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HOLDER CONTINUITY FOR (p,q)-LAPLACE EQUATIONS THAT
DEGENERATE UNIFORMLY ON PART OF THE DOMAIN

SARVAN T. HUSEYNOV

Communicated by Ludmila S. Pulkina

ABSTRACT. In this article we consider p(z)-Laplace equations with two-phase
degree p(z), taking two values p and ¢, when the boundary of the phase in-
terface is a hyperplane. Assuming that in the part of the domain where ¢ < p
the equation degenerates uniformly for a small parameter, Hélder continuity
of the solution is established.

1. FORMULATION OF RESULTS
Consider in the domain D C R”, n > 2 and the family of the elliptic equations
Lou = div(we (@) | Vul[P P ~2Vu) = 0 (1.1)

with positive weight w.(z) and degree p(x), that will be defined below. Suppose
that the domain D is divided by the hyperplane ¥ = {z : x,, = 0} into two parts
DY =Dn{z:x, >0} and D? = DN {z: x, < 0}. Also assume that for

e € (0,1],
e, xeDW
() =4" 1.2
we() {1’ rc D(z), (1.2)
and for 1 < g < p,
g, zeDW
= 1.3
p(z) {p, e D@, (1.3)

To define the solution of equation ([1.1)) we define a class of functions related with
the degree p(x):

Wiee(D) = {u: u € Wiz (D), [Vul"™ € Li, (D)},

where VV&DC1 (D) is a Sobolev space of the locally integrable in D functions together
with their first order generalized derivatives.
As a solution of equation (|1.1)) we take the function u € Wi,.(D), satisfying

/ we ()| Vu|P®=2Vy - Vodz =0 (1.4)
D
for all test functions ¢ € C§°(D).
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For the degree p(-), given by equality (L.3), the smooth functions are dense in
Wioc(D) (see [1]), and as a result in integral identity as test functions the
finite functions from Wi,.(D) may be taken.

The p-Laplace type equation with variable nonlinearity degree p(z) and the vari-
ational problems with integrant satisfying the non standard coercivity and growth
conditions usually arise in the modeling of the composite materials, electroreologi-
cal fluids (the characteristics of which depend on the electromagnetic filed), in the
problems of image processing. In this paper the plane junction of two different
phases is considered as a model case. The case is complicated by the presence of
the uniform degeneracy over € in the domain D).

In each of the domains D®, i = 1,2 regularity of the solution is described by
the well developed theory (see [2]). In [3] is proved that for the degree p, given
by equality , any solution of equation by each fixed value ¢ € (0,1] in
the arbitrary subdomain D’ € D belongs to the space C*(D’) of the Holder in D’
functions. We are interested in the problem of independence of the degree @ on .

Consider the family {u®(x)} of the solutions of the equation L.u® = 0, uniformly
bounded over ¢ in L*° on the compact subspaces of D. The main aim of this work
is to prove the following statement.

Theorem 1.1. There exists a constant o € (0,1), not depending on €, such that
the family {u®(x)} is compact in C*(D’) for arbitrary subdomain D' € D.

Note that in the case p = ¢ a similar result is obtained in [4,5].

Choice of the weight of type and the degree p from makes the case
nonsymmetric with respect to the domains D) and D, and use of known results
does not allow the one to prove the above statement. We will proceed from the
modification of the Mozer’s technique [6], developed in [7,8], where the domains
DM and D® play different roles in the proof of the Theorem [1.1

Statement of Theorem [I.I] remains true also for the solutions of the equation

div (ws(x)\Vu|p($)*2aVu> =0

with measurable uniformly positive defined matrix a. Wherein Holder degree of the
solutions will be additionally depend on the ellipticity coefficients of this matrix.

2. AUXILIARY STATEMENTS

Here and below u denotes the solution of equation (1.1), B C D are balls with

centers in ¥, B%) = BrNDW are semiballs (i = 1,2), | E| is n-dimensional Lebesgue

measure of the measurable set £ C R™, and

éfdxz%éfdw.

