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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO NONLINEAR
PARABOLIC EQUATIONS WITH VARIABLE VISCOSITY AND
GEOMETRIC TERMS
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This article is dedicated to the memory of Professor S. L. Yadava

ABSTRACT. In this paper we study the asymptotic behaviour of solutions of
certain nonlinear parabolic equations with variable viscosity and geometric
terms. We generalize the results on the large time behaviour and vanish-
ing viscosity limits obtained earlier for planar Burgers equation by Hopf [7],
Lighthill [20] and others. For several classes of systems of equations we derive
explicit solution for initial value problem with different types of initial condi-
tions and study large time behaviour of the solutions and its asymptotic form.
We derive the simple hump solutions and N-wave solutions as its asymptotes
depending on the conditions on the data and derive LP decay estimates for
solutions and show that they depend on the variable viscosity coefficient and
geometric terms. We also analyse the small viscosity limit of these solutions.

1. INTRODUCTION

One of the well studied nonlinear partial differential equation which describes
the interplay between nonlinearity and diffusion is the Burgers equation

Up + Uy = gum (1.1)

It was introduced by Burgers [2] as a simple model for fluid flow. Hopf [7] and Cole
[5] showed that it has a remarkable feature that its solution with initial conditions
of the form

u(z,0) = up(x) (1.2)

can be explicitly written down. Starting with the pioneering work of Hopf [7]
properties of the solutions for initial value problem was studied by many authors
with regards to large time behaviour, vanishing viscosity limits etc. A table of
solutions is contained in Benton and Platzman [I]. Initial boundary value problems
for were studied later, see Joseph [8], Calogero and De Lillo [3, 4] and Joseph
and Sachdev [I3] 4] and the references there.
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A more general class of partial differential equation which models physical phe-
nomenon balancing nonlinear convection, geometrical expansion and variable vis-
cosity effects which is studied extensively is the generalized Burgers equation

u +uuy + B(t)u = ot)uzg (1.3)

where n is a positive integer and the viscosity coefficient a(t) > 0 and the geo-
metric coefficient ((t) are smooth functions for ¢ > 0. For the derivation of the
equation(L.3)) for specific physical situations and analysis of simple hump and N-
wave solutions see Lighthill [20], Leibovich and Seebass [19], Crighton and Scott
[6], Lee -Bapty and Crighton [I8], Sachdev [24] and Sachdev and his Collaborators
[25] 26] 27, 28, [29] and the references there.

The aim of this paper is to understand the effect of variable viscosity and geo-
metric effect on the large time behaviour of solutions. First we consider the scalar
equation , with a given initial data and get decay estimates for the solution.
Then we study special nonlinear systems of partial differential equations containing
variable viscosity and geometrical expansion terms which can be linearized using
a generalized Hopf-Cole transformation and explicitly construct exact solutions for
the initial value problem and study its large time behaviour. We show that the
asymptotic form depends on the variable viscosity coefficient and the geometrical
term.

The paper is organized in the following way. In the second section we study
asymptotic behaviour of solutions of the scalar parabolic equations in —oo <
r < oot > 0, with initial condition

u(z,0) = up(x). (1.4)

This equation cannot be solved explicitly except for n = 1 and « and (8 are
related by 6 = —%. However following the analysis of Zingano [32] B3] we will
show that the L' norm and L? norm with respect to « of the solution of and
decays at a rate depending on « and S.

In the third section, we consider a system of n equations for n unknown variables

UL, Uy v ey Uy N —00 < & < 00, ¢ >0,

(w5 + (X evn)(us)e = St = “ w5 (15
k=1

with initial condition
u;(z,0) = up;(x). (1.6)

Whenn =1, ¢; = 1and v(t) = v > 0, a constant independent of ¢, is standard
Burgers equation . A special case of , n=2c¢=1c=0vt)=va
positive constant, was used to construct solution to a model in the study of pressure
less gas by passing to v goes to 0, see Joseph [9], Joseph and Vasudeva Murthy [I5].
For v(t) = v, a constant, large time behavior was studied in [12] and vanishing
viscosity limit in [I6]. We generalize these results to variable v(t). We solve the
initial value problem explicitly and show that the limiting asymptotic form depends
on [~ v(s)ds is finite or infinite.
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In the fourth section we study
u? V' (t) v(t)

U + (?)aj - V(t) u = Tua:a:;
vit) vt
v + () e v 5 U (1.7)
v? V' (t v(t
wy + (? + uw)z - I/(<t))w = %wzx;
in —oo <z < o0, t >0, supplemented with an initial condition at ¢ =0
u(z,0) = uo(z), wv(x,0)=vo(z), w(z,0)=wo(x), (1.8)

When v(t) = v is a positive constant, this system was considered earlier by Joseph
[10] and Shelkovich [31] to construct solution to the corresponding inviscid case

w2 02
)o =0, v+ (uv)y =0, wt+(2

Ut + ( 2
Joseph [I0] observed that the system does not have a solution in the class of
bounded Borel measures even for Riemann type initial data and hence he used the
special case of the system namely v(t) = v > 0, a constant and constructed
solutions for general initial data in the class of generalized functions of Colembeau.
Shelkovich [3I] constructed solutions of with v(t) = v > 0 a constant for
Riemann initial data and showed that the solution containb derivative of § measure
in the passage to the limit. We get explicit formula for (1.7)) and (1.8) with v(¢) > 0
and study large time behaviour and and show that the asymptotlc form depends
on fo s)ds is finite or infinite.

In the ﬁfth section we consider vector equivalent of Burgers equation with an
additional geometrical term and variable viscosity namely

+ uw), = 0. (1.9)

Ut

V'(t), _ v(t)
0 U == AU. (1.10)

The special case v(t) a positive constant was treated first by Nerney et al [22] and
by Joseph and Sachdev [14]. We generalize their method and get explicit solutions
of the equation (|1.10)) with initial conditions of the form

U(z,0) = Vado(x) (1.11)

and study the large time behaviour and small viscosity limits.

2. L? DECAY ESTIMATES FOR SOLUTIONS OF (1.3)
In this section, we consider initial value problem for the scalar equation
us + uuy + B(t)u = a(t)ugy, (2.1)
in —oo < x < 00,t > 0 with initial condition at ¢t = 0
u(z,0) = uo(x). (2.2)

In the description of asymptotic behaviour of solutions of (2.1)) and (2.2)), the fol-
lowing functions of ¢, naturally appear:

T<t>=/0t $)ds, n(t) /ﬁ Jds, (7 ﬁ (2.3)
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To see this consider the linear part of (2.1)) namely
U + ﬁ(ﬂu = a(t)uwwa (24)
Dividing this equation through out by «(t) and using the definition of 7 the equation

(2.4) becomes
pl(r) _
ur + i)~ e (2.5)

Set v(z,7) = e’ Mu(z,7), @.5) and @2.2) reduces to

Vr = Uga, v(x,0) = ug (). (2.6)
Solving (2.6) we get the explicit formula
B 1 ° _<wzy>2d
o(z, ) = W . uo(y)e Toay.

This gives the formula for the solution of the linear problem (2.4) with initial data

(£2), namely

e—n(®) o0 _(m—p)?
— 4T (t
U(I,t) - (47T7'(t))1/2 [m ’U,O(y)e ® dy (27)

since

7(t) 3 t
ey = [ 28 s = [ sy =t

@
By Young’s inequality for convolutions, the LP norm of u with respect to x decays
at the rate 7(t)~2(1=1/Ple=1()  We will show that for any integer n > 1 the L
and L? norm of the solution of and with respect to x decays as t goes
to infinity. More precisely we shall prove

Theorem 2.1. Assume that 5(t) > 0, and a(t) > 0 for t > 0 and initial data
up € LY(RY) N L>°(RY). Then there exits a smooth solution u(x,t) for (2.1) and
(2.2) satisfying the following decay estimates:

iz, ) 21 a2y < €O uol| 11 (az) (2.8)

n(t)

lu(z, )2 < C(1+T(t))*1/2677.(/0 (1+T(s))*l/%*n(S)a(s)ds)1/2. (2.9)

Further if |22 || 11 (4z) < 00, then

_ dug
lue (2, )| L1 (dz) < € "(t)”EHLl(dw) (2.10)

Proof. Existence of smooth solutions to (2.1) and (2.2)) follows in a standard way
using fixed point arguments. Further we get for each fixed ¢ > 0, u(x, t) is bounded
and integrable with respect to x and satisfy the estimate

l[u(s D)l oo o) < ol oo (da) (2.11)

which follows from the maximum principle.

To prove decay estimates in L' norm,in a standard way we write the L'- norm
as a sum of integrals on intervals where u has the same sign. For fixed ¢t > 0, let
yi(t),i € Z are the points where u(z,t) as a function of x change its sign with
¥i(t) < y;+1(t) and the index is chosen such that on (yo(t), y1(t)), u(z,t) > 0. Thus
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u(zx,t) is positive on (yox (t), yor+1(t)) and negative on (yor+1(t), yar+2(t)). Hence
Uy (Yor+1(t),t) <0 and wu, (y2r(t),t) > 0. Hence
i yi+1(t)

lu(z, )l L1 (de) = Z (—1)i/ u(x, t)dx

1=—00 yi(t)
and differentiating it with respect to ¢ and using u(y;(t),t) = 0 and the differential
equation (2.1]), we get

s Yi+1(t)

RIS Y CI T

i=—00 vi(t)
© o ryit(t)
=Y 0 [t B+ alOu)de,
1=—00 yi(t)

= —BO)lul, )L (de) + (t) Z (=) (e (yig1 (1)) — ua (s (1))

i=—00

IA

=B [[u(., t)| 11 (dx)
Integrating this from 0 to t we get the estimate follows.
The estimate can be derived by differentiating the equation with
respect to x and following the same procedure for v = u,. The details are omitted.
To get L? decay estimates we multiply the by u(z,t) and integrate with
respect to x

d
— u2(1',t)d1’+ﬂ(t)/ uz(x,t)dx:—oz(t)/ u,dr, (2.12)
dt Rl Rl R
d 2 B(t(r)) / 2 / 2
£ d Ve = — [ u,2d 9.13
dT/Rlu(x )x—’_a(t(r)) Rlu(m (r)dz Ru x (2.13)
Using ([2.3) we can write (2.13]) in the form
d
—/ 67(7)u2(x,t)dx+/ "M, 2de = 0. (2.14)
dr R R

Multiply (2.14) by (1 + 7) and integrate from 0 to 79, we get

(1+7’0)€’Y(7—0)/ u2(sc,t)dx+/ 0(1—1—7)(2'Y(T)/ ug 2 dadt
B 0 R (2.15)
:/uo(x)de—i—/ 67(7)/ u?(z, t)dadr
R 0 R
Now
e, H(r) 122 () < M, 8(7))l|zoe (d)-Jula, 6 22 ) (2.16)
and

2 — ’ wlx. )2 r = ’ u(x,t)uzs(x X
u (x,t)—/_oo( (@,1))ad 2/_00 (@, t)us (2, )d (2.17)

< 2[Julx, )] 22 (da) |tz (2, ) [ L2 (42
from which we get

e, ) o0 ) < 2, ) o et (2, )1 gy (2.18)
Using (2.18) in (2.16) we have
1/2 1/2
(e, )1 20y < 21, 81157 gyl (@ Ol o 1, Ol @y (219)
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From ([2.19)), we get
4/3
i, )2y < 4l DI o s OIS (2.20)

Now

70
| et )y dr
0

o 2/3 4/3
<4 / (€l (z, LN ey s ) 1155 4 )l

T0
4 [ DR Oy ) [y 1+ 7)) a6 [ 1))
0
T0
< 4( / (14 1) g (2, )2 gy )2
0

T0
x ( / (1 4+ 7)Y 20Ol 10))][22 gy dr)

(2.21)
and from (2.8]), we get
T0 1
/0 (14 7) 5D flulz, (7)) |31 a7
T0
< HuoHil(dm)/ [(1+7)7 2 M e Ddr (2:22)
0

70
~ ol iqan | (72 ar
Let F(7) be defined by

F(r)y=(1+ 7)67(7)/ u?(z, t)dx + /OT( + s)ey(g)/R (2, s)dzds.  (2.23)

R
and
70
g(T) :/ (1+7)"V2e7Mdr (2.24)
0
Using (2.21)-(2.24) in (2.15)), we get
F(r) < 8(1[uol|3 20y + 0]l 454y 9(T) /2 F (1) 113). (2.25)

Since |lu||2: < |Juo||1-|Juo| Lo, from (2.25), it follows that, for some constant C
depending only on ||ug||1 and |Jugl| e,

F(r) < Cg(T) (2.26)
Substituting F'(7) from (2.23)) g(7) from (2.24]) in (2.26) we get
(1 + )"z, t()) |22 (ar) + / (1 + )€ [lug (2, 8(5)) 122 (ar) ds
i 0 (2.27)
< C/ (14 )72,
0
From ([2.27)), we get

7(t)
e Oy < (1 7() e [ @) 2O (28)
0
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Now observe that making a change of variable, t(s) = y, we get
7(t) ﬂ
sty = [ 28D~ [ sty = (2:29)
0
From ([2.27) - (2.29) we get

i, )12 ) < (1 + T(t))*lef"(”/o (L+7(s) 2" a(s)ds.  (2.30)

From (2.30)) the estimate (2.9) follows. O

We remark that since § is non-negative, & > 0 and dr(s) = a(s)ds, it follows
that

/t(1 ()" 2e o (s)ds < /t(l + ()" V2a(s)ds < 2(1 + 7(£))/2

0 0
and hence from (2.30) we get the estimate

n(t)

(@, )]l L2(ax) < (L+7() 12 (2.31)
For the special case 8 = 0, the estimate (2.31)) becomes
(@, t)l| 22wy < (1+7(8) 7™

and this agrees with the L? decay results of Zingano [32,[33] for the Burgers equation
(n =1, «a, a constant, 7(t) = at) and 8 = 0) and for certain systems of equations
with 8 = 0 and diffusion term is in conservation form (B(u)u, )., with B(u) positive
definite matrix.

3. EXPLICIT SOLUTION OF (|1.5) AND ITS ASYMPTOTIC BEHAVIOUR

In this section we consider the initial value problem for the system for u;, j =
1,2,...n, in a domain —co < z < 0o, t >0

(wy)e + (D cxun) (u5)e —

= v(t)

with initial conditions at ¢ = 0

Vi) o v(t)
A Y= T(Uj)m:; (3~1)

uj(x,0) = upj(x). (3.2)
Here we assume that v(¢) > 0 for t > 0 and two times continuously differentiable
and ugj,7 = 1,2,...n are measurable functions. We use a generalised Hopf-Cole

transformation to linearize the system of equations in (3.1]) and solve it in terms of
initial data (3.2). Through out this section we use

T(t) = /0 v(s)ds,oo(x chuoj (z) = /O $00(z)dz (3.3)

We shall prove the following result.
Theorem 3.1. (a). Under the assumptions, ug; € LP(R') for some 1 < p < oo
the functions uj,j =1,2,...n given by

wo(y) | (w—y)2
v(t) [0 uo(y)e” v T ay

I/(O) foo _[20) | (== y)2

uj(x,t) = (3.4)

e v (0) 27(t) dy

— 00
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are twice continuously diﬁerentiable in the variables (x,t) and is exact solution of
the initial value problem for (3.1) and .

(b). Assume that upj,j =1,2,...,n is such that uyj(00),up;(—00) exists and there
18 a cancellation in oy = Zl Cruok, So that og is integrable. If T(t) goes to infinity
as t goes to infinity, then

—wq (o) 42
1/(0) )~ ’U,OJ e v (0) fg -5 dy —+ UO]’(— l/(0) f{
t)“j(x’)’” “wo(=) ¢ 2 “wo(—0)
v( e o[> e Tdy4e v® f£ *Tdy

(3.5)
uniformly in the variable £ = x/\/7(t) lying on bounded subsets. If T(t) goes to a
finite value 7(00), as t goes to infinity then

wo(y) | (z—y)?2
»(0) J7o wos (e O ATy
t—>m (t) i <:L‘7t) - wo(y) | (2—y)? (36)
=v [ e o T lay

(c). If ug; € L*(R") then we have the following estimates
nwuwm=0aw%W”ﬂ (3.7)

(d).If v(t) = evy(t), e > 0, 70(t fo vo(s)ds and u§,j = 1,2,...,n, the correspond-
ing solution given by (3.4] ., then for each fized t > 0 except for a countable number
of z, the limit

vo()

1% (O)

uo; (y(x, 1)) (3-8)

lim ut (2. 1) —
tin (1)
exists, where y(x,t) is the minimizer of

o woly) | (z—y)?
i 2t o) (39)

Proof. To prove the result first we introduce a new unknown variable
o= Z CL U (3.10)
k=1
It follows that, the equation (3.1]) can be written as
V(1) v(t)
(uj)e + o (uj)e — Ok 5 (U))za. (3.11)
Now multiplying this equation by ¢; and summing from 1 to n we get o is the
solution to

ot + %(0_2)$ —
o(z,0) = og(x).

So to solve the initial value problem (3.1)) and (3.2)) first we solve (3.12) and then
we solve the linear system (3.11]) with initial conditions

uj(z,0) = upj(z), (3.13)
for j =1,2,...,n. Tosolve (3.11) and (3.12)) we observe that if w(z, t) is a solution
of

(w:)? V() v(t)

_ AN 3.14
R (T (3.14)

(3.12)
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with initial condition

w(z,0) = wo(x) (3.15)
then

o(x,t) = wy(z,t) (3.16)
is a solution of . Here wy is defined by . To get explicit solution, we

use a modified form of the Hopf- Cole transformation by introducing new unknown
variables v,v;,7 =1,2,...n, in the following way

__w U; _—_w_
v=-=e V(t)7'[}j:7]e V(t),j:1,2,37....,n. (317)

v(t)

An easy calculation shows that

v(t) 1 (wg)?  V(t) v(t) o w
— LUy = ——— - — w(5)
V= Ve = gyl T m Sy Ty Wl
v(t) 1 V' (t) v(t) o w
(v5)e T(Uj)m = W[(Uj)t +o(uj)s — "0 u; — Tww]e Y (3.18)
(wz)?  V'(t) v(t) Cw
— w — W — —(— Weg|Uje v,
From (3.10) - , it follows that v,v;,j = 1,2,...,n are solutions of
t N ED)
vy = %vm,v(m,O) = PO ,
(3.19)
v(t Uug;i(x) _wo
(01 = 2 0er vy, 0) = ")

if and only if w is a solution of (3.14) and (3.15) and u;,j = 1,2,3,...n are solutions
of (3.11)) and (3.13)). Solving (3.19) explicitly we get

1 _[M_i_(wfgf]
1 @) (z=u)2 (3.20)
_jwoly T—y
vl = ) )i /R wgj(y)e” FH 5 gy,
From ([3.16)) and (3.17) we get
o(2,t) = wa(z,t) = —I/(t)q;—z7uj(x,t) = z/(t)%,j =1,2,...,n. (3.21)

and substituting the formulas of v and v; from (3.20)) in (3.21]) we get the explicit

formula for the solution of and .

We show that integrals defined in is well defined and wu;(z,t) is twice con-
tinuously differentiable, when uy; € LP. This follows from the fact that wo(y) grows
at most linearly at infinity as shown below.

For 1 < p < oo using Holder’s inequality we get

y ol
o (y)] < / 0@ < 1177 S e o -
j=1

Hence for each fixed {(z,t),2 € R',t > 0} and k a non-negative integer, the map

_rwow) | (@—w)%y L.
y — yFe S+ ) is in LP/P~1. So for any k non negative integer, the product
[1vo<y>+(m—y)2]

2 (0) 27 (1)

uoj(y).yk67 is integrable with respect to y by the Holder’s inequality.
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Hence the differentiation under the integral sign is justified and the smoothness of
u; in (x,t) follows. The cases for p =1 and p = oo also follows as for p =1,

n
lwollzoe < lejllluoj
j=1
and for p = oo

n
o)l < lejlluollsolyl.
j=1
Next we prove part (b) of the theorem. First we take the case 7(c0) = co. We
rewrite the solution w;(z,t),7 = 1,2,...,n in a convenient way.

Setting £ = x/+/7(t), and then making a change of variable z = Vr(Ey t%—y and

renaming z as y, we get

w1 = 20 S uoi (VT)(€ — y))e
J ’ - ’U.) T
V(O) f_ wo(VT(#)(€—y)) (t (5 ’U)) 2/2]dy
Now we fix § > 0 and split the integrals appearing in the explicit solution into
three parts and study each of these integrals as ¢ tends to infinity. We have under
the assumptions of the theorem on wg(x) and ug;(x), as t tends to infinity:

&0 wo(v/T(®) (€~ v) wy(+00) =
/ uoy (V7)€ —y)e o gy & 6_%U0j(00)/ eV 2dy.

— 00 — 0o

> wo (/7D (6~ ) wo(—o0) o
/ i (V)€ —y)e T gy~ qu(—oo)/ eV 2qy,
3

£+96 +6

[wo(\/ﬂ'(f (&— y))+y /2]d

(3.22)

§+6 [ulo(\/‘r(t (6—y)

imsup| [ uo;(VTOE = e T gy = 0(9).

t—o0 £—6

Now first let ¢ tends to infinity in these integrals and add and then d tends to 0,
we get

| (Vo = e ooV gy

— 00

_wo(+o0) € 2 —wo(—o0) o 2
e O uoj(oo)/ eV 2dy + e v@ uoj(—oo)/ eV 2dy. (3.23)
— oo €
Similarly

/OO e‘[%-{-zﬁ/mdy ~ eiwg((;;OO) /5 e—yz/Qdy =+ 6% /OO €_y2/2dy_
—oo —o0 3
(3.24)
We observe that due to our assumption on wp(z), this limit in is positive
and hence from (3.22)), (3.23)) and (3.24) we get the asymptotic form 1-) When
T(00) < 00, then (3.6) follows immediately from the explicit formula (3.4)).
Now we shall prove (c). Since ug; € L'(R'),

x n n
fwo ()] = | / S ciuoy )yl < 3 el = ¢ < oo
0 0
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Hence from (3.20]), we have

c

ev(© (z—y)2

. )
H>e 70 v t)) < — — . EEony
U(.T, ) Z e 7|UJ(:E> )‘ = V(O)(Q’/TT(t))l/Q /}\%1 ‘U()j(y”e Y.
Using these estimates in (3.21]), we get

2c
I/(t)e"(0> _(@=w?
luj(z,t)| < I/(O)(Q?TT(t))UQ/Rl lug;(y)|e” Z7® ]dy.

The right hand side is a function of ¢ times the convolution of heat kernel and |uy;|.
By Young’s inequality we get the estimate (3.7)

Lastly we consider the vanishing diffusion limit. Let v(t) = evy(t) where vy(t) >
0, for t > 0. We denote the solution wu(z,t) of and given by
by u€. Following the analysis of Hopf [7] and Lax [I7], we have, for each ¢ > 0,
except for a countable points of x, has a unique minimum y(z,¢)and at those
points lim._o ¢ has limit given by the formula . The proof of the theorem is
complete. O

It is easy to see from the present analysis that initial boundary value problem
for (3.1) in {(z,t),z > 0,¢ > 0} with initial condition
u;(x,0) = ugj(xz), x>0
and boundary condition
uj(O,t):O, t>0
has an explicit formula given by

(z—y)2 (x—y)2 wo ()
V(t) [ uos(y){e” T — e T YT WO dy

V(O) fO {e 2T(t)) +e” (27(t) }e uifo(gg)dy

and its asymptotic behaviour easily follows. We have the following result:
If 7(t) goes to infinity as ¢ goes to infinity, then

uj(z,t) =

lim (e, t) =0, j=1,2...n

If 7(t) goes to a finite value 7(00), as ¢ goes to infinity then

(0) Ui g (y)e ™ (o= T — T Yy
tliglo (t) uj(z,t) = wo (y) (z—y)? (+y)2
v fooo e v {e 27() e 27(o0) }dy

4. EXPLICIT SOLUTION FOR (1.7)) AND ITS ASYMPTOTIC BEHAVIOUR

In this section we consider a system of partial differential equations of the form
2 /
U V' (t v(t

t + (7)@ - V(f,) Tumma
vy + (uv)y — Z((f)v = @vm, (4.1)
v? V() ()
wy + (5 + uw), — 0 w = T’wm,

in —oo < ¥ < 00, t > 0, supplemented with an initial condition at ¢ =0
u(x,0) = up(x), v(z,0) = vo(x), w(z,0) = wo(z). (4.2)
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Assuming that v(¢) > 0 for ¢t > 0 and two times continuously differentiable and
ug(),vo(x), wo(x) are in LP(R!) for some 1 < p < oo, we find explicit solution
for the problem and . Under addition conditions on the data we study
the asymptotic behaviour of its solution as ¢ goes to infinity. The limit depends on
whether [~ v(s)ds is finite or infinite. Given ug(z), vo(x), wo(z) we introduce the
functions

Vo) = / " o(y)dy, Vo) = / " voly)dy, Wo(z) = / Cwoldy.  (43)

_ - Dw _ W) —ww _ VW) Woly), - vew
pi(z) = +O ,pQ(x)fvz(O)e ) ,pg(x)f(Qz(O)Q - V‘ZO) Je~ O (4.4)

We shall show explicit formula for the solution of (4.1)) and (4.2]) can be represented

in terms of

1 +oo _(z—y)? .
aj(z,t) = ——= pi(y)e” O dy,j=1,2,3. (4.5)
277 (t) J —oo

With the independent variable
t x
T(t) = / v(s)ds,§ = ——, (4.6)
0 7(t)
we introduce the following function to describe the asymptotic form of the solution.

05(©) =pi(=) [ E

— 00

e V" 2dy + pj(—o0) / eV 2dy,j=1,2,3. (4.7)
3

For 7(00) < 00, we introduce

+oo w—y)2
B;(x) =/ pj(y)e_(”(m)) dy, (4.8)

— 00

We shall prove the following result.

Theorem 4.1. (a). Assume that the initial data ug(x),vo(x), wo(z) are in LP(RY)
for some 1 < p < oo, then the functions (u(z,t),v(z,t), w(z,t)) defined by

as as  az?

u=—v(t)(log(a1))z;, v =—v(t)( Jar  (49)

are two times continuously differentiable and is a classical solution of the initial
value problem and .
(b) When ug, v, wo € L*(R"Y), this solution has the following asymptotic behaviour
as t tends to infinity.

When 7(t) — 00 as t — o0

Jar w = v(t)(

al ay 2(112

Jim Mo 1) = oS, (4.10)
(1) o a(§),, (8 ar'(§)
M S )= 750 ) T ) mie) (4.11)
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X

uniformly with respect to the variable & = o) on bounded sets.

When 7(00) < 00, we have

. T(t) __Bilz)
M 0T TRy
7(t) _ Ba@), | Ba(z) Bi(x)
A 0= 5 @) T B )
() _ Bi(z) | Bs(z) Bilx) | Palz) Bi(x)
2w YT TR T A A@ T ) A
_ Ba(z) Ba(z) Bi(z)
Bi(x) Bi(z) Bi(z)’
Proof. First we note that if (U, V, W) is a solution of
2 v v
U+ (%) - V((Z))U ="y,
V2 Vi(t) o, v(t)
Wy + (7 + Usz) — l/(t) W = 9 Wz,

with initial condition
U(z,0) = Up(x), V(z,0)=Wy(x), W(z,0)=Wy(z),
where Up(x), Vo(x), Wo(x) are given by then (u,v,w) defined by
u=Ug,v=V,,w=W,

is the solution to (4.1) and (4.2]). Now we make the transformation

_ Vi)t W), veo
c(z,t) = ( 2w(t)? o(8) ) ® .

An easy computation shows that

v(t)  —e 70 V) U2 ()
t Taajm - (t) (Ut - I/(t) U + 2 - TULEw)y
v(t),  —e 70 V() u(t)
+ Xt)(Ut_ l;((;)U-i-%—V(;)Um)],

13

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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= e, = 2 o+ (5 - Ly - Wy
+ g U+ UV = 2V = 200), (1.22)
i+ (2 v - Zw - Wi
From (4.16)-([#.22), we get
u=—vos@)s. v= O w=rOE4 iy @2)

is the solution of (4.1)) with initial conditions (4.2)) if a,b and ¢ are solutions of the
equation

v(t v(t v(t
ay = gammy bt = %bT’Ea Ct = %Crr (424)
with initial conditions
_ U@ Vi _Ug®)
a<x’0) —e 0y , b(x,O) - _ VO((Og;)e ZO) ,
(4.25)

Vo (z)* Wo(z), -t

0 =
@0 =502 ~ o
respectively. Solution to (4.24]) and (4.25)) is

a(ac,t) = al(x7t)a b(:l?,t) = a2(xat)> C(‘T,t) = a3($7t)

where aq,aq, az are given by (4.5)) and hence the formula (4.9) follows from (4.23]).
To see that the solution is infinite times continuously differentiable, it is enough

to show that a; defined by is infinitely differentiable when wug, v, wg are in L?
for some 1 < p < co. But this follows, by the applications of Holder’s inequality,
as in the proof of Theorem This proves part (a) of the theorem.

To study the large time behaviour, we write in a convenient way and follow
the method of section 3. We have

u(z,t) = —v(t)—, (4.26)
a
as az Al
N2 02 0l 4.27
(e, t) = ()2 4 () 2., (4.27)
a3y as 1, Az Q24 G2 G2 G1g
= —u(t ) —= 2= t)—— —v(it)—. —.— 4.28
U}(:L', ) V()al +V()CL1 ay +V()a1 ay I/()al a1 ap ( )

Setting & = x/+/7(t), and then making a change of variable z = @ and
renaming z as y, we get

1 e 2
a;(x,t) = — (VT (€ = y)e Y 2dy.
ot = <= [ n/rE = e Ry
Following the analysis of section 3, it follows that
3 00
lim VEra(e.t) =pi(o0) [Py pi(-o0) [ e Ry

= Ozj(f), 7 =1,2,3.
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Jlim /277(8).az, (2, £) = (py(00) = p;(—00))e ¢/
=0a;'(§),j =1,2,3.

These limits are valid uniformly for ¢ belonging bounded subsets of R'. Now we

note that (4.26))-(4.28) can be written as

(4.30)

Vq(;()t)u(x,t) =— T(t)%, (4.31)
= t()t)v(x,t) = VT + (4.32)
y@(f)w@’t) = VIO VT T - D

(433)

We observe that a(€) > 0 and hence letting ¢ tends to infinity in (4.31) -(4.33) and
using and we get the asymptotic form (4.10)-(4.12)).

When 7(00) finite the asymptotic form -@D follows from (4.5),
and (4.31))-(4.33). The proof of the theorem is complete. O

Note that the proof of the theorem also shows that the boundary value problem
for (4.1)), with initial conditions u(x,0) = wup(x),v(x,0) = vo(z),w(x,0) = we(x)
for > 0 and boundary conditions u(0,t) = v(0,¢) = w(0,¢) = 0 is given by

2
u=—v(t)(log(b1))z, v= _V(t)(%)x’ w = V(t)(—Z—i’ + 21);12)96 (4.34)
where the functions b;,j = 1,2, 3 are given by
b, (z,t) = 1/+Oop-(y){e(2:&))2 b E Yy, 1,23 (435)
’ V2rr(t) )0 ’ T

With 7(t) and p;(x) as given before by (4.6]) (4.3)and (4.4). Further When 7(0c0) =

o0, we have

T(t) wlz.t) = im 7(t) ol f) — - m g —
t=os v(t) (2, =0, [lm v(t) (2,8) =0, [lim v(t) (z,t) =0.
When 7(00) < 0o, we have

lim 'T(t).u(:z:,t), lim 7(t) v(z,t), lim /(1) w(z,t)

t—00 Z/(t) t—00 V(t) t—00 y(t)
are given by (4.13))-(4.15) with 8; replaced by B; where

teo _ew? _@w)?
Bj(x) = ; pi(y{e” T +em 70 Jdy.
5. EXPLICIT SOLUTION OF (|1.10)) AND ITS ASYMPTOTIC BEHAVIOUR

Here we consider vector equivalent of Burgers equation with an additional geo-
metrical term and variable viscosity namely

U+ UNVU — IV/I((;)) U= %”AU. (5.1)
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Here we assume that v(t) > 0 for ¢t > 0 and twice continuously differentiable.
The special case v(t) a positive constant was treated first by by Nerney et al [22]
and by Joseph and Sachdev [14]. We generalize their results for variable v(t), and
write down explicit solution of the equation with initial conditions of the form

U(z,0) = Vido(x). (5.2)
We also study the asymptotic behaviour solutions for large time and vanishing

viscosity limits. More precisely, we prove the following theorem.

Theorem 5.1. (a). Under the assumptions, Vy¢o(x) bounded or integrable, the
function

r— 2
u(t) Jpn Vato(y) exp(— = — 2oy

T—y|2
V(O) S exp _‘QT(zl) - ‘ff(((f)>)dy

U(z,t) =

(5.3)

is twice continuously diﬁerentz'able in the variables (a: t) and is exact solution of

the initial value problem for (5.1)) and ( ., where T(t) = fg v(s)ds
(b). Assume that

Z Po(x ), 2] — oo, (5.4)
where ¢} (x),i=1,2,...,n are differentiable functions from R* to R' and the limits
lim_gh(e) = o7 lim_dha) = o 655

exist. Let

T = [ weds k= G =90
ffT(t)l/Qv (t)*/o ()dvklf

v(0) (5.6)
ki [ 2 ki [~ 2 .
gi(&) = exp(—;)/_ exp(—%)dzi + exp(g) / exp(—%)dzi,
fori=1,2,...n. Then if 7(c0) = 00
T2 12¢ oy 91&)  g5(&) 95,(&n)
tli>Holo( l/(t) )U((T(t)) €’t) - (91(51)7 92(52)7 ) gn(gn)) (57)
If 7(0) < 00, then
0 . Vado(y) exp(— 20— doli)) g,
Jim %U(x b= o ot e I (5-8)
—oo v(t) Jrn exp(= 5755 — oy )dy

(c). Let U(x,t) is the solution of (5.1)) with the initial
U((E, 0) = 'TX[II\SIU] (1‘) (5.9)

where x(g|<1,](x) is the characteristic function of the of the ball B(0,ly) = [z : |z| <
lo]. If 7(00) = oo then we have

tlim Uz, t) =U>(x,t) (5.10)
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uniformly in the variable £ = W belonging to a bounded subset of R™, where
U is given by

(1) 1/2
- z/ ()
U™(z,t) = Y T(t)n/ o (5.11)
()21 4 02 o Jrl2)
with
l
wmbm>/ |2 i
o= ——7— exp(— dz — exp B(0,1 5.12
0 (27T)2 [[\y|<l0] ( 2V(O)) ( 2w ( ))| ( 0)” ( )

Here |B(0,1y)| denotes the volume, if space dimension n > 3, area if n = 2 and
length if n = 1, of B(0,lp).
(d). Further assume that V,¢o(z) € L*(R) then we have the following estimates

nvutmp=ouw%%%”m. (5.13)
(¢). Assume v(t) = evo(t), fo vo(s)ds and U€ the corresponding solution of
(5.1) and (5.2), then
. e Vo(t
im U*(z, 1) = 728 (@ —y(z,70(1)) (5.14)

where y(x,T) minimizes

win (9 @)
yeRn 279(t) v(0)

). (5.15)

Proof. If a solution U is sought as a gradient of some scalar function ¢ ,

U=V,o, (5.16)
then equation becomes
|V<75|2 (@) v(t) o
Vo + o) Vo — -0 =0.
This leads to ,
L B N R (0]

v(t)
where f(t) is an arbitrary function of ¢. Since we are interested in the space
derivative V,¢ and this is independent of f(t) , we let f(¢t) = 0. If we are given
an initial data for U which is gradient of some scalar function ¢ of the form,

U(x,0) = Vioo(x), by (5.16)), it is enough to find a solution ¢ of

Vel>  v(t) _
b + 5~ y(t) =0 (5.17)
with initial condition
d(x,0) = ¢o(x). (5.18)

We may then use (5.16]) to get the solution U of (5.1)) and (5.2). To solve (5.17)

and (5.18) we use the Hopf-Cole transformation

O(z,t) = exp(—%). (5.19)
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From (5.17)) - (5.19) it follows that if € is the solution of the linear problem with
variable viscosity

_v(®) _ ¢o(z)
br =~ A0, 6(x,0) = exp(~ V"(O) ). (5.20)

then ¢ given by (5.19)) gives the solution to (5.17)) and (5.18]). Solving ([5.20)), we

have )
1 —
ﬂ / eXp(_Ix yI° oy
2n7(t))2 Jgn 27(t) v(0)
From ([5.16)) and (5.19) we see that the solution to (5.1)) and (5.2) is given by

0(z,t) = )dy. (5.21)

Now
1 |z -yl o(y)
a 9(1' t) (27T7'(t)) a (exp( 2T(t) )) €xp (7 V(O) )dy
—yl? Po(y)
By, (exp(— L)) exp (- 2220)
27T7' t)) / 27(t) V(O) (5.23)

= —= ex —| _y|2 ex

B 1 0y, 6(y) |z —yl? do(y)
T T 2rr(t)? / . v(0) exp(~ 27 (%) ) exp—( 2(0) )y

From (5.22)) and (5.23]) explicit formula (5.3) for (5.1) and (5.2)) follows. This

function is smooth follows as in the proof of Theorem

Next we study the asymptotic behaviour of this solution as ¢ — oo. The asymp-
totic form depends on 7(00) is finite or not. First we study case when 7(c0) = oo.
To prove the asymptotic form, consider 6 given by , where ¢ satisfies the
conditions and (5.5). After a change of variable the expression for § becomes

P 2
O(x,t) = 1 / exp(—% b ol — (1(t))/22)d=

(2m)% Jgn v(0)
= GoTE o P~ ) e - e

0o % ot [ eI — S ah(r0) 26— 2
1

. . ] o (5.24)
B H (2m)1/? /,oo exp(—5 = (1) (6 — 2)d

as t — oo uniformly on bounded sets of £ in R™. Now take the i-th term in this
product. As in section 2, following the argument of Hopf [7], we get

| epl= (@) 26 - )
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Thus from ({5.24]) and (5.25]), we have

n

n 1 & 22
(2m)# Jim 0(6(r()2.6) = [[(exnl—00) [ exp(=)a

t—oo ) 00
(5.26)
rop(-ooor) [ o=z
exp 0% ). exp(— 5 )dz).
Similarly, we get
o 1 &i Z?
(2 Jim 7020, (6(7(0)%,0) = TJtespl—:00) [ expl-3)a
il —o0
sop(—or) [ -z
exp s %) ). exp(— 5 )dz
+ - 2
O (= O _&
< (exp(— 20— exp(— 2y expl )
(5.27)
Since (T(Vtzt))l/zU = —(r(t))"/2%% and 6 is bounded away from 0, we have, from
E25) and (520,
: (T(t))% 1/2
i O (o0 26,1
, 0z, 9z, 0z 1(&) 9n(&n)
= — lim 7(¢)V/? (2L, 22 T S— e,
A T ) = ) )

which is (5.7). The case 7(c0) is simple and the form (5.8) follows from (5.3).
Now we consider the equation (5.1)) with antisymmetric initial data (5.9). Note
that this initial data can be written as the gradient of ¢y where

z|? lo?
o0(x) = (i) + 20— Xt ).
By (5.21)) and (5.22), the solution is given by
U(z,t) = —I/(t)%Q, (5.28)
where Q(z,t) can be written as
l2
Qz,t) =1 + exp(fQV(()O) Vo (5.29)

where

R L e
Il‘(m@))’%/“ygo] Paly T

1 |z —y|?
Iy = ——% / exp(— Jdy
2r7(£)2 Jiyi>o) 27(t)
Here we take the case 7(0c0) = co. The case 7(00) < oo is already covered by (5.8]).
It can be easily checked by making use of error function and its asymptotics that,
as t — oo,
||

N exp(—m) 22 B exp(—%)
1= G0 ey P @ B =1 T B0 630
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Substituting these asymptotics in (5.29) , we get

Qz,1)
- 12 eXp(—%) 122 2
- eXP(*2V?0)) * (27T (t)2 {/[ \<lo] exp(— v(0) )dz — eXP(?QV(()O) )| B(0, lo)|].
(5.31)
Similarly,
V. Q(z,t)
N 1 x eXp(*%) |Z|2 l%
T2 gy @rr(h)E [/H <tu] eXP(—Z,,(O))dZ - exp(—QV(O))IB(o,ZO)H.
(5.32)

From (5.29), (5.30) and (5.32)) we get
U(z,t) =

_ =2
exp( zf(t))

Z2 l2
o)) e Ui (= gy )dz — exp(= gty B0, )]

1/2° 1/2 2 exp(— 2
T 7O exp(- ) + SEEEL L exp(= 52 )dz — el )18 0.0)]

On rearranging the terms we get

X
))1/2
T(t

)

U(z,t) ~ (5.33)

%3)“2[

exp(42)]

where ¢ is given by .

Now to prove the decay estimates, for general initial data V,¢o(z) € L*(R™).
First note that in this case ¢o(z) is bounded function and hence there exists con-
stants c1, co both positive such that the estimate

—¢o(=)

b (@)
¢y = inf (e O ) <0< sup e O = co.
TER™ rERM

Hence from (5.22)) from the expression (5.21)) for 6 we get

Unis 2ot [ wslen- 2. s
T - exp(— . .
T T e 2n7(t) 2 Jge Y =B 27(t) 4
The right hand side integral is the convolution of heat kernel with |V¢| and hence
by the Young’s inequality we get the estimate (5.13]) This completes the proof of
(5.14]).

Now to Study the inviscid the hmlt 11m€_,0 U¢(x

(5.1) and ( given by the formula ) when v(t)
r—y
U(z,t) =1 t/ ——=)dpg, 5.35
@)= [ (Dt o) (5.35)
where, for each (z,t) and € > 0, dufm)(y) is a probability measure given explicitly
by

) where U€ is the solution of
= evp(t). First we note that

exp(— (5 + Sy
(]

wa exp(— (5 + Sg)dy

(5.36)
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Following the argument of Hopf [7] and Lax [I7] it can easily be seen that this
measure tends to the é-measure concentrated at y(x, 7(t)), the minimizer of (5.15),
which is unique for almost every (z,t). So for almost all (z,t) we get from
and
(= = yo(z, (1))

t
where y(z, 7(t)) is as before a minimizer of (5.15)). O

lir% U(x,t) =

Remark 5.2. Here we observe that for Burgers equation, that is, when n = 1 and
v(t) = v, a constant, the parameter k1 can be computed in terms of the mass of
the initial data,

vki = o) — oy = /muo(y)dy/i

Zo

o)y = / " woly)dy

0 —0o0
and then formula (5.17) with n = 1 is exactly Hopf’s result. Also we note that the
limit function obtained in the result written in the (z,t) variable, namely

U(z,t) = (=vllog(vi (21, 1))]ay, —vlog(va (22, t))]as, - - -, —v[l0g(n (Tn; 1))]a,.)

where for i =1,2,...n,

k; i /(vt)'/? 22
vi (x4, 1) :exp(—g)/ exp(——

is an exact solution of (5.1)).

ki [ 2
Ydz; + exp(—)/ exp(fzZ )dz;

i/(l/t)l/2 2
Remark 5.3. It is easy to see that, for ¢y a constant
1 _n 2
ba.t) = L 47 () F exp(— L)

Co 2T(t) )

is a solution of the of the heat equation with variable viscosity coefficient namely

0; = @AG. Its space gradient is

V.0(x,t) = —iT(t)_% exp(— 2I* )
B 7(t) 27(t)”
By earlier discussion U = 71/(0%9 is an exact solution of the vector Burgers
equation (5.1]). On simplification we get
*/ v

U™ (z,t) =

t 1/2 n 2
oo LS e
For n =1 and v(t) = v, a constant this exact solution of the Burgers equation was
discovered by Lighthill [20]. Sachdev, Joseph and Nair [28] showed that it can be
obtained as time asymptotic of a pure initial vale problem. This solution is called
the N-wave solution.

Remark 5.4. Note that the proof of part (e) of the theorem gives an explicit for-
mula for the solution of the initial value problem for the Hamilton-Jacobi equation

1 o olt)
d)t + i‘v(b‘ - Vo(t

(b(l', 0) = d)o(ﬂ?)

X

¢ =0,

~—

(5.37)
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namely

2

b(z,1) = min[%(y) lz —yl

y - v(0) 279(t)
Note that when vy(¢) is a constant this explicit formula was derived for the viscos-
ity solution of earlier by other methods, see Lions [2I]. Further, ¢(x,t) is
Lipschitz continuous when its initial data ¢o(x) is and is a solution to . Our
analysis shows that the explicit formula follows from the vanishing viscosity

limit of
(1)

1 9 _
¢t + §|v¢| - Z/O(t)¢ =¢€

¢(x,0) = do(x).
as the solution of (5.39) is given by the formula

o (z,t) = —evp(t) log[(Qﬂ'fylo(t)g/n exp(—i(b;;(‘z)| + fzéél)))dy

By passing to the limit as € goes to 0 we get exactly the formula (5.38)).

). (5.38)

1% (t)
5 A9 (5.39)
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