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PERIODIC SOLUTIONS OF SECOND-ORDER
NON-AUTONOMOUS DYNAMICAL SYSTEMS WITH
VANISHING GREEN’S FUNCTIONS

YONGXIN JIANG

ABSTRACT. In this article, we study the existence and multiplicity of positive
periodic solutions for second-order non-autonomous dynamical systems when
Green’s functions are non-negative. The proofs are based on a nonlinear alter-
native principle of Leray-Schauder and the fixed point theorem in cones. Some
recent results in the literature are generalized and improved.

1. INTRODUCTION

The main purpose of this paper is to study the existence and multiplicity of
positive solutions of the second-order dynamical system

i+ a(t)r = f(t, ),
z(0) = =(T), 2'(0) =2'(T).
where a(t) € C(R/TZ,RY) and f(t,z) € C(R/TZ x RN ,RY). The type of pertur-
bation f(t,x) that we are interested in can be not only superlinear and sublinear,

but also combinations of them. From the physical explanation, The sublinearity of
f(t,x) means that for each i = 1,..., N, it holds

(1.1)

[ t; . 1 t, . .
)= lim filt.) =400 and f* = lim fit,z) =0 uniformly in ¢.
lz|—=0 || jz|—+oo  |z|
The superlinearity of f(t,z) means that
% t; . i t; . .
2= lim M =0 and f*= lim M = 400 uniformly in ¢.
lz|—0 || |z|—>+o0 |2

During the previous two decades, some classical tools have been used in the
study of periodic solutions of equation , including the method of upper and
lower solutions [111 [I8], degree theory [7, 22| 23], fixed point theorems in cones for
completely continuous operators [9 [19], Schauder’s fixed point theorem [3] [8] 20]
and a nonlinear alternative principle of Leray-Schauder [4, [l [12].

In the above mentioned works, when one tried to apply some fixed point theorems
in cones, or the nonlinear alternative principle of Leray-Schauder, to study the
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existence of periodic solutions of equation (|1.1)), one major assumption is that the
corresponding Green’s function G;(t, s) for the scalar linear differential equation

2" +a;(t)x=0 (1.2)

is positive (i = 1,2, ..., N), which is equivalent to the strict anti-maximum principle
for equation (1.2]). Such an assumption plays an important role in constructing the
following cone
K, = € X : mi t) > o;
1={z omin z(t) 2 oi || = 1}

where

=—, m;= min Gt s M; = max G;(t,s).
M;’ ' 0<st<T i(t ), b 0<st<T i(t:s)

When the Green’s function vanishes, we know that m = 0 and K; becomes
the cone of nonnegative functions, which is not effective in obtaining the desired
estimates. For example, when a;(t) = k? with k > 0 and k # 2n7/T (n € Z7T), the
Green’s function is given as [9] [19]

sin k(t—s)+sin k(T —t+s)

0<s<t<T
- 2k(1—cos kT) ’ -2 ="="
Gi(t’ S) ") sink(s—t)+sin k(T —s+t) 0<+<s<T (13)
2k(1—cos kT) ’ SUxs5> 4,
and 1 kT 1
5ot — < Gilt,s) < o775y
o Ot 5 S Gills) = e T

Therefore, the positiveness of Green’s fuction is equivalent to 0 < k% < A\ =
(7/T)%. Note that \; is the first eigenvalue of the linear problem with the
Dirichlet condition z(0) = z(7T") = 0. For the critical case of k = %, the Green’s
function vanishes at t = s, and thus the results in [1} [4) [5l [6] [T9] cannot be applied
to such a critical case. In this paper, we focus on the case of k < /T, and we
assume that the following condition holds

(A1) The associated Green’s function G;(t,s) of is non-negative for all

(t,s) €0,7] x [0, 7).

