

where w = x/|x|. Then u vanishes identically.
(ii) Suppose that f € L**(R®) and X > 0. Then vt (X, f) := I, (\2)f and
v=(\, f) =Ty (M) f satisfy the equation
(A =Mu=f X>0 (6.4)

with the outgoing radiation condition and the incoming radiation con-

dition respectively. For the definition of Foi(z), see and ,

It is not difficult to find radiation conditions for v/—A in a formal manner,

because it is easy to see that vV—A(v/—Au) = —Auw is formally valid. Actually a

difficulty arises if one tries to make sense of v —A(v/—Au) for u € L»~*(R3) with

s < 0. The difficulty comes from the fact that the symbol |¢| is singular at the

origin £ = 0 (see Lieb-Loss [14], §7.15]). In order to overcome the difficulty, we need

to clarify the function spaces to which v/—Au belongs when u belongs to L?~%(R?)

with s < 0. The clarification was made in Umeda [26]. We reproduce [26, Theorem
5.8] for the reader’s convenience.

Theorem 6.2 ([26]). Let ¢ € R. If s and t satisfy either
§>0, t<min{l,s—3/2} (6.5)
or
—5/2<s<0, t<s—3/2 (6.6)
then v/—A is a bounded operator from H%*(R3) to H*~1t(R3).
With the aid of Theorem we shall first make sense of /—A(v/—Au) for
u € S(R3).
Lemma 6.3. If p € S(R3), then v—A(V—Ap) € H4(R3) for all t < 1, and
V-AW=Ap) = —Ap in S'(R?). (6.7)
In particular, vV—A(vV—Ap) € S(R?) if o € S(R?).
Proof. Let p» € S(R?). By virtue of [26, Theorem 4.4], we find that v/—Ay €
L?%(R3) for any s < 5/2. It follows from Theorem [6.2] that v/—A(y/—Ayp) makes
sense, and that v/—A(v/—Agp) belongs to H~LH(R3) for all t+ < 1. It follows, in
particular, that v —A(v/—Ap) € S'(R3).
To prove , we take a test function 1 € S(R3). By definition of the action of
v/—A on distributions we have

(V-AWV=-2¢),9) = (V-DBp,V-D1)_ss (6.8)

if =5/2 < s < 5/2. (It follows from [26] Theorem 4.4] that the mapping ¢ —
(V=Ap,/—A)_s s is a continuous linear functional on S(R?), because one can
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regard /—Ap as a function belonging to L% ~*(R3) for any s > —5/2, and because
one finds that

((V=2¢, V=A%) _ss| < [V=Apll2-[V-A¥] L2

for any s with —5/2 < s < 5/2.) It is clear that we can regard the right hand side
of (6.8) as the inner product in L?(R3), and we have

(V=AW=2¢), ) = (V-DBp,V-21) 2
= (I FLel, 6| F[¥]) e
= (—A%@)B
= (—Ap,¥),

where we have used the Plancherel formula twice. This proves (6.7)). (I

Lemma 6.4. Suppose that { € R and 0 < s < 1. If u € H>~5(R?), then
V-AW-Au) = —~Au in S'(R?). (6.9)

Proof. Let u be in H%~*(R3). Since S(R?) is dense in H*~*(R?), we can choose
a sequence {¢;} C S(R®) so that ¢; — u in H>~%(R?) as j — co. It follows from
Theorem [6.2] that

V=Ayp; —V=Au in HM(R?) (6.10)
for any ¢ < —s — 3/2. In view of the hypothesis that 0 < s < 1, we can find that
holds for any t satisfying —5/2 < t < —s — 3/2. Therefore, it follows from
Theorem [6.2] again that

V-AW=Ap;) = V-AN=Au) in H"2HR?) (6.11)
for any t < —s — 3. In particular, we have
~Ap; — V-AN-Au) in S'(R?), (6.12)

where we have used Lemma On the other hand, by using the fact that ¢; — u
in H%~5(R3), we obtain

~Ap; — —Au in S'(R?). (6.13)
Combining (6.12) with (6.13) gives (6.9). O

We shall now establish the radiation conditions for v/—A in the same formulation
as in Theorem
Theorem 6.5. Let 1/2 < s < 1.
(i) Suppose that u belongs to L*»~*(R3) N H _(R3) and satisfies the equation

(V=A-Nu=0 inS(R%, X>0, (6.14)

and, in addition, that u satisfies either of the outgoing radiation condition
(6.2) or the incoming radiation condition (6.3). Then u vanishes identi-
cally.

(ii) Suppose that f belongs to L**(R3) and that A\ > 0. Then ug (), f) =
REN)f and uy (N, f) := Ry (\)f satisfy the equation

(V=-A-Nu=f inS(R® (6.15)

with the outgoing radiation condition (6.2)) and the incoming radiation con-
dition (6.3]) respectively.
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A very important consequence of Theorem [6.5] is the fact that the radiation
conditions and characterize the boundary values Rg (\) and Ry () re-
spectively.

In order to prove Theorem [6.5] we need to prepare two lemmas. One might
regard the equality below as straightforward. Unfortunately, this is not the
case. Indeed, there exists a difficulty to make sense of v/—ARZ(\)f. The reason
for this difficulty is the same as the ones mentioned before Theorem [6.2] namely,
the fact that RE(\)f merely belong to L>~*(R3) with s > 1/2. Nevertheless we
can prove, with the aid of theorems in Umeda [26], that is true.

Lemma 6.6. Suppose that A > 0 and f € L>*(R3), s > 1/2. Then
(V=A-NRENf=f inS(R?. (6.16)
Proof. We can assume, without loss of generality, that 1/2 < s < 5/2. It then
follows from Theorem (cf. |26, Theorem 4.6]) that /—ARZ(\)f make sense.
In order to show (6.16)), we take a test function ¢ € S(R?). We then have
(V=B = AFip)Ro(A £ i) f, ) = (f. ) (6.17)
for all 4 > 0, since Ro(\ £ iu)f belong to H'(R?), the domain of the selfadjoint
operator Hy, and since
(V=A = AFip)Ro(A £ ip)f = (Ho — (A £ip))Ro(A £ip)f = f.

By definition of the action of v/=A on L?%(R3), the left hand side of (6.17)
becomes

(Ro(AEip)f, \/IE)—S,S = (Ro(A £ip) f, A F ip)Y)—s.s. (6.18)

(Note that v/—Av € L%4(R?) for any t < 5/2; see |26, Theorem 4.4].) It follows
from Theorem [B.1] that

lim(Ro(A = ip1) [, V=A) 5 = (BG W), V=A0) s (6.19)
Combining ((6.18]), (6.19) with (6.17]), we conclude that
(Rg A\ V=A) s = (R (N, M) s = (. 9)
for any test function ¢ € S(R?). This completes the proof. O

Lemma 6.7. Suppose that 1/2 < s <1 and A > 0. If u belongs to Ran (R{ ())),
then u satisfies the the outgoing radiation condition (6.2)). Similarly, if u belongs
to Ran (Ra()\)), then u satisfies the incoming radiation condition (6.3)).

Proof. We only give the proof for u € Ran (RS'(/\)). The proof for u € Ran (Rj (X))
is similar.

