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MARKOV SEMIGROUP APPROACH TO THE ANALYSIS OF A
NONLINEAR STOCHASTIC PLANT DISEASE MODEL

HAOKUN QI, XINZHU MENG, ZHENGBO CHANG

ABSTRACT. In this article, we consider a stochastic plant disease model with
logistic growth and saturated incidence rate. We analyze long-term behaviors
of densities of the distributions of the solution. On the basis of the theory
of Markov semigroup, we obtain the existence of asymptotically stable sta-
tionary distribution density of the stochastic system. We demonstrate that
the densities can converge in L' to an invariant density under appropriate
conditions. Moreover, we obtain the sufficient conditions for extinction of the
disease. Also, we present a series of numerical simulations to illustrate our
theoretical results.

1. INTRODUCTION

Plants not only provide necessary basic living materials for humans, but also
provide food and shelter for other species on Earth. However, plants are invaded
by various diseases during their growth and development, causing huge crop losses
and global threats to food security during the spread of plant diseases [30]. Plant
viruses or pathogens are an important constraint to crop production worldwide and
cause serious losses in agricultural production and economic efficiency. For exam-
ple, the cassava plant, which is a staple in many lesser-developed African countries,
is vulnerable to the cassava mosaic virus. This virus has ravaged plants in Kenya,
Uganda and Tanzania[9]. In India, tomato leaf curl disease (TLCD) causes the
leaves of tomato plants to curl and may become sterile[9]. In the United States, the
annual loss caused by plant diseases accounts for about 15% of the total agricultural
production, that is, more than $15 billion[I6]. At present, plant diseases are still
important diseases that endanger human health and have not been effectively con-
trolled. In order to prevent plant disease disasters, people are constantly studying
the disease mechanism, transmission laws and prevention and control strategies of
plant diseases. The dynamics of infectious diseases is an important method for the
theoretical quantitative research of the epidemic of infectious diseases. Meanwhile,
mathematics plays a large role in studying the dynamic behaviors of infectious
diseases. Since the pioneer work of Kermack and McKendrick[IT], mathematical
models have been contributing to improve our understanding of the dynamics of
infectious diseases and helping us develop preventive measures to control infection
spread qualitatively and quantitatively. Therefore, plant diseases have attracted
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the interest of many mathematical modeling researchers and epidemiologists (see
[3L 6L [7, T3], 18], 19, 201, 211, 29} [33]). For example, Meng and Li have investigated the
dynamic behaviors of the vegetatively propagated plant disease models with contin-
uous and impulsive cultural control strategies (see[I8]). The scholars in [7] studied
the invasion and persistence of plant pathogens. Here, a plant disease model with
logistic growth and saturated incidence rate is described by

S S,
s, = [rSt(l -2 - % + wt] at,
85,1 K (1.1)
_ [P
dl; = {1+a5t (u+7)lt}dt7

where the parameters r, K, «, 3, 7y, u are positive constants. In model , S(t)
and I(t) denote the number of susceptible and infected plants, respectively, r is an
intrinsic growth rate of susceptible plants, K represents the carrying capacity of
susceptible plants, § is the transmission coefficient, o denotes potentially density
dependent, « is the recovery rate of the cured diseased plants, and p is the disease-
related death rate of the infected plants. The basic reproduction number Ry =
Wi% is the threshold of system for an epidemic to occur. If 0 < Ry < 1,
model has a unique disease-free equilibrium Ey = (K,0) which is globally
asymptotically stable. This means the plants disease will disappear and the entire
plant population will become susceptible. If Ry > 1, Fy becomes unstable and
system has a unique positive equilibrium

o lax Ry Bty rs* .8t
b 7(5’”7(6—a(u+7)’ [ < K))

which is globally asymptotically stable. This means the plants disease always re-
mains.

However, any system is always subject to environmental noise in nature. Plant
disease models that have a significant impact on human survival are inevitably af-
fected by environmental fluctuations in the ecosystem. Therefore, it is more realistic
to study the stochastic model than to study the deterministic model. Consequently,
many researchers have investigated the effect of environmental noise on stochastic
models (see[d), [0, M4, 15, 22 25, B2]). There are several approaches to study
the effect of environmental noises on the dynamic behaviors of stochastic mod-
els. For example, Pasquali [22] discussed the stability in distributions of solutions
of stochastic logistic equations by solving the explicit solution of the correspond-
ing Fokker-Planck equations. Cai et al. [0] obtained thresholds of the stochastic
SIRS model which determine the extinction and persistence by using the theory of
Markov semigroups. Based on the discussion above, in this paper, we consider a
stochastic plant disease model

Sy BS¢l oSl
= l1—-=)— —— T - —dB
ds; [Tst( K) 14 oS, 7 t]dt 1—|—045'td b (1.2)
BSily oSidy ’
L= |——— — T —dB
dfy {lJraSt (nt) t}dt+1+a5td b

where B(t) is independent standard Brownian motion with B(0) = 0 and o?(t) is
the intensities of Wiener processes B(t).
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In this article, we discuss the long-time dynamical behaviors of system ([T.2).
Particularly, as the main purpose, we will investigate the extinction and the ex-
istence of stable stationary distribution density by establishing the corresponding
sufficient conditions. Furthermore, we will validate the main conclusions obtained
in this paper by the numerical simulations.

This article is organized as follows. In Section 2, we present some auxiliary
definitions and results concerning Markov semigroups. In Section 3, we prove that
there exists a unique global positive solution of system . In section 4, we obtain
the sufficient conditions for extinction of model . In Section 5, we investigate
the existence of an invariant and asymptotically stable density of system (1.2]). In
section 6, we give the main conclusions and make numerical simulations to illustrate
our conclusions.

2. PRELIMINARIES

In this section, we provide some auxiliary definitions and results about Markov
semigroups and asymptotic properties (see [26], 27, 28] 23] [12]) to prove our main
results.

Let (Q, F,{F:}+>0,P) be a complete probability space with a filtration {F;}+>0
satisfying the usual conditions. Let Ry = [0, +00), R} = {(z1,...,2,) € R" : 2, >
0,1 <i<n}.

Markov semigroups. Let X = R2, 3 = 9B be the o-algebra of Borel subset of
X and m be the Lebesgue measure on (X;X). Let the triple (X,X,m) be a o-
finite measure space. Denote I be the subset of the space L' = L*(X, ¥, m) which
contains all densities, i.e.

D={feL':f>0]|f]=1}

A linear mapping P : L' — L' is called a Markov operator if P(D) C D.
The Markov operator P is called an integral or kernel operator if there exists a
measurable function K : X x X — [0, 00) such that

Pi(z) = /X K (2, y) f (y)m(dy)

for every density f. One can check that from the condition P(D) C D it follows
that

/K(x,y)m(dx) =1 (2.1)
X

for all y € X.
A a Markov semigroup is a family {P(¢)};>0 of Markov operators that satisfies

the following conditions:

(a) P(0) = 1d,

(b) P(t+s) = P(t)P(s) for s, t >0,

(c) The function t — P(t)f is continuous with respect to the L' norm for each

feL

A Markov semigroup {P(¢)}:>0 is called integral, if for each ¢ > 0, the operator
P(t) is an integral Markov operator. That is, there exists a measurable function
K:(0,00) x X x X — [0,00), called a kernel, such that

Pi(z) = / K (2, ) f (y)m(dy)
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for every density f.

We also need two definitions concerning the asymptotic behavior of a Markov
semigroup. A density fi is called invariant if P(t)f. = f. for each ¢ > 0. The
Markov semigroup {P(t)};>0 is called asymptotically stable if there is an invariant
density f, such that

lim ||P(¢)f — f«]| =0 for f €D.
t—o0

A Markov semigroup {P(t)}+>0 is called sweeping with respect to a set A € ¥ if
for every f €D
lim [ P(t)f(xz)m(dx) = 0.

t—o0 A

The following lemma summarizes some result concerning asymptotic stability and
sweeping.

Lemma 2.1 (|26, 27]). Let X be a metric space and % be the o-algebra of Borel sets.
Let {P(t)}1>0 be an integral Markov semigroup with a continuous kernel K(t;z;y)
fort > 0, which satisfies (2.1) for all y € X. We assume that for every f € D we

have
o0
/ P(t)fdt >0 a.e.
0

Then this semigroup is asymptotically stable or is sweeping with respect to compact
sets.

The property that a Markov semigroup {P(t)};>0 is asymptotically stable or
sweeping from a sufficiently large family of sets is called the Foguel alternative [12].

Fokker-Planck equation. For A € 3., we denote the transition probability func-
tion by P(t,z,y, A) for the diffusion process (S, I;), i.e.

P(ta z,Y, A) = prOb{(Stv It) € A}

with the initial condition (So,ly) = (x,y). Assume that (S, I;) is a solution of
system such that the distribution of (Sy, Iy) is absolutely continuous and has
the density U(t,z,y). Then (S, I;) also has the density U(t,z,y) and U satisfies
the Fokker-Planck equation [28],

U 1 ,00%(pU) ,0%(eU)  *(eU)\ 0(fiU) 0(foU)
ot 27 ( ox? 2 0xdy + Dy? ) o o9y (22)
where p(x,y) = 22y?/(1 + ax)? and
fl(x,y):m(lf%) - 1ixzm+vy, 03
fa(z,y) = ﬁxzm — (+y.

Now we introduce a Markov semigroup associated with (2.2). Let P(t)V (z,y) =
U(z,y,t) for V. € D. Since the operator P(t) is a contraction on D, it can be
extended to a contraction on L'. Thus the operators {P(t)};>0 form a Markov
semigroup. Let A be the infinitesimal generator of semigroup {P(t)}:>0, i.e.

1, @P(pU)  P(eU) | P(pU)\  O(f1U)  9(f2U)
’AV7§J( Ox? -2 Oxdy + 0y? )7 ox oy
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The adjoint operator of A is of the form

. 1, (O*(U) _9*(U)  9*U)\ 9(HU) 9(fU)
AV = 30%( 2 )-S5 - az '

Ox2 Oxdy Oy? (2:4)

3. GLOBAL POSITIVE SOLUTION
We first prove the existence and uniqueness of positive solution of system (1.2]).

Theorem 3.1. For each initial value (So,ly) € Ri, there is a unique positive
solution (Sy, I;) of system (L.2) ont > 0 and the solution will remain in R3 with
probability one, namely, (S, I;) € ]R%_ for allt > 0 almost surely.

Proof. Note that the coefficients of system are locally Lipschitz conditions,
then for any given initial value (Sp,ly) € R%r, there is a unique positive local
solution (S, I;) on t € [0, 7.), where 7, is the explosion time. To demonstrate that
this solution is global, we only need to prove that 7. = oo a.s.

Let kg > 0 be sufficiently large for any initial value Sy and Iy lying within the
interval [1/ko, k]. For each integer k > kg, define the following stopping time

re=inf {1 € [-w,m) S0 ¢ (1. k), or T g (.R)},

where we set inf ) = co (as usual () denotes the empty set). Clearly, 7 is increasing
as k — 0o. Let 7o, = limy_, o, Tk, hence 7o, < 7 a.s. Next, we only need to verify
Too = 00 a.s. If this statement is false, then there exist two constants 7" > 0 and
e € (0,1) such that

P{Too <T} >e.

Thus there is an integer k1 > kg such that
P{TkST}ZQ k> k.
Define a C*-function V : RZ — Ry as follows

V(SuI) =S — - P oy

BB
the nonnegativity of this function can be obtained from v — 1 —Inu > 0, v > 0.
Applying [t6’s formula yields

O'(ZStIt - St - %It)

AV (Sy, I,) = LV (S, I,)dt + dB,,

1+ OéSt
where
0! St 6Stlt 0-2[3
I ) =(1- 1- =) — L+ 57-—F—"cv
V(Su t) ( 5St)[r5t( K) 1+ S, T t} + 2(1+C¥St)2
1.1 BSI, a*S}
=D [ ag ]+ g

el 7ﬂ£7 BS;

T 9 T T
—rS, — —S§2 _ J, — =4
S = S — 3 +KBSt+ 1+aS, B S 1+as,

o2 I? 0252
2(14+ aSp)?  2(1 + aSy)?

T T 1
<- [ESE - (K—“ﬁ +7)S] + sty + SoH(SE+IP).

+pt+y+
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From system (1.2]), we have

d(Se+ 1)
dt

K(r4p)?*
4r o

S
+u(Se + L) =Sy (1— =) + S, < P.

K
Then )
P K
St +It é _ +€*Nt(50 +IO _ M)
Iz drp
For each t < 7, and k, we have

P : K(r+p)?

e £y + I < Klrtm?
Si+l < o

So + 1o, if50+10>%
Therefore,

r r o
LV(Si, 1) € =[5=82 = (F + 18] + n+ v+
where M is a positive constant.

The rest of the proof follows that in [§], se we omit it here. O

4. EXTINCTION

The aim of this section is to investigate the stochastic extinction of the plant
disease in system (1.2]). We denote

o2K?
20+ aK)2(u+7)

Theorem 4.1. Let (S, I;) be a solution of system (1.2) with any given initial value
(So,[o) € R?i- If

R =Ry —

(14 akK) 32

2
o° > max , , 4.1
R 2(p + v)} &1
or
1 K
R<1 and o< ﬂ(%‘)7 (4.2)
then
. In ]t
limsup— < —-a <0 a.s.,
t— o0
where a = (u+y)— % under condition (4.1)) and a = (u+v)(1—R§) corresponding

to conditions (4.2). In other words, the disease I; dies out with probability one.

