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PERIODIC SOLUTIONS FOR A KIND OF RAYLEIGH
EQUATION WITH TWO DEVIATING ARGUMENTS

YUANHENG WU, BING XIAO, HONG ZHANG

ABSTRACT. In this paper, we use the coincidence degree theory to establish
new results on the existence of T-periodic solutions for the Rayleigh equation
with two deviating arguments of the form

" + f(z (), 2’ (1) + g1 (8, 2(t = 11(1))) + g2(t, 2(t — 72(1))) = p(t)-

1. INTRODUCTION
Consider the Rayleigh equation with two deviating arguments
o’ 4+ f(@(t), 2" (1) + g1 (t, 2(t — 71 (1)) + ga2(t, 2(t — (1)) = (1), (1.1)

where 71, 7o, p: R — R and f, g1, g2 : R Xx R — R are continuous functions,
f(z,0) = 0, 71, 72 and p are T-periodic, g1 and g are T-periodic in the first
argument, and 7" > 0. In recent years, the problem of the existence of periodic
solutions of has been extensively studied in the literature. We refer the reader
to |2, [l 5L 6] B] and the references cited therein. Moreover, in the above-mentioned
literature, we find the following assumptions:

(HO) g1(t,z) + g2(t,x) = g(x), g(x) € C(R,R) and there exist constants ky > 0
and ks > 0 such that one of the following conditions holds:
(1) zg(x) > 0, for all || > k1, and g(x) > —ko, for all x < —kq,
(2) zg(x) > 0, for all || > k1, and g(z) < ko, for all z > ky;
(H1) g1(t,2)+g2(t,z) = g(x), g(x) € C}(R,R) and there exists a constant K > 0
such that
ld'(z)] < K,Vz € R;
(H2) f(z,y) = f(y), and there exist constants r > 0 and K > 0 such that
[f )] < rlyl+ K, Vy € R;
(H3) f(z,y) = f(y), and there exists constants n > 1 and ¢ > 0 such that

yf(y) > oly"™, YyeR or yf(y) < —oly/"*", VyeR.
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These conditions have been considered for the existence of periodic solutions of
(1.1). However, to the best of our knowledge, few authors have considered
without the assumptions (H0)—(H3). Thus, it is worth while to continue to inves-
tigate the existence of periodic solutions of in this case.

The main purpose of this paper is to establish sufficient conditions for the exis-
tence of T-periodic solutions of (L.1)). The results of this paper are new and they
complement previously known results. In particular, we do not use assumptions
(HO0)-(H3), and we illustrate our results with examples in Section 4.

For ease of exposition, throughout this paper we will adopt the following nota-
tion:

]k = (/OT Iw(t)lkdt)l/k7 |#]oo = max [a(t)].

t€[0,T]
Let
X = {z|r € CY(R,R) : z(t + T) = x(t), for all t € R},
Y ={z|z € C(R,R),z(t + T) = x(¢t), for all t € R}
be two Banach spaces with the norms
l2llx = max{|z]o, |2}, and [lz]ly = |2|w.

Define a linear operator L : D(L) € X — Y, with D(L) = {z|z € X : 2" €
C(R,R)} and for 2 € D(L),

Lz =2a". (1.2)
We also define the nonlinear operator N : X — Y by

Nz = —f(x(t),2'(t)) — g1(t, z(t = 11 (1)) — g2(t, 2(t = 72(1))) +p(t).  (1.3)

It is easy to see that
T
kerL =R, and ImL={z:z¢€ Y,/ x(s)ds = 0}.
0

Thus, the operator L is a Fredholm operator with index zero. Define the continuous
projectors P: X — kerL and @ :Y — Y by setting

1 T
Pa(t) = 2(0) = 2(T), Qa(t) = / 2(s)ds.
0
and let
LP = L|D(L)F‘|kerP : D(L) Nker P — ImL
Then, according to [4], we have that Lp has continuous inverse L;l on Im L defined
by

T t
Lpu(t) =~ [ (= ouas+ [ 0= sus)is

2. PRELIMINARY RESULTS

In view of (1.2]) and ([1.3)), the operator equation Lz = ANz is equivalent to the
equation
2’ + A f(z(t), 2" (1) + g1t z(t — 71(2)) + g2(t, x(t — 72(8))] = Ap(t),  (2.1)

where A € (0,1).
For convenience of use, we introduce the Continuation Theorem; see [I].
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Lemma 2.1. Let X andY be two Banach spaces. Suppose that L : D(L) C X — Y
is a Fredholm operator with index zero and N : X — Y is L-compact on §, where
Q is an open bounded subset of X. Moreover, assume that the following conditions
are satisfied:

(1) Lz # ANz, for allx € 00N D(L), A € (0,1);

(2) Nz gImL, for allx € 0Q Nker L;

(3) The Brouwer degree, deg{QN,Q Nker L,0}, is not equal to zero.

Then the equation Lz = Nz has at least one T-periodic solution in €.
The following lemma will be useful for proving our main results in Section 3.

Lemma 2.2. Assume that the following conditions are satisfied:
(A1) One of the following conditions holds:
(1) (gi(t,u1) — gi(t,u2))(ug —ug) > 0, fori =1,2,u; € R, for allt € R
and uy # ug,
(2) (gi(t7u1) - gi(t, u2))(u1 —uz) <0, fori
and uy # usg;
(A2) There exists a constant d > 0 such that one of the following conditions
holds:
(1) x(gl(t’x) +92(tv (ﬂ) 7p(t)) > 0} fO’I“ all t € R} |CE| Z d;
(2) x(g1(t,z) + go(t, ) — p(t)) <0, for allt € R, |x| > d.
If x(t) is a T-periodic solution of , then

2|0 < d+ V2|5 (2.2)
Proof. Let x(t) be a T-periodic solution of (2.1]). Set

1,2,u; € R, forallt € R

Z(tmax) = max x(t), (tmin) = min x(t),
where tmax, tmin € R. Then
T (tmax) =0, 2" (tmax) <0, and 2'(tmin) =0, 2" (tmin) > 0. (2.3)

In view of f(z,0) = 0 and (2.1)), Equation (2.3) implies
g1 (tma)n x(tmax —T1 (tmax))) + g2 (tmaxa z(tmax — T2 (tmax))) - p(tmax)

" 2.4
_ @) (2.4)
) =
g1 (tmina x(tmin —T1 (tmin))) + g2 (tmina -r(tmin — T2 (tmin))) - p(tmin)
"y 2.5

Since g1 (t,z(t — 71(t))) + g2(t, 2(t — 72(t))) — p(t) is a continuous function on R, it
follows from (2.4) and (2.5)) that there exists a constant t; € R such that

g1(tr, x(ty — 11(t1))) + g2(t1, 2(ty — m2(t1))) — p(t1) = 0. (2.6)

Next we show that the following claim is true.

Claim: If z(t) is a T-periodic solution of (2.1]), then there exists a constant to € R
such that

|z(t2)| < d. (2.7)
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Proof. Assume, by way of contradiction, that (2.7) does not hold. Then
|x(t)| > d, forallteR, (2.8)

which, together with (A2) and (2.6)), implies that one of the following relations
holds:

x(tl — 7'1(1?1)) > CE(tl — Tz(tl)) >d (29)
.T(tl — Tg(tl)) > a:(t1 — T1(t1>) >d (2.10)
x(tl - T1(t1)) < .T(tl — Tg(t1)) < —d; (2.11)
Qj(tl — Tg(tl)) < I(tl — Tl(tl)) < —d (212)
Suppose that holds, in view of (A1)(1), (A1)(2), (A2)(1) and (A2)(2), we

consider following four cases:
Case (i). If (A2)(1) and (A1)(1) hold, according to (2.9)), we obtain
0 < g1t z(ts — m2(t1))) + g2(t1, 2(t1 — 72(t1))) — p(t1)
< gi(ty, x(ty — 71(t1))) + g2(ts, x(t1 — 12(t1))) — p(t1),
which contradicts (2.6]). This contradiction implies (2.7)).
Case (ii). If (A2)(1) and (A1)(2) hold, according to (2.9)), we obtain
0 < g1(tr,z(tr — 71(t1))) + g2(t1, z(ts — m1(t1))) — p(t1)
< g1(tr,x(ty — 71(t1))) + g2(tr, 2(t1 — 12(t1))) — p(t1),
which contradicts ([2.6)). This contradiction implies (2.7]) .
Case (iii). If (A2)(2) and (A1)(1) hold, according to (2.9)), we obtain
0> g1(t1, z(t1 — 71(t1))) + g2(t1, w(t1 — 71(t1))) — p(t1)
> g1t 2(t — 1i(t1))) + g2(tr, 2(t — 72(t1))) — p(t1),
which contradicts (2.6]). This contradiction implies (2.7)).
Case (iv). If (A2)(2) and (A1)(2) hold, according to (2.9), we obtain
0> g1t z(ts — m2(t1))) + g2(t1, 2(ts — 72(t1))) — p(t1)
> g1ty z(ts — 1i(th))) + g2(tr, 2(ts — 72(t1))) — p(t1),

which contradicts ([2.6)). This contradiction implies (2.7)).
Suppose that (2.10) (or (2.11)), or (2.12))) holds, using the methods similarly to

those used in Cases (i)—(iv), we can show that (2.7) is true. This completes the
proof of the above claim. O

Let to = mT +to, where tg € [0, T] and m is an integer. Then, using the Schwarz
inequality and the relation

T

(0] = [olte) + [ «'(s)ds] < d+ [ [o'(s)lds.t € [0.7)

to 0

we obtain

|20 = max |z(t)] < d+ VT|a'|5.
t€(0,T]

This completes the proof. (I
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3. MAIN RESULTS

Theorem 3.1. Suppose that (A1)(1) and (A2)(1) hold, and there exist nonnegative
constants my, ma , ms and my such that 2mi+4ms < ﬁ, and one of the following
conditions holds:

(1) f(z,y) <0 forallz € R, y € R, |g2(t, )] < mslz| + my for all t € R,
z €R, and

g1(t,x) + g2(t,x) — p(t) < miz+me, VEtER, x>d;

(2) f(z,y) > 0 for all x € Ry € R, |ga2(t,x)| < ma|z| + myg for allt € R,
z € R, and

g1(t,x) + g2(t,x) — p(t) > muz —me, VEER, z < —d.
Then (1.1) has at least one T-periodic solution.

Proof. We shall seek to apply Lemma [2.1] To do this, it suffices to prove that
the set of all possible T-periodic solutions of (2.1) are bounded. Let x(t) be a
T-periodic solution of (2.1)). Integrating (2.1]) from 0 to 7', we have

T T
A ﬂﬂwwﬁ»ﬁ+A[m@w@*ﬁwﬂ+m@wﬂfwwﬁfﬂmﬁ:0(&U
Set,
[(t — (1)) < =d] = {t|t € [0, T],z(t — T1(t)) < —d},
(2t — 7 (8)) > —d] = {t]t € [0, T], x(t — 71 (t)) > —d}
2t — (1)) > d] = {t]t € [0,T],2(t — 7(t)) > d},
[e(t — 1 (8)) < d] = {t]t € [0,T], 2(t — 1o (t)) < d}.
Then, in view of (A2)(1), implies
/ g1 (2t — 70 (8))) + galt, 2t — (1)) — p(t)]dt
[z(t—71(t))<—d]
=—/‘ (g1t 2(t — 71(8))) + gt 2(t — 71 (£))) — p(t))dt
[z(t—T1(t))<—d]
_ / [g1(t, 2(t — 71.(8))) + g2 (t, 2t — 71(2))) — p(t)]dt
[o(t—71(£))>—d]
T
—A[m@w@—ﬁwﬂ+m@w@—ﬁwﬁ—mmﬁ
:/ [gn (6, 2(t — 70 (1)) + ga(tx(t — 71(1))) — p(8)]dt (3.2)
[x(t—71(t))>—d]

T
—A[m@x@—ﬁwﬂ+m@w@—wwﬁ—mmﬁ
T T
—/’wa@—nw»w+/’mmx@—aw»w
0 0
=/ g1, 2(t — 71 (6))) + galts 2(t — 72(8))) — p(e))dt
[o(t—71(£))>—d]

T T T
- / g2(t, z(t — 7 (t)))dt + / ga(t, x(t — 1o(t)))dt + / Flx(t), 2 (t))dt,
0 0 0
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and
/’ g1t 2(t — 71 (8))) + ga(t, (e — 71(1)) — p(8)|dt
[x(t—71(t))>d]
=/ (6, (t — 71(8))) + ga(t,2(t — 7 (8))) — p(D)]de
[z(t—T71(t))>d]

-/ (e = 7(0) + g2t alt ~ 1 (0) PO
[z(t—m1(¢))<d]

[g1(; 2(t = 11(2))) + g2 (t, 2(t = 72(1))) — p(t)]dt

AT
/OT g2 (t,z(t — 71 (t)))dt — /OT ga(t, m(t — (1)) dt

= —/ [91(t, 2(t = 71.(8)) + g2(t, 2(t = 71 (1)) — p(D)]dt
[a(t—m1(t)<d]

T T T
+Agmww4mmﬁ—égﬂwwwwmﬁ—ﬁf@@xmw.

(3.3)
Now suppose that (1) (or (2)) holds. We shall consider two cases as follows.
Case 1: If (1) holds, it follows from (2.2)) and (3.2) that

/ (6, 2(t — () + gt 2(t — () — p(D)]de

[z(t—71(t))<—d]

g/ g1 (6, 2(t — 71(8))) + gt 2(t — 71(£))) — p(D)]de
[o(t—r1(8))>—d]

T T
+A MGw@—ﬁ@Mﬁ+A lga(t. 2(t — (1)) dt

<

/ |g1(t; 2(t = 1(2))) + g2 (t, 2(t — 71(£))) — p(t)|dt
{tItE[0. 7] Jo(t—71 (1) <d}

+/ (o a(t— () + ga(tat — (D) —pOlde (3.4
[z(t—T71(t))>d]

T

T
+[;w%mu—nwn+mow+[;mmu@—mw»+m@w
< T(max{|g1(t,2) + g2(t, 2) — plt)] - £ € R, 2] < d})
T
+ /0 (mqlz(t —71(t)] + ma)dt + 2T (m3|z|oe + my4)

< T(max{[g1(t,x) + g2(t,x) — p(t)| : t € R, 2| < d} + ma + 2m4)
+ T(mq 4 2ms)|z|o

< T(Ql + mo + 2m4) + T(m1 + 2m3)(ﬁ|x/|2 + d),
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where 61 = max{|g1(t,z) + g2(t,z) — p(t)| : t € R, |z| < d}. Then, (3.4) implies
[ 102 @) + 0t~ m0) - pi0)

/ g1 (8, 2(t — 11 (£))) + ga(t 2(t — 71(8))) — p(t)de
fa(t—r1(8)<—d] (3.5)

+/ g1 (6, 2(t — 1 (£))) + ga(t, 2(t — 71(1)) — p()|de
[z(t—71(t))>—d]

< 2T(91 —+ mo + m4) + 2T(m1 —+ m3)(\/T|a:’|2 + d),

and
Awa< H)ldt = / e

=/ [g1(8; 2(t = 1(1))) + g2 (t, 2(t — 72(t))) — p(t)]dt

0

=A[mww&—ﬁ®D+m@wﬁ—n@D—Mmﬁ
T T
—/‘wﬁx@—ﬁﬁﬂﬁ+/‘w@$@—m@»ﬁ

0

/ lg1(t, z(t — m1(t))) + g2(t, x(t — 1(¢))) — p(¢)|dt

+A mtw@—ﬁﬁ\ﬁ+A lga(t, 2(t — (1)) dt

< 2T(91 —+ mo + QTTL4) + 2T(m1 + 2m3)(\/T|x'|2 + d)

(3.6)
Case 2: If (2) holds, it follows from (2.2) and (3.3) that
/’ g1 (1, 2t — 71.(8))) + gat, 2(t — 71 (1)) — p(1)]dt
[z(t—T1(t))>d]
</ 1t 0(t = 7(0) + galt.alt ~ 1(6) ~ p(O]ds
[x(t—71(t))<d]
T T
+A mawu—nwmw+A lgat, 2t — 2(0)))|dt
s/ g1 (b, 2t — 71 (8))) + g (£ (2 — 71 (£))) — p(B)|dt
{t|t[0,T], |z(t—71(t))|<d} (3.7)

+/ (62 (t — 71(8))) + gt x(t — 7 (£))) — p(t)]de
[z(t—T71(t))<—d]

T

T
+[;w%mu—nw»+mnm+[;w%mu—mwn+muw
< T(max{|g1(t, 7) + galt, 2) — p(t)] : t € B, 2| < d})

+/ (mqlz(t — 71(t)] + ma)dt + 2T (m3|z|oe + my)
0

< T(01 +mg +2myg) + T(my + 2m3)(\/T|x/\2 +d),
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which implies
/Imtzt*ﬁ )+ ga(tz(t — (1)) — plt)de
/ g (6, 2(t — 1o (£))) + g2t 2(t — 71(8))) — p(t)|dt
[z(t—T71(t))>d]

(3.8)
+/’ g1 (.2t — 7(8))) + galt, 2t — 71(1))) — (b))t
[z(t—71(t))<d]
< 2T(0y + my + my) + 2T (my + m3)(VT|2' |3 + d),
and
/|f )dt
:/ f(z(t)
0
T
:—A[m@x@—ﬁ@D+m@w@—m®D—Mmﬁ )
SA g1 (b2t — 7 () + ga(ts 2(t — 71 (1)) — p(t)]dt
T T

+ |g2(t; x(t — 7 (2)))ldt + ; |g2(t, x(t — 72(t)))]dt

< 2T(01 4+ mgy + 2my) + 2T (my + 2m3) (VT |2 |5 + d).

Multiplying 1-) by 2(t) and then integrating from 0 to T, by (2.3), (3.5) , (3.6),
. and (3.9)), we have

|$ |2

=A/'Uxt<ﬂt 1 (t2(t = 71 (0)) + galt,2(t = 72(0)) ~ p(O]}alr)l

—A/{f - lgr (b 2t — 7 (8)) + g2t 2(t — 7 (1)) — p(t)
— ga(t,x(t — 11(1))) + g2 (t, 2(t — T2(t)))] 2 (t)dt

/|f k(1)

/Imtwt—ﬁ )+ ga(tx(t — i (£))) — p(t)||(t) dt

)|dt

/|mtawwﬂmmumw+é oot 2t — m@)|2(0)]dt (3.10)
<w|§/|f )\t

/lmtwt—ﬁ )+ galt, 2t — () — p(t)|dt + 2T (male]oo + ma)}

< 2T[(291 + 2mo + 4m4) + (2m1 + 4m3)(\/T|x'|2 + d)](\/T|l‘/|2 + d)
= 2(2my + 4ms3)T?| 2|3 + 2T[(201 4 2ms + 4my) + 2(2my + 4ms)d|VT |z |,
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+ 2Td[(291 + 2mo + 4m4) + (27711 + 4m3)d]

Since 0 < 2my +4m3 < ﬁ, (3.10) implies that there exists a positive constant D
such that

|7l < Dy and |z]e < VT|2'|s +d < Dy. (3.11)
In view of (3.5)), (3.6)), (3.8) and (3.9)), it follows from (2.1 that

T
/|W@w
0

SA\ﬂd&ﬂumﬁ+A g1t 2(t = 71 (1)) + gat, 2t — () — p(2)

ot alt — 1(1))) + galt,a(t — 7a0)))dt
S/\ﬂﬂ&f@mﬁ+/)MUw@—ﬁ@D+mUw@—ﬁ®»—mmﬁ
0 0
T T
+A muw@—nmmw+é gt 2(t — (1)) dt
< 2T'[(261 + 2ma + 4my) + (2my + 4ms) (VT |22 + d)]

< 2T[(201 4 2ms + 4my) + (2m4 + 4ms)(VT D, + d)] := Ds.
(3.12)
Since x(0) = =(T), it follows that there exists a constant ¢ € [0,7] such that
2'(¢) =0 and

t T
IMW=W@+AW@%KAIWWWS%,WENH

which, together with (3.11)), implies

||£L'||X < |CL“OO + |£L‘l|oo <Di+Dy+1:= M.
Ifz € Q = {z|]r € ker LN X and Nz € Im L}, then there exists a constant Ms
such that

T
2(t) = My and / lg1(t, M) + ga(t, M) — p(t)]dt = 0,
0
Thus,
|x(t)| = |Ma| < d, for all z(t) € Q. (3.13)
Let M = My +d+ 1. Set
Q= {z|z € X,|z]ec <M, |2'|ec < M}.

It is easy to see from (|1.3)) and that N is L-compact on . We have from (3,
(3.13) and the fact M > max{Mj,d} that the conditions (1) and (2) in Lemma
hold.

Furthermore, we define a continuous function H (z, i) by setting

1 T
) = =0 =wa =g [ [n(t.0) +oa(t.0) ~pOlds e .1

In view of (A2)(1), we have
xH(x,u) #0 for all x € 9Q Nker L.
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Hence, using the homotopy invariance theorem, we obtain

1 T
deg{QN,QNker L,0} = deg{f? / [g1(t, ) + g2(t, ) — p(t)]dt, 2 Nker L, 0}
0
= deg{—xz,QNker L,0} # 0.
In view of the discussions above, from Lemma[2.I] we complete the proof of Theorem
B.al O

A similar argument leads to the following result.

Theorem 3.2. Suppose that (A1)(2) and (A2)(2) holds, and there exist nonneg-
ative constants mq, mo , mg and my such that 2my + 4msz < ﬁ, and one of the
following two conditions holds:

(1) f(z,y) >0 for all x € R,y € R, |g2(t,x)] < mglz| + my for all t € R,
x €R, and ¢1(t,x) + g2(t,x) — p(t) > —myz — ma, for allt € R, x > d;

(2) f(z,y) <0 forallz € R, y € R, |g2(t,z)| < ms|z| + my for allt € R,
z €R, and

g1(t,z) + g2(t,x) — p(t) < —myz +ma, forallt e R, z < —d.
Then (1.1)) has at least one T-periodic solution.

4. EXAMPLES AND REMARKS

Example 4.1. Let g(t,z) = 2 + -z for t € R, 2 < 0, and g(t,2) = sz for

7272 3672
t € R, x > 0. Then the Rayleigh equation
2" — (&) + gt a(t —sin(t))) = e, (4.1)

has at least one 2m-periodic solution.

Proof. Let ga(t,x) = ﬁx fort e R, 2 € R, gi(t,x) =213 for t € R, x <0, and
a1 (t,x) = #x for t € R, x > 0. Then (4.1)) is equivalent to the equation

2 — (@) + g1(t, x(t — sin(t))) + g2 (t, o(t — sin(t))) = e L. (4.2)

From ([@2), we have f(z,9) = —y* < 0, 71(t) = m(t) = sint, p(t) = ¢! and
g1t x) + g2(t, @) — p(t) = 3oz — st < sozx + e, forall t € R, z > 0. It is
straightforward to check that all the conditions needed in Theorem [3.1] are satisfied.
Therefore, has at least one 27-periodic solution. This implies that has

at least one 2mw-periodic solution. O

Remark 4.2. Equation is a very simple version of Rayleigh equation. Obvi-
ously, the conditions (H0)—(H3) are not satisfied. Therefore, the results in [2, [4 [
0, [3] and the references cited therein cannot be applied to . This implies that
the results of this paper are essentially new.

Example 4.3. Let ¢;(t,x) = —Tlﬁm fort € R, x € R, go(t,x) = —z'3 for t € R,
x <0, and go(t,x) = fm%x for t € R, x > 0. Then, the Rayleigh equation

a4+ 2 (2")° + g1 (t, 2(t — cos(t))) + ga(t, z(t —sin(t))) = i cos? 1. (4.3)

has at least one 2m-periodic solution.
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Proof. From (4.3)), we can obtain f(z,y) = x*y®, 71(t) = cos(t), T2(t) = sin(¢),
p(t) = jcos’t and gi(t,x) + g2(t, @) — p(t) = —ggzx — jcos’t > —zizw — 1,
for £t € R, z > 0. It is obvious that all the conditions needed in Theorem
are satisfied. Hence, by Theorem (3.2 equation has at least one 2w-periodic

solution. O

Remark 4.4. In view of (4.3), it is clear that (H0)—(H3), do not hold for (4.3)),
and so the results obtained in [2], 4, (5] [0, 3] and the references cited therein cannot

be applied to (4.3).

Remark 4.5. Using the methods similarly to those used for (|1.1)), we can study
the Rayleigh equation with multiple deviating arguments

o+ fla(t), 7' (1) + Y gilt,x(t — (1)) = p(t), (4.4)
i=1
where 7;(i = 1,2,...,n),p: R —> Rand f, g; : RxR — R are continuous functions,

f(z,0) = 0, 7; and p are T-periodic, g; are T-periodic in the first argument, and
T >0 (i=1,2,...,n). One may also establish the results similarly to those in
Theorems and under some minor additional assumptions on g;(¢,x) (i =
1,2,...,n).
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