Below we use for ¢ = 1,2 Sobolev’s embedding theorem in the semiballs:

1/k
(][ | lelMdz) gCRq][ |Vl da,
BY BY

n
qzlv k:ma SOGCSO(BR)7

(2.1)

where C = C(n,q).
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Everywhere below M = supp, [u(z)|, where Br, C D, Ry < 1/4, and for
R < Ry/6 is taken

. M67m6+2R
Mg = , = inf u, z)=ln—-—F"——. 2.2
O e = L ) N N ) T R 22
It is easy to see that
R 2(M +1)
— < < —= € Bgg. 2.3
TS I — v e oon (2:3)

The odd continuation of the function f from D® in to DM with respect to the
hyperplane 3 is denoted as f.

Lemma 2.1. For any R < p <r < 3R the inequality
r a 1/p
supv < C(n,p,q, M)( ) (][ vP dx) (2.4)
B, r—=p B,

holds with constant a(n,p) > 0.

Proof. Choosing in (1.4) the test function as ¢(z) = vVTI7P(2) (Mg — u(x) +
R)'=PyP(z), where

y>14p—gq (2.5)
n € Cy°(Bar), 0 < n(x) <1, we find that

(ta=p) [ w@)|TuP (M~ Ry P o
Byr
+(p— 1)/ we ()| VulP® (Mg — u + R) "Pu PP dy
Bar

< p/ wg(m)|Vu|p(x)_1(M6 —u+ R)' P PPl | da.
Byr

Omitting the second term in the left hand side and applying to the integrant
in the right hand side the Young inequality with corresponding ¢ we arrive to the
estimate

/ wg(x)\VuV’(’”)(MG —u+ R) PV FETP L gy

Ban (2.6)

< C’(p)/ we (@) (Mg — u + R)p(ﬂc)—pvv+q—p+p(w)—1‘Vmp(w) dr.
Byr

We narrow the integration domain in the left-hand side of (2.6]) to the semiball
Bﬁg. Then considering (|1.2) and (1.3) we can write

/ |Vu|P (Mg — u + R)—pvv+q—p—1np dx
< C(p) ( / 0 (Mg — u + R)I Py 24P~ 1 1\7p|9 dg (2.7)
B4R

+/<2) VYT P da:).
B4R

According to (2.3)) and (1.3)), in Bf&% the following inequalities are valid
(Mg —u+ R)TP < RTP, %< C(p,q, M)RT™P0P.
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Additionally
[Vl
| = ———, 2.8
| U‘ MG —u+R ( )
and from (2.7)) considering given above relations we obtain the estimate
/ |vv|pvw+q—p—1np dx
B
4R (2.9)
<Cadn(rr [ ottt [ ot v ).
By 5

By the Soboloev’s embedding theorem ([2.1),

(L.
Bin

< Clnpa. M)y +a -1 (R1f.

1/k
(v'”q*lr])k da:)

vv+q71|vn|q dx + RP Uv+q71|vn|p dx
B®

(1)
4R 4R

in the semiball Bﬁ%.
Choosing here radial-symmetric with respect to the center of the ball Bg, cutoff
function n = 1 in B,, |Vn| < Cr(R(r — p))~!, we have

1/k
(][ pOrra )k dx) < C(n,p, ¢, M)(v+q— 1)”(L)p][ VT da. (2.10)
Bf)z) r—=p B,

Now we prove a similar estimate in the semiball Bf&%. Let
Gr =B n{z:v) > i)} (2.11)
In (1.4]) use the test function

ow) = @) = D@ — u(w) + B (@) in G
0 Byr \ Gr,

where v > 1 satisfies to condition (2.5)), the radial-symmetric function n(z) has the
same properties as above. Considering (1.2, and (1.3) we have

3 [Vl (g = Ry d
GRr
< 7/ |Vu|T V|57 (Mg — u + R)' 0P dx (2.12)
Gr

+p / Vul? (07 + 57)(Ms — u+ R)*| V|~ do.
GRr

Since 0(x) < v(z) by x € Gg and 0 < n < 1, applying the Young inequality to
the integrant in the right hand side of (2.12]), we obtain
| V|7 V|57 (Mg — u + R) 9P
< 8|Vul®? T (M — u+ R)™4P + C(8,q)| Vol 707 P,

IVl (o7 + 57) (Mg —u+ R) = Vnln~!
< 8|Vl (M — w4 R) P + C(6, g) 4~} V|2,



EJDE-2017/308 HOLDER CONTINUITY FOR (p, q)-LAPLACE EQUATIONS 5

From this and (2.12)) (see also (2.8)) after a corresponding choice of ¢ we find
that

/ | V|7~ 1nP da

Gn (2.13)