Our main motivation comes from the recent works [2, 10, 14l 15], in which the
second order systems have been studied in the case where the associated non-
negative Green’s functions may have zeros. Chu and O’Regan [2] established the
multiplicity results for second order non-autonomous singular Dirichlet systems

Z4qt)f(t,x)+e(t)=0, 0<t<l,
z(0) =0, =(1)=0.

based on a well-known fixed point theorem in cones and Leray-Schauder alternative
principle. Especially, we observe that even when the Green’s function vanishes, the
following fact also holds

T
v = min / G(t,s)dt > 0.
0

0<s<T

Based on this fact, Graef, Kong and Wang [10] introduced the cone
T
Ky={zeX:a(t)>0and / w(t)de > ¥ o | ).
0

Using the above cone, it was proved in [I0] that equation
2" +a(t)r = g(t)f(2)
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has at least one nontrivial T-periodic solution for the superlinear or sublinear case.
Li and Zhang [14] extended this result to a more general case. They proved some
existence and nonexistence results for nonnegative solutions of the following second-
order periodic boundary-value problem with a parameter A € (0,00),4 =1,2,...,n,

o +ai(t)z; = Mg (t) fi(x), 0<t<T,

by using fixed point theorems in a cone under different combinations of superlinear-
ity and sublinearity of functions f* at zero and infinity for an appropriately chosen
parameter A. Liao [I5] showed that the scalar problem has at least two pos-
itive solution under the given conditions. In this paper, we will construct a new
cone and establish the existence and multiplicity of nontrivial T-periodic solutions
for equation using a nonlinear alternative principle of Leray-Schauder and a
fixed point theorem in cones. We emphasize that in this study the corresponding
nonnegative Green’s function of linear system of may have zeros. Hence, we
need to overcome this obstacle for system .

Our goal is to obtain the existence of positive periodic solutions for the system

E+ai(t)e = (22 +y2)> + py/ (22 +y2)P + er(t),
§+ax(t)y = V(@2 +y°)* + py/ (2% +42)7 + ex(1).

with aj,as,e1,e0 € C[0,T], 0 < a <1, 8 > «, and g > 0 is a given parameter.
Here we wish to point out that in our results, e; and es may not be positive. Thus,
we generalize and improve some results presented in [8, [I6] and even for the scalar
cases in [12].

This articles is organized as follows. In Section 2, some preliminary results and
notations will be introduced. In Section 3, by employing a nonlinear alternative
principle of Leray-Schauder, we state and prove the existence result for (1.1). In
Section 4, we establish the existence result for by using the well-known fixed
point theorem in cones.

2. PRELIMINARIES

In this article we use the following notation: RY = {z € RV : z; > 0 for i =
1,2,..., N} with the norm |z| = max; |z;|. For x = (z1,...,2n5), y = (Y1, .-, YN),
we write z >y, if v —y = (x1 —y1,...,2n — yn) € RY. We say that a function
¢ : RY — R is nondecreasing if ¢(z) > ¢(y) for z,y € RN with > y. Given
¥ € LY0,T)], we write ¢ = 0 if ¢ > 0 for all ¢ € [0,7] and it is positive in a set of
positive measure. We take X = C[0,T]x ---x C[0, T](N copies) with the supremum
norm || - ||.

We denote by a1, as,...,ax and eq, ea, ..., exn the components of given functions
a(t),e(t) € C(R/TZ,RY), respectively. For each i = 1,2,..., N, we consider the
scalar equation

2+ a;(t)x = e;(t). (2.1)
with periodic boundary conditions

2(0) = z(T),2'(0) = 2'(T). (2.2)
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We assume condition (Al). In other words, the anti-maximum principle holds for
(2.1). In this case, the solution of (2.1)) is given by

x(t) = (Le;) (%) ::/0 Gi(t,s)ei(s)ds.

Some classes of potentials a(t) for (A1) have been presented in [19]. Let K(q)
denote the best Sobolev constant in the inequality
Cllul|? < ||u'||3  for all u € HJ(0,1).

The explicit formula for K(q) is

or (2 \1=2/a; T(3) 2 .
K(g) =« ¢ (2+q) (p(%Jr%)) if 1 <q< oo,
4 ifq:oo7

where I' is the Gamma function [24].
Lemma 2.1 ([19]). Fori=1,2,...,N assume that a;(t) > 0 and a; € LP[0,T] for
some 1 <p<oo. If
laill, < K (2p),
then (A1) holds.

Under assumption (Al), we denote

M; = max G;(t,s), M = max M,.
0< s t<T 0<i<N

We also use w(t) to denote the unique periodic solution of (2.1) with e;(t) = 1,
i=1,2...,N;ie.,

T
wi(t) = (L1)(t) ;:/0 Gi(t, s) ds,

wy(t) = qutn w(t), w(t)= max w(t).