Proof. By Itd’s formula, we have

BS: 0252 oSt
1+ aS; (+7) 2(1+aSt)2} + 1+ aS;

Integrating both sides of (4.3)) from 0 to ¢ gives

t 2 Q2 t
B9, o°S / oS
Inl, = In [, — -3 Bs.
nhe=mn 0*/0 {1—1—0458 (+7) 2(1+aSS)2}dS+ | T3 ag, 95

Note that M(t) = [, 1225 dB, implies

ML) 1 [ e T < oo
t tJy 4+aS)?2 " = (1+ak)? '

dlnl, = { dB,. (4.3)
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By the strong law of large numbers for martingales [I7], we have lim sup,_, ., @ =
0 a.s. Under conditions (4.1]), we obtain
t 2. g2 t
BSs o°S / 0S5
Inl, =In T, [ — — 75}1 dB,
e n°+/0 T8, WY " 3arasE %t | T5as,
t 2 2
o Ss BN2 B
i [ [  B) ee
n0+/0 2 \14+aS; o2 +202 (7)) ds (4.4)
+ / L5 p |
o 1+aS, 7°
t 52
<In [7 - }d M(t).
<ttt [ [q0z = e )]s+ 210
Taking the limit superior of both sides of (4.4)), we obtain
InT 2
liirisogp% < 57 —(+7v) <0a.s.

Using the condition (4.2)), one obtains

t S 252 t S
hl[tzlnfo-i-/ [ b —(M+7)—ﬁ}d8+/ 7 dB,
0 0

1—|—OzSS ].-|—CkSS 1+OZSS
t 2772 t
BK o°K / oS,
<In] [ — — 7} d dB;
= °+/0 Trak W) " sararel® T | Tras,
t
—tlo+ [ [(a9) (RS~ Dlds + M)
0
Hence,
. In It s
limsup — < (p+7)(R; — 1) <0 a.s.
t—o0 t
Therefore, lim;_, . I; = 0,a.s. The proof is complete. (Il

s _ 2K o,
In system (1.2), Ry = RQ BTy coEr rmmy SRS RO.' From th.e CO.ndlthIl (14.2)
of Theorem we can easily conclude that the disease I; will disappear and
the disease I; will also become extinct in the corresponding deterministic model.
Therefore, if the noises are not considered, then R§ is coincide with Ry of the

deterministic system (1.1)).

5. ASYMPTOTIC STABILITY OF STATIONARY DISTRIBUTION DENSITY

In this section, our aim is to investigate the existence of an invariant and asymp-
totically stable density of model (|1.2)).

Theorem 5.1. Let (S, I;) be a solution of system (1.2) with any given initial value
(So, Io) € R3.. For every t > 0, the distribution of (Sy,1;) has a density U(t,z,y).
If
apS* r 1
RE>1, ——2 <=
0 witas) " KTK -5
and
o S (v aBs ) e
S ey - )
pa <min{ |+ (1= (56— iy agy — @) (8% an(r)
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where
S*, , P %8 p? BK
=qy(1-2) (= -1+ 22— a=
Ps =1 K)( )+ 2u? “ r(1+ aK)(K — S*)’
" Bt . _ St S*
SHt=——-n——— I'=—(1-—).
B—alp+7) 0 ( K)

Then there exists a unique density U, (t,x,y) which is a stationary solution of sys-

tem (1.2) and

t—o00

lim //|U(t,x,y)—U*(t,x,y)|dxdy20.
R2

In addition, we have
P
2E:=suppU, = {(w,y) E]Ri 0<ax+y< ;}

The strategy of the proof of theorem [5.1]is as follows. First, using the Hormander
condition [4] we show that the transition function of the process (S;, I;) is absolutely
continuous. Then, we prove that the density of the transition function is positive on
]Ra_ via using support theorems [I1[3T],2]. Next, we verify that the Markov semigroup
satisfies the “Foguel alternative”. Finally, we exclude sweeping by showing that
there exists a Khasminskii function. We realize this strategy by lemma 5.6

Lemma 5.2. The transition probability function P(t,xo,yo, A) has a continuous
density K(t,x,y;xo,yo) with respect to the Lebesque measure.

Proof. In the proof of this lemma, we use the Hérmander theorem (see [4]) on the
existence of smooth densities of the transition probability function for degenerate
diffusion processes. If a(x) and b(z) are vector fields on R, then the Lie bracket
[a,b] is a vector field given by

d
[a, b];(x) = Z (ak%(ﬂf) - bk%($)>, j=1,2,...,d.

k=1

ra(l— ) — 5525 +yy -5
a1 (1’ y) — K 14+ax a2($ y) — 14+ax .
’ ( =ty )’ ’ Tras

Then, by direct calculations, the Lie bracket [a,as] is a vector field given by

__ 9y _ _or .2 cry o
e = (TP AL b))

Let

iy (re — 2% +y)

Consequently
|5 w2 ) + 0 - o)
|a2[a17112“ = ory oy (Tx— sz + )
1+ax (1—‘,—041)2 K ’yy
2,22
__ Ty _
= (1+ax)2(r+u Ka:).
For each (z,y) € R.M%:” xRy, vectors az(x,y), [a1, az](z,y) span the space R3.

In view of Hérmander Theorem, the transition probability function P(¢, zg, yo, 4)
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has a continuous density K(t,x,y; xo,yo) and

K e 0 ((0,00) x (R, Kt

o X R+) X (R.}r/w X ]R_;,_))

This completes the proof. ([

Lemma 5.3. Let E = (R+/%7fm x Ry). For each (zo,y0) € E and (z,y) € E,
there exists T > 0 such that K(T,x,y;x0,y0) > 0.

Proof. We briefly describe the method based on support theorems (see [II, B 2])
for checking positivity of K. Tt6’s SDEs in system (|1.2)) need to be rewritten in the
Stratonovitch’s form

O'St.[t
ds; = I)dt — dB
Se = f1(Se, It) 1+ as, © dD¢,
O'St_[t
dl; = I)dt dB
t = fo(St, It)dt + 1+ S, ° dby,
where
x Bxy 11 o222y o2xy?
= 1 _—) — — _
filwy) = ra( K) 1+ax+7y+2[(1+aw)2 (1+am)3}’ (5.1)
Falm,y) = Bxy (a4 7) _1[ o?x?y B o?xy? } .
2OV T Van T (1+az)?2 (1+azx)?l

Fix a point (zg,y0) € E and a continuous function ¢ € L?([0,T];R), consider the
following system of integral equations

t T4(8)yp(s
zg(t) = xo +/0 (fl(:%(s)’ Yo(s)) — oqﬁﬁ
- t 74(8)ye(s)
)=+ [ (aloa9) o) + 00 LA g,

Denote Dy y0:6 be the Frechét derivative of the function h — Xyip(T) from
L%([0,T);R) to R%, where X44n = [Tg+n,Yorn]” - If for some ¢ € L([0,T]; R) the
derivative Dy, y,:¢ has rank 2, then (T, z, y; 2o, yo) > 0 for (z,y) = (x4(T), y4(T)).
The derivative Dy 4.6 can be found by means of the perturbation method for
ODEs. In other words, let

U= f/(x¢7y¢) + g/($¢»y0)¢7

where f’ and g’ are the Jacobians of

fl(x,y)> (—1”"’ )
f = , — U+o¢;v ,
(fQ (.’ﬂ, y) & 1_;:6(3%
respectively. For 0 < ¢ty < t < T, let Q(t,to) be a matrix function such that
Q(to, to) = I, 22LI) — w(1)Q(t, ty). Then

T
on’ymd)h:/o Q(T, s)g(s)h(s)ds.
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Since we consider a continuous control function ¢, the system ([5.2)) can be re-
placed by the following system of differential equations
ToYo
o 3
¢1 + azy
ToYo
1+oaxy

zy = fi(zg, ys) —
(5.3)
Yo = fo(Tp,yp) + 00

Step 1. We claim that the rank of Dy 4.4 is 2. Let € € (0,7) and h(t) =
1+axe(t)
7 (1Yo (1)
terval [T — €, T]. By Taylor expansion, we obtain

QUT,s)=I+Y(T)(s—T)+o((T —9)).

1ip—em for t € [0,T], where 1jp_. 7} is the characteristic function of in-

Then

T
Dy yoroh = / T+ U(T)(s — T) + o((T — s))]a(s)h(s)ds

2
=ev + 6E\I/(T)v +o(€?),

where v = (—0,0)T, and

da 10b a 100 Oa da
U)W =0 —r+ = o R Kyl
(T)v ( r—i_KJC+ +68x 2 0x B 20y 03w¢ 08y¢
10b da 18b da
nmT B g Ty 53@“’%““5@
where a(z,y) = 174, b(z,y) = (ﬁfm% — (szlf)s Since
—o  —o[-r+ x+7+6—fla—fgfﬂ +18 45824 — e
|V ‘II(T)V‘ = x ﬂaa 1 8b2 0 6 _ 1@233/ ? da }
o [ =7 8z+28w 2 0y Uam¢+08y¢]

0.21,2y2

= 0.
(1+ ax)? ( TR K ) 7
Then v, U(T)v are linearly independent and the derivative Dy, 4.4 is rank 2.

Step 2. We prove that for any two points (zo,y0) € E and (z1,y1) € E, there
exist a control function ¢ and T' > 0 such that (x4(0),y4(0)) = (zo,y0) and
(2p(T),yp(T)) = (x,y). Let z4 = x4 + yp. then system (5.2) becomes

x:b(t) =91 ($¢(t), Z¢(t>) — a¢x¢(t)(z¢(t) — $¢(t))

3

1+ azy(t) (5.4)
2y(t) = g2(24(t), 2(1)),
where
g1(z,2) = fi(z,z — x),
g2(x,2) = (r+ p)x — %mQ — pz.
Let

P
Eoz{(x,z)EE:0<x<K,0<z<E, andx<z}.

Now we prove for any (zg, 20) € Zo and (x1, 21) € Eo, there exist a control function
¢ and T > 0 such that (x4(0), 24(0)) = (z0,20) and (z4(T), 2¢(T)) = (21, 21).
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We construct the control function ¢ in the following way. First, we find a positive
constant T' and a differentiable function

2z [0,T] — (0, S),

such that z4(0) = 20, 24(T) = 21, 25(0) = ga(z0, 20) = 28, zy(T) = ga(w1,21) = 2%
and

r r
0<(r+upx— }xz — pz = zy(t) = re — }502 — nzp(t) < P —pze(t), (5.5)

for t € [0,7]. To do this, we split the construction of the function z, on three
intervals [0, €], [e,T — €] and [T — €, T], where 0 < e < . Let

1 . r
ffimm{zof(),zlfo,ﬁfzo,ﬁle}.
Ifz¢€(0+§,§—§),wehave
(r+p)x— %xz —puze(t) < —p€ <0, P —pze(t) >p& >0 fortel0,T]. (5.6)

Hence, it follows from (5.6) that we can construct a C*-function z, : [0,¢] —
(0+¢&, £ —¢) such that
M
2(0) = 20, 24,(0) = zg,z;(e) =0
and z, satisfies (5.5) for ¢ € [0,€]. Analogously, we construct a C?-function z :
[T —e,T] - (0 +eE - g) such that
26(T) = 21, 24(T) = 23, 24(T —€) = 0
and zg4 satisfies (5.5) for ¢ € [T —¢€,T7.
Taking T sufficiently large, we can extend the function
P
26 [0,e)N[T —¢e,T] — (0-1—575 —f)
to a C?-function z, defined on the whole interval [0, 7] such that
(r 4+ 1w — 122 = pzg(t) < =6 < 2 () < p§ < P = puzg(t) for [, T — 4

and therefore, the function z, satisfies (5.5) on [0,7]. It follows that we can find
a Cl-function z4 which satisfies the second equation of (5.3) and finally we can
determine a continuous function ¢ from the first equation . This completes
the proof. O

Lemma 5.4. Assume that R > 1. For the semigroup {P(t)}1>0 and every density
f, we have

t—o0

lim // P(t)f(z,y)dxdy = 1.

Proof. We substitute J; = Sy + I;. Then system (1.2)) can be replaced by
as, = [r$(1- Sty _ BS =5 75i(J = 5t)
1+ aS; 1+ aS; (5.7)

K
)
dJ, = [(r +u)Sy — —=S; — ,LLJt} dt.

+y(J, — St)] dt —
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Since (S, I;) is a positive solution of system (|1.2)) with probability one, from the
second equation of (5.7, we obtain

dJ
O<E5<P—Mﬁ,te@¢@a& (5.8)

Now we claim that for almost every w € €2, there exists tg = to(w) such that
P
0<Jt(w)< —, t>tp.
Iz

In fact, there are two possible cases.
(1) Jo € (0, %) In this case, our claim is evident from (5.8).

(2) Jo € (%, +00). Suppose that our assertion does not hold. Then there exists
' C Q with prob(©’) > 0 such that
P
lim Jy(w)=—, weQ.
t—00 M

From the second equation of (5.7)), we obtain, for any w € Q|

Jilw) = e (o + / e 1) Su(w) — =52 w)lds),

hence, for any w € €/,

P
lim Si(w) =K, lim I;(w)=——-K.
t—o00 )

t—o0
namely,
fim 2=l
t—o0 t
By Itd’s formula, we have
6525 O'QSt2 O'St
g, = | = - e |t dB,.
nh= s W) T s as ) U T as, 4P
Hence,
o In,—InI, .. 1 [t/ BK o2K?2
iy P (I
e t 00 t/o 1+ aK (k2 +) 2(1 + aK)? s
1 [* oS
- - dB,)
+ t /0 1 +OéSt
_ BK o’ K?
1+ aK (+9) 2(1 + aK)?
=(u+7)(R—1)
>0, a.s. on {,
which is contradiction. Thus our claim holds for Jy € (%, +00). O

From Lemmas and we know that if the Fokker-Planck equation (2.2]) has
a stationary solution U, then supp U, = =.

Lemma 5.5. Assume that R§ > 1. The semigroup {P(t)}i+>0 is asymptotically
stable or sweeping with respect to compact sets.



EJDE-2019/116 MARKOV SEMIGROUP APPROACH 13

Proof. By Lemma it follows that {P(t)};>0 is an integral Markov semigroup
with a continuous kernel KC(t, z,y, xo,yo) for t > 0. According to Lemma for
every f € D we have

oo
/ P(t)fdt >0, as.onZ.
0
From Lemma[5.4] we know that it is sufficient to demonstrate the restriction of the

semigroup {P(t)}+>0 to the space L'(Z). From Lemma it follows immediately
that the semigroup {P(¢)}+>0 is asymptotically stable or is sweeping with respect

to compact sets. O
Lemma 5.6. If R > 1, % +a< &+ K%S“ and
. r SN (o aBSs* "2 2
P <mm{[§”(“f)(?‘m—“ﬂ“ oI},
where
S* P 025*P? BK
(1= (E -
Ps =1 K)(u )+ 2u? “ r(1+ aK)(K — S*)’
.ty LS s
S =, = —(1 — —).
B—alu+7) I ( K)

Then the semigroup {P(t)}i>0 is asymptotically stable.

Proof. According to Lemma the semigroup { P(¢)};>0 satisfies the Foguel alter-
native. To exclude sweeping it is sufficient to construct a non-negative C?-function
V and a closed set O € ¥ such that
sup AV <O.
(S, I)ex\O
The function V is called a Khasminskii function [24]. Using similar arguments to
those in [24], the existence of a Khasminskii function implies that the semigroup is

not sweeping from the set O, which will complete the proof. In fact, when Ry > 1,
there is an endemic equilibrium E* of system ((1.1). Then we have

oy ST ST
rST (L= ) - s T =0,
(5.9)
ﬂ _ ( + )I* =0
1t+ags HTVE=E
Let
_ N e 9 (S—S*+1-1%)? o
V(s =(s-5-5 1n§)+a . = Vi +aVs.
Then V is a nonnegative C?-function. It follows from and (5.9)) that
S—5* S BST o2S*I?
*V, = 1—- =) 222 e,
AV === [S(- ) 1 s T+ e
r 61 I 028*1?
=(S—S[r——§— "7 414227
( % 1+a5+75]+2(1+a5)2
r B(l4+ aS*)(I —I*) — aBfI*(S — S*)
=(5 -8 - =(5-5) —
( )[ K( ) (14 aS*)(1+ aS)

+

S*(I —I*) = I"(S — S*)} 025+ 1?
S+9 2(1 + aS)?
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__L _Q*)\2 Oéﬁl* _oQ*\2 ﬁ _Qx* _T*
B (S 5% +(1+aS*)(1+aS)(S ) 1+aS(S SO =T)
’YI* * _Q* _T* 025*12
~ g5 =5+ (S SV =1+ 57 agp
S* aBl* *\2 B * *
< - | — S N — — — —
<-|gl+at-3) a5 &5~ g —5U=1)
S P .. o28*P?
+7(1—?)(g—1)+ T
and
AVy =(S — 8" +1— I*)[S—%SQ—MI]
:(S—S*+I—I*)[r(S—S*)—%(S*—FS)(S—S*)—M(I—I*)]
S* *\2 _S _Qx TRy _T*)\2
<r(l= ) (S =8 +r(1l= ) S =S)I = T") = (I = I7)".
Hence,
AV =A"V] 4+ aA*V;
r S* OCBI* Sg* o
< — | — IS N I s _ _
= [K[1+Py<1 %) 1+ aS) ar(1 K)}(S )
B 2 ﬂ P, 25*P2
ap(l —I")* + (1~ P)(u )+ =3
== p1(S — §*)2 — po(I — I*)? + ps.
Conditions R§ > 1, #5;) +a < % + 75 and

. r S* afS* r2 o\ 2
It then follows that the ellipsoid
—p1(S —S*) —po(I —I*)? +p3 =0

lies entirely in X. Therefore there exist a closed set O € ¥ which contains this
ellipsoid and ¢ > 0 such that

sup AV < —ec<0.
(S, I)ex\O

The proof is complete. O
6. NUMERICAL SIMULATIONS AND CONCLUSIONS

We present some numerical examples that illustrate our main results. We employ
the following discrete equations

S Skl Sil
Sk+1 =Sk + {TS;CO — —k> Bl + I | At — Tokk VAL,
1+osz

K 1+ aS,
g Sk—[k 2
— 1At
( +OZS)(§]€ )
. ﬁSka O’Skfk 0’25ka 2
1k+1f1k+[1+a5k (4 )T At + g VA + 5 e (6 - DA
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where &, k = 1,2,...,n, are independent Gaussian random variables N (0, 1).

Example 6.1. For the deterministic system (|1.1]) and its stochastic system ([1.2)),
the parameters are taken as follows: r = 0.4, K = 1.2, § =04, . = 0.2, a = 0.4,
v=0.2.
Case 1. Let 0 = 0.8. Then

0? = 0.64 > max {0.4933,0.2} ,

as a consequence result of conditions in Theorem the disease I; dies out
with probability one. Figure a) shows the paths of S;, I; in the deterministic
system and Figure b) shows the paths of S;, I; in the stochastic system
corresponding to a deterministic system . Figure b’) is the phase portrait of
Figure[Ifa) and (b).

Case 2. Let 0 = 0.3. Then

B(l+aK)
I7a = 0.4933.

Ry =0.7369 <1, and o¢*=0.09<
Then from conditions in Theorem the disease I; also dies out with proba-
bility one. Figure a) and Figure c) show the paths of S;, I; in the deterministic
system and the stochastic system , respectively. Figure c’) is the phase
portrait of Figure [I[a) and (c).

Simulations in Figure [1| show that o can affect the persistent and extinction of
the disease I;. When o is large, the disease I; must be extinct. But the o is not
large, the disease will also die out under certain conditions. Consequence, we can
control the persistent and extinction of the disease by controlling the size of o.

Example 6.2. For the deterministic model (1.1)) and its stochastic model (1.2),
the parameters are taken as follows r = 1.2, K = 2.5, =04, p = 0.2, « = 0.35,
v = 0.3, 0 =0.046. Then

R;=1.063>1 and ps=0.121 < min{0.819,0.702},

according to Theorem [5.1] we can conclude that the density functions of S; and I
will convergent. By Figure a) and (c), we have that the disease I; will persistent
in long time. Figure b) and (d) describe the density function images of the
stationary distribution of S; and I;, respectively. Simulations in Figure [2| show
that o keep the processes S, Iy for stochastic system moving around the
orbits for the deterministic system in a confined region. This indicates that
the semigroup of system is asymptotically stable. Hence, Figure [2[ approve
the conclusion of Theorem [5.11

This article explores a stochastic plant disease model with logistic growth and
saturated incidence rate. The diffusion matrix of the stochastic system is the de-
generate form. Thus, the theory on Markov semigroup is used to analyze the
asymptotic behaviors of the distributions of the solutions. The densities of the dis-
tributions of the solutions are absolutely continuous, and the densities will converge
in L' to an invariant density under appropriate conditions. Moreover, the sufficient
conditions is provided for the extinction of the disease under the different white
noise intensity. Our results are given as follows

(I) If one of the following two conditions holds

B(l+aK) B }
K 2u+y))

02 > max{
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a
1.5 @
1
- —s,
() _It
0.5
0
0 25 50 75 100
t
b b
1.5 (b) 1 (b)

—stochastic model
—deterministic model

0.5

St’lt
[
-~ _n
lt
o
= o

0 25 50 75 100 0.8 1 1.2 1.4

(c)

0 25 50 75 100 0.8 1 1.2 1.4

FIGURE 1. (a) is the deterministic system, (b) and (c) are the
corresponding stochastic systems of (a), (b’) and (¢’) are phase
portrait of (b) and (c), respectively. The initial values (So, Iy) =
(1,0.6), (a) o =0, (b) 0 = 0.3, (c) 0 = 0.8, (b)) ¢ = 0.3, (¢))
oc=038.

1 K
Ri <1 and 02§M,
K
then the diseases I of the system (1.2)) will be extinct with probability one.
(I1) 1f
afBsS* r 1

RE>1, ——  4a< —+—
o> b i rasy T S K T R—5
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a b
3 @ 15000 (b)
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0 | | 0
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3 ©) : 6000 @
—stochastic
2 4000
’ 2000
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¢ Density | ;

FIGURE 2. (a) and (c) are the sample paths for the solutions of
system (1.2]) and its corresponding deterministic system (1.1)). (b)
and (d) are the density functions of Sy and I; in stochastic systems

([T2). (So,1o) = (1,1), o = 0.046.

and
r * *
p3 < min { [? + r(l - %)(% - M(lofi“g*) — a)](S*)Q,aM(I*)Q}’

then system exists a unique density U, (¢, x,y) of a stationary solution.

Through theoretical proof and numerical simulation, we have obtained that en-
vironmental noises have a critical influence on the development of plant infectious
diseases. Compared to the deterministic model, the stochastic model is more realis-
tic for the research of plant disease models. For the stochastic system , we can
control the persistence and extinction of the plant disease by the size of 0. When o
is very large, the disease I; will disappear (see Figure[I{b) and (b’)); when o is not
large, the disease I; may disappear or it may exist (see Figure[lc), (¢’) and Figure
, which requires to predict the development of the disease by Rj. When R§ > 1,
the disease will persist; when R§ < 1, the disease will become extinct. Therefore,
farmers can make the disease extinct by controlling the size of o, so that farmers
can get more and better food, which is conducive to the country’s stability and
economic development.

Some interesting questions deserve further investigation. On the one hand, we
may explore some realistic but complex models, considering the effect of predators
hunting on diseased plants. On the other hand, we can use the methods to research
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epidemic models, chemostat models or other population dynamics models. We will
leave these cases as our future work.
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