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DERIVATION OF MODELS OF COMPRESSIBLE MISCIBLE
DISPLACEMENT IN PARTIALLY FRACTURED RESERVOIRS

CATHERINE CHOQUET

ABSTRACT. We derive rigorously homogenized models for the displacement of
one compressible miscible fluid by another in fractured porous media. We
denote by e the characteristic size of the heterogeneity in the medium. A
parameter « € [0, 1] characterizes the cracking degree of the rock. We carefully
define an adapted microscopic model which is scaled by appropriate powers
of e. We then study its limit as ¢ — 0. Assuming a totally fractured or a
partially fractured medium, we obtain two effective macroscopic limit models.
The first one is a double porosity model. The second one is of single porosity
type but it still contains some effects due to the partial storage in the matrix
part. The convergence is shown using two-scale convergence techniques.

1. INTRODUCTION

Most of the natural reservoirs are characterized by the existence of a system of
highly conductive fissures together with a large number of matrix blocks. Because
the fractures can rapidly distribute pollution over vast areas, they are perceived
as controlling the water quality of the entire aquifer, although their storativity
is usually significantly smaller than that of the surrounding matrix. Therefore,
fractured aquifers are considered vulnerable to pollution process. One can assume
that such reservoirs possess two distinct porous structures. The problem of flow
through a fractured environment is thus primarily a problem of flow through a
dual-porosity system. Its two components are hydraulically interconnected and can
not be treated separately. The degree of interconnection between these two flow
systems defines the character of the entire flow domain and is a function of the
hydraulic properties of each of them.

Two main approaches are usually used for the modelling of such reservoirs. The
first one treats the system as a global porous medium with averaged porosity and
permeability. It leads to a single porosity model. The second one uses the concept
of double porosity introduced by Barenblatt et al [5]. Water in the matrix is
considered practically immobile. The less permeable part of the rock contributes
as global sink or source terms for the transported solutes in the fracture. These
two types of model have been rigorously derived using homogenization tools for
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some displacement problems. Assuming that the reservoir is a porous medium
with highly oscillating porosity and permeability with respect to a parameter ¢ and
passing to the limit ¢ — 0, one obtains a single porosity model (see for instance
[9]). Modelling the reservoir with a periodic structure controlled by a parameter
€ > 0 wich represents the size of each block of the matrix, scaling the equations of
the flow in the matrix by appropriate powers of € to represent the discontinuities
of the flow, and letting ¢ — 0, one gets a double porosity model (see for instance
[4, [10]).

By the way, the former derivation is based on the assumption of a totally fissured
medium, ignoring the heterogeneity of a natural reservoir. The matrix of cells
may also be connected so that some flow occurs directly within the cell matrix.
This is the case of a partially fissured medium considered in [14] and [I3]. The
authors introduce two flows in the microscopic model for the matrix. The first
one is the slow scale flow usually introduced for the double porosity model. The
second one is a global flow within the matrix. The homogenization process then
leads to a macroscopic model containing both single porosity and double porosity
characteristics.

The authors in [I4] and [I3] consider the flow of single phase fluid. The aim
of the present paper is to perform the same work for a miscible and compressible
displacement in a partially fractured medium. In Section 2, we thus derive a new
microscopic model with two flows in the matrix. A special attention is devoted
to the respect of the miscibility assumption. This model is consistent with the
totally fractured case and with the non fractured case. The proportion between the
rapidly varying and the slowly varying part of the flow is specified by a parameter
a € [0,1]. We derive in Section 3 uniform estimates on the microscopic solutions.
Choosing a = 0 or a > 0, we let the scaling parameter € tend to zero in Sections
4 and 5 and we get the associated macroscopic models. We mainly use two-scale
convergence arguments.

Contrary to the case studied in [I4] [13], we show that the double porosity part
of the model almost disappears as soon as a direct flow occurs in the matrix. It
emphasizes in particular the role of the dispersion tensor which models all the
velocities heterogeneity at the microscopic level. It is characteristic of a miscible
flow.

From a physical viewpoint this contribution aims to give a better understanding
of the transport processes in a more or less fissured medium. From a more mathe-
matical viewpoint, it gives a unified approach for the homogenization in a fractured
and in a non fractured medium.

2. THE MICROSCOPIC SYSTEM

2.1. Decomposition of the flows. We consider the displacement of two miscible
compressible species in a fractured porous reservoir 2. The domain 2 thus consists
of two subdomains, the fissures {2y and the matrix €2,,.

We begin by describing the displacement in the fracture {2y where we do not
decompose the flow. We follow the lines of [6] 19, [15]. We assume identical com-
pressibilities for the species. We thus consider that the density of the fluid is of the
form

p=poe, po>0,
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where py is the pressure in ;. Let f; be the concentration of one of the two species
of the mixture and let v; be its velocity in the flow. The conservation of mass of
this component is expressed by the following equation in €y,

O (dspfi) + div(pfivi) = pafs,

where ¢y is the porosity of the fracture and ¢ fl is a source term such that f1 + fg =1
We then define the average velocity of the flow v, = (frv1 + fave)/(f1 + f2) =
Jivi + fava. Due to the Darcy law v, is given by

vy = —(ks/u(f1)Vpy.

We neglect the gravitational terms for sake of clarity in the estimates below. The
permeability of the fracture is k¢. The viscosity p is a nonlinear function depending
on one of the two concentrations in the mixture. We cite for instance the Koval
model [I7] where p is defined for ¢ € (0,1) by u(c) = u(0)(1 + (MY* —1)c)~%, the
constant M = p(0)/u(1) being the mobility ratio. Setting j; = pfi(vi — vy), the
latter equation becomes

O(pypfi) + div(pfivs) + div(ji:) = pafi. (2.1)
The tensor j; models the effects of the heterogeneity of the velocities in the mix-
ture. Analogous to Fick’s law this dispersive flux is considered proportional to the
concentration gradient j; = pD(u;)V f;, where the dispersion tensor is

D(u) = ¢5(Dmld + Dy(w)) = ¢p (Dmld + |u| (mE(uw) + au(Id — E(w)))), (2.2)

where £(u);; = gigj/m‘Q, ay and oy are the longitudinal and transverse dispersion
constants and D,, is the molecular diffusion. For the usual rates of flow, these reals
are such that oy > oy > D,, > 0. Such a dispersive tensor is characteristic of a
miscible model. Using the definition of the density p in , dividing by p > 0,
and using the classical assumption of weak compressibility to neglect the terms
containing v, - Vpy, we get

GrOfi + b5 fiOwpy + div(fivg) — div(D(vp)V fi) = qf;. (2.3)

Bearing in mind f; + fo = 1 and summing up the later relation for i = 1,2, we
model the conservation of the total mass by

. ky
GrOwpy +div(vy) =q, vy =-——"<Vps. 2.4
fUtPf ( f) f ,U(fl) f ( )
The flow in Qy is then completely modelled by (2.4) coupled with
GO fr + vy - Vi — div(D(v,)V 1) = q(f1 — fr). (2.5)

We now perform a similar calculation in the matrix part of the domain. But,
following [14], we assume that the flow of each component is made of two parts. The
first component accounts for the global diffusion in the pore system. The second
one corresponds to high frequency spatial variations which lead to local storage in
the matrix. The ith concentration in the matrix m; is then given by

m; =ac; +0C;, 0<a<l, a+pf=1.
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Note that the value of the parameter a may be for instance given by experimental
data on samples of porous media and by stochastic reconstruction (see [7] and the
references therein). The partial concentrations ¢; and C; satisfy

O(¢pei) + div(peivs) = paés,  Oi(¢pCi) + div(pCV;) = pqCi, (2.6)

where ¢ is the porosity of the matrix, p = p,eP is the density of the mixture
and p is the pressure in the matrix. We also define two Darcy velocities v =
(c1v1 4 cav2)/(c1 + ¢2) and V. = (C1 V4 + CoVa) /(Cy + Cs). We assume that they
both obey a Darcy law depending on the pressure p. The rapidly varying and the
slowly varying components are distinguished by two different permeabilities k£ and
K satisfying

v=—(k/u(m))Vp, V =—(K/u(m))Vp. (2.7)
Introducing these Darcy velocities in (2.6]), we obtain

O(dpci) + div(pe) + div(pei(vi — v)) = pgéy,

Bu(6pCs) + div(pCiY) + div(pCi(Vi — V) = paC. (28)

We now use the classical dispersive characteristic of a miscible displacement. To
this aim, we define a global average velocity ¥ = (a(c1+c2)v+5(C1+C2)V) /(a(er+
Cg) +ﬁ(Cl + CQ)), that is

VY =alc +c)v+ B(CL + Ca)V. (2.9)

The relative velocities are assumed to satisfy a Fick’s law given by ¢;(v; —v)+¢;(v—
X) = Ci(vi - Z) = D(E)Vci and Ci(V; - K) + Cz‘(K—E) = Cz‘(Vi —E) = 'D(E)ch
the tensor D being of the form . Using the definition of p and neglecting the
quadratic velocities terms, we then write (2.8) in the following form for i = 1, 2.

$Oyd; + ¢d;Op + div(Vd,) — div(D(V)Vd,) = qds, d; = ¢; or C;. (2.10)

Finally we use m1 +mo = 1 to get a relation for the conservation of the total mass
@Op + div(V) = ¢q. The flow in the matrix part is thus governed by the following
set of equations:

PpOp+div(V) =q, YV =alcr+c)v+ (1 —ala + )V, (2.11)
k K

v=——Vp, V=———_Vp, 2.12

U= P () (212)

$0,Cy +V -V — div(D(V)VCy) = ¢(Cy — C), (2.13)

Note that choosing @ = 1 and thus 8 = 0 and & = K, this model is exactly the
same as the one derived in the fracture.

2.2. The scaled microscopic system. Since we neglect the gravitational terms,
we describe the far-field repository by a domain 2 C R? with a periodic structure,
controlled by a parameter ¢ > 0 which represents the size of each block of the
matrix. Note that all the results of the paper remain true in a domain Q of R? (see
Remark below for the minor modifications of the proof). The C! boundary of
Q is T and v is the corresponding exterior normal. As in [I3], the standard period
(e = 1) is a cell Y consisting of a matrix block Y, of external C! boundary 9Y,,
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and of a fracture domain Y;. We assume that |Y'| = 1. The e-reservoir consists of
copies €Y covering ). The two subdomains of €2 are defined by

=N {Uecac(Yr + 8}, Q5 =N {Uccae(Vin + 9},
where A is an appropriate infinite lattice. The fracture-matrix interface is denoted
by I'},, = 89} N o, N and vy, is the corresponding unit normal pointing out
Q5. An example of unit cell in the case of a partially fractured medium is given in
Fig. 1. See [1] for a more complicated admissible 2D-structure.

me

Yy Yy

Yy Yy

F1GURE 1. Unit cell of a partially fractured medium

The major difference between a partially fractured structure and a totally frac-
tured one is that the matrix block Y;, is not completely surrounded by the fracture
domain Y. Let us denote by J = (0,T) the time interval of interest. To homogenize
the reservoir, we shall let tend to zero the size € of the cells.

Our starting point consists of the equations derived in the latter subsection.
As we assume a periodic structure in the reservoir, the porosities (¢%(z), ¢“(z)) =
(07(%), #(7)) and the permeabilities (k% (z), k() = (ks (), k(7)) of the fracture
and of the matrix are periodic of period (€Y7}, €Y;,,). These quantities are assumed to
be smooth and bounded, but globally they are discontinuous across I, A slowly
varying flow and a rapidly varying flow occur in the matrix Qf, . The equations for
the rapidly varying flow will be scaled by appropriate powers of € to conserve the
flow between the matrix and the fractures as e — 0 (cf [4, [14]). Scaling (2.4)-(2-5)

and (2.11))-(2.14), we get

¢G0T + v - VI — div(D()) Vi) = a(f = ) in Q5 x J, (2.15)
ke
#5095 + div(v§) = ¢, v5 = ——L=Vp§ in Q5 x J, (2.16)
,U(f1)

0,05 4 V° - VCS — div(DE(V)VCS) = ¢(Cy — CF)  in QF, x J, (2.17)
PO + V- Vs — div(D(V)VE) = q(é1 — ) in QF, x J, (2.18)
¢°Oucs + V- Vs — div(D(V)Ve5) = q(éa — ¢§) in Qf, X J, (2.19)

PO +div(V) =¢q, VYV =Vi+eV;, inf, xJ, (2.20)

Vi = —a(c] +¢5)—= V-, Vj, = —(1 — a(c] + ) ———= VS, 2.21

S ( 1 Q)M(m1) h ( ( 1 2))M(m1) ( )
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where m{ = ac{ + 8CY, 0 < a <1, a+ 3 = 1. The flow in the fissures is described
by (2.15)-(2.16). The matrix behavior is described by (2.17)-(2-21). In particular,
(2.17) governs the slowly varying component while (2.18)-(2.19) governs the high
frequency varying ones. The source term ¢ is a nonnegative function of L?(Q x J)
and

Oéé1+ﬂélzfl, OSf1S1, C1+ ¢ = 1.

We assume that the porosities and the symmetric permeability tensors satisfy
0< ¢ < ¢r(x), ¢(a) < 6", k_[¢]* <hp(2)8- & k(z)€ & <R,
k_ >0, ae. in Q, for all £ € R2. The viscosity u € W°°(0,1) is such that
0<p_ <plx) <ps Yre(0,1).

The tensor D is already defined in (2.2). The tensor D¢ has a similar structure
but its diffusive part (a + (B€2)D,,Id contains the same proportions of slowly and
rapidly varying flows than the matrix. The main property of these tensors is

D(§)E - €2 ¢ (D + arluf))E, VE € R?,

D(V)E - € > ¢ (Dl + B%) + au[VE + V5 )€, VE € R (2.22)

The model is completed by the following boundary and initial conditions. We begin
by the continuity relations across the interface I'¢,, x J.

AD(p)V i - vim = D()VOT - Vim, (2.23)

aD(s)V T - vim = D)V - Vim, (2.24)

aDWHV (L~ f§) - vy = —aDWH)VS§ vy = D(VIVES v, (225)

Ji = act + 601, (2.26)

Vs Vim =V Uy,  Pf =" (2.27)

We add a zero flux condition out of the full domain 2.

D(v})Vfi-v=00n0Q5NT, (2.28)
DE(V)VC; - v =D (V)Vci - v =D (V)Vc5-v=0o0n 00, NT, (2.29)
vy -v=00n0Q; NI, YV -v=00n0Q;, NI. (2.30)

The initial conditions in €2 are the following.

(fi(,0),Ci(x,0),ci(z,0),c5(x,0)) = (X7[7(2), CT (@), 1 (), c5(x)),  (2.31)
°(2). (2.32)

€

p;(l’,o) = X;(I‘)po(ﬂ?), pe(xa O) = Xm(x)p

We assume that p°® belongs to H!(Q), and that (f¢,C?, ¢, c§) € L>(2)x (L2(Q2,))?
satisfies

0< ff(z) <lae. inQ, (2.33)
ac](x) + PO (x) = x50 fi(x), 0 < Cq < f(x) +c5(z) <1ae in,. (2.34)

The constant 0 < C,, < 1 is introduced to prevent a degeneration in the limit study
of the pressure equation in €2, (see Section 5).
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2.3. Variational formulation and existence for the microscopic model.
We now state an existence result for the problem (2.15)-(2.21)), (2.23)-(2.32). The
usual equations modelling a miscible and compressible displacement in porous me-
dia are of the form —. The existence of weak solutions for this problem
is proved in [II]. In the present paper, the decomposition of the flow in the ma-
trix part of the domain induces two additional difficulties. The first one is a new
coupling between concentrations and pressure due to the term a(c§ + c§) in (2.21)).
But from a mathematical viewpoint this difficulty is similar to the one due to the
concentration dependent viscosity in the Darcy law. The second novelty occurs
at the interface I'},,. One has to link one concentration f{ in the fracture with
three concentrations (Cf, ¢, c5) in the matrix. Thus, following [I3], we introduce
appropriate concentrations spaces for the problem. Let H€ be the Hilbert space
He = LQ(Q;) x L2(Q¢,) x L2(,) with the inner product

([ufvuvamLijaq/}maqjm])Hs
:/W uf(x)¢f(x)dx+/€ um(x)d)m(x)dx—F/ Upn () U, (2) da.

Q

e
f m m

Let 75 : H'(Q5) — L?(09) be the usual trace map and x§ be the characteristic
function associated with €25, j = f,m. Let V' be the following Banach space

VE=HN{(ug, um,Un) € H'(Q5) x H'(Q,) x H'(2,);
fy;uf = ayp,Um + 075, Um on Fj«m}

endowed with the norm

ve = [IXFurllizz ) + IXmumllze@) + X0 UnllL2 @)
+1Ix5Vugllzz )2 + 11X Vumllz2 @)z + X0 VUl 22 @)z

H(vauTmUm)l

The introduction of similar spaces for the pressure is useless because we only use
one pressure variable in the matrix part of the domain. Note that the pair of spaces
(H¢,V¢) possesses the same “good” properties as (L?(Q2), H'(Q)). In particular,
we have the compact embedding V¢ C H¢. Thus, adapting the proof of [I1] to the
present piecewise structure, one can state the following existence result.

Theorem 2.1. Let 0 < € < 1. There exists a solution (p},pe,ff,ci,Cf,cg) of
Problem (2.15)-(2.21), (2.23)-(2.32)) in the following sense.

(i) The pressure part (p%,p®) belongs to L2(J; HY(Q%)) x L2(J; HY(,)) and is
a weak solution of (2.16), (2.20)-([@2.21)), 2.27), (2.32). Indeed, for any function
v eCH(J; HY (D)),

- / (GH505 + X d D)t
QxJ

€ k; € € € € 2 2 k¢ )
+ /QXJ(Xf,u(ff)vpf + x5 (a(ef +c5)(1—€) +e )M(mi)Vps) Vi (2.35)
= —/(x§c¢§c+xin¢‘)p°w(m,0)+/ qy.
Q QxJ

(ii) The concentration part (ff,c5,CS,c5) is such that (ff,c5,C5) € L2(J;VE) N
HY(J;(VE)) and ¢§ € L2(J; HY(QS,)) N HY(J; (HY(QE,))). It satisfies for any
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(dg,dv,D1) € L*(J;V€) and any de € L?(J; HY(S25,)) the following relations.

| sasia [ sacas [ sacios [ w5V
Q5 xJ . xJ €. xJ Q5 xJ
+/ V€. (d1Ve] + D1VCY) +/ D(y?)fo -Vdy

Qe Q5 xJ
v

Qe xJ
[ ath-md+ [ a@-ca+ [ alci-cppy
Q% xJ e xJ J

€
m

DE(VIVeE - Vs + / DE(VI)VCE - VD,

e xJ

(2.36)
and

/ POcs do +/ (V°-V5)da
e xJ e xJ

+ / DE(V)Ves - Vds — / (DE(V)VE - Um) Yinda (2.37)
Qe xJ o0e xJ

:/ q(1—c5)ds.
Qe xJ

Furthermore, the following maximum principles hold:

0< fi(z,t) < fi a.e in Q% x J,
0<ms(z,t) < fi ae inQ, xJ, (2.38)
0<Cq <cj(z,t) +c5(x,t) <1 ace in Q5 xJ (2.39)

Proof. The proof of this existence result follows the lines of [I1] and is based on a
fixed point approach. The necessary a priori estimates are the same as the uniform
ones derived in Section 3 below. We thus do not detail the proof in the present
paper. We only give the details for the crucial maximum principles —.
In view of the method developed in [I1], we can assume in what follows that the
Darcy velocities are regularized so that v and V belong to L>(§2 x J). We first
consider the problem of the left-hand sides of estimates . We note that the
function acj + BCY{ = my satisfies the following system in Qf, x J.

¢ OymS + V° - Vm§ — div(D (V) Vm§) = q(f1 —mS), (

=fi, DW)Vm{ - vpm = (a® + B°)DS)V i - vpm onTS, xJ, (241
DEYI)Vmi-v=0 on (002, NT) x J, (
mi(z,0) = acf(r) + BCY(x) = xp, (z) f{(z) in Q. (

For any function f, we denote by (f)~ the function (f)~ = sup(0,—f). We now

multiply (2.15) by (a? + 8%)(ff)~ (respectively (2.40) by (m$)~) and we integrate
over 2% (respectively €27,). Noting that (ff)~ = (m{)~ on I'}, ., we sum up the
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resulting relations to kill the non zero boundary terms. We get

d
2t J, (67(@® + 8651 (F) 71" + x| () 7I?) */Qs (V- VmS) (mf)~
@) [ w5 VDT - @8 [ DLV

Q; Q;
= [ D@ mi V) + [ a0 + B+ 3 (md))

(2.44)

+ / g (X502 + B ()2 + x&l(m$)~[2) = 0.

Using —Vf-V(f)” = V(f)” - V(f)~ and the basic properties of the tensors
(D, D¢), we note that
[ DEHVE VU dez [ (Dot a9 d,
5 Q%

- DE(Y)VmT - V(mS)™ dx

Q7
> | - (Dmla+ Be®) + a5 + V5 ) [V (m§) ™| da

Q.

The convective terms in (2.44]) are then estimated as follows using the Cauchy-
Schwarz and Young inequalities.

€ . € €\ — % € e\—|2 Cllve €\— |2
\/;@f VI () \s/ﬁ} o (V)1 + ||vf||oo/9;<f1> ,

e N (en— aDp, ez Colse -
[ vm )| < [0 wms) P S [ )P
o Q;, a Q;

m

All the terms of (2.44) containing the source ¢ are nonnegative. The previous
estimates then lead to

¢— d € €\ — € €e\—
S [+ BN il ) ) o+ (0 + ) o

« € €\ — o € € €\ —
+ ?twf‘) V() Pde + - (Dm (5 +8€%) + VS + EV3|) [V (mi) ~Pda

Qc,
<C [ (@@ + NG+ xiallm) ) e
Using the Gronwall lemma with Hypotheses (2.33))-(2.34]) on the initial data, we
conclude that (f{)~(z,t) = 0 a.e. in Q5 x J and (m{)~ (z,t) = 0 a.e. in Qf, x J,
that is the first part of (2.38]). The second part is proved similarly, multiplying
[215) by (o® + %) (1 — ff)~ (respectively (2.40) by (fi —mg)7).
We now justify (2.39). To this aim, we consider the problem satisfied by (c§+¢5)
in Qf, x J:
PO (c] +c3) V- V(c] + ) —div(DV(e] +¢5)) = q(1 =] —c5), (245
DE(V)V(ci+¢5)-v=0 on 095, x J, (2.46)
(¢ + 5)(z,0) = cf(z) + c5(x) in Q. (2.47)
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Multiplying (2.45) by (c¢§ + ¢5 — C,)~, integrating over €, and using the same
tools as in the previous part of this proof, we state that c§(z,t) + c§(z,t) > Co >0
almost everywhere in Q¢, x J. We now detail the proof of the second part of (2.39).

We multiply (2.45) by (1 — ¢§ — ¢§)~ and we integrate over Q¢,. Using the basic
properties (2.22)) of the tensor D¢ we get

$-4a
2 dt

+K;@“V@+6DﬂféféYfl;ﬂkw?wSOféféréa

€
m

lé\ﬂ—é—éYP+¢fA Do+ 5|V (1 — ¢ — 5|2

The fourth term of the left-hand side is nonnegative. The convective term is esti-
mated with the Cauchy-Schwarz and Young inequalities as follows.

’/ (V- V(e +63)) (1 =1 — cg)f‘

=[ [, wova-d e -ar]

¢—aDy,

=) IV(1*C§*CE)’|Q+CH£€|I§Q/ (1 —cf —c5)7 %

Q5

Using these estimates in the first relation, we get

gi?/lﬂ*é*éYmeﬁ—/ D% 4 B2V — & — ) da
2 dt Jo. 0 2

<C |(1—c§ — ¢5)™ da|* d.
Q.

The latter relation and the Gronwall lemma combined with Assumption (2.34)) let
us conclude that (1 —¢§ — ¢5)" (x,t) = 0 and thus ¢§(z,t) + ¢5(x,t) < 1 a.e. in
Q¢ x J. This completes the proof of the theorem. (I

3. UNIFORM ESTIMATES

We begin by stating the following properties of the pressure solutions of the
problem (2.16)), (2.20)-(2.21)), (2.27)), (2.30), (2.32).

Lemma 3.1. The pressure satisfies the following uniform estimates

1P| Lo (1522 (09)) + IPFl 2501 05)) < €
105l (z2(522(05)))2 < C,
19| Lo (5:22(05,)) < €
o 2(c§ + ) 2Vl (L2 (sn20e )2 + 1€V Nl (22512000, )2 < C,
IV5llcz2 (L2 05,02 < €
IVl 2 (rp2s,2 < C.

Furthermore the time derivative (x}quc@tpjc + X5, 0°0:p%) is uniformly bounded in
L2(J3 (HY(Q))).
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Proof. The estimates are derived from integration by parts. We multiply (2.16) by
Py anq integrate over Q; x J. We multiply li by p¢ and integrate over €, x J.
Summing up the resulting relations, we obtain

1/ ¢E| e|2d +1/ ¢€| e|2d +/ k; Vot - Vot dz dt
Py p LT p €z e VPy - Vpyax
2 Qs T 2 Qc, Q5 xJ n(ff) ! !

+/ (a(ci +c5)(1 - 62) + 62)
Qe xJ

k
—Vp© - Vpdrdt
p(myi)

1
=3 /Q(XW?(’J) + X5 (@) [p° () de + /ﬂ AP X
X e

Applying the Cauchy-Schwarz and Young inequalities with the properties of d)}, o,
k%, k¢ and g in the latter relation, we get

N _ k_
¢—/ p§|? do + - Ip€|? do + — |Vp§|* da dt
2 Jas 2 Jae it Jas s
k_
+ = (a(c§ +¢5) [V |? + €2 (1 — a(c§ + ¢5)) |Vp©|?) da dt
K+ Jae xJ

< O(Ip° 2 gl zaen) + / 10512 der it + / P da dt.
Q5 x.J Qs xJ

Using the Gronwall lemma, we prove the desired estimates. The result on the time
derivatives then follows straightforward from (2.16)), (2.20])-(2.21]). O

We can now establish the following results concerning the concentrations func-
tions (ff, C§, ¢, c5).

Lemma 3.2. (i) The functions (ff,C$,c5,c5) are uniformly bounded in the
space L>(J; LZ(Q;)) x (L*(J; LQ(Q})))3 and are such that

0< fi(z,t) < fi <1  almost everywhere in Qf x J,
0 < ac(x,t) + BCS(x,t) < fL <1 almost everywhere in QF, x J
0 <cj(x,t) +c5(x,t) <1  almost everywhere in Q, x J;

ii) the sequence D}y{z +a)/? VS| V2V fS) is uniformly bounded in (L?(25 x
t f 1 !
J))%;
(iil) fori = 1,2, the diffusive terms o'/?(1+ (c§ +c5)Y/?|Vp<|/2)Ves and e(1+
|eVpe|/2)Ves are uniformly bounded in (L?(95, x J))2. The same estimates
hold for C¥.

Proof. The maximum principles of (i) are a direct consequence of the construction
of the solution (ff,Cf, ¢§,c§) in Theorem[2.1] We write the variational formulation
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(2.36) with the test function (ds,d1, D1) = (ff,ci, C5). We get
/ oflfiPde+ g [ 6P+ ICIR et [ DV Vi ded
< x.J

+/ (DE(VVE - Vel + DV - V) da dt

Qe xJ

+/ (g§c~fo)ffdzdt+/ VE - (5 Vs + O VCS) de dt
Qs xJ e xJ

[ QOGP + X (i + 1G5 dadt
QxJ

:/ afifs dajdt—i—/ q(ér¢§ + CLCS) da dt
QxJ Qe xJ

1
45 [ @I+ (i + CE ) da
Q
(3.1)

The convective terms in (3.1) are estimated as follows using the Cauchy-Schwarz
and Young inequalities. In the fractured part, we write

€ €\ fe Qg . € € €
[ vl < [ Sl [l
exJ Qs xJ Q5
where 0 < ff(z,t) < 1a.e. in Q% x J and v§ is uniformly bounded in (L'(Q% x J))?
thanks to Lemma In the matrix part, the work is more difficult because we do
not have an estimate for ¢§ and C§ in L>°(Q¢, x J). We thus get firstly

‘/ C]_ Vcl + Cl VC]_)
e><J

< [ S evi| (vl + ver?)
Qe xJ
+C [ (514 D (5 +1C1P) da
f

In such a matrix domain, the Gagliardo-Nirenberg inequality reads

1/2 1/2 €
s,y < Cllull g, I+ Beull g, o Vu € HY(Q,).

The second term of the right-hand side of the latter relation is then treated as
follows using the Gagliardo-Nirenberg inequality and Lemma

/ VL5 + |O5 )
2%

k
< M—* o (alef +e5) (1 =€) + ) [Voe| (Ie51? + [5]?)
- f

2 2 2 2 2\ /2
<C / (@®(c§ + c5)” + (1 — a(c] + ¢5)) \Vp5|)
Qe
7

X

< C(I 2aga ) + IS 20 s )
< C(llefllzz el + Be)eillaas,) + 1Ol L2(ae ) (@ + 5€)Cf||H1(Q;n))

(165 0 + €l ) + 62 | (@+ D (VP + VG P)
f

(IeilZaos) + 1CT 17 0s )
(
(

IN
> Q
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for any § > 0. The last term in the left-hand side of (3.1)) is nonnegative. Using
the latter estimates, the Cauchy-Schwarz and Young inequalities for the right-hand
side source terms and the basic properties (2.22)) of the tensors D and D¢, it follows

from (3.1) that

¢_ € € € € € a € €
— [ OGP+ x5 (5P +IC51P)) da + (D + — |05 ) [V f5]? de dt
2 Jo Q5 xJ 2

+é- [ @+ @)1= 0D+ LIV + V) (V] + [CFP) da
Qe xJ

C
<C+C |ff|2dxdt+—/ (Je5]? + |C5 %) d dt.
Q;XJ 4 Qe xJ

m

We choose 0 < § < 1. Using the Gronwall lemma yields to the result for ff, ¢{ and
C5. Once we know the estimate for ¢{, we obtain similar ones for ¢§ by multiplying

(2.18) by 5, (2.19) by c§, integrating over Qf, and summing up the results to kill
the terms on I'y,,. Our claim is proved. O

Remark 3.3. This proof fails if we consider a domain 2 C R? instead of R? because
of the use of the Gagliardo-Nirenberg inequality. Nevertheless we can get the same
result using minor modifications. The simplest way is to add a L*>-estimate for ¢
and Cf. To this aim, we note that the function di = %Cf — ¢ is solution of the
following problem in €, x J.
: € € Q A A €
@O d + V°© - Vdi — div(D(V)Vd]) = q(BCl — ¢ —dy),
DE(VY)VA; -v=0 on 095, x J,
%Cf(x) —fz) in QF,.
Similar arguments to the ones used in Theorem together with an additional
assumption on 3C7 — ¢f lead to a maximum principle for 5CT — ¢f. Combining it
(ii), we get a L*-bound for ¢§ and Cf.

di(x,0) =

with Lemma

4. THE MACROSCOPIC MODEL: THE CASE OF A TOTALLY FRACTURED MEDIA
(a=0)

We assume in this section that & = 0 and then § = 1. We thus do not consider the
concentrations variables (c¢§,c§). And we define global pressure and concentration
functions 8¢ and &€ by

g — Py %HQ;XJ, g = f5 %nQixJ, (4.1)
p¢ in ¢, x J, Cy in Q¢, x J,

and the global porosity @€, tensor of permeability K¢ and new diffusion tensor D¢
by ®° = X505 + X0, K = X3k + X5,e2k* and D = x5D + x5, D"

4.1. The limit double porosity model. The aim of this section is to derive
rigorously the double porosity model described below. We obtain a macroscopic
fracture system driven by equations in 2 x J, similar to the microscopic ones:
—, . K
or 10, Py — divV; =¢q —/ o(y) Opdy, V;= —7fVPf, (4.2)
Yo p(F1)
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—v o
o5 Oy + Yy VI — div(Dg(V Py, u(F1))VE) + q|Yy| Fr
k(y) (4.3)

=qfi — Q/ Crdy — / #(y) 0:C1 dy +/ —=Vyp-V,Ci dy.
Yo Y Y u(Ch)

The matrix plays the role of a source and produces the additional right-hand side
source-like terms. The homogenization process gives for this macroscopic level an

7Y —_
effective porosity ¢ 7. an effective rock permeability K ¢ and an homogenized
tensor of diffusion D¢ defined by

o' = / 5 (y)dy, (4.4)
Yy
Ky, :/Y kr(y)(Vyv'(y) +e') - (Vo (y) + el)dy 1 <i,5 <2, (4.5)
f
Dy, (VPr,u(Fy)) = | Dp(Vyw' +e) - (Vyuw’ +e)dy, (4.6)
Yy

Dy = D(KBVP;) and Kp(y)iy = ky(y) (Vv (y) + ¢) - (07 () + ). The

functions (vi)1<¢§2 and (’wi)lgigg are respectively solutions of the cell problems

(4.7) and (4.8) below.
— div(ky(y) (Vyvi(y) + ) =0 in Y7,
v 4 (4.7)
ke(y)(Vyv'(y) +€') vy =0 onTyy, y— v'(z,y) Y-periodic,
—div(Dy(z,y)(Vyw'(z,y) +€")) =0 in Yy,
¢ , , (4.8)
Dy(z,y)(Vyw'(z,y) +€') vy =0 on Ty, y— w'(x,y) Y-periodic,

where e/ is the unit vector in the j-th direction. On the other hand, to each x €
corresponds a matrix block, driven by equations in {z} x Y;, x J which give the
new source terms:

. k(y)
0 d = = ——"= 4.9
¢(y) tD + ;Vyh q, Xh /14(01) Vypa ( )
Oy) HCy +Vy - V,C1 = div(D(u,V)) V,C) +4Cy = afr. (410)

The equations (4.2)-(4.3), (4.9)-(4.10) are provided with the following initial and

boundary conditions
Ki{VP;-v=0, DiVF-v=0 onI'xJ, p=P;, C;=F onTly,, (4.11)
Pi(z,0) = p(z,y,0) = p°(x), Fi(z,0)=Ci(x,y,0) = f{(x) inQxY,. (412)
We claim and prove the following convergence result.

Theorem 4.1. As the scaling parameter € tends to zero, the microscopic model

(2.15)—(2.17), (2.20)—(2.21)), (2.23)), (2.26])—(2.32) with o« = 0 converges to the double
17)-([.12).

porosity macroscopic model (|

We have captured the interactions between the local and the global scales. This
model is consistent with the double porosity formulations of the engineering liter-
ature, cf [5]. But in [5], the exchanges between fractures and blocks are assumed
quasi-stationary. Without this hypothesis, we obtain additional memory terms.
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The proof of the homogenization process will be carried out by using the two-
scale convergence introduced by G.Nguetseng in [I8] and developed by Allaire in
[2]. We recall the basic definition and properties of this concept.

Proposition 4.2. A sequence of functions (v¢) bounded in L*(Q x J) two-scale

converges to a limit v°(z,y,t) belonging to L>(Q x Y x J), veivo, if
lim v(x,t) U(z,x/e, t) dadt = / / v (z,y,t) U(x,y,t) de dydt,
=0 Jaxy axJJy

for any test function V(x,y,t), Y-periodic in the second variable, satisfying

lim |U(z,2/€,t)|? do dt = / / [T (x,y,t)|? de dy dt.
=0 axs axJJy

(i) From each bounded sequence (v¢) in L*(2 x J) one can extract a subsequence

which two-scale converges.

(ii) Let (v¢) be a bounded sequence in L*(J; H*(Q)) which converges weakly to v

in L2(J; HY(2)). Then ve2v and there exists a function v' € L2(Qx J;HL,, (Y))

per
such that, up to a subsequence, VUEE“VU(.’L‘,I‘,) + Vol (z,y,t).
(iii) Let (v€) be a bounded sequence in L*(2 x J) with (eVv¢) bounded in (L?(Q x
J))2. Then, there exists a function v° € L*(Q x J; HL, (Y)) such that, up to a

per

2 2
subsequence, v*=v° and eVv*=V v°(x,y,1).

To exploit the a priori estimates obtained in the fractured part Qj‘-, we need to
extend the functions p§ and ff to the whole domain €. To this aim, following [1],
we claim that there exists three constants k; = k;(Qy) > 0,4 =1,2,3, and a linear
and continuous extension operator I : H(Q%) — H},.(Q) such that IIv = v a.e.
in Q; and

/ |va|2dxgk2/ (|2 dz, / |V(H5v)\2da:§k3/ Vol da
Q(ecky) 5 Q(cky) s

for all v € Hl(Q})7 with Q(eky) = {x € Q| dist(z,T") > eky}. To avoid dealing with
boundary layers, we make the following additional assumption on the structure of
the domain :

an = Q(€k1) n {Uk€Z26 (Ym + k)} and Q;c =0 \ﬁ

For any subset ' CC Q, we get with Lemmas and Jor sy IV (PG Pda dt <
C and [, |V f)[Pdzdt < C, if € < dist(Q,T')/k1. Thus we can state con-
vergence results in any subset ' CC Q and conclude with a density argument.

But, for sake of simplicity, we prefer assume that the blocks are removed in an
eki-neighborhood of I'. We then get

/ [V (I1°p§)[? dar dit < C, / V(11 f§)? da dt < C.

Qx.J Qx.J

We ensure the existence of functions Py € L*(J; H'(Q)), P} € L*(Q2 x J; Hp,,.(Y)),
p e LAQ x J; HL (Y)), Fy € L3(J; HY(Q)), Fi € L2(Q x J; HL,(Y)) and C) €

L2(2 x J; H;ET(Y)) such that, up to subsequences not relabeled for convenience,

we have the following convergence.

°p§ — Py weakly in L*(J; HY(Q)),
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0° 2 p(x,y,t), €VO 2 V,p(x,y,1),

V(IIpS) 2V P (2,t) + V, PH(z,y,1),
(
Iff — Fy,  weakly in L(J; H'(Q)), V(I f{) 2 VF(z,t) + V, Fl(z,y,t),
&€ 2 Cy(z,y,t), €VES N V,Ci(z,y,t).
We also assert that & 2 ®(y) = x;(y)d(y) + Xm (¥)6(1),

K¢ 2 K(y) = x5 )k (y) + xm (0)k(y),

and that we can consider that ®¢ and K€ are admissible test functions for the two-
scale convergence. We give in the following lemma some additional compactness
result.

Lemma 4.3. The sequence (11 ff) is sequentially compact in L*(Q2 x J).

Proof. We begin by proving that the sequence (®9;£¢) is uniformly bounded in
L2(J; (H*(Q))'). Let g € L?(J; H?(2)). Equations (2.15) and (2.17) give

(POEE, 9) L2(J:(H2(Q))) x L2 (J;H ()
K¢ A
— [ v vers- [ pVe Vo [ alfi-9s
QxJ :u(f) QxJ

QxJ

In view of the previous lemmas, we have

’/gm(;f'éi)we . VES) gda dt’

C € € € € €
< IHlK Vo< 2ve ll(z2@x )2 || KVO |1/2||L4(Q><J)||g||L4(Q><J)
< Cllgllzz (a2 @)

’/ DVEe - Vgdx dt’ < CIVylzrea@))2 < Cllgllez(s;m2(@)),
QxJ

[ athi-¢9gduat] < Clglacoe)
QxJ

Then [(@°0:£%, 9)| < CllgllL2(s;m2(0)) and (¢50:(II° ff)) is uniformly bounded in
L2(J; (H?(€2))'). A compactness argument of Aubin’s type ensures that (¢%(TI° ff))
is compact in L?(J;(H'(€))’). We thus can pass to the limit in the product
<¢§¢-(H€ff)7Hefle>L2(J;(H1(Q))/)XL2(J;H1(Q))- Since ¢;(l‘) > ¢_ > 0 almost every-
where in Q, it follows that (II€ff) is compact in L?(2 x J). O

Now, we have the first tools to study the behavior of the microscopic system as
€ tends to zero. We begin by the pressure equations.

4.2. The Pressure Problem. We want now to pass to the limit in System (2.16]),
(2.20)—(2.21)), (2.22)), (2.30)), (2.32) recalled below.
D9,0° — div((1/p(§))KVO)=q inQxJ,
KVO-v=0 onTxJ, 0,0 =p°z) inl.

As in [2], we multiply the first equation by a test function in the form ¥(z,t) +
eVy(z,x/e,t) + Y(z,2/e,t), with ¥ € D(Q x J), ¥; € D(Q x J;Cpe,(Y)) and
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Y € D(Q2 x J;Cpe,(Y)) such that ¢(z,y,t) = 0 for y € Yy. Integrating over Q x J,
we obtain

—/Q J@e(x)Qeat(\I'(x,t)—&—e(ﬂ(az,x/e,t)—l—w(x,x/e,t)) dz dt

+/Q<I>€(x)p0(x)(\ll(x,0) +6\P1(x7m/670) +'l/}($,.%'/6,0)) dr

K(z)
QxJ /U'(fﬁ)
— /QXJ(](\IJ(x,t) + €Wy (x, /e, t) + Pz, /e, t)) da dt.

+

1
VO - (VU + eV, U5 + VU + V0 + zVyz/f) dz dt

Letting € — 0, we get

- / b1 () Py 0,0 (1) — / / o(0) p O (( 1) + b(z,3,1))
axJ Jy; QxJ JY,,

+ / / X @)651) + Xm@)9w)) 7° ((2,0) + xom (W)0(2, 9, 0))
QJY

o b S

ek® T
+1im/ =~V - Vyu(z, —,t
=0 Joe g H(CT) ad € )

(VP +VyPp)- (VI 4V, ¥)

- / (T 1 X (0)).
QX JIXY

By density, this equality holds true for any functions (¥, ¥y,1) € HX(Q x J) x
L*(Q x J;H},(Y)) x L*(Q x J; H},,.(Ym)). Another integration by parts shows
(taking successively the test functions v, ¥; and ¥ equal to zero) that it is a

variational formulation of the following two-scale homogenized system in Q x J:

—_—Y; . 1 / 1
0,Pf —div(——— | kp(y)(VP; + V,PHdy) = q— dyp dy,
o 0Fy —aiv( gy | BWTP £ V) = a= | oty
k
- d;v(uf(‘;fi)) (VPr+V,P})) =0 inYy,
o(y)Op+divy, =q inY,, where —e¢ =~ Vp° 32
O 4y wen

ky(y)(VPr + vfol) vy =0 onypm,
kf(y) (VP +VyP;)-v=0 onT,
P¢(z,0) = p(x,y,0) = p°(x) in QxY,.
Now we eliminate the function PJ} in the former system. We use the solution

(’Ui)lgigg of the cell problem 1) and the homogenized permeability tensor Ff

defined by |D Through the relation Pj(z,y,t) = SN2 80, Py, 1) v (y), we
recover the following homogenized system.

57 5.p, —div(LLwp) =g — ~
or ' O Py dw(,u(Cl)VPf) =gq /Ymgbﬁtpdy in Q x J, (4.13)

pOp+divyY, =q¢ inQxY, xJ, (4.14)
Y
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K;VP;-v=00n0QxJ, Pi(x,0)=p(z,y,0) =p°(z) in A x Y,,.  (4.15)

We now determine the nonexplicit limit V,, using a dilation operator.

4.3. Introduction of an Appropriate Dilation Operator. Due to the nonlin-
earities and to the strong coupling of the problem, the two-scale convergence does
not provide an explicit form for the source-like terms which model the influence of
the matrix at the macroscopic level. To overcome this difficulty, we follow an idea
of [], that can also be compared with the unfolding method of Cioranescu et al [12].
Firstly, we recall that in this section we assume no direct flow between the matrix
cells. We thus can assume that the component s of )¢, are strictly separated. For
each € > 0, we then define a dilation operator - mapping measurable functions on
Q¢, x J to measurable functions on Q2 x Y,,, x J by

u(z,y,t) = u(c(x) +ey,t) foryeY,, (z,t)€QxJ,

where ¢(x) denotes the lattice translation point of the e-cell domain containing
x. This dilation allows to reach directly the scale of the standard cell. Since
Q6 = Q(ek1) N (Ugezze(Yan + k)), we recall that c(z) = ek for x € €(Y,,, + k). Thus
the function @ is constant in = on each block €(Y,, + k), k € Z?, of Q. We extend
this operator from Y;, to Up(Y;, + k) periodically. The dilation has the following
properties (cf [4]). Any function u € L?(J; H(QS,)) satisfies

@l 2200, xaxviny = Il 2@y, Vil = €Vou ae. in Q x J x Y.
Moreover, if (v, w) € (L?(0,T; H(Q¢,)))?, then

(6, @)LZ(QXJXym) = (vaw)L2(Q$n><J) )

(aw)Lz(QxeY) = (va)L2(Q><J><Y) )

V40l 2 (@x sy = €] VIUH(L"’(Q;LXJ))?'

The following result makes the link between two-scale convergence and weak con-
vergence of dilated sequences. We refer to [§] for its detailed proof.

Proposition 4.4. If (v) is a bounded sequence of L*(Q, x J) such that v¢ con-
verges weakly to v° in L*(Qx J; L2, (Yy)) and x5, v two-scale converges to v, then

we have 1° =v a.e. QA x JxY,,.

We now determine the limit behavior of the dilated solutions 5'{ and p*. The
outline of this study is the following. We find the equations satisfied by the dilated
solutions in Q x Y,, x J. Some estimates lead to the convergence of (5%, C%) to
(p,C1) as € — 0. On the other hand, for each fixed k¥ € Z2 we note that the
restriction in e(Yy, 4 k) of (¢, C%) is independent of . Thus we define correspond-
ing functions (p§,(y,1t), ~fk(y,t)). We get enough compactness results to find the
equations satisfied by their limit (py,C1x) for each k € Z2. Then, by a density
argument, the limit equations for (p,C;) are deduced.

We begin with finding the equations satisfied by the dilated solutions 5{ and p°.
We define a test function 77/} by

0 o w((z—ce(x))/gt) for z € €Y,, + c*(z)
P(z, 2,t) = {0 for z & €Yy, + c*(),
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for any function ¢ € L2(J; H}(Y,,)). We multiply (2.20) by ¢ and integrate over
Qf,. Since Qf, = Ugeq (Yo, + ¢*(z)) and (€Y, + ¢*(z1)) N (€Y, + c(z2)) = O for
21 # w2, we get for almost every x € 0,

Ly o 6009w 20 +

= / q(z, z,t) dz.
€Yy 4-cé(x)

With the change of variable 2z — ey + ¢“(z) = e(y + k), k € Z?, we recover the
variational formulation of the equation

€ F(z) VpS(z,t) - Vaah(z, 2,t)) dz

o) O+ divg =7, 7" = —(1/u(C))k() V7" (4.16)
We proceed in the same way for the concentration . We get
o) 0CT + 7 VO — div(D(y, 7)V, 0D +3C = 1h. (417)
This system is provided with the following boundary and initial conditions.
Pt = ’PSJE and Cf = f1 in HY2(9Y,,) for (x,t) € Q x J, (4.18)
P(2,9,0) = p°(z,9), Ci(w,9,0) = CP(a,y) in QX Yy (419)

Using the basic properties of the dilation operator and the estimates of Section
3, we claim that, for subsequences not relabeled for convenience, the following
convergence take place.

pF—p, Cf = Oy weakly in L2(Q x J x Y,),
V,5° = Vyp, V,0f =V, weakly in (L2(Q x J x Yy,))2.
We then choose a fixed k € Z2. For each fixed € > 0, we define the functions p§,
and Cf;, in Yy, x J by

e Py, t) jwee(vitr) if K is such that (Yo, + k) NQ # 0,
pi(yt) = .
0 otherwise,

e (1) = éf(x,y,t)/gceﬁ(y"ﬁk) if k is such that €(Y,, + k) N Q # 0,
el E) = 0 otherwise.

Roughly speaking, k = (k1, k2) € Z? is such that (Y, + k) N Q # 0 if k; < |Q]; /e,
i = 1,2 (where |2|; denotes the value of the measure of € in the i-th direction). For

each € > 0 such that (Y, + k) N Q # 0, (p5, C’fk) is a solution of Pb. - -
in Y, x J. Furthermore, since any f € L?(Q2 x J) satisfies

ka||L2(Ym><J) ‘Y |||f||L2 e(Yim+k) XY X J) |Y ‘Hf"L? (2XIXYm)s

we have enough regularity properties to get with — some estimates for
p§, and C§,. They are analogous to those obtained for Py and fr in the fracture.
We claim that

PR 2o (2, (voynze(rim, (v < Co 0 < Cp(y,t) <1 ae. in Yy, x J,

per per

| + @l V45) VOt o ey, + 10 Gkl 2z, ) < C.
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where C'is a generic constant, independent of € and k. Using in particular compact-
ness arguments of Aubin’s type for the concentration C5,,, we deduce of these latter
estimates that, up to subsequences not relabeled for convenience, the following
convergence take place.

Dy — pr weakly in LQ(J;H1 (Yin))s

per
Cfp — Oy weakly in L?(J; H),, (V) and a.e. in Yy, x J,
for some limit functions py, € L*(J; H),,(Ym)) and Cy € L*(J; H},,.(Y;,)). We can

per
then easily pass to the limit € — 0 in the pressure equation (4.16)) satisfied by p¥,.
We get

O(y) Dipi = div(1/p(CL)kW)Vyp) =q inYn x L (420)

This equation is satisfied for each k € Z2. Tt reminds to make the link with the limit
(p,C1) of (p¢, C§) by density arguments. On the first hand, for each k € Z?, there
exists €(k) > 0 such that e(Y,,, + k)N Q # 0 and then p (y,t) = p* (2, Y, ) /uce(vin+k)
for any e < e(k). Since lim¢_.g |€(Y;, + k)| = 0, the subset e(Y;, + k) N2 tends when
e — 0 to a point {z;} C Q. Then pi(y,t) = p(zk,y,t). In the same way, we get
Cix(y,t) = C1(zk, y,t). On the other hand, lim._q |2\ (Upezze(Yr +k))NQ)| = 0.
Thus the set (Upezz{zx}) is dense in Q. Since the functions (p(zk,y,t), C1(zk,y,t))
satisfy for any k € Z?2, we conclude by density that p is a solution of .
To end this subsection, we add the following result of strong convergence.

Lemma 4.5. The sequence u(C$)™1/2eVpe satisfies
lg% ||M(Cf)_1/26vP€||(L2(Q§n><,]))2 = ||M(Ol)_1/2Vyp||(L2(Q><J><Ym))2.

Using the terminology of [2], ,u(Cf)_l/ 2eVp° is said strongly two-scale converging

to u(C1)~1/2V,p. For any bounded sequence v¢ of (L?(Q x J))? such that v° 2y
and any test admissible function i, we can assert that

lim ((CH™V2eVp - v) Y(x, /e, t) da dt
e—0 Qx.J

:/Q J/Y (N(Cl)_1/2vyp.v)qp(x,y,t)dxdydt,

Proof. We multiply (4.16) by p¢ and we integrate over Q x (0,t) x Y, = Q; x Yy,
for t € J. Letting ¢ — 0 and using (4.9), we write

. d / 12 1 2 k(y)
lim ( — o(y) |p° —*/ é(y) [p° +/ = Vb Vyp*
e—>0(2dt axy,, W17 2 Jaxy,, )17 Q x Yy (1(C5) ! ! )

= 1ir% qp° =/ qp
€ QXY Qi XY

d 1 k(y)

2 ~01|2
= " =35 o(y) |p +/ —=~ Vyp - Vyp.
2dt Joxy,, o(y) 7l 2 /Qme W) 7" o xv,, m(Cr) 7 Y

Bearing in mind that %k is a symmetric definite positive tensor, we conclude in
particular from the letter relation that

1
im yP wu(Cp)t/2 vP (L2(Q2X T XYi))?

1
5—>OH u(@f)m H(LQ(QXJXYM)P
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€ = lim

=1 rreapetadd
o (L2(QxJIXYpR))2  e—0 ;L(Cf)l/26 b (L2(Q2x I X Y,,))2

e—»OHM(é;)l/Q eV

o rreametadd -
2ol (@172 Y Ml 120, %02

Lemma [£.5]is proved. O

4.4. Corrector for the flux function and concentration problem. Now we
study the behavior of the concentration problem (2.15)-(2.17) as e tends to zero.
We recall it is

O O,E° — (1/p(€)K VO - VE — div(DVE) + ¢ & = gfi,
DVE v =0, £(x,0) = f7(x).

The starting point of the asymptotic study is similar to the one used for the pressure
problem in Subsection 4.1. We multiply the latter equation by a test function
U(z,t) + eVy(z,x/e,t) + (z,x/e,t) and we integrate over 2 x J. Letting e — 0,
we obtain the limit variational formulation corresponding to —. The
difficulty is due to the nonlinearities involving the Darcy velocity in the convective
terms and in the dispersive ones.

We begin by deriving the matrix equation . Indeed we have obtained
sufficient compactness results in Subsection 4.2 to pass to the limit via the dilated
equation . On the one hand, using the a.e. convergence of 5’fk to Cig, we get
by density

9(y) 0:Cr — pl(C1) ™ 2k(y) (lim w(CF) ™2V, 57) - V,C:
— div(p(C1) YD (lim u(C5) Y2 V,5°)V, C1)
Yy e—0

=q(f1 = C1).
On the other hand, we note that Lemma gives the strong convergence of

w(C9)=1/2eVpe = p(C)~Y2V, ¢ to u(C) V2V,p in (LA(Q x J x Y,,))2. Tt is
sufficient to explicit all the limits in the former equation. We obtain the limit
equation .

Passing to the limit in the fractured part is less obvious. We are going to derive
a corrector for the Darcy velocity in the fracture. Our aim is to find a function
VY, (z,y,t) € (L2(2 x J x Y))? such that V_(x,2/e,t) is an admissible test function
for the two-scale convergence and such that

lim [ (= (K/p(€) VO = Vo(x, z/6,1)) (12 (0x 172 = 0-

Then we will pass to the limit in x$V, (7,2 /¢, t) - V& instead of x5 (K/u(§°)) Vo« -
V£ respectively we will pass to the limit in x$D(V,(z,z/€,t))VE® instead of
X§D(K/u(€9))VO)VES. We begin with the following result.

Lemma 4.6. The following convergence hold.

lim K —=V0°-Vodxdt

=0 Jaxs :u( )

oo sl v
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k
+ V, P})dz dydt + / ﬂvyp.vypdxdydt.
axJ JY, w(Ch)

Proof. Let us consider the following energy equation for ¢t € J. We denote €2; the

set Q x (0,¢).
1 €
- / O(0°(z,t)* — p°(x)?)dx + / Vo -V drds = / q 0 dxds.
2 Ja a, H(E°) Q

In view of the two-scale convergence of §¢ we have

lim qu@=/ /ﬂ&@w+mwmawwm@w,
Q Q. JY

e—0

and so, in view of the variational formulation obtained in the former subsection,

€

. 1 2 K
lim f/ PO°(z,t)" dx —|—/ Vo° - VO dxds
6H0<2 Q (1) a, H(&°) )

1 k
= f/ / ‘I)(Pf + me)2($, y,t) dx dy +/ / f(y) (fo + Vyp}) . (VPf
2 Jaly a, Jy; #(F1)

k
+ VyP}) da dyds + o, /Ym N((gl)) Vyp - Vypdax dyds,
where we recall that ®(y) = xr(¥)90¢(y) +Xm (y)#(y). The limit of each term in the
left-hand side of the last relation is larger than the corresponding two-scale limit
in the right-hand side. Thus equality holds for each contribution and Lemma
is proved. ([

Now, comparing the results of Lemmas [£.5] and [£.6] we conclude that

€

K
lim / X5 Vo - Vo dxdt
=0 Jor s T (&)

= / / () (VP +V,P}) - (VP + V, P} dedydt.
QxJJy; 1(F1)

We recall that K€ is a symmetric definite positive tensor and that it is considered

as an admissible test function for the two-scale convergence. Furthermore we have

showed in Lemma that x% (II€ f£) converges almost everywhere in  x J to Fj.

The latter relation then leads to

v = [xs ) 25 (0P + v, )|

This relation is sufficient to assert the following result.

ks (y)

€

li < .
o |[X (L2(Qx.J))2 (L2(Q2x JXY))2

Proposition 4.7. Let us define

Xo(.’ﬁ,y,t) = Xf(y)/ﬁ%(vpf(xat) + vyp}(xayat))

Assume that ¥V, is an admissible test function for the two-scale convergence, that
is limeo [o, ; Vo(z,z/e, t)Pdzdt < [, ; [y Vo(x,y,t)Pdadydt. The function
Vo(z,x/e,t) is a corrector for the flux function in the following sense.

Ke T
I H* C o — Vo (x, Lt H
ey Xfu(&) Yol € ) (L2(Qx J))?

We then can substitute Vo(z,z/€,t) to x§(K°/u(€°))VO° to pass to the limit in
the different equations. We get (4.3). This completes the proof of Theorem
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5. THE MACROSCOPIC MODEL: THE CASE OF A PARTIALLY FRACTURED MEDIUM
(a>0)

In the present section, we derive rigorously the homogenized model corresponding
to the partially fractured model (2.15)-(2.21)), (2.23)-(2.32) when o > 0. The limit
model is described in Theorem [B.5 at the end of the section.

We begin by recalling the estimates derived in Section 3.

X505 L (1:22()) + IX5VPS (L2 @x a2 < C,
X3P e (322 (09) + [IXGa(ef + €5) Ve[l z2@xy2 < O,
IXFfillLee @xry +1IXF(1 + [VPEDV il (L2 @xz < C,

150 Cs 2o (1522(00) + X5 (1 + (VD VCS [l z20x )2 < C,
X5 oo (72 () + X0 (1 + VD VE | (z2xyz < Cs i =1,2.

For the rest of this article, we assume that the pressure equation (2.20) is not
degenerate, that is the constant C,, defined in ([2.34)) satisfies

Co > 0.

The more technical degenerate case when C, = 0 is postponed to a forthcom-
ing paper. In view of in Theorem [2.1} we now have 0 < C, < ¢§(z,t) +
cs(x,t) < 1ae in QxJ and [|x;5, VPl (z2(ax.sy2 < C. Thus there exist func-
tions p € L>(J; L?(Q)) N L2(J; HY(Q)), p' € L2(Q x J; HL,.(Y)), (f1,C1,c1,¢2) €

(L (J: L2()) 0 L2(J: HH Q) and (f1,C}ehc}) € (L(Q x J: Y, (Y)))! sueh
that, up to extracted subsequences, as ¢ — 0,
0° = X505 + X" 2 p, VO D Vp(a,t) + Vyp(e,y,1)),
XiFE 2 W h XSV 2 @) (V) + Vy fl(z.y.t),
X Cf 2 Xm@)C1, XS VCE 2 X (W) (VCi (2, 1) + V, O (2,3, 1)),
Xan€ 2 Xm(@)ei, X Vs 2 xm W) (Vei(z,t) + Vyel (2,y,8)), i =1,2.

We begin with the following result linking the limit concentrations f; and m; =
acy + BCY.

Lemma 5.1. The concentrations fi(z,t) and my(z,t) = acy(z,t) + Ci(x,t) are
equal almost everywhere in 0 x J.

Proof. Let ¢© = X5 ff + x5,m§ € L*(J; H'()). Tt satisfies 75¢° = 75 ff = v5,mi =
Vi and eVee = ex sy ff +exi,mi € (L*(Q x J))?. We know that ¢ 2o f+
Yom(y)mi and eVe.—0. For any ¥ € (C2(2;C2,.(Y)))? we write

» Yper

/evce.g(x, E)azgc:—/ ce<edivg(x,f)+divg(x,f)) dz.
Q € Q € €

z Y

We take the two-scale limits on both sides. We get
0= [ [ G fite.0) + xomwm(e.t) div (o, y) dody
Y <

= —/ fi(z,)¥(z,s) - vydods — / / my(x,t)¥(z, s) - vy, dz ds.
o Joy; o Jav,,
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This proves that fi(z,t) = mi(x,t) for s € Yy N IY,, = T'fy, and thus fi(z,t) =

mq(z,t) a.e. in Q x J. O
We then claim and prove the following compactness result.

Lemma 5.2. The sequences (X5f7), (x5,m$) and (x5,(c{ + ¢5)) are sequentially
compact in L*(Q x J).

Proof. On the one hand, let ¢ € L?(J; H?(2)). We multiply by (a2+62)x;1/}
and by x5,¥. We integrate over 2 x J and sum up the results. Using the
same type of arguments than in the proof of Lemma [4.3] we conclude that the
sequence at(gb;(ch + ﬂz)x;ff + ¢€x5,m$) is uniformly bounded in L2(.J; (H?(£2))").
Since (¢ (a? —|—62)x}ff + ¢°x&,m$) is uniformly bounded in L>°(Q x J), a standard
argument of Aubin’s type proves that (¢§c(a2+52)x§ff+¢ngnmi) lies in a compact
subset of L2(J; (H(Q))"). Therefore, there is & € L?(J;(H'(2))’), such that, up
to an extracted subsequence,

650 + BOXGIT + O xpumi — & in L2(T; (H'(Q))') as € — 0.

Two-scale convergence arguments show that

E= 2+ [ osw)dn)fi+( / o(y)dy)ms,
Yy Yin

where m; = acy + C1 = fi by Lemma [5.1]

On the other hand, the sequence (X; £+ x&,ms5) is uniformly bounded in space
L2(J; H'(Q)). We thus can pass to the limit in the product (¢r(a® 4 5%)xff +
XM, X T + X ™) (H1 () x H1 () as follows.

tim (x5 (a2 + )65 S5 + XonmS, X3 15) + (x5 (02 + B0 ff
xgomsxms)) = (@4 ) [ orwiy+ [ o) VilA)
Yy Yo
H{la>+ ) [ sy + [ otdy) . Vanhma)
Yf Y‘Vﬂ

—(((@*+5) [ v+ [ olw)dy) ).
Yy Yin
As a consequence we have
lim (o + B%)X505 + Xm0) G FT + X5umi — 1), X3+ X5mi — f1)
= lim (@2 + B2)XG 95 + X ) (T + X)) XG £ + X
—2(((a® + B)X59% + x50 ) (XTS5 + X5um?)s f1)
(0% + BN 65 + Xiu ) 1, 1)) = 0.

Since a? + 32 > 0, ¢f,¢° > ¢_ > 0, this shows that (x5ff + x5,mS) strongly
converges to f1 in L?(2 x J). A similar calculation using (2.45)) gives the result for
X&, (5 + ¢5). The proof of the Lemma is complete. O

‘We now have the tools to pass to the limit in the pressure equation. The structure
of the problem satisfied by 6¢ is similar with the one of the pressure problem in the
fractured part in the totally fractured setting (Section 4). We thus do not detail the
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details of the convergence. We claim that the limit homogenized pressure problem
in Q x J is the following.

- . ki(y) k(y)
¢ Orp — dw(/y (w(zﬁ% + Xm(y)e(cr + c2) u(ml))(Vp +Vyp') dy) =
. ks(y) k(y) —_q0
—d;v((xf(y)ﬁ + xm(y)aler + CQ)M(m1)>(Vp + Vypl)) =0 inY,
ks (y) k(y) 1
(Xf(y)m + Xm(y)aler + CQ)M(ml))(Vp + V) v =0 onT xJ,
where ¢ is defined by
5= orty dy+/ o) dy=3;" +3 " (5.1

Let v/ (z,vy,t) be the Y-perlodlc solution of the cell-problem
—div((Oes (W)ks (9) + xm(y)aler + c2)k(y) (Vyo! +¢7)) =0 in Y,

/Y v dy = 0. (52

Defining an homogenized tensor of permeability K = (Fij)lgi)jgg in Q by

Bj(o.t) = /Y (s ()5 (8) + xom()a(er + e2)k(y))

(5.3)
X (vaZ (l‘, Y, t) + ei)(vyvj (3?, Y, t) + ej) dya
and setting
Yo t,y) = Zv]$y7 ) 0;p(z,t),
we claim the following result.
Proposition 5.3. The homogenized pressure problem is
$8tp+divy:q, v=— (f)KVp mn QX J, (5.4)
1
Q.V‘FXJ :07 p’t:() :poa (55)

where ¢ (respectively K ) is the homogenized porosity (respectively permeability ten-
sor) given in (5.1) (respectively in (5.3))).

As in Section 4, we have to introduce a corrector for the Darcy velocity in order
to pass to the limit in the concentration equation. We denote

v ty) = =00 ) Y 4+ ater + ) j((;jl))

vi(x,t) = v, (x,t,z/e), (x,t) € QxJ

Following the lines of Subsection 4.4, we can prove the following corrector result.

Lemma 5.4. We have, for a subsequence,

/ IXGL5 + XY — 5P dudt — 0 ase— 0.
QxJ
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Let us now turn to the concentration problem. Once again, the technical difficul-
ties are not greater than the ones of Subsection 4.4 in the fractured part. We thus
only give the outline of the convergence study. At the limit, we need to characterize
the behavior of two global concentrations, f; = m1 and (01 + cz).

We begin with fi. We multiply (a? + 2)[2.15) + (2.40) by a test function
(x,t) + ey (z,x /e, t), with ¥ € D(Q x J), ¥y € D(Q x J; ng,( )). The terms on
't are equal to zero when we integrate by parts. Noting that x%(« +62)k;Vp§c +
Xk VD = (a® + B%) (XGk$ VDG + X5k V) 4+ (1 — o® — §2) x5, kVp© and passing
to the limit, we get the following homogenized problem in £ x J.

(o® +5%)
ﬂ(fl)
+(1—-a®— ﬁz)/ Xm W)V (2, t,y) - (Vf1 + Vy f1) dy — div(D(Vp, u(f1))V 1)

m

= ((a2 + 82|Vl + \Ym‘)fI(Jﬁl - f1),

(02 + P28 +3 ™) ouh — KVp-Vf

D(Vp, u(fI))V V|, =0, fi],_g = 1 (5.7)

The function f] and the tensor of diffusion D = (ﬁij)1<i j<2 are defined by

fi(z, t,y) = Zw (x,t,y) 05 f1, (5.8)

j=1

Di;(Vp, u(f1))
= /Y ((@® + B2)xs (W) + xm () D(v,) (Vyw'(z,y) +€') - (Vyu! (z,y) + €’ )dy,
(5.9)

where w (z,t,y) is the Y-periodic solution of the following cell-problem for (x,t) €
QxJ:

- d;V(((QQ + 8%)x5 (W) + Xm(¥))D(,)(Vyw’ +¢)) =0 inY,
, (5.10)
/ w!(z,t,y)dy =0, j=1,2.
Y

For the asymptotic study of (c¢{ + c§) we exploit Problem (2.45)-(2.47). It leads to
the following homogenized problem

® " Ou(er + ) + / Xm (Y0, (2,8, y) - (V(er + e2) + Vy(ef +¢3)) dy
Yo

5.11

— (D (Vp, pl 1))V (1 + €2)) (5.11)
=[Ymlg(l —c1 —c2) inQxJ,

DpV(ci+c) v, =0, (c1+c)|,_,=cf+cS. (5.12)

The functions ¢f, ¢3 and the homogenized tensor of diffusion Dy, = (D, )1<i,j<2
are defined by

(et + )z, t,y) Zw] (x,t,y) 0j(c1 + ¢2), (5.13)
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m” (vp? / D (v w'm +e ) (v wm +e )dy7 (514)

where w, (x,t,y) is the Y-periodic solution of the following cell-problem for (x,t) €

Qx J:

—div(D(v,)(z, t,y)(Vywl, (z,t,y) +€)) =0 in Y,
y (5.15)

D(v,)(Vywl, +¢e))-v, =0 onTyp,, j=1,2

We summarize the results of the present section in the following theorem.

Theorem 5.5. The homogenized partially fractured model in Q0 x J is:

—Y; | Y . 1 =
(o ' +0 ")Op+dive=¢q, v=-— KVp,
M(fl)
”"/|rxJ:0’ p’t 0 =p
m7t7y ZUJ x y7 _]pa: t)

. ky(y) alen 4 o) FW) 1
v,(x,t,y) = —(xs(y) s A + xm(y)a(er + 2)u(f1))(Vp+Vyp )s
(

((o? +52)¢ ¢ "Youf1+ (@ + BV
(1 a? ) /Y @), 1,y) - (Vo + Yy f1) dy — div(D(Vp, ul(f1))V 1)

m

= (@ + B)Ys| + [Yml)a (i = f1),
fxty ijxtyafl,

j=1

5(vau(f1))vfl'y|pr:Oa fl}t 0 flv

gym O(c1 + ¢2) +/ X (V)00 (2,8, y) - (V(e1 + e2) + V(e +¢3)) dy

Yim

— div(Do (Vp, u(f1))V(c1 + ¢2))

= |Ym|q (1 —C1 = 62)7
2

(ci + &)z, ty) = wanxty i(c1 +c2),
D V(er + o) -u\FXJzo, (c1 4 c2) ]tzoch—i—cg.

The auxiliary functions v/, w?, wl, are defined by the cell problems (5.2)), (5.10),
(5.15). The homogenized permeability is given in (5.3)), while the diffusion tensors

D and D,, are given in and | -

Remark 5.6. The latter model is consistent with the one corresponding to a non-
fractured porous medium. Indeed, letting o — 1 and |Y,,,| — 0, one gets

_ 1 —
¢Y8tp +divy=9q, v=-—7<KVp,
M(fl)

v U’I‘XJ =0, p‘t:O =7’
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P et) = 300 () Oyplast), oy festiy) = —%(W LV,

@ Oifr+v- Vi —div(D(Vp, u(f1))V ) = a(f — h),
ﬁ(vpvﬂ(fl))vfl‘V|FXJ:0’ f1|t=0:f10'

Note that this model is the homogenized form corresponding to the following micro-
scopic model in a non-fractured porous medium (see [9] for a rigorous derivation):
kE
PO +div(v) = ¢, v°=—-——=Vp" inQxJ,
' n(ff)
PO ST + 0 - VI —div(D)VIT) = q(fr = f1) inQxJ,

0 v|p =0, DOV v, =0, Pl =0" filoo =17

Remark 5.7. Let us add some “physical” comments on the homogenized model
of miscible displacement in partially fractured media described in Theorem
Contrary to the one-component flow considered in [13], it seems that the double
porosity characteristics (that is a system of equations in the homogenized fracture
coupled with one in a microscopic matrix block) disappear as soon as a direct flow
occurs in the matrix part, that is as soon as a > 0. This corresponds to some
experimental data ([3] and references therein). However, the model of Theorem
5.5 is also not a single porosity model as the one described in Remark It
really contains some matrix effects. We recall in particular that the smaller « is,
the more important is the storage in the matrix. And in the model of Theorem
the homogenized permeability is concentration (a(c; + c¢2)) dependent, and
the convective effects in the homogenized fracture depend on «. One can compare
this effects with some models where the permeability is concentration dependent:
propagation in clays (see [16] and the references therein) or blood flow in micro
vessels (see [20] and the references therein) for instance.
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