Define
r 5
K ={z € X :z(t) >0 for all ¢, and / xi(t)dt > MHI,;H},
0

where

T

6= min ¢6;, J; = min / G;(t, s)dt.
0<i<N 0<s<T Jg

Under condition (A1), we observe that even when the Green’s function vanishes,

we have §; > 0, and ¢ > 0. One may readily verify that K is a cone in X [I7].

Lemma 2.2 ([I7]). Assume that Q is a relatively compact subset of a convex set
K in a normed space X. LetT : Q) — K be a compact map with 0 € Q). Then one
of the following two statements hold:

(I) T has at least one fized point in Q.
(IT) There exist x € 0Q and 0 < XA < 1 such that x = X\T'x.

To obtain a second periodic solution of (|1.1), we need the following well known
fixed point theorem in cones [I3] and Jensen’s inequality, see [2I]. Let K be a cone
in X and D a subset of X, we write Dx = DN K and gD = (0D)N K.
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Lemma 2.3 ([I3] p. 148]). Let X be a Banach space and K be a cone in X. Assume
that Q1 Q2 are open subsets of X with QL # 0, Qk C Q%, and let S : Q% — K be
a continuous and completely continuous operator such that
(i)  # ASz for A € [0,1) and z € OxN*, and
(ii) there ewists v € K \ {0} such that x # Sx + \v for all x € 0 Q? and all
A>0.

Then S has a fized point in Q% \Qlk .
Lemma 2.4 (Jensen’s inequality). Let m be a (positive) measure and let 2 be a

measurable set with m(Q) = 1. Let I be an interval and suppose that u is a real
function in L*(dm) with u(t) € I for allt € Q. If f is convez on I, then

£ wtoim(o) < [ foue)in)

3. EXISTENCE RESULT (I)

In this section we establish the first existence result by using the nonlinear alter-
native of Leray-Schauder. Define an operator T': X — X by Tx = (Tyx, T, ..., Tix) ",
where

(Tix)(t) :/0 Gi(t,s)fi(s,z(s))ds, i=1,2,...,N.

Lemma 3.1. T is well defined and maps X into K. Moreover, T is continuous
and completely continuous.

It is easy to see that finding a fixed point for the operator T' is equivalent to
finding a T-periodic solution of system (1.1). For the next theorem we use the
following assumptions:

(A2) There exists a continuous function ¢; > 0 such that each component f; of

[ satisfies f;(t,z) > ¢;(t) for all (t,z) € [0,T] x RY.
(A3) There exist continuous, non-negative functions g;(x) and h;(z) such that

fi(t,z) < gi(x) + hi(z) for all (¢,z) € [0,T] x RY,

and g;(z) > 0 and h;(z)/g;(x) are non-decreasing in = € RY.

(A4) There exist a positive number r such that
or
iy hi(ry...,7) <
Girs o) () < T
fori=1,2,...,N.

Theorem 3.2. Under assumptions (Al)—(A4), equation (1.1) has at least one T'-
periodic solution with 0 < |z| < .

Proof. Consider a family of equations

i+ ait) = Mt a(1)), (3.1)
where A € [0,1]. Problem (3.1)) is equivalent to the following fixed point problem
T
z;(t) = MTiz)(t) = )\/ Gi(t,s)fi(s,z(s))ds. (3.2)
0

We claim that for any A € [0, 1], equation (3.2) has no fixed point = with z € 9,
where

Q={rveX:|z|<r},
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and X = C(R/TZ,RY) is a Banach space with the norm |z| = max; |z;|.
Otherwise, assume that z is a solution of (3.2)) for some Ay € [0,1] such that
|z| = r. Without loss of generality, we assume that |z;| = r for some j =1,2,..., N.

Thus we have
T T T
| astnae=xo [ [ Giteos)sy oot dsa
0 0 0

— [ * (s a(s) / "Gyt drds

> Aod; /T fi(s,x(s))ds
0

S T
ﬁJij)\o /0 fi(s,z(s))ds

5 T

> Mmtax{)\o/o G,(t, s)fj(sm(s))ds}
)

= izl

Thus, for all £ we have
T
) )

zi()dt > —||z;:|| = —r.

| iz el = 5

On the other hand, for all ¢, it follows from condition (A3) that

/0 w;(t)dt = / / (t,5) £ (5, 2(s)) ds dt
< / / G,(t,5)f;(5,a(s)) ds b
/ / it 5)g; (x(s)) {1+ ((;‘"((3 }ds dt
/ / (t,)g;(r {1+Zj((::}d5dt

<w*Tg;(r,... ,r)){l +
Hence,

0 *
il <w'T(gj(r,...,7)+ hi(r,...,r)).