§C(p,q)</ |V17|q177’1npdx+/ o7 Tl da ).
GRr

GRr
Expanding the integrals in the right hand side of (2.13]) to larger set BS%, we
rewrite (2.13)) in the form

/ | Vol tnP dx

n (2.14)

< C(p, q)(/ |Vo|997 1P da + / aara\vik dm).
Bin Bin

We can not estimate the gradient v(z) over the set Bﬂg \ Gg. But this is not
important. Consider in D™ the auxiliary function

w(z) = max (v(z), 0(x)). (2.15)

Since w(x) = v(z) for x € Gr and w(z) = v(x) for x € Bﬁg \ Gr, we have
/ |Vw|Tw? " tnP do < / |Vl 1nP da +/ V|27 1P de,
Bl o B
and considering (2.14)),

/ |Vw| 9w nP da

B

" (2.16)

< C(p, q)</ |V17|q1~ﬂ_177p dr +/ U'y+q—1|vn|q dx).
e 5

Now let us modify the first integrant in the right-hand side of (2.16]). Since
p > ¢, according to Young’s theorem

IV5[957~! < RP=9|V[Piitapt 4 Rmaprtal,
So from (2.16) we obtain
/ |Vw|9w? ™ 1nP da
B

(1)
4R

<C(p,q) (Rp_q/B [VolPe 1Py dz (2.17)

(1)
4R
+ /
B

Since ©(z) is an odd continuation of v(z) from D® to DM and the cutoff
function n(x) is radial symmetric, it follows that

/ erqflnp dr = /
1
B B

and considering ([2.9)),

v7+q—l|vn|q dx +R—q/ m-&-q—lnp dx).
B3

(1)
4R

—1 -1
Uwq np dx §/ ,Uerq np dx,

ﬁi’) Byr

/ |V1~)|pm+q7p7177p dr = / |Vv|pvv+q7p7177p dx
9 B2

4R
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< C(p.q. 2) (BRI / o Vi di 4 / VT TP d).
B B

Therefore from (2.17)) we arrive at the estimate

/ |Vw|Tw ™ P da
B

(1)
4R

<Cram( [ Vs R [ v ds

4R 4R

+R1 / VYT lyp dm).
Bar

It follows from the above inequality that
|V (wrHa=D/app/ay|a gy
B
<Ca. M0+ q-1)( [ 0 Vgds
B4R

+ RPT1 / o VYT P da 4 qu/

4R Bar

From definition (2.15]) of the function w and the radial symmetricity of the cutoff
function 7, we obtain

/ Wt Vp|?de < / V1T V| da.
5l B

VTP da w T Vn|tdz).
(1)
B4R

From (2.5) and (1.3), we have (y 4+ ¢ —1)? < (v + ¢ — 1)P. Therefore

" |v(w(7+q—1)/qnp/Q)|q dx
B4R

< C(p,q, M)(v+q— 1)”(/3 VT | da

(1)
4R
Uv+q—1np dx + /

+ RPT1 / VYN P dr + R4 /
B(z) Bir

iR Bur

v"+q_1|Vn\qu>.

From this following to the Sobolev’s embedding theorem (2.1)) in the semiball
BSQ) and from the choice of the cutoff function 7 we find that

1/k
(f o wrta—1k dm) < C(n,p,q, M)(v+q— 1)1)(#)10][ 1 gy
B — )

Or, since w > v on B£1), it follows that
Dk 1/k LAY 1
<][( )U(VW* ) dx) <C(n,p,g, M)(v+¢q— 1)p(ﬁ) ][ VYT dr. (2.18)
B{! - .
Summing (2.10) and (2.18)) one can get

1k
(f a1k dm) < C(n,p,q, M)(v+q—1)"(
BP

)”][ vt dg. (2.19)
r—=p" JB,
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Let us iterate this inequality. Let j = 0,1,.... Denote r; = p+277(r — p),
Xj = pk? and take r = rj, p =141, v = x; + 1 — ¢ in (2.19). Note that by such
choice of v the above assumption (2.5) becomes true. As a result for

we get the recurrence relation

) . . r /X5
B < oY/xi (n,p,q, M) (21 (1+ Xj))p/xj (ﬂ) o,

from which follows (see [6]) the estimate (2.4)). The proof is complete. O
The proof of the next statement uses the scheme given in [9].

Lemma 2.2. If for any R < p < r < 3R, inequality (2.4) is valid then the following
inequity holds

supv < C’(mp,q,M)][ vdx. (2.20)
Br Bar

Proof. Without loss of generality we assume that

f vdr = 1. (2.21)
Bar
Denote by B(t) the concentric with Bg ball of radius 3Rt and let

J(t) = <]{B(t) vP dx) Up.

Taking r = 3Rt, p = 3R, rewrite (2.4 in the form

supv(z) < C(n,p,q, M)(t —7)7J(t), 1/3<7<t<]1. (2.22)
B(7)

In particular supg, v < C(n,p,q, M)J(1/2), and for the proof of the lemma it is
sufficient to set the estimate J (1/2) < C(n,p,q, M). Since, considering (2.21]

J()<O7’lp,q, (bupv), 5:1—[)71,
B(1)

then according to ([2.22]),
J(r)<CO(t—7)" " J01), 1/3<T<t<l,

1
an(T)g(SlnC—i—aélnt +dIn J(¢).
-7

Take here 7 = t?, where b > 1. It easy to see that

1 b 1
/ I 4y < O, p g, b M) + 5/ I J() o
VR RAN 2t

Making substitution of the variables & = t* one can get

(1/b—(5)/1/2 lné(f) d¢ < C(n,p,q,b, M).
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Let us choose here the constant b > 1 satisfying the inequality 1/b —§ > 0. As
J(€) > C(n,p)J(1/2) by &€ € [1/2,1]. Then
C(n,p,q,b, M)
(1/b—46)In2
that leads us to the seeking estimate for J(1/2). This completes the proof. O

In (C(n,p)J(1/2)) <

Inequality will be applied in some modified form. Denote by @Q,, r > 3R
the balls with centers in D) obtained by the parallel replacement of the ball
B, with the center in zy along the normal to ¥ in the distance R. Suppose that
Q" = DWNQ,, i=1,2 Let additionally w(z) = max(v(z),d(z)) by = € Bf&g
and w(z) = v(z) by = € Bﬁ%). Expanding the integral in the right hand side of
([2-20) up to larger set and replacing in the part D) the function v(x) by w(z), we
obtain

Br

supv(z) < C(n,p, M) (][ wdz +]{2(2) vda:). (2.23)
3R 3R

3. HOLDER CONTINUITY OF THE SOLUTIONS

From the results in [2] it is known that the solutions of equation are Holder
property inside of D™ and D®. It remains to prove the Holder property of the
solution on ¥ N D, since the seeking holder property inside of D may be obtained
by elementary "union” of the Holder property on ¥ N D and in DM, D®),

Let M means exact upper bound of the module of the solution in the ball Br, C
D of radius Ry < 1/2 and osc{u, B,} = supp_u(x) —infp,_u(x), where B, are balls
with centers in zg € ¥ N D. Holder continuity of the solutions in the point xg
follows from the following “scattering lemma”:

osc{u, Br} < (1 —§)osc{u,Bsr} + R, d=0(n,p,q, M) >0, R<Ry/6. (3.1)
From this lemma (see [10]) it follows the estimate
osc{u, By} < Cr®*(Ry*osc{u, Br,} +1), <Ry
with positive constants C' = C'(§) and a = «(d). In particular
lu(x) —u(zo)| < Clo — zo|*(Ry “ osc{u, Bp, } +1), |z —z0| < Ry,

that sets Holder property of the solutions in the point xg.
Using denotation (2.2)), consider two sets:

F={z € Qsr:ulx) <(Ms+me)/2}, (3.2)
G={z € Qsr: Msg+ms—u(x) < (Ms+mg)/2}. (3.3)
One of the following inequalities is always true:
IF| > 51Qsnl (3.4)
or
G| = 1|Q3R|. (3.5)
If we show that from the condition for u(z) follows
supu(z) < Mg — dosc{u, Ber} + R, ¢ >0, (3.6)

Br
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then this result applied to the function Mg +me — u(z) guarantees under condition
(3.5) the estimate

sup (Mg + mes — u(z)) < Mg — d osc{u, Bsr} + R
Br
and in both cases we arrive to (3.1]).
The following embedding fact will be used below.

| 1l < cuwyr [ 9plds, (3.7)
r B,
for p € C* (B,), ¢|g =0, |E| > v|B,|, v > 0.

Note that this embedding theorem holds also in the case of truncated balls
B, N D® with centers in D3,

Proof of theorem[I-1]l For the sake of simplicity assuming the fulfilment of condition
, consider the function v(x), introduced in . Our aim is obtaining the
estimate

supv(z) < ¢o(n,p,q, M). (3.8)

Br
From this explicitly follows the scattering property (3.6)) (6 = e~0), effecting Holder
property of the solution in the point zg. To resu it needs to estimate the
integrals in the right hand side of . Those estimations are based on the
following inequalities

J

[ vulds < Cpganme (3.10)

, [Voldz < C(n,p, g, M)R", (3.9)

(
3R

that will we set now.
Choosing in (|1.4) the test function

(2) = (Ms — u(z) + R)' PP (z),

where n € C§°(Q4r) is a radial-symmetric with respect to the center of the ball Q4r
cutoff function, satisfying the condition 0 <7 < 1,17 =1in Q3r and |Vn| < CR™!,
we obtain

/ ws(x)|Vu|p(z)(M6 —u+ R)"PnPdx
4R
<CE) [ w @IVl 0y = ut RSPV da,
Qar

Appling Young’s inequality to the integrant in the right-hand side gives

/ we ()| VulP®) (Mg — u + R) PP dx

Q4R
<CO) [ @)y = ut RPE7|TRPE da
Qar

and

/Q<2> VulP(Ms —u+ R)™PnP du < C(p) / (Mg — w+ R)P™ 7|V da.

4R 4R
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Repeating now the considerations of lemma [2.I used in the setting of estimate

(2.9) from relation (2.7)), it can be obtained
[ velde < cwarn(rer [ vardes [ (onpas).
QiR QiR QiR
From this, considering the choice of the cutoff function, follows the estimate

| 19017 de < COnpa AR, (311)

3R

that leads to (3.9). In particular since p > ¢, following Young’s inequality
|[Vol? < RPVo|P + R™1

. . (1) L .

in the domain Q45 (3.11) and radial simmetricity of i we find that

| et ds < po [ (90p do 4 R0 < Clnpg MR (3.02)
A o)

To proof estimate (3.10) we use more complicated test function. Note that
u(x) > u(z) on the set G C BS%) (see(2.11))). Let us chose in integral identity
)

o(z) = (Mg — u(z) + R)'™9 — (Mg — a(x) + R)'"7) nP(z) in Gg
0 in Q4r \ Gr,

where 7 has the same sense as above. Then

/ [Vu|! (Mg —u+ R)™InP dx
Gr

§/ V|9 Vil (Mg — @+ R)™ P dx
Gr

+ P |Vul"™ (Mg — u + R) ™ Vn|nP~! da.

q—1Ja,
Applying Young’s inequality to the integrant in the right-hade side, and using
the definition G, one gets

/ |Vu|" (Mg —u+ R) 0P dx
Gr

<Coa)( [ Va0t -+ R dos [ Vaftda).
GR GR
From this, by relation (2.8) and the choice the cutoff function we obtain
| welp ds < copa( [ (ot do+ ),
GR GR
Thus,

/ \Vw\qnpda::/ \Vf}|q77pdx+/ |Vo|inP dz
Qi (A\Gr

i \G Gr

< C(”’p’q)</3<1> |vq7\qnpdx+R”*q).
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Considering (3.12]),

/(1) |[Vw|?dz < C(n,p,q, M)R" 1,
3R
which together with gives .

Now let us estimate the integrals in the right-hand side of . We use the
assumption for the first one and note that |FOQ§2I%| > const.|Qsr| (see (3.2)).
Since v(x) <In2 on F and w(z) = v(z) in Qi(f}%, then for E = {z € Qsr:w(x) <
In 2} we have the estimate |E| > const.|Qsg|. Therefore by inequality in the
ball Qsr,

/ w2 de < C)R [ |Vuw|de
Qsr\E Qsr
and according to (3.10)),

/ wdx < C(n,p,q, M)R".
3R

The second integral in (2.23)) may be estimated similarly. Really, |[E N Q:(ﬁ,y >
const.|@3r| and again by the inequality (3.7 in the truncated ball Qg%,

/ v —1In2| dz < C’(n)R/ Vol dz.
QB Q57

The inequality (3.9) leads us to the estimate

(2)
3R

/ vdx < C(n,p,q, M)R",
Q
that proves (3.1). [l
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