By assumption, one can find an f € L?*(R?) such that u = R (\)f. It follows
from Theorem together with Corollary that there exist A(\) € B(L>*),
Bi(\) € B(L*%, H*) and By()\) € B(L?, H?) such that

u= I (AN + Bi(\)f + B2V f. (6.20)

By Theorem [6.1](ii), the first term on the right hand side of (6.20) satisfies the
outgoing radiation condition (6.2)). Since By(\)f € H*(R3), it is straightforward
to see that

(i - z'/\wj)Bl()\)f € L**(R? c L**71(R?), j=1,2,3,
61']‘
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that is, the second term on the right hand side of (6.20]) satisfies (6.2). Finally,
since Ba(\)f € H?(R3), it follows that

(% - i/\wj)Bg(A)f € H'(R®) c L>* Y(R®), j=1,2,3,

Ty

where we have used the assumption that s < 1. Hence the last term on the right
hand side of (6.20) satisfies (6.2)). O

Proof of Theorem[6.8. It follows from (6.14) that v/—Au = Au, hence v/—Au be-
longs to L?~*(R3) with 1/2 < s < 1. By Lemma it makes sense to consider

V—A(vV/—Au), and we see that u satisfies
(—A - X)u=0 in S'(R?),
which implies that —Au = A?u belongs to L2 (R3). Therefore, we find that u €

loc
HE (R®). It is evident that we can apply Theorem |6.1{i) and obtain assertion (i)
of the theorem.
Assertion (ii) of the theorem is an immediate consequence of Lemmas and

6.7 (]

7. RADIATION CONDITIONS FOR v —A +V

This section is devoted to discussing radiation conditions for v/—A + V on R3.
As mentioned in Introduction, we assume that V(z) is a real-valued measurable
function on R? satisfying . Under this assumption, it is obvious that V =
V(x)x is a bounded selfadjoint operator in L?(R?), and that H := Hy + V defines
a selfadjoint operator in L?(R?), of which domain is H'(R?). For z € p(H), we
write

R(z) = (H —2)~".
It is clear that H is essentially selfadjoint on C§°(R?), since H is a bounded self-
adjoint perturbation of Hy, which is essentially selfadjoint on C§°(R?) (see Section

2). Since V is relatively compact with respect to Hy, it follows from Reed-Simon
[19, p. 113, Corollary 2] that

Oess(H) = 0oss(Hp) = [0, 400).

Before establishing the radiation conditions for v/—A + V (), we need to remark
that o, (H) N (0,+00) is a discrete set. This fact was first proved by Simon [22]
Theorem 2.1] in a general setting, and later recovered by Ben-Artzi and Nemirovsky
[3, Theorem 4A] also in a general setting. Moreover, Simon [22], Theorem 2.1] proved
that each eigenvalue in the set o, (H) N (0, +00) has finite multiplicity.

To formulate the main theorem in this section, we exploit a result, which is a
special case of Ben-Artzi and Nemirovsky [3, Theorem 4A].

Theorem 7.1 (Ben-Artzi and Nemirovski [3]). Let o > 1 and s > 1/2. Then

(i) The continuous spectrum o.(H) = [0, +00) is absolutely continuous, except
possibly for a discrete set of embedded eigenvalues o, (H) N (0, 400), which
can accumulate only at 0 and +oco.

(ii) For any A € (0,+00) \ 0p(H), there exist the limits

Ri()‘) = h?OlR()\ + ’L‘u) m B(L2,S’ Hl,*S)'
o



24 T. UMEDA EJDE-2006/127

(iii) The operator-valued functions R*(z) defined by
; +
RE(z) = R(j) z‘fz eC
RE(\) ifz=X€ (0,+00)\ 0,(H)
are B(L**, HY~%)-valued continuous functions.

We now state the main result in this section, which establishes the radiation
conditions for v—A + V(z).
Theorem 7.2. Let 0 > 1 and 1/2 < s < min(o/2,1).
(i) Suppose that u belongs to L*»~*(R3) N H _(R3) and satisfies the equation

(V=A+V(@)=Nu=0 inS' R, X (0,+00)\op(H) (7.1)
and, in addition, that u satisfies either of the outgoing radiation condition
(6.2) or the incoming radiation condition (6.3)). Then u vanishes identi-
cally.
(ii) Suppose that f € L**(R3®) and A\ € (0,+00) \ op(H). Then ut (A, f) :=
RTY(\)f and u= (X, f) :== R~ (\)f satisfy the equation
(V=A+V(z)=Nu=f inSR? (7.2)
with the outgoing radiation condition (6.2)) and the incoming radiation con-
dition (6.3]) respectively.
The same remark after Theorem applies to Theorem namely, Theorem
gives the characterization of the boundary values R*(\) and R~ (\) in terms of

the radiation conditions and respectively.

We shall give a proof of Theorem by means of a series of lemmas, but only
for u satisfying the outgoing radiation condition . The proof for u satisfying
the incoming radiation condition is similar.

Lemma 7.3. Let 0 > 1, and suppose that 1/2 < s < o /2. Then
RE(2)(I + VRE(2)) = RE(2) on L**(R?), (7.3)
R¥(2)(I - VR*(z)) = R*(2) on L**(R?) (7.4)
for all z € CF U {(0,+00) \ 0,(H)}.
Proof. We shall give the proof only in the case where the superscripts are “+”, the
plus sign. If z € CT, it is apparent that
(H — 2)Ro(z) = I+ VRo(z) on L*(R?),
(Ho — 2)R(2) = I — VR(z) on L*(R?),
from which it follows that
R(z)(I + VRy(2)) = Ro(z) on L*(R%), (7.5)
Ro(2)(I —VR(2)) = R(z) on L*(R%). (7.6)

In order to proceed to the extended resolvents, we now regard that R{(2)
and R*(z) are B(L?*, L*~%)-valued continuous functions on C* U (0, +oc) and
C* U{(0,+00) \ 0,(H)} respectively. By (L.6), and by the assumption that 1/2 <
s < /2, we see that V € B(L*7% L%*), and hence VR (2) and VR*(2) are
B(L?#)-valued continuous functions on C* U (0, 4+00) and C* U {(0,+o0) \ o, (H)}
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respectively. Therefore, we conclude from (7.5) and (7.6 that the assertion of the
lemma is valid. d

As a corollary to Lemma we obtain the following result.

Lemma 7.4. Let o > 1, and suppose that 1/2 < s < 0/2. Then
Ran(Ri(z)) = Ran(ROjE (2))

for every z € CT U {(0,+00) \ 0,(H)}.

Lemma 7.5. Let 0 > 1, and suppose that 1/2 < s < 0/2. Then
(I-R*(z)V)(I+Rg(2:)V) =1 onL>*(R?), (7.7)
(I+RE(z)V)(I-R*()V) =1 on L**(R?) (7.8)

for every z € CT U {(0, +00) \ 0,(H)}.

Proof. We shall only give the proof of in the case where the superscripts are

“+”. The proof of in the other case and the proof of are similar. First,

we show that for every z € CT,

(I-R()V)(I+ Ro(2)V) =1 on L*(R?). (7.9)

In fact, if u belongs to H*(R?), we then have

(I —R(2)V)u=R(2)(H — 2)u— R(2)Vu = R(2)(Hy — 2)u
and
(I + Ro(2)V)u = Ro(2)(Hp — 2)u + Ro(2)Vu = Ry(2)(H — 2)u
(recall that Dom(H) = Dom(Hy) = H'(R?)). Hence we get
(I = R(2)V)(I+ Ro(2)V)u= R(2)(Ho — 2)Ro(2)(H — z)u = u

for all u € H'(R®), where we have used the fact that (I + Ro(2)V)u € H'(R?)
when v € H*(R?). Since H'(R?) is dense in L*(R?®), we can deduce that is
true.

We next work in the weighted L?-spaces. As mentioned in the proof of Lemma
we have V € B(L*>~*, L?#®). Also, as mentioned in the second half of the proof
of Lemma we can regard that R{(z) and R*(z) are B(L?**, L*~%)-valued
continuous functions on C* U (0, 400) and C* U {(0, +o0) \ 0,(H)} respectively.
Therefore, R (2)V and R*(2)V are B(L*~*)-valued continuous functions on C*tU
(0,400) and C* U {(0,+0o0) \ 0,(H)} respectively. Thus, we can conclude from
that in the case where the superscripts are the plus sign is true. O

Proof of Theorem[7.4 We first prove assertion (i) of the theorem. Let u belong
to L>75(R3) N HL _(R?) and satisfy the equation (7.1)) together with the outgoin
loc Yy q g g g
radiation condition (6.2)). By (7.1]), we have
(V=A - XNu=-Vu inS'(R?). (7.10)
Since Vu belongs to L?*(R?) by the fact that V € B(L*»~%, L?#), it follows from
Lemma [6.6] that
(V=A - NRf(\)Vu=Vu inS'(R?). (7.11)
Combining (7.10) with (7.11)) gives
(V=A =X (u+RF(\)Vu) =0 in S'(R?). (7.12)
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By virtue of Lemma and the fact that Rj (\)Vu € HY=*(R3), it follows that
u+ RJ(A\)Vu belongs to L2 ~*(R3) N HL _(R?) and satisfies the outgoing radiation

loc

condition (6.2). Hence we can apply Theorem and conclude that
u+ Ry (A\)Vu=0. (7.13)

Since u belongs to L>~*(R%), it follows from (7.13) and Lemmal[7.5]that u vanishes
identically.
We next prove assertion (ii). It follows from Lemmas and [6.7| that u™ (X, f)

satisfies the outgoing radiation condition (6.2)). In order to show that u™ (), f) is a
solution to the equation (7.2)), we follow the idea exploited in the proof of Lemma
Thus we start with
(V=A+V = A—ipg)RA+in)f=f, VYu>0,
which implies that
(V=A+V = A—ip)R(A +ip) f, ) = (f,9) (7.14)

for any test function ¢ € S(R?). By definition of the action of v/—A on L%~%(R3),
the left hand side of ([7.14)) becomes

(R()H*Z[L)f, v 7AE)—S,5+(VR(/\+Z‘,LL)]C’ E)—s,sf(R()“Fi,u')f, (Afiﬂ)a)—s,s- (715)
(Note again that /=A< € L**(R3) for any ¢ < 5/2.) It follows from Theorem [7.1
that

lim(ROA+ i) £, VAT s = (R VAT o (7.16)

Similarly, we have

E{%{(VR()‘ + Z/i)fv w)—s,s - (R()‘ + Zﬂ)fv ()‘ - WW)—S,S}
= (VR+()‘)f7@)fs,s - (R+<)‘)fa )@)—s,s-
Combining with - yields

for any test function ¢ € S(R?). Thus we have shown that u* (), f) = RT(\)f
satisfies the equation ((7.2)). O

(7.17)

8. GENERALIZED EIGENFUNCTIONS

Two tasks are set in this section. One of them is to construct generalized eigen-
functions of v/—A + V(z) on R?, which are the superposition of plane waves and
solutions of the equation , for some A and f, satisfying the outgoing or the
incoming radiation condition. To this end, we shall adopt the idea in Agmon [I]
(cf. Kato and Kuroda [I1]). The other task is to show that the generalized eigen-
functions to be constructed are characterized as the unique solutions to integral
equations, which we shall call the modified Lippmann-Schwinger equations.

We shall write the plane wave e*®* as @q(z, k):

wolx, k) == ™", (8.1)
It should be noted that one can easily sees that

*AIQOO(% k) = |k|2900(xa k)’
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which is a starting point when one discusses the generalized eigenfunction expansion
for the Schrodinger operator —A+V (z). On the contrary, it is not trivial to justify

—Aupo(x,k) = |klpo(a, k) in S'(RY), (8.2)

which is formally obvious though. The reason why is nontrivial is that ¢ (z, k)
does not belong to the Sobolev space H*(R3) for any ¢ € R. In fact, the Fourier
transform of g (z, k) with respect to z is a Delta-function (27)%/25(¢ — k), which
is obviously not a function in Llloc(}Rg)7 whereas we have

H'RY) ={f | ()] € L*(RD) }

by definition.
By virtue of some results in Umeda [26] we shall be able to make sense of

V—=ALpo(x, k) and prove that (8.2) is valid.

Lemma 8.1. For every k € R3, @o(x,k) satisfies the pseudodifferential equation

B2).

Proof. Tt is straightforward to see that oo(z, k) belongs to L?*(R2) for every s <
—3/2. This fact, together with Theorem implies that v/—Agpo(z, k) makes
sense. Taking a test function ¢ € S(R?), we get

<\/_7A1900('7k)7w> = (@O('»k>7 V _Az E)sﬁs (83)

for all s with —5/2 < s < —3/2, where we have used the fact that /=A, 9 €
L*Y(R3) for any t < 5/2. The right hand side of (8.3)) equals

/ eI () do = (2m)° 2 F[V=A U] (k) = (20)%/ k| F [0 (k).

Noting that

FIOI(k) = (2m)~%/2 / ol K)(z) de,

we obtain
(0 k) V=B D) = [ IMlgolo R)o(a) do = (Kl R) 0 (8.4)
Combining with gives the lemma. O

Following Agmon [1], we define two families of generalized eigenfunctions of
V—=A + V(x) on R3 by
¢* (2, k) = po(z, k) = RT([ED{V ()po(-, k) } (@) (8.5)

for k with |k| € (0, +00)\ 0,(H). Note that the second terms on the right hand side
of (8.5) make sense, provided that |V (z)| < C(z)~7, ¢ > 2. In fact, V(-)po(-, k) €
L?%5(R3) for all s with 1/2 < s < o —3/2.

Theorem 8.2. Let o > 2. If |k| € (0,+00) \ 0,(H), then both *(x, k) satisfy the
equation

(V=D +V(z))u = |klu in S'(R3). (8.6)
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Proof. As remarked just before the theorem, we see that V(- )<p0( k) belongs to
L?5(R3) for all s with 1/2 < s < o — 3/2. Hence, by Theorem , we get

(V=24 +V(z) = k) [RT(E){V (o, )} () = V()po(, k) 1HS(Rs) (8.7)
which, together with Lemma implies

(V-2 +V(z (z, k)
= (V=8 + V(@)po(z, k) — (V=2 + V(@) [RT(ED{V (o (- k)] (@)
= |klpo(x, k) + V(2)po(z, k) = V(x)po(z, k) — [k [RT([K){V (-)po(-, k)}] ()
= [k|[po(z, k) = RT(IK){V ()po (- k) } ()]
By the definition 7 the proof is complete. O

Remark. For each k with |k| € (0,400) \ 0,(H), the generalized eigenfunctions
@*(z,k) are unique in the following sense: If T (x, k) (resp. ¢~ (x,k)) satisfies
the equation , and in addition, g7 (x, k) — wo(z, k) (resp. ¢~ (z, k) — wo(z, k))
belongs to L*~%(R3) N HL (R?), 1/2 < s < min(c/2,1), and satisfies the incom-
ing radiation condition (resp. the outgoing radiation condition )7 then
o (2, k) = pt(z, k) (resp. ¢~ (z,k) = ¢ (x,k)). This is a direct consequence of
assertlon (i) of Theorem [7.2]

We are in a position to show that the generalized eigenfunctions o™ (z, k) and
©~(z, k), defined by , are characterized as the unique solutions to the integral
equations

o) = o) = [ g5 =9V Wel) dy. (59

o) = wolak) = [ gt @~ )V (el dy (5.9)

respectively. (Recall that g (x — y) are the integral kernels of the boundary val-
ues RE()\). See Theorem ) We call (8.8) and the modified Lippmann-
Schwinger equations, because the leading terms of g5 (x —y) are the same, up to a
constant, as the integral kernels of the Lippmann-Schwinger equations, namely,

A e:i:i)\|:r:7y\

gf\t(l’fy):%m+0(|$*y|72) as |I*y|—>+00
(Recall (4.6) and (5.17).)

Our generalized eigenfunctions ¢*(z, k) are expected to behave like the plane
wave ¢o(z, k), which belongs to L*~*(R?) only for s > 3/2. Thus it is natural to
take L?~%(R3), with s > 3/2, to be the space of functions in which we deal with
the integral equations and . It is evident from Theorem that
and can be formally rewritten in the forms (I + Ry (|k])V)¢ = ¢o(-, k) and
(I+Rg (|k])V)e = @o(-, k) respectively. For these reasons, we prepare the following
lemma, which is a variant of Lemma The only difference between Lemmas
and lies in their assumptions. In Lemma [8.3] s is allowed to be greater than
3/2.

Lemma 8.3. Let 0 > 2, and suppose that 1/2 < s < o0—1/2. Then the conclusions
of Lemma hold.
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Proof. We only give the proof of in the case where the superscripts are the
plus sign. The proof of in the other case and the proof of are similar.

It is obvious that we shall follow the line of the proof of Lemma|7.5] By assump-
tion, we can choose t so that

1/2 <t < min(s,o — s). (8.10)
We note that Ry (z) and R*(z) can be regarded as B(L?**, L%~*)-valued continuous
functions on CTU(0, 400) and CTU{(0, +00)\ o, (H)} respectively, as mentioned in
the proof of Lemma From this fact, we can deduce that Rg (z) and R*(2) are
B(L?*, L*~%)-valued continuous functions on C* U (0, +00) and C* U {(0, +00) \
o,(H)} respectively, since —s < —t. In view of (8.10) we have V € B(L*»~*, L>?).
Therefore, R (2)V and R*(2)V are B(L*~*)-valued continuous functions on C* U
(0,+00) and CTU{(0, +00)\ o, (H)} respectively. Recalling (7.9)), which was shown

to be valid for all z € C*, we conclude that ((7.7) in the case where the superscripts
are “4” holds. O

Theorem 8.4. Let 0 > 2, and suppose that 3/2 < s < o — 1/2. If |k| €
(0,+00)\op(H), then ot (z,k) and ¢~ (z, k) are the unique solution of the modified
Lippmann-Schwinger equations (8.8) and in L*>75(R3) respectively.
Proof. We shall give the proof only for ¢ ™ (z, k). It follows from the definition (8.5
that
¢ (k) = (I =R ([k})V)eo(-, k), (8.11)

where we regard ¢o(-, k) as a function belonging to L*»~*(R3). Combining (8.11)
with (7.8]), we have
from which we obtain

9" (k) = @o(. k) — Ry (IkDVe™ (- k). (8.13)
Since the integral kernel of R (|k|) is given by Y| (x —y), we conclude from 1D

that ot (z, k) satisfies the modified Lippmann-Schwinger equation (8.8). Unique-
ness follows from (8.12)) and (|7.7). ]

9. CONTINUITY OF THE GENERALIZED EIGENFUNCTIONS

The aim of this section is to prove Theorem [9.1] below. Our discussions are based
on the results in Section []] We emphasize that the estimate below is highly
nontrivial. This is because the kernels g‘j,i‘(x —y) in and involve the
Riesz potential (recall (4.6)).

Theorem 9.1. Let o > 2. Then the generalized eigenfunctions ¢*(x,k) defined by
(8.5) have the following properties:
(i) For each interval [a,b] C (0,400) \ 0,(H), there exists a constant Cyp,
depending on a and b, such that
|(pi(xa k)' < Cab (91)

for all (z,k) € R® x {k|a < |k| < b}.
(i) ¢*(z, k) are continuous functions on R3 x {k | |k| € (0,+00) \ 0,(H)}.
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We shall give a proof of Theorem [9.1] by means of a series of lemmas. Hence,
throughout the present section we shall assume that

o>2

without saying so every time. We shall first prepare a few lemmas and then prove
assertion (i) of Theorem We shall next show a few lemmas, of which combina-
tion directly gives a proof of assertion (ii) of Theorem The estimate will
be essential in the discussions for the proof of assertion (ii).

Lemma 9.2. If s > 3/2, then T (-, k) are L>~3(R3)-valued continuous functions
on (I | [K] € (0,+00) \ oy(H)}.

Proof. We note that ¢o(-, k) is L*»~*(R3)-valued continuous function on R3. On
the other hand, for any ¢ with 1/2 <t < o — 3/2, V(-)po(-, k) is L>*(R3)-valued
continuous function on Ri (see the assumption ) This fact, together with
Theorem (iii), implies that RT(|k[){V (-)po(-, k)} are L*~(R3)-valued contin-
uous functions on {k | |k| € (0,+00)\ 0,(H)}. Since ¢ can be taken to be less than
s, it follows that RT(|k]){V (-)¢o(-, k)} are L*~*(R3)-valued continuous functions
on {k | [k| € (0,+00) \ 0,(H)}. In view of definition , we have proved the
lemma. (]

Lemma 9.3. Ifs > 3/2, then V(-)o* (-, k) are L7~ (R3)-valued continuous func-
tions on {k | |k| € (0,+00) \ o,(H)}.

The proof of this lemma is a direct consequence of Lemmal9.2|and the assumption

(5.

In the rest of this section, we assume that s satisfies the inequalities
3 1
—<s<0o——. 9.2
5 -3 (9:2)

To prove assertion (i) of Theorem we need intermediate estimates, which only
assure that, for each k, ¢*(z,k) are sums of bounded functions of z and func-
tions of = belonging to LS(R®) N L?~%(R?) for all + > 3/2. To derive the in-
termediate estimates mentioned above, we appeal to Theorem assuming that
|E| € (0,+00) \ 0,(H), we have

ot (@, k) = pola, k) — GF, (VO (- k) (@), (0.3)

(see lj and 1) for the notation Gljlil). According to the identities l) we

then decompose ¢=(x, k) into two parts:

(pi(x7k) :¢(:)t($vk)+wit(xv k)v (9'4)

where
Ug (k) = gol@, k) — KT (VO™ () (@) = Migg (V)™ (- F)) (2),  (9.5)
Vi (2, k) = =Go(V()e™ (-, k) (). (9.6)

Lemma 9.4. Suppose that [a,b] C (0,+00) \ 0,(H). Then there exists a constant
Caup, depending on a and b, such that

‘qu(z)t(xak” < Ca (97)
for all (z,k) € R3 x {k|a < |k| < b}.
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Proof. Let k satisfy a < |k| <b. Appealing to the definition (9.5, we have
U < TR (VOGS CR) @+ M (VOS R)@
<1+ |V ()™ (k) r2e-s + CapllV ()™ (- k)l 22,
where we have used Lemmas [5.7] and (note that o —s > 1/2 by (9.2])). Here we
-8

note that the constants C' and Cy in ) are independent of k with a < |k| <.
Lemma together with , implies the lemma. ([

Lemma 9.5. Let |k| € (0,+00) \ 0,(H). Then we have
V(- k) € LS(R®*) N L>H(R?)

for every t > 3/2. Moreover, for each compact interval [a,b] C (0,400) \ 0,(H)
and each t > 3/2, there corresponds a positive constant Ciqp such that

13" (o B)llze + 105 (Bl e < Cray
for all k with a < |k| <b.

Proof. Since 0 — s > 1/2 by (9.2)), it follows from Lemma that V()T (-, k)
€ L*(R®). Then the definition of )T and the inequality (5.4) show that

193 B)llze < CIV ()™ (5 k)22, (9-9)
where C'is a constant independent of k. Similarly, the definition of wf and Lemma
5.1((ii) give

193 Rl zme < GV ()™ (k)| 2 (9.10)

for every t > 3/2, where the constant C; is dependent on t but independent of k.
The assertions of the lemma now follow from , (9.10) and Lemma O

Proof of assertion(i) of Theorem . In view of (9.4) and Lemma it is suffi-

cient to show that there exists a constant C;, such that
[ (2, k)| < Cap (9.11)
for all (z,k) € R? x {k|a < |k| < b}. It follows from (9.4) and that
G, k) = ~Go(VOUF (k) (@) = Go(VOUE (k) @) (9.12)

We apply Lemma to the first term on the right hand side of (9.12)) and appeal
to the definition (2.5) of Gy, and obtain

+ QIO Cab

Go(VOpFem) @] < B [ ey (03
where the constant Cgp is the same as in , and is independent of k£ with a <
|k] < b. By virtue of Lemma E in Appendix, the function of x defined by the
integral on the right hand side of @D is bounded on R3. Thus the first term on
the right hand side of possesses the desired estimate. To handle the second
term on the right hand side of , we shall apply Lemma In view of the
assumption that |V (z)| < C(x)~7 with o > 2, it follows from Lemma [9.5| that

VO G Rz < Cly (k) pe-o < Coa (9.14)

for all k with a < |k| < b. If we regard V(z) as a bounded function, then Lemma
enables us to find a constant C”, such that

IV k) os < Cley (5 k)lle < Cip (9.15)
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for all k with a < |k| < b. Combining (9.14) and (9.15) with Lemma [5.3]yields
1Go (Ve (5 Bl < Chap + Ca (9.16)

for all k£ with a < |k| < b. The estimate (9.11)) now follows from (9.12)), (9.13]) and
(9.16). O

To prepare lemmas, of which combination will directly give the proof of assertion
(ii) of Theorem it is convenient to write

Ui, K) = — K (VO (k) (@), (9.17)
w(i(x,k:) = —M‘k|(V(-)<pi(-, k))(z) (9.18)

According to 77 we then have
o (@, k) = o(, k) + V5 (2. k) + ¥y, (@, k) + 97 (2, k). (9.19)

Lemma 9.6. %< (z,k) are continuous on R3 x {k | k| € (0,400) \ o,(H)}.

Proof. Let (zg, ko) be an arbitrary point in RS x {k | [k| € (0,+00) \ 0,(H)}. We
shall show that

Vo (@, k) — U5, (z0. ko) as (2, k) — (2o, ko). (9.20)
Let € > 0 be given. One can then choose r > 0 so that
k 1
Plwise{ s lereRl} [ Tay<e @2
27 yER3, |k—ko|<r ly|<2r ly|

Note that, by virtue of assertion (i) of Theorem the supremum in (9.21)) is
finite. To show ((9.20)), we write

Ui (@, k) — Vi (0, ko)
= {V5 (@, k) — U5, (w0, k)} + {45, (w0, k) — g (w0, ko) } (9.22)
=: I3 (2, k) + Iz (k).

If |x — 29| < r and |k — ko| < r, we then have, appealing to the definition (|5.1)),
|5 (2, )

k k
<ol M G )

kol 27 U yeRrs, [k—kol<r (9.23)
. eFilkllz—yl ) exilkllzo—yl —_—
X s . 1 = T . )
_/R3 { Bz,2r)(Y) P E(zo,2r) (Y o ] } (y)‘ Yy
where E(z,2r) = {y| |z —y| > 2r} and we have used (9.21]). We note here that
3 1
1 — < =-x1 — 9.24
E(z,2r) (y) |£L' _ y| =9 X E(zo,r) (y) |£E’0 _ y‘ ( )

whenever |x —xg| < r. Hence, the integrand in ((9.23)) is bounded, for all (x, k) with
|z — x| <7, by the function

1

V) (9:25)

)
5 X 1E(mo,r) (y)
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which is in L'(R?) (recall that we made the assumption (1.6) with o > 2). Hence
we can apply the Lebesgue dominated convergence theorem to the integral in (9.23)),
and deduce that

limsup |15 (z, k)| < 2e. (9.26)
(z,k)—(xo,ko)

In a similar fashion to (9.23)), if |k — ko| < r, we have
| gy, (k)]
< |K|k|( ( )(pi(~,k))(5€ ) — K|EO|(V(‘)<Pi('7k))($O)|
HK%K<Wﬂww<> KLN“)iC%W%N

|| / ’
< (1L 9.27
(|k0 + 3 27‘(’ E(w0,2r y| ( )

% ‘|k|e$l|k||xo—y\ _ |ko|e$l\ko||fo—y|“‘/ V)t (y, k)| dy
k eTilkollzo—yl
'“/\umﬂﬂy C vl k) — o ko) do.
lzo — yl
The first integral in is estimated by
vV y 2 Yy 2s
{/ ‘1E(Io,27‘)(y)%
R3 |$0 - y‘ (928)
. _ 2 y1/2
% ‘|k|€¥1|kllrry\ _ |k0|eﬂm\ko\lrofyl‘ dy} o (-, k)| p2rs

In view of (9.2)), it follows that

‘ (y)|2<y>25 1/m3
Lisgog oy () LW 1 sy
E(zo,2 )(y) |.’L'Q y‘g ( y)

Therefore, applying the Lebesgue dominated convergence theorem to the integral

in (9.28) and appealing to Lemma[J.2] we see that the first integral in (9.27) tends
to 0 as k approaches k. Also, the second integral in (9.27)) is estimated by

V)P y)* 12, /2
{ \/]Rd ‘IE(wD’QT)(y)W } ||()0 ( ) - Soi('a kO)HLz**Sa

which tends to 0, by Lemma as k approaches ky. Thus, we have shown that

limsup |13 (k)| < 4e. (9.29)
(E,k)ﬁ(wo,k‘o)

Combining (9.22)), (9.26)) and (9.29)), we deduce that

limsup [T (z, k) — ¥ (0, ko)| < 6e. (9.30)
(z,k)—(z0,ko)
Since ¢ is arbitrary, (9.30)) implies (9.20)). O

Lemma 9.7. 1/10iﬂ(x, k) are continuous on RS x {k | |k| € (0,+00) \ 0,(H)}.

Proof. The proof is similar to that of Lemma Let (xq, ko) be an arbitrary point
in R3 x {k | |k| € (0,+00) \ 0,(H)}. We shall show that

w(i(x,k) — wg—;(xo,ko) as (x, k) — (0, ko). (9.31)
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To show this, we first need to appeal to the definition (4.5) of m(x) and the
inequality ([5.16]). We then have

const. A A
— 2 (A4 M) < t. —
52 |x|( + Alz])”" < cons Ek

where const. is the same as in (5.16) and const.” := const./272.
Let € > 0 be given. We choose r > 0 so that

const.’|k0H|V||Loo{ sup \(pi(y,k)|}/ Ly <e (9.33)
yER3, |k—ko|<r lyl<2r |y

Ima(z)| < (9.32)

Similarly to (9.22), we write
w(i(xa k) - w(:)tﬂ(x07 kO)
= {5, (w k) = iy, (w0, K)} + {55, (w0, k) — Wi, (w0, ko) (9.34)
=: 15, (2, k) + I, (k).
If |z — zo| <7 and |k — ko| < r, then it follows from the definition (5.2) and (9.32),
(9:33) that
|f<i(ff k)l
L +
2—e + su Jk
ol { yER3, |1£ko|§r Lt )|} (9.35)
x / {152 @2~ 9) ~ Ty i (0 ) }V ()] .
R

Noting (9.32]) and (9.24), we find that the integrand in (9.35) is bounded by the

function

5 const.”(|ko| + )
—x1 RS S R
9 E(zo,r) (y) |LL'() — y|

for all (z,k) with | — x¢| < r, |k — ko] < r. Therefore, the Lebesgue dominated
convergence theorem applied to the integral in (9.35)) gives

limsup |13, (2, k)| < 2. (9.37)
(@,k)—(wo,ko)

V(y)l € L'(RY) (9.36)

Here we have used the fact that m;(z) is continuous on {R3\ {0}} x R}. In a
similar manner to (9.35)), if |z — 29| < r and |k — ko| < r, then we have

| 1L, (k)]

||
<
(|k0| +3)
. (9.38)
[ Lm0 (s 20 = 9) = mi 20 = )| [V 0¥ (0| dy
[ teten 0 @m0 = 9V )|l ) = 0 ko)
The first integral in ((9.38)) is estimated by
{ ] 15tanan @] (e = ) = i 20 = )V )01}
20,27 m o — —m o To —
s E(z0,2r)\Y k| (To — Y lko|\ L0 — Y YNy Y (9.39)

< Nl (k) pems.
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In view of the inequality (5.17) and the continuity of m;(x), as mentioned after

(19.37), we can apply the Lebesgue dominated convergence theorem to the integral
in (9.39), and deduce that the first integral in (9.38) tends to 0 as k approaches k.

Also, the second integral in (9.38) is estimated by

{/R& lE(xU,Qr)(y)|m|k0|(x07y)v(y)<y>s|2dy}1/2||90i(7k)790i(>kO)HL2*Sv (940)

which tends to 0, by Lemma and the inequality (5.17), as k approaches kq.
Thus we have shown that

lim sup |H(i(x,k)| < de.
(z,k)—(z0,k0)

By the same arguments as in the end of the proof of Lemma we conclude that
(19.31)) is verified. O

Lemma 9.8. ¢ (z,k) are continuous on R3 x {k |kl € (0,400) \ 0, (H)}.

The proof of this lemma is similar to the proof of Lemmas[0.6and [0.7] Actually
it is much easier because the integral kernel of the operator Gy is independent of
the variable k (recall the definitions and ( . For this reason, we omit the

proof of Lemma

Proof of assertion (ii) of Theorem 9.1 The assertion is a direct consequence of

and Lemmas and [9.8 O

10. ASYMPTOTIC BEHAVIORS OF THE GENERALIZED EIGENFUNCTIONS

We shall first show that the generalized eigenfunctions ¢*(z, k), defined by ,
are distorted plane waves, and give estimates of the differences between ¢*(z, k)
and the plane wave ¢o(z,k) = €% (Theorem . We shall next prove that
¢*(z, k) are asymptotically equal to the sums of the plane wave and the spherical
waves eT!7IFl /|z| under the assumption that o > 3, and shall give estimates of the
differences between ¢*(z, k) and the sums mentioned above (Theorem [10.2)).

In view of the definition and Theorem (ii), it is clear that ¢~ (z, k) (resp.
¢t (z,k)) is the sum of the plane wave ¢*** and the solution of the equation
with the outgoing radiation condition (resp. the incoming radiation condition
(6.3)). However, the radiation conditions and are generalizations of the
radiation condition mentioned in the beginning of Section 6, and this generalization
makes it unclear that

RE(IRDEV (e (- k)} ()
behave as eTH®I*l /|z| at infinity. Theorem [10.2] shows that this is indeed the case
if o > 3.

We should like to remark that what makes the discussions below possible is the
estimate (9.1)).

Theorem 10.1. Let o > 2. If |k| € (0,+00) \ 0,(H), then

(z)=(e=2) if2 <o <3,
o= (2, k) — e"F| < Cp ¢ (a)~ 110g(1+< ) ifo =3, (10.1)
(x)~1 if 0 >3,
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where the constant Cy is uniform for k in any compact subset of
{k | [k € (0,400) \ 0, (H)}.

Proof. In view of (9.19), it is sufficient to show that all of 93 (z, k), ¥, (v, k) and

¢f(m, k) satisfy the estimates (10.1)).
By assertion(i) of Theorem and the definitions (9.17) and (5.1]), we have

+ L oy o (o N —
o B < VOl [

If we apply Lemma [IT.1]in Appendix, with n =3, 8 =1 and v = o, to the integral
on the right hand side of (10.2), we can deduce from assertion(i) of Theorem
and that o (z,k) satisfy the desired estimates. By the definitions
(5.2) and the inequality , we get
+ o + 1

5B < OO VOREC Bl [ i (103)
where the constant Cy is the one specified in (5.17). Similarly, by the definition
(2.5)), we obtain

dy. (10.2)

1 1
bE(, k)| < —=[(VTV()et (- k m/ W 10.4
| 1 ( )| 27_(_2||<> ()SD ( )”L RS |x_y|2<y>o- Y ( )
Lemma [IT.I] with n = 3, 3 = 2 and v = o now gives
(z)=(e=1) if2<o <3,
[0, (2, B)| + [0 (2, k)| < Cf { (2) " log(L+ (&) if 0 =3, (10.5)
(w)~2 if o >3,

where the constant Cj, is uniform for k in any compact subset of {k | |k| € (0, +00)\
op(H)}.
Theorem 10.2. Let 0 > 3, and suppose that |k| € (0,+00) \ 0,(H). Then for
|z| > 1 we have
Tkl
[ o) = (e S )|

||~ (e—1)/2 if3<o<5, (10.6)
< Ck 1 |z|2log(1+|z|) if o =5,

|| 2 if o > 5,

where w, = z/|x|, wp = k/|k|,
A ,
f:t(A7 Wz Wk;) = "5 eilsz'yv(y)gpi (y7 A(“-)k) dy? (107)
2 R3
and the constant Cy, is uniform for k in any compact subset of {k||k| € (0,+00) \
op(H)}.
We shall give a proof of Theorem by means of a series of lemmas.
Lemma 10.3. Let 0 > 3. Then
|0 (2, k) — (" + 9, (w, k) | < Cila) 2,
where Cy, is a constant uniform for k in any compact subset of {k||k| € (0,+o0) \
op(H)}.
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This lemma is a direct consequence of (10.5)) and (9.19).

In view of Lemma|10.3] it is apparent that we need to evaluate the differences

N eFilkllzl
ZZJON(‘,E’ k) - |Z‘| f (|k|7wmawk)a (108)
which are equal to
k| {eﬂFi\kl(\II*wm-y) eFilkllz—yl } N
— — Vv klwg) d 10.9
o 7] P (W)™ (y, |klwr) dy (10.9)
by (9.17), (5.1) and (10.7). Thus we are led to consider the following two integrals:
1 ,
—/ etallzl=we )y () dy, (10.10)
|| Jrs
/ G (y)d (10.11)
T oruwy)ay, .
rs | — Y

and their difference. The same integrals as in ((10.10) and (10.11]) were discussed in
Ikebe [7, §3], though our arguments below are slightly different from those of [7],
and our estimates are slight refinements of those of [7].

Lemma 10.4. Let a € R and let u satisfy
lu(z)] < C{x)™7, o >3. (10.12)

Then for |z| > 1 we have

ia(|z|—ws y) ( Ao —(c—3)/2
| e u(y) dy| < C1l1() ull~al , (10.13)
/>\/|x

za\x y|

‘/y>\/|? |:c—y|

u(y) dy| < Call () ullz=lal V2, (10.14)

where the constants C1 and Cy are independent of a.

Proof. Tt follows that

| ooy dy| < [ 6 ul ol dy
/y|>\/? ly|>+/|=] (10.15)
< Ol ul g o] =792

To show (|10.14)), we decompose the integral in (|10.14}) into two parts:

/ za|9c y\ / / w,\ac—yl
u(y) dy, (10.16)
i/l 1% =l Fo@ JR@? [T =Yl

]

where
Fo(z) :=={y € R®||y| > V/]a], |z —y| <

Fi(z) :={y e R?||y| > /||, |z —y| >

5
| |
2 b
If y € Fy(x), then

|z]

yl =le — (@ =yl 2 |z = o -yl =2 =,
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hence we have

etalz—yl
uty)dy| < [ 137 ull ]~ dy
‘/FO rE— o) e
- ol —c 1 10.17
< 167l g2 \x|/ gy~ (1017)

lo—y|<lzl/2 [€ =Yl
= C'[[{) 7 ull oo 72
If y € Fi(x), then | — y| > |z|/2; therefore

etalz—yl
u@ydy| < [ =yl dy
‘/Fi(ac) oyl " i/ 12l (10.18)

< CMIE)° uIILwaI‘("‘l’/Q~

Since 0—2 > (0 —1)/2, we conclude from (10.16)-(10.18) that the inequality (10.14)
holds. (]

In view of (|10.10)), (10.11)) and Lemma we now need to consider the integral

1 . etalz—yl
/ (—em(‘xl—wmﬂ) — )u(y) dy. (10.19)
wl<y/Tal 12| |z —y]
To get an estimate on the integral (10.19)), we split it into two parts:
! ( allol—wry) _ gial ,y‘>
— ' IPImwey) _ pral® u(y) dy (10.20)
|| lyl</Iz]
+/ (i - Jereleu(y) dy, (10.21)
i<yl Mzl e =l

and evaluate these two integrals separately.

Lemma 10.5. Under the same assumptions as in Lemma we have

1 i 2 . ia|r—
‘m /|ys\/|? (emun wey) _ gial y\)u(y) dy‘
||~ (e=D)/2 if3<o<5, (10.22)
< Cslal[[(-)7ullLe § |2["*log(1 + |2[) if o =5,
|| 2 ifo>5

for |xz| > 1, where the constant Cj is independent of a.

Proof. We start with simple remarks that

ly[*\ /2
v =yl = ol ( = W) (10.23)
and
2 1

(A+p)2—1+5)| < %ﬁ, p=—3. (10.24)

It is easy to see that

Wy 'y |y| 1

| -2 ] |x|2| <3 (10.25)
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if \/|z| > 5 and |y| < /|x|. Hence, it follows from — that

2
Y
2=yl = (2] — wa -9)| < 3\/§'|x' (10.26)
when /|z| > 5 and |y| < /|z|. Using the inequality
e — e[ <Ja—f|, afER,

we have
’ ( ia(|z|—wgy) ia|w7y\) ( d ‘
e e u(y) dy
/y<\/?
<[ ael =) - ale = ylllO7ulm )T dy (1020)
lyl</Iz]
1
< 3V2lal[[ ()7 ull L~ ly|*(y) =" dy (10.28)
2] Jiy< /Tl
when (/|| > 5. Here we have used (10.26) in the second inequality ((10.28)). Now
we have
1
P dy <2 [ (g dy (because (5) = (1% o)
/|y|s\/?| lwl<y/Tzl V2
Vil
=27/ x 471'/ (1+7r)" 7 dr (10.29)
0
—(0—5)/2
L if3<o<b,
5—o0
<2020 5 Log(1 4+ |z|)  if o =5, (10.30)
! if o >5
i
o—95 7 ’
where we have used spherical polar coordinates in (10.29)). Combining ((10.30]) with
(10.28)) yields the desired inequalities. O

Lemma 10.6. Under the same assumptions as in Lemma we have

’/y<\/|? (ﬁ - Iwiiyl)emuiyl“(y) dy‘

|lz|~o/2 if3 <o <4, (10.31)
< Cul[()ullLe 4§ 2] log(1 +|z[) if o =4,
|| =2 if o >4

for |xz| > 1, where the constant Cy is independent of a.

Proof. If \/|z| > 5 and |y| < +/|z|, then the inequality (10.26]) implies
2
lo == k] < bl + 3VE-
Also, if y/|z| > 5 and |y| < /|z|, we then have

| | > |z — [yl > |z] 12 4||
T — x| — x| — — = <|z|.
yI= yi= 5 5
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Using these two inequalities, we arrive at

’ /y|§\/:| (l?ll e i y|>em‘w7ylu(y) dy‘

5 1 ly[? -
< Z. = 3V2=) 1) ul e (y) 77 d
</ b (VR I )7 .
_ Sl p~27"
4

1

1 - -
X (IL‘IQ/MASM(H'W dy+3\/§|x|3 /lyg\/l;(l—ﬂy) dy>

provided that v/|z| > 5. By introducing spherical polar coordinates, we obtain

‘x|f(074)/2
if 3 <o <4,
4—o0
/ (1+[y)' 7 dy < 4r S log(1 + |z|) if o =4, (10.33)
lyl<v/lz| 1
if o > 4.
oc—4
Combining (10.32) with ((10.33)) and (10.30), we conclude that the desired inequal-
ities are verified. O
Proof of Theorem[10.4 We write
o eFilkllel
) = (e o S P )
= pF(x, k) — (% + 9. (2, k)
eFilkllz|
+ (wétm(x7k)_ |1,| fi(|k‘7ww7wk))
= (pi(x’ k) - (eix-k + w()in(xa k))
k| 1 (] —wa- +
+ oo e TV () o™ (y, [klwr) dy
2r || ly1>+/]z|
|E| eFilkllz—yl N
— 5 T VW)e (y, [klwr) dy
21 izl e =l
WL eTilkl(zl—way) _ Filkllz—yl V(y)e™ (y, |k|w) dy
2m |2l Jiyi< /i )
L { 1 1 } ] [a— +
+o o e IV () (v, [klwr) dy,
21 Jiyi</lal Ll e =yl

where we have used the fact that (10.8]) equals (10.9)), and decomposed the integral
in ((10.9) into four parts. Now the conclusion of the theorem follows from assertion(i)
of Theorem [0.1] and Lemmas [[0.3HI0.6l O

11. APPENDIX

In this appendix we shall derive a few formulae and estimates concerning the
cosine integral and the sine integral functions for the reader’s convenience, the
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formulae and estimates which seem not to be found in the literature. We begin
with the definitions of these functions and some basic facts (cf. [5] and [0]).

11.1. The cosine integral function . The definition is
+oo
cost
ilp) = ~Cilp) = [ “Fat p>0
P

(cf. [B p. 386]). We have

-1 if p>1
|ci(p)| < const. P Tp* ’
1+ logp| if0<p<I.

The estimate for p > 1 follows from

. +00
. sinp cosp cost
ci(p) = — + — 2/ —— dt,
( ) p p2 p 3

which can be shown by repeated use of integration by parts. The estimate for
0 < p <1 follows from [6 p. 145, Formula (6)].

The cosine integral function ci(p) has an analytic continuation ci(z), which is a
many-valued function with a logarithmic branch-point at z = 0 (see [6, p. 145]).
In this paper, we choose the principal branch:

ci(z) = —y — Log z mzz:l (2m)!2mz , z2€C\ (—00,0], (11.1)

where 7 is Euler’s constant and |Im Log z| < 7. Note that the power series

he(z) = Z ﬂzm

|
= (2m)12m

on the right hand side of (11.1)) is an entire function and satisfies that h.(—z) =
he(2), i.e., he(2) is an even function.

11.2. The sine integral function . The definition is
+oo ;
t
si(p):f/ Slidt, p>0
o t
T P gint
i(p)=—= — dt,
i) =5+ [ 3

we can show, by integration by parts, that

[si(p)| < const.(1 4 |p|) ™"

(cf. |5 p. 386]). Since

Moreover, we see that si(p) has an analytic continuation si(z):

. m = (=™ 2m+1
_.7 11.2
i) =5+ 2 @2m+ 1)I(2m + 1) (11.2)
m=0
It follows from (|11.2)) that si(z) is an entire function and satisfies that
si(—z) = —m —si(z) (11.3)

(cf. [6, p. 145]).
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11.3. Laplace transforms. In computing the resolvent kernel of v/—A in Section
2, we applied the following formula

t2 + a?
where Rep > 0, a > 0 (cf. [5], p. 269, Formula(46)]).

For the purpose of applications in Section 2, it is convenient to replace p in (|11.4))
with —z. We thus have the function

e 1 Lo :
/0 e ———dt = —E{m(ap) sin(ap) + si(ap) cos(ap)}, (11.4)

—{ci(—2)sin(—z) + si(—z) cos(—z)} = sin(z) ci(—z) — cos(z) si(—z),
which is holomorphic in C\ [0, +00).

11.4. Estimates of a convolution. We have often encountered the convolution

of the form
1
d(z ::/ ——dy
@)= fe TPy

in the previous sections, and used Lemma below several times. Although the
results exhibited in Lemma [11.1| are well-known, it appears neither in a convenient
form for our purpose (see Ikebe [7]) nor in an accessible form (see Kuroda [I3] which
is written in Japanese) in the literature. For this reason, we reproduce the results
here for the reader’s convenience.

Lemma 11.1. If0 < 3 < n and § + v > n, then ®(x) is a bounded continuous
function satisfying

(J:)_(B'M_") if 0 <y <n,
|®(2)] < Cpym 4 (z)  log(1+ (z)) if v =n,
()" if v > n,

where Cgyy, 45 a constant depending on (3, v and n.

We shall divide the proof into four steps.
Step 1. ®(z) is a continuous function on R™.

Proof. Let z¢ be an arbitrary point in R™, and let € > 0 be given. Since 0 < 3 < n,
we can choose 7 > 0 so that

1
/ —dy < e. (11.5)
ly

|<2r |y‘ﬁ

We then decompose ®(z) into two parts:

B(x) = (/B(m) + [E(M) ) FEEI y1|ﬁ<y>v dy =: Dy(x) + B (),  (11.6)
where B(z,2r) = {y|lx — y| < 2r} and E(x,2r) is the same as in the proof of
Lemma By , we get

0< Pp(x) <e (11.7)
for all x € R™. It follows from the definition of ®.(z) that

De(2) — De(0)

_ I I (11.8)
= /n {1E(m,2r) (y) |.T — y‘g<y>,y 1E(zo,2r) (y) |JC0 — y|f8<y>7 } dy
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Note that the inequality (9.24]) implies that

1 3.8 1
lE(z,gr)(y)W < (5) x 1E(xo,r)(y)m

whenever |z — zo| < r. Hence, the integrand in ((11.8)) is bounded by

[C) 41} < o)

w0 — ylP(y)7’
in absolute value, for all  with |x — zo| < r. Since 8 4+ v > n, by assumption of
the lemma, we see that the function in (11.4) belongs to L'(R}). Therefore, the
Lebesgue dominated convergence theorem is applicable to the right hand side of
(11.8) and shows that

lim (®.(z) — Pc(z0)) = 0.

r—Xo

Combining this with (11.6) and (11.7]), we deduce that
lim sup ’<I>(x) - @(wo)‘ < 2e.

T—XT0

Since € was arbitrary, this completes the proof of the step 1. O
To establish the desired inequalities, we make another decomposition of ®(x):
P(z) = P1(z) + P2(2) + P3(w),

where

1
Dy (x) :/ —— dy,
( wl<lzl/2 1T —ylP(y)7
1

(1)2(3;‘) = / —_— dy7
lel/2<lyl<2lz| |2 = Y17 {y)?

1
By (x :/ S
() 2lal<ly T — ylP(y)

Since ®(z) is bounded on each compact subset of R™ by continuity of ®(z), it is
sufficient to get estimates of ®;’s for |z| > 1.
Step 2. For |x| > 1, we have

||~ (B+y=n) if 0 <~ <n,
|@1(2)] < Cpon { l2| ™7 log(L + (z)) if vy =mn,
|| =8 if v >n.

Proof. Note that |x — y| > |z|/2 if |y| < |z|/2. This fact implies that
1
i) <2l [y
wi<lel/2 (4)7
If 0 < v < n, then we get, using spherical polar coordinates,

2 _
/ L dy < wn/lﬂ/ PRl gy = wa2 7T i |z| ="
wi<lzlzz W77 T o n—-
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where w,, denotes the area of the unit sphere in R™. Similarly, if v = n, we then

have
1 lzl/2 1 -
/ —_ <wn/ ( +r) " tdr
lyl<lzl/2 (¥)7 0 V2

|| /2
< wn27/2/ 1+ r)fl dr
0

< wn27/2 log (1 + %),

where we have used the inequality (y) > (14 |y|)/v/2. If v > n, we evidently have

1 1
——dy < / —— dy < +o00.
/y§|3:|/2 (y)7 n {y)7

Summing up, we conclude that the desired inequalities for ®4(z) hold. O

Step 3. For |z| > 1, we have
[@2(x)] < Cpynla] =77
Proof. Let B*(z) and E*(x) be the sets defined by

Bx)i={y B | [p o] < 21},

* n X xT
(@)= {y € R H{«qmsawux—legy

Then we have

1 1
By :/ 7dy+/ S
@= ] TP Y e T aPE

Since B*(x) is a subset of the annulus {y | |z|/2 < |y| < 2|z| }, it follows that

(y) > —=(1+yl) = (Vy € B*(x)),

7 53"

which gives

1 1
———dy < 237/2|:U|_7/ ——dy
/B*(z) |z —ylP(y)” le—y|<|z/2 [T —yIP

23'y/2+ﬁfnwn
n—p
If y € E*(z), then |z — y| > |y|/4; therefore

Ea

1 8 1
/E*(z) |z —y|P(y) dy<4 /|z/2<|y<2|m| Jy|o+r a
_ 4w,
BEET
Summing up, we obtain the desired inequality for ®s(x). O

(28+7=n 2—5—v+n)|x|—ﬁ—'y+n.

Step 4. For |x| > 1, $3(z) satisfies the same inequality as ®o(x):
[@3(2)] < Cpnla|~FH77").
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Proof. If 2|z| < |y|, then it follows that

|yl
|z =yl 2 Iyl = |o] =
Hence we have
1 2=7+n
P3(x) < 25/ — dy = Wn |x|—ﬁ—v+n_
2lzl<|y] 19IPT B+y—n
This completes the proof. ([

It is evident that Lemma follows from the steps 1-4.
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