This is a contradiction to condition (A4); thus the claim is proved.
From this claim, the nonlinear alternative principle of Leray-Schauder guarantees

that (3.2 (with A = 1) has a fixed point, denoted by z, in 2, that is, equation (3.1))
(with A = 1) has a periodic solution x with |z| < r.
Finally, by condition (A2), we obtain

/OT”T” Jdt = / Gyt )fj(s,x(s)) ds dt

/ / Gy (t, 5)6n(s) ds dt
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_ /OT i(s) /OT Gy(t, ) dt ds

T
> (5]/ d)l(s)ds > 0.
0
This implies that x is a nontrivial T-periodic solution. (|

Example 3.3. Suppose that a;(t), az(t) satisty (Al) and consider the differential

equations
&+ ay(t)e = /(2% +y?)* + /(22 + 32)P + ea(t),
Jtax(t)y = V(@® +y2)* + py/ (22 + y°)7 + ea(t).

where a;,e; € X, e; = 0,1 =1,2,0< a <1, 8>« and g > 0 is a positive
parameter. Then we have

(i) if B < 1, (3.3)) has at least one nontrivial T-periodic solution for each p > 0;
(i) if 8 > 1, (3.3) has at least one nontrivial periodic solution for each 0 < u <
Lx, where u, is some positive constant.

Proof. To apply Theorem we take
¢l(t) Zei(t), 1= 1,2,
91(z,y) = g2(2,y) = V(22 +y?)* + €7,

(3.3)

hi(w,y) = ha(z,y) = py/ (2% +y2)»

where e* = max;{e;(t),ex(t)}. Clearly, (A2) is satisfied since e > 0. Moreover,
since 0 < a < f3, it is easy to verify that g;(x,y)(i = 1,2) and

hilay) _ /@557

gi(z,y) (22 4+ y?)> + e
is non-decreasing in € RY. Then (A3) is satisfied. Now the existence condition
(A4) becomes

< or — 25 TMw*r® — e*T Mw*
25 T Mw*rP
for some r > 0. So equation (3.3)) has at least one T-periodic solution for
or — 25 TMw*r® — e*T Mw*
0 < p < py :=sup 5 .
>0 22 TMw*rP
Note that g, =00 if 8 < 1 and p, < oo if § > 1. We have the desired results (i)
and (ii). O

" , i=12

4. EXISTENCE RESULT (II)
In this section, we consider system (1.1]) by the well-known fixed point theorem
in cones (i.e. Lemma 2.3). For the next theorem we use the following assumptions:

Ab5) There exist continuous, non-negative functions L(z) and hl(x) on RY such
g g; i +
that

filt,x) > gi (x) + hi(z) for all (t,z) € [0,T] x RY,

and g}(z) > 0 is non-decreasing and convex, and hl(z)/g}(x) is non-
increasing in x € Rf ;
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(A6) There exists a positive number R > r such that

?< gil(O?""](\sj;"”’O){l—i—m}’

i
where 6 and M are the same as in Section 2.

Theorem 4.1. Suppose that (A1) and (A3)—(A6) are satisfied. Then, besides the
periodic solution x constructed in Theorem equation (L.1) has another positive
periodic solution T with r < |Z| < R.

Proof. Define the open sets as
A ={zeX:|z|<r}, P={recX:|z|<R}
and the operator S : Q2.\QL — K is defined by Sz = (Siz, Saz, ..., S12)T, where

T
(S;x)(t) = /0 Gi(t,s)fi(s,z(s))ds, i=1,2,...,N.

Using Lemma one may readily verify that S : Q% \Q} — K is well defined.
Next we claim that:

(i) @ # ASz for A € [0,1) and = € 9 Q!, and
(ii) there exists v € K \ {0} such that x # Sz + \v for all x € 9xN? and all
A>0.

