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SMOOTHNESS OF SOLUTIONS OF CONJUGATE
BOUNDARY-VALUE PROBLEMS ON A MEASURE CHAIN

ERIC R. KAUFMANN

ABSTRACT. In this paper we consider the nt" order A-differential equation
(often refered to as a differential equation on a measure chain)

utn (t) = f(t,u(o()), ..., utn=1 (o (1))
satisfying n-point conjugate boundary conditions. We show that solutions
depend continuously and smoothly on the boundary values.

1. INTRODUCTION

Differential equations on a measure chain (also called differential equations on
time scales) have received much attention since Hilger’s [17] work unifying contin-
uous and discrete calculus. Subsequent works by Agarwal and Bohner [1], Aulback
and Hilger [3], Erbe and Hilger [8], and Kaymakcalan, et al. [18] have furthered
the development of calculus on measure chains. There are many recent papers that
consider a variety of different problem for differential equations on a measure chain.
See [2, 4, 9, 10] for example.

In this paper we are concerned with the continuous dependence and smoothness
of solutions of differential equations on a measure chain with respect to boundary
values. The results of this paper are patterned after those found in Henderson
and Lee [16] and Henderson [13]. In [16], the authors considered the continu-
ous dependence and smoothness of solutions of conjugate boundary-value problems
for difference equations with respect to boundary conditions. In [13], the author
considered the continuous dependence and smoothness of solutions of conjugate
boundary-value problems for differential equations with respect to boundary condi-
tions. Other works devoted to continuous dependence and smoothness of solutions
with repsect to boundary values include [5, 6, 7, 11, 14, 15] and references therein.

Let T be a nonempty closed subset of R, and let 7" have the subspace topology
inherited from the Euclidean topology on R. Then T is called a measure chain, (in
some of the literature 7' is called a time scale).
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Definition 1.1. Fort < supT andr > inf T, we define the forward jump operator,
o, and the backward jump operator, p, respectively, by

ot)=inf{reT | 7>t} T,

p(ry=sup{reT |T<r}eT,
forallt,r € T. If o(t) > t, t is said to be right scattered, and if o(t) =t, t is said

to be right dense. If p(r) < r, r is said to be left scattered, and if p(r) =r, r is
said to be left dense.

Definition 1.2. For z : T — R and t € T (assume t is not left scattered if t =
supT), we define the delta derivative of x(t), z2(t), to be the number (when it
exists), with the property that, for each € > 0, there is a neighborhood, U, of t such
that

)

[2(0(6) — a(s)] = 2 B[ () — 5] <e|o(t) - s

for all s € U. Higher order delta derivatives are defined recursively,
Ap () — (2 An_1\A
z=r (t) = (2 1) 7 ().
For convenience, we will use the notation z2°(t) to represent the function z(t).
That is, z2°(t) = z(t).
Remarks: If x : T — R is continuous at ¢t € T, t < sup7, and t is right
scattered, then

In particular, if T = Z, the integers, then
22 (t) = Az(t) = z(t + 1) — z(t),
whereas, if ¢ is right dense, then
2 (t) = 2'(t).

Let a,b € T. We define the closed interval [a,b] by [a,b] = {t € T|la <t < b}.
Other closed, open, and half-open intervals in T" are similarly defined.
We consider solutions of the A-differential equation

utn(t) = f(tu(o(t),u®(@(t), ..., ut (o (t), )t €T, (1)
We will assume throughout that
(A) f(t,z1,22,...,25): T x R® — R™ is continuous.
At times we will need to assume that
(B) g—ai(t,xl,xg,...,wn): T x R™ — R"™ is continuous, 1 < < n.

Given a solution, u(t), of (1), we will also have need of the variational equation
along u(t),

200) = 3 2L ulo@) w00 w0 @) 00, @)

In Section 2 we state two results for solutions of initial-value problems of (1). The
first result is that solutions of initial-value problems depend continuously on initial
data provided condition (A) holds. The second results states that if conditions
(A) and (B) hold then solutions of initial-value problems can be differentiated with
respect to initial values.
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In Section 3 we state our main results which are analogues of the Theorems in
section 2 for n-point conjugate boundary-value problems. The proofs of these The-
oresm depend on the uniqueness of solutions of conjugate boundary value problems.

2. SMOOTHNESS WITH RESPECT TO INITIAL VALUES

In this section we present theorems on continuous dependence and smoothness of
solutions of initial-value problems with respect to initial values. The A-differential
equation along with the conditions

uPi(to) = cip1, 0<i<n—1, (3)

where tg € T is called an initial-value problem. The authors in [18] have shown that
under a weaker condition than (A) initial value problems of the form (1), (3) have
unique solutions. Furthermore they have shown that that the initial-value problem
(1), (3) depends continuously on the initial values under this weaker condition.
Theorem 2.1 is similar to the theorem on continuous dependence presented in [18].

Theorem 2.1 (Continuous Dependence on Initial Values). Suppose that condition
(A) is satisfied. Let u(t;to,c1,c2,...,¢n) be the solution of (1), (3) where tg € T
and cy,cz,...cn € R. Then for each € > 0 and 7 such that to + 7 € T there exists
ad(e,to, T, ¢1,. .., cn) such that if |c; — d;| < §, 1 <1i < n then

|u(t; to,C1,C2,y ..., Cn) — u(t; to, dl, d2, Ceey dn)| <e€
for all t € [to,to+ 7).
Theorem 2.2. Assume that conditions (A) and (B) are satisfied. Let u(t) =

u(t;to, c1,C, - . ., Cn) denote the solution of the initial-value problem (1), (3) where
to €T and c1,ca,...cn € R. Then, given v1,...,7, € R, for each 1 < j<n

o

/Bj(t) 8cj(t;t07’717"',7n)

exists and is the solution of the variational equation

"9
ﬂjAn (t) = Z 8;0 (t7 U(O’(t), tO?’Yla cee 77n)7 UA(U(t); th RATEEER 7n)7
i=1 "

_ A;
U (0 ()i to, Y15 - ) B (0 (1))
and satisfies
Bi(to) = 6ij, 1<i<n,
where
dij = { L=,
0, 1i#j.
3. SMOOTHNESS WITH RESPECT TO BOUNDARY VALUES

In this section we state and prove analogues to Theorems 2.1 and 2.2 for n-point
conjugate boundary-value problems.

Definition 3.1. Let t; < to < -+ < t, € T and let ui,us,...,u, € R. A
boundary-value problem satisfying
u(t;) =w;, 1 <i<mn, 4)

is called an m-point conjugate boundary-value problem.
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We give some conditions characterizing disconjugacy for linear A-differential
equations in terms of generalized zeros. These conditions parallel those given by
Hartman [12] for the disconjugacy for difference equations.

Definition 3.2. Let u: T — R. We say that u has a generalized zero at ty if
either u(ty) = 0 or if there is a k € N such that (—1)*u(p*(to))u(to) > 0 and
u(p(to)) = u(p*(to)) = -+ = u(p*~*(to)) = 0.

Definition 3.3. The nonlinear A-differential (1) is said to be n-point disconjugate
on T provided that whenever u(t) and v(t) are solutions of (1) such that if u(t)—v(t)
has n generalized zeros at t1 <to < --- <t, €T then u(t) — v(t) =0 on [t1,+00).

In the case when (1) is linear, say

vin () = Z ai(t)o™ (o (1)), ()

where a; : T — R, 1 < i < n, we may reformulate Definition 3.3 as follows.

Definition 3.4. The linear equation (5) is said to be n-point disconjugate on T
provided no nontrivial solution u of (5) has n-generalized zeros on T'.

We adopt the following notation to distinguish initial-value problems from bound-
ary value problems. Given ty € T and ¢1,...,¢, € R, let v(t) = v(t;to,c1,...,¢n)
denote the solution of the initial-value problem (1), (3). Given t1,...,t, € T
and v1,...,v, € R, let v(t) = v(t;t1,...,tn,v1,...,0,) denote the solution of the
boundary value problem (1), (4).

We will use the Brouwer Theorem on Invariance of Domain, Theorem 3.5 below,
to prove that solutions of (1) depend continuously on the boundary values when (1)
is n-point disconjugate. To show that (1) depends smoothly on the boundary values
we must further assume that the variational equation, (2), is n-point disconjugate.

Theorem 3.5. If U is an open subset of R™, n dimensional Euclidean space, and
@ : U — R" is one-to-one and continuous on U then ¢ is a homeomorphism and
p(U) is an open subset of R™.

Theorem 3.6 (Continuous Dependence on Boundary Values). Suppose that con-
dition (A) is satisfied and that (1) is n-point disconjugate on T. Let y(t) be a
solution of (1) on [t1,+00) and let t1 < to < --- < t, € T be given. Then there
exists an € > 0 such that if v; € R, 1 < i < n where |y;| < e, 1 <i<mn, then the
boundary-value problem (1) satisfying

u(ts) =y(t) +vi, 1<i<n,
has a unique solution u(t;t1,...,tn,y(t1) + Y1,--.,Y(En) + Vn). Furthermore we
have u(t;ty, ... tn, y(t1) +v1,...,y(tn) + yn) converging to y(t) as e — 0.

Proof: Let t; < ty; < --- < t, € T be given and define a mapping ¢ : R™ — R"
by ¢(c1,ca,...,¢cn) = (v(t1),v(t2),...,v(t,)) where v(t) = v(¢;t1,c1,...¢p) is the
solution of the (1) satisfying the initial conditions

vA"*l(tl) =¢, 1<i<n.

We will show that ¢ is one-to-one and continuous. It will then follow from Theorem
3.5, that ¢ is a homeomorphism.
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Suppose that p(c1,ca,...,¢n) = (], ch, ..., ). Then,
(v(t1;t1,¢15 o 5en), v(t23t1,C1, ooy Cn)ye v oy U(tnsti, 1,00 Cn))
= (v(t1;t1, ¢}, o ), v(taste, clyeeych)y ey v(tnste, Chyeeeych)).

Now, equation (1) is n-point disconjugate on T and hence solutions to (1), (4) are

unique. And so, for all ¢ € [t1,+00) we have

v(tsti,cry. . en) = v(tty, c, e, ).
In particular,
Aimi( Bici(tysty, e, cy), 1<i < n.

v t1361,Cly -y Cn) =V

Recalling our notation, we see that (ci,ca,...,¢,) = (¢}, ch,...,cl,). Hence @ is
one-to-one.

To show that ¢ is continuous we consider a sequence {(c{,c5,...,c5 )}, which
converges to (c1,ca,...,¢n) as £ — oco. By the continuous dependence on initial
values, Theorem 2.1, v(t;t1,cf,...,c’) = v(t;t1,c1,...,cp) for all t € [t;, +00) as
£ — oo. That is,

¢

lim v(t;ty, ¢k, ..., ch) =v(t;ty, e, en).
£—00

Thus, {p(cf,c5, ..., ch)} converges to ¢(cy,ca,. .., cn) as £ — 0o and so ¢ is contin-
uous. By the Brouwer Theorem on Invariance of Domain, ¢ is a homeomorphism
onto its range, p(R™), and ¢(R™) is open in R™.

Let y(t) be a solution of (1). Then (y(t1),...,y(tn)) € ©(R™). Since p(R™)
is open, there exists an € > 0 such that if |v;| < ¢,1 < 4 < n, then (y(t1) +
My Y(tn) + ) € @(R™). Since ¢ is one-to-one there exists a unique r =
(ri,...,rn) € R™ such that o(ry,...,r) = (y(t1) + 71,---,y(En) + ). By our
definition,

O(r1y .oy rn) = (ULt 71, oy )y ooy V(s 1, P11y ooy 7))
where v(¢;t1,71,...,7,) is the solution of (1) satisfying the initial conditions
vAi‘l(tl) =r;, 1<i<n.
Thus,
(y(t1) + 715, y(tn) +¥n) = WL E,71, -5 Tn)y - s V(s t1, 71, - -5 T0))-
That is, v(¢; t1,71,...,7,) is the solution of (1) satisfying the boundary conditions,
v(tist1, 1,y ) =y(t) + v, 1<i<n.

Now consider a sequence {(y(t1)+5, ..., y(tn)+75)}52, C o(R™) where |7f| < €,
1 <3¢ <nand

Jim (y(ta) + 9, y(tn) +70) = Wt -y (tn))-
Let

ul(t) = u(t;th s ,t’rhy(tl) + 7%7 . 7y(tn) + sz)

1

Since ¢ is a homeomorphism then ¢~ is continuous and so,

lm o~ (ug(ty), . ue(tn)) = lim @ (y(t) +91,- - y(ta) +77)
{— 00 £—o00
= @_l(lim y(tl)—l—'yf,..., lim y(tn)—l—'yf;)
£— 00 £—o00

= @71(y(t1)7 s ’y(tn))'
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That is, the initial values of wuy(t) converge to the initial values of y(t). By
Theorem 2.1 wuy(t) converges uniformly to y(¢) on each compact subset of [t1, +00).
Thus, u(t;ty, .t y(t1) + 4., y(tn) + %) converges to y(t) as € — 0 and the
proof is complete.

Theorem 3.7. Assume that f satisfies (A) and (B), that (1) is n-point discon-
jugate on T, and that the variational equation (2) is n-point disconjugate along

all solutions of (1). Let u(t) = u(t;t1,...tn,u1,...,u,) be the solution of (1), (4)

on [t1,4+00). Then for 1 < j < n,% exists on [t1,+00) and z;(t) = % is the
J J

solution of the variational equation (2) along u(t) and satisfies

Zj(ti):(gij, 1§z§n
Proof: Fix 5,1 < j < n. Let € > 0 be as Theorem 3.6 and let h be such that
0 < |h| < €. Define the difference quotient

1
zZin(t) = E[u(t;tl,...,tn,ul,...,uj—I—h,...,un)—u(t;tl,...,tn,ul,...,un)]

It suffices to show that limp . 25 (t) exists on [t1, +00). Note that for all h # 0,

Zjh(ti) = 6ij7 1 S ) § n.

For each 2 < i < n, define a; = u™=1(t;;t1,. .., tn, U1, ... uy) and &; = g;(h) =
w(ti;ty, . oy tn, U1, u; + hy ..o un) — ;. Recalling our notation we see that
w(tistey ooy tn, Uy ey Ui+ Ry oo uy) =ui+hand w(ts;te, .o by, Uty ..oy Up) = U

As a consequence of Theorem 3.6 ¢;, - 0ash — 0 for 2 <i<n.

Recall that v(¢;t;,v1,v2,...vy,) is the solution of (1) satisfying the initial condi-
tions

vAi‘l(tj) =v;,1<i<n.

In particular, v(¢;t;,uj, a9, ..., ay,) is the solution of (1) satisfying v(t;) = u; and
for 2 <i:<mn, vAifl(tj) = o;. Likewise v(t;tj,u; + h, a0 +€2,...,a, +&,) is the
solution of (1) satisfying v(t;) = u; + h and for 2 < i < n, v2-1(t;) = a; + &;.
Since solutions to initial-value problems are unique then v(¢;t;,uj, ag,. .., o) =
u(t;te, ... tn, U1, ..., Uy). Similarly, we have v(¢;¢j,uj +h, a2 +€9,..., 00 +€p) =
w(t, b1, tn, Uty ey Ui+ Ry, Uy).

Using a telescoping sum, we have

zjn(t)
[w(tste, .. ytn, Uty .U+ Ry uy) —w(t b, b, Uty Up)]
[V(tstj,uj +h, s +€2,...,an +&n) —v(t; b5, uj, 2, ..., ap)]

[[v(t;tj,u; +h,oo +ea,...,0n +en) —v(ttj,uj, a0 +€2,...,0n + &p)]

[V(t;t5,uj, a2 +€2,. .., an + ) — Ut E5, U, @2, ..., 0 + Ep)]

(Gt U a0, o1, 0 FEn) — V(G U, a0, 1, O]

+ + R~

By Theorem 2.2, solutions of (1) can be differentiated with respect to initial values.

That is 31 = %,ﬁz = g—é,...,ﬁn = 6871; exist. By Theorem 2.2 and the Mean
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Value Theorem, we see that

1 _
zin(t) = E[ﬂl(t7v(t§tlauj +h,ag+€2,. .., a0 +En))h (6)
+ Ba(t,v(t;tr, uj, an + &2, ..., 0 +€5))e2
+ .o+ Bu(t vt t, ug, 00, .+ FER))ER]

where

Bi(t;v(t; t1, u; +has+ea,..., 0 +en))

Ov -
= B0 (tt1,u5 + hyas + €2, ..., + £p)
1
_ v _
,Bn(t;’l}(t;tl,Uj,OéQ,. <.y O +E’n)) = aT(t;tlvujan7' .y, Qp + +5n)

and h is between 0 and h and &, is between 0 and €e, 2 < £ < n. That is,
Bi(t;v(t, t1, u; + hyaz+¢€a,. .., an +€5,)) is the solution of the variational equation
(2) along v(t;t1,u; + h,as + €a,...,an + €,) satisfying BlAi_l(tj) =§1,1<i<n.
For 2 < ¢ < m, Be(t;v(t;t1,uj, 00 + €2,...,00 + E¢,...,an + &,)) is the solution
of the variational equation (2) along v(t;t1,uj, 00 +€2,...,0 + ¢, ..., 00 + €5)
satisfying ﬂeA"’l(tj) = 0;0,1 < ¢ < n. In particular note that

Distribute the factor  in equation (6).

Zjh(t) = ﬂl(t,v(t;tl,uj + B,Oég +E2,...,Qn + En)) (7)
_ &
+ﬂ2(tvv(t;t17ujaa2 +E&2,...,0p + 'Sn))f
_ >
ot Bt vt tr,uj o,y o+ +en))f.

To show that limjy_,g 2;,(¢) exists, it suffices to show that limj,_,o St exists for
2</t¢<n.

Recall that zjn(t1) = -+ = zjn(tj—1) = zjn(tj+1) = - = zjn(tn) = 0. Evaluate
(7) at tg,1 < £ <mn,{+#j to obtain the system of equations

*/B(tz;v(tj;uj-H_l,Oéz +€2,...,an +n)
c2
h
_\€ .
+"'+ﬁn(tl;v(tj;uj7a27'"7an+5n)f7 1 §€§n7€7é.7

= Ba(te; v(tj; uj, 0 + &2,. .., + €5)

This is a system of n — 1 equations in the n — 1 unknowns %, %%, ..., 5.
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By Cramer’s rule we have, (after surpressing the variable dependency in v(+)),

—Bi(ti;v()  Bsltisv() o Baltisv())

Bt u() Bsltiaie()) o Baltyriv()
—Bitjr1;v() Bsltjr;v()) -+ Baltjsr;v(s))

Biltsv()  Bsltsv() o Bultwiv())

13p) -

h D(h) ’
Bolti;v()  Baltsv()) o —Biltie()
Bolty 1v()) Baltii;v()) - —Bilty1;0()
Baltisriv()) Baltisniv()) - —Biltyasv()

e | Biltv()  Baltwie() o —Biltae()

h D(h) ’

provided that

Ba(tr;o())  Bati;o() - Balti;o())

| Bty 0 Bstiiv()) o Bultyrso()
D=\ o)) Baltyenio()) - Baltyerio() | 7 "

Bulta;v())  Baltwiv()) -+ Bulta;v()

To see that D(h) # 0 for small values of h, consider the determinant
ﬂ2(t1;v(t;tjaujaa27“'7an)) ﬂn(tlsv(t;tjauﬁa%'"7an))
D= ﬂ2(tj71;v(t;tjauj7a27'"7an)) ﬂn(tjflsv(t;tﬁujaa%“',an))
Bo(tjri;v(tity, uj, o, yam)) - Bu(tjr; vt ty, uj, a0 an))
/Bl(tn;v(t;tjaujaa%“'7an)) /Bn(tn;v(t;tjauj7a27‘"7an))

If D = 0 then there exists a set of numbers ro,...,7,, at least one of which is
nonzero, such that

n
v(t) = Z reBe(t;v(t;t,uj, g,y ..., )
=2
is a nontrivial solution of (2) along v(t;t;,u;,2,...,a,) that vanishes at ¢t =
t1,...tj—1, tjt1,...,tn. Since Be(t;) = 0 for 2 < ¢ < n then 7(¢t;) = 0. That is
~(¢) is a nontrivial solution of (2) that has n zeros in T contradicting the n-point
disconjugacy of the variational equation.
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Consequently D # 0. By continuity, D(h) # 0 for h sufficiently small. Thus

limy 0 5 exists for each 2 </ < n. Let

. &
lim — =ky, 2 < ¥ <n.
o B 6 e=E=n

z(t) = lim z;(?)

n
= Gt v(tsu,a,. .., 0n)) + Z kefBe(t;v(tssus, g, ... ap))
=2

ou

O (poty b, U, . ., Uy exists and zj(t) = B Furthermore,

? Buj
since each [G¢(t;v(t;t;, uj, 2,...,an)), 1 < £ < n is a solution of the variational
equation (2) along v(t;t;,uj, a2, ..., 0n) = u(t;ti,... tn,u1,...,uy) then z;(t) =
5,)_;; is also a solution of (2) along w(t;t1,...,tn,u1,...,uy). Finally we note that

exists. That is

Zj(ti) = llLiL%Zjh(ti) = (Sij, 1 < ) <n
and the proof is complete.

REFERENCES

(1] R. P. Agarwal and M. Bohner, Basic calculus on time scales and some of its applications,
Results Math. 35 (1999), 3 - 22.

[2] D. Anderson, Positivity of Green’s functions for n-point right focal boundary-value problem
on a measure chain, preprint.

[3] B. Aulback and S. Hilger, Linear dynamic processes with inhomogeneous time scale, Nonlinear
Dynamics and Quantum Dynamical Systems, Math. Res. 59, Akademie Verlag, Berlin, 1990.

[4] C.J. Chyan, J.M. Davis, J. Henderson and W.K.C.Yin, Eigenvalue comparisons for differential
equations on a Measure Chain, FElectronic Jour. Diff. Equns. 35(1998), 1-7.

[5] A. Datta and J. Henderson, Differentiation of solutions of difference equations with respect
to right focal boundary values, PanAmer. Math. J. 2 (1992), 1 - 16.

(6] J. Ehme, and D. Brewley, Continuous Data Dependence for a Class of Nonlinear Boundary
Value Problems, Comm. Appl. Nonlinear Anal., 3 (1996) No. 2, 59-65.

[7] J. Ehme and J. Henderson, Differentiation of solutions of boundary-value problems with
respect to boundary conditions, Appl. Anal. 46 (1992), 175 - 194.

[8] L.H. Erbe and S. Hilger, Sturmian theory on measure chains, Differential Equations Dynam.
Systems 1(1993), 223-246.

[9] L.H. Erbe and A. Peterson, Green’s functions and comparison theorems for differential equa-
tions on measure chains, Dynam. Contin. Discrete Impuls. Systems, 6 (1999), 121 - 137.

[10] L.H. Erbe and A. Peterson, Positive solutions for a nonlinear differential equation on a mea-
sure chain, preprint.

[11] D. Hankerson, Boundary Value Problems for nt" Order Difference Equations, Ph.D. disser-
tation, University of Nebraska-Lincoln, 1986.

[12] P. Hartman, Difference equations: disconjugacy, principal solutions, Green’s functions, com-
plete monotonicity, Trans. Amer. Math. Soc. 246 (1978), 1 - 30.

[13] J. Henderson, Disconjugacy, disfocality, and differentiation with respect to boundary condi-
tions, J. Math. Anal. Appl. 121 No. 1 (1987), 1 - 9.

[14] J. Henderson, M. Horn and L. Howard, Differentiation of soltuions with respect to boundary
values and parameters, Comm. Appl. Nonlin. Anal. 1 (1994), 47-60.

[15] J. Henderson and E. R. Kaufmann, Multipoint boundary value problems with parameter for
a system of difference equations, Journal of Difference Equations and Applications, 1 (1995),
163-172.

[16] J. Henderson and L. Lee, Continuous dependence and differentiation of solutions of finite
difference equations, Internat. J. Math. and Math. Sci. 14 No. 4 (1991), 747 - 756.

[17] S. Hilger, Analysis on measure chains - a unified approach to continuous and discrete calculus,
Results Math. 18(1990), 18-56.



10 ERIC R. KAUFMANN EJDE-2000/54

[18] V. Lakshmikantham, B. Kaymakcalan and S. Sivasundaram, Dynamical Systems on Measure
Chains, Kluwer Academic Publishers, Boston, 1996.

[19] A. C. Peterson, Comparison theorems and existence theorems for ordinary differential equa-
tions, J. Math. Anal. Appl. 55 No. 3 (1976), 773-784.

ERric R. KAUFMANN

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF ARKANSAS AT LITTLE ROCK
LITTLE ROCK, ARKANSAS 72204-1099 USA

E-mail address: erkaufmann@@athena.ualr.edu



