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A BLOW UP CONDITION FOR A NONAUTONOMOUS
SEMILINEAR SYSTEM

AROLDO PEREZ-PEREZ

ABSTRACT. We give a sufficient condition for finite time blow up of the non-
negative mild solution to a nonautonomous weakly coupled system with fractal
diffusion having a time dependent factor which is continuous and nonnegative.

1. INTRODUCTION

This paper deals with the blow up of nonnegative solutions of the nonautonomous
initial value problem for a weakly coupled system with a fractal diffusion

W = k()Aqu(t,z) + 07 (t2), t>0, zeR]
% = k(t)AaU(t7I) + U'BQ (t,ﬂf), > O’ r < Rd (11)

u(0,2) = ¢1(z), x€R?
v(0,7) = po(x), = €RY,

where A, == —(—=A)*/2, 0 < a < 2 denotes the a-Laplacian, 3;, §; > 1 are
constants, 0 < ¢y, o € B(R?) (where B(R?) is the space of bounded measurable
functions on R?%) do not vanish identically, k : [0,00) — [0,00) is continuous and
satisfies

t
eitf S/ k(r)dr < estf, ey, €2, p>0, (1.2)
0

for all ¢ large enough.
The associated integral system to (|1.1)) is given by

u(t,z) = U(t,0)p1(x) + /Ot U(t,r) P (r,z)dr, t>0, z€R% (1.3)

v(t,x) = U(t,0)p2(x) + /Ot U(t,r)u(r,x)dr, t>0, xR (1.4)
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where {U (t, s) }+>s>0 is the evolution family on B(R?) that solves the homogeneous
Cauchy problem for the family of generators {k(t)Aq}¢>0. Clearly

U(t,s) =S(K(t,s)), t>s>0,

where {S(t)}:>0 is the semigroup with infinitesimal generator A,, and K(¢,s) =
f: k(r)dr,t > s> 0.

A solution of — is called a mild solution of . If there exist a solution
(u,v) of in [0,00) x R? such that |[u(t,")|le + ||v(t,")]|ec < 0o for any t > 0,
we say that (u,v) is a global solution, and when there exist a number T,,, ,, < 00
such that has a bounded solution (u,v) in [0,7] x R? for all T < T,,, ,, with
limgyr,, ,, lu(t,)lle = 00 or limyr,, ., [[v(t-)|lc = 0o We say that (u,v) blows
up in finite time.

The finite time blow up of for « = 2 and k = 1 was initially considered by
Escobedo and Herrero [4]. They proved that when 5182 > 1 and (y+1)/(6182—1) >
d/2 with v = max{0i, f2}, any nontrivial positive solution to blows up in
finite time. Related results and more general cases for the Laplacian can be found
for instance in [1l B B [©, 10, T2, 13| 15, 16]. The case for fractional powers of
the Laplacian when k = 1 for equations with different diffusion operators was
considered in [8] [9]; see also [2] [II] for a probabilistic approach. Sugitani [I4] has
considered a scalar version of with k = 1 when the nonlinear term is given by
an increasing nonnegative continuous and convex function F'(u), defined on [0, 00),
and Guedda and Kirane [7] have considered a scalar version of with k = 1
when the nonlinear term is h(t)u®, 3 > 1 with h being a nonnegative continuous
function on [0,00) satisfying cot® < h(t) < ¢1t° for sufficiently large ¢, where
cog,c1 > 0 and o > —1 are constants. They proved that in this scalar case, solutions
blow up in finite time if 0 < d(6 — 1)/a < 14 o for any nontrivial nonnegative
and continuous initial function on R?. Here we prove that if k satisfies (1.2) and
0<dp(Bi —1)/a < 1,i=1,2, then any nontrivial positive solution of (|1.1)) blows
up in finite time. Here solutions will be understood in the mild sense, that is, that

solve —.

1:¥2

2. BLOW UP CONDITION

Let (u(-,-),v(-,-)) be a nonnegative solution of and define
ult) = / P(K(1,0), 2)u(t,2)dz, v(t) = / p(K (1,0), )o(t, 2)de, t >0,
R4 Rd

where p(t,z), t > 0, x € R? denotes the density of the semigroup S(t), t > 0.

Lemma 2.1. For any s,t > 0, and x,y € R%, p(t,x) satisfies
i) p(ts,a) =t ap(s,t-az),

ii) p(t,z) < p(t,éy) when |z| > |y|,

ii ) > ($)ap(s,z) fort > s,

(z —y)) = p(t,z)p(t,y) if p(t,0) <1 and 7 > 2.

Proof. See Guedda and Kirane [7] or Sugitani [14]. O

) p(
iii) p(
iv) p(

2
v t,

N 8
BV

Lemma 2.2. If there exist Ty > 0 such that u(t) = oo or v(t) = oo for t > Ty,
then the nonnegative solution of (1.1)) blows up in finite time.
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Proof. Due to (L.2) and Lemma [2.1]i), we can assume that
p(K(t,0),0) <1 for all t > Tp.
If7, < ai/pt and e%/pt <r< (251)1/”75, we have from the conditions of k(t),
_ [K((logg)l/”t,r)r/a B {K((lOEQ)l/”t,O) - K(r, o)r/a
) - K(r,0)
- [K((l()sg)l/pt,()) B }1/0‘ o [51(1052)#) B }1/0 -
- K((2€1)1/pt)70) 82(281)tp
Hence, using Lemma i), iv) with 7 = [M] 1/0,

K(r,0)
p(K((102)" /7, 1), 2 — y)

e 1/p r
— p(K(r, 0)[K((10(i)0)t’)},x_y)
d/a ]((T,O) 1o
-~ (o] 0. ) @)

K(r,0) d/a
> | ((1052)1?%),1")]

Hence, assuming that u(t) = co for all ¢t > Ty,

[ (1020) 71, 0).0 =yt )y

[ K(r,0) }d/a
— LK ((10eq)Y/rt, 1)
We know by (1.4) that

oftor) = [ p(00). = y)eatu)dy

+ /Ot (/de(K(t,T),x — ) (r, y)dy)dr
> /Ot (/Rd p(K(t,r),z —y)u?(r, y)dy)dr.

p(K(r,0),2)p(K(r,0),y), x,y€R™

p(K(r,0),z)u(r) =00, z€ R%.

Thus,

(10e2)Y/ 7t
v((10e)"/7t, ) > / / (K ((10e2)Y7t, 1), 2 — y)u (r, y)dy) dr
0 R

and by Jensen’s inequality and (2.1)), we get

(2e1)Y/Pt

v((10e9)Y/?t, 2) > /

e/t

1 B2
[ p((022) 7t 1), = yputr)dy) = o
R4
so that v(¢,z) = oo for any ¢ > (10%)1/’)% and z € R?. Similarly, when v(t) = oo
for all t > Ty, it can be shown that u(t,z) = oo for all ¢t > (10;—?)1/"% and
r € R4 O

Theorem 2.3. If0 < dp(0; —1)/a < 1, i =1, 2, then the nonnegative solution of
system (1.1) blows up in finite time.
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Proof. Let tg > 1 be such that (1.2)) holds for all t > ¢y and such that p(K (o, 0),0) <
1. Using Lemma i), iv), we have

p(K(to,0), 2 — y) =p(K(to,0), %(296 —2y)) = p(K(to,0), 2z)p(K (to, 0), 2y)
:2_dp(2_°‘K(to, 0),z)p(K (t9,0),2y), x,y€ RY.

Therefore (see (1.3])

o) > [ p(K(0.0).2 = 9)ir ()

> 2 K 10,0 0) [ p(K(t0.0). 2y 2D

= Nip(2~*K(t0,0),z), z€R?,

where Ny =274 [, p(K (t,0),2y)¢1(y)dy. Notice that

ut+to0) = [ O (E+t0.0).2 = ) (0)dy
- /OMO (/R PUK (t+ to,7), @ = y)o™ (r,y)dy ) dr
= [ Pt t0) + K .00, = 9)in ()
" /Oto (UGt t0t0) + K (ta,r). =)o )y )
+ /:to (/R PUK (t+ to,7), @ = y)o™ (r,y)dy ) dr

:/Rd (/de(K(t—i—to,to),x—z)p(K(to,O),Z—y)dz)¢1(y)dy

w0ttt = 2o, 2~ i)
x vPL(r, y)dy} dr

i
([ ot 4 to), = )" -+ to.g)dy ),
0 R4
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t >0, 2 € R% From here, by Fubini’s theorem and (1.3)) we have

ut+to,3) = [ o+ toto).o=2)( [ plK(10.0).2 = w)r )y

d

+/de(K(t+t0;t0))$_Z)|:/oto(/de(K(tmr)’z_y)
x P (r, y)dy)dr] dz

t
+/ (/ p(K(t—f—to,’/‘+t0),$—y)Uﬁl(T+t07y)dy)dT
0 R4
= /dp(K(t+tht0)7x_y)u(thy)dy
R

t
+/ (/ p(K(t—f—toﬂ"+t0),$—y)Uﬁl(T+t0,y)dy)dT7
0 Rd
t >0, x € RY Thus, using (2.2)) gives

w(t+to,x) > Ny /dp(K(t Fto,te), 7 — (2K (to,0), 3)dy
R

t
+/ (/ p(K(t+to,r+to),xfy)vﬁl(THmy)dy)dr
0 R4

= Nip(K(t + to,t0) + 27" K(to,0),z)

t
+/ (/ p(K(t—f-to,’f‘—|—t0)7f£—y)Uﬁl(T+t07y)dy)dT‘7
0 R4

t > 0, x € RY. Multiplying both sides of (2.3 by p(K(t +to,0),x) and integrating,

we have

u(t +tg) = Nip(2K (t + to,tg) + (27* + 1)K (¢0,0),0)

t
+/ (/ p(zK(t+t0a0) —K(T+t070),y)’1]ﬁ1(?"+t07y)dy>d’l”,
0 Rd

t > 0. Applying Lemma i), iii), we get
u(t +to) > N1[2K (t + to, o) + (27 + 1)K (t0, 0)] =¥ *p(1,0)

b K (r+t,0) \#
il S 51 to)dr.
+/o (2K(t+to,0)) v+ fo)dr

For a suitable choice of # > 0 given below, we define fi(t) = K% (t + to, 0)u(t +
to), g1(t) = K (t +to,0)v(t + o), t > 6. Then

(2.3)

t
fi(t) 2 Ny + 27 / KB/ (0 4t 0)gP (r)dr, ¢ >0,
0

- dfa .
where N1 = p(1,0)N; [2K(9+t0’0)l_§((3L02+1)K(t070)] . Similarly, it can be shown
that

t
g1(t) > Ny +2—d/“/ K== D/e (g 0) 22 (r)dr, t>0,
0

_ dfa
where No = p(1,0)No [2K(0+to,O)f((glotzjtl)l((tg,o)} with Ny =274 fRd p(K (to,0),
2y)p2(y)dy.
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Letting N = min{N, Ny}, we get
¢
) zN+279% | min K000+ to, 0)g;" (r)dr, >,
6 €1,
¢

g1(t) > N+ 9—d/e ; zen{lig} K_d(ﬁi_l)/a(r +t0,0) 1 (r)dr, t>6.

Let (f2(t), g2(t)) be the solution of the system integral equations

t
fa(t) = N + 279/ er?i%} K=4Bi=0/e (4 t5.0)g5" (r)dr, t >0,
o i€{l,
t

ga(t) = N + 274/ _I?%I;}K_d(ﬂi_l)/“(r +to,0) 22 (r)dr, t >0,
6 €1,

whose differential expression is

f(t) =274 min K= 0(¢ 4 45,0)9 (), >0,
i€{1,2}

(=277 min KOOV 0,0f2 0, 120, (24)
ie{l,

From it follows that
t t
/ 182 () fi(r)dr = / 68 (1) gh(r)dr,
0 0

that is,

1 1
Sl = N = o ol ) - N,

Fix 6 > 0 such that 0 < N < 1. This is possible due to N1, No — 0 when 6 — 0.
We assume without loss of generality that 83 > ;. Then

1 1
S gt

Bo+1 = [i+1

or, equivalently
Ba+1

Br+ 1\ mer B
900> (GF7) " TR W 126

Substituting this in the first equation of (2.4]), we have
By +1 BL_ B1(Ba+1)

B;i—1) 1
fé(t)ZQ_d/aien{lli%}K_dﬁa (t+t0,0)</62+1>ﬁ +1f2 B1+1 (t), t297
that is,
—B1(Ba+1) 1N\ 522+ (Bi-1)
f2 B1+1 (t)fé(t) > 2—d/a (%) B1+1 er?i%} K_d [a 1 (t—|—t0,0)7 >0,
2 ? s

Integrating from 6 to t yields

1-818 _
P [ 0 - N
— M1pM2

1 fil ¢ i1
> 2_d/”‘(7g1 i 1) o rr{lin} K= (r + to, 0)dr.
2 o 1€{1,2
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Thus (remember that 5y, B2 > 1)

—8, _ _B1_ B1+1
fat) > [ngfﬁfr“ _ 2—d/a(1 5152) (ﬁl + 1) ﬁ1+1H(t)} =am

pr+1 /\Ba+1
where
¢ (8- 1)
H(t) = min K~ «  (r+ty,0)dr, t>6.
g ie{1,2}
From (1.2) we have

t d(8;—1)
H(t) > min (eo(r +1t9)?)” " = dr.
g i€{1,2}

Using the fact that 0 < dp (B2 — 1) /o < 1 we get

. _d(B;—1) t dp(By—1)
H(t) > min &, ° /(T—Fto)* o dr
0

T ie{1,2}

o _d(Bi—1) a—dp(Ba—1) a—dp(Ba—1)
i oy (1) T (04 4)

= —— Inin
a—dp(f2 — 1) ie{1,2}

Thus H(t) — oo when ¢ — co. So, we have that there exists Ty > 6 such that
fa(t) = oo for t = Ty. By comparison we have

Kt 4 to,0)u(t 4+ to) = f1(t) > fo(t) = 00 for t = Ty,

which implies by Lemma that v(¢t,z) = oo for all t > (10%)1/”(T0 + tp) and
r € R g
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