We start with (i). Suppose there exist z € dx Q! and A € [0, 1) such that x = A\Sz,
We can assume that A # 0. Now since x = ASz we have

2(0) = 2(T), #'(0) = #'(T).

Since z € 9!, then |z| = r. Without loss of generality, we assume that |z;| =r
for some 7 =1,2,..., N. Thus we have

/Oij(t)dt:)\/OT/OTGj(t,s)fj(s,x(s))dsdt
= )\/OT fi(s,z(s)) /OT G,(t,s)dtds
T
2)\6j/0 fi(s,z(s))ds

5 T
= MJij)\/O fi(s,z(s))ds

% max {A/OT Gj(t, S)fj(s,x(s))ds}
)

Y

Thus, for all ¢ we have

T
1) )
| wstode= eyl = o
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On the other hand, for all ¢, it follows from condition (A3) that

T T
/ x;(t)dt = )\/ G;(t,s)fi(s,z(s))dsdt
0 0

</ : / Gy (0,5) (5, 2(s) ds i

/ / Gj(t,s)gj(z {1—|— ((m(s) }dsdt

hj(r,
< w*ng(r,...,r)){l + M}

gj(’}”‘7 e ,T)
Therefore,

d .

Mr <w'T(g;(r,...,m)+h;i(r,...,7)).

This is a contradiction to the condition (A4) and the claim is proved.

Next we consider (ii). Let v(t) = 1, so v € K\{0}. Next, suppose that there
exist € O N? and A > 0 such that x = Sz + Av. Since z € 9xQ?, then |z| = R
Without loss of generality, we assume that |z;| = R for some j =1,2,..., N. Thus
we have

4 5 SR
| w0z Flal =57 ad 00 = S0+
As a result, it follows from (A5) that
T T T
/0 wj(t)dt:/o /0 G;(t,s)fi(s,x(s))dsdt + \T
T T
:/ fj(Svfc(S))/ G;(t,s)dt ds + AT
> 9 / fi(s,z(s))ds + AT’
1
> 4 / gi(x h'(x(s))}derAT

gj( (s))

> 5, {1+ M}/Ong( (5))ds + AT.

Since gjl» is non-decreasing and convex, using the Jensen’s inequality, we have
T 1 /7
/ gjl»(a:(s))ds > Tg} (—/ x(s)ds)
0 T Jo

1 T
ZTg_]l(anaaf/ I(S)d5707,..70)
0

SR
>ng(o,o,...,m,o...,o).
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Therefore,
1 /7
5] > T/o zj(t)dt
5 RY(R,...,R)y [T
e T A 1 d A
> 2{ +g;(R,...,R)}/O 9, (x(s))ds +
SR B(R,...,R)
> §g? ciry=—,0. .. 1+ .
_593{0,0, »7ar? ’0}{ “ngl(}z,...ﬁ)}J’A
This contradicts with (A6) and so (ii) is proved. O

Example 4.2. Suppose that a;(t), as(t) satisfy (Al) and consider the differential

equations
i+ a1 = VT + 47 + el
i+ aa(t)y = V(2 + 92" + i/ (22 +52)7 + ea(t),

where a;,e; € X, e;,4 = 1,2 are nonnegative. 0 < a <1 < f,and p > 01is a
positive parameter. Then (4.1) has at least one nontrivial T-periodic solution for
each 0 < u < u4; where p, is the constant as in Example

Proof. To apply Theorem we take

(4.1)

g1(z,y) = g2(2,y) = V(2% + y*)* +€",

hi(z,y) = ha(z,y) = g1 (x,y) = ga(x,y) = /(22 + y2)”,

hi(z,y) = hy(z,y) = py/ (a2 + y?),

where e* = max;{e1(t),e2(t)}. As in Example we know that (A3) and (A4)
are satisfied for all 0 < p < p.. Moreover, since 8 > 1, it is easy to see that (A5)
is satisfied and (A6) becomes

V2MT)PR — /27 §5+1 R
\@555+1Rﬁ

for some R > 0. Since 8 > 1, the right-hand side of (4.2) goes to 0 as R — +o0.

Thus, for any given 0 < u < p., it is always possible to find R > r such that (4.2)

1)

is satisfied. Now all conditions of Theorem (4.1)) are satisfied. Thus, equation
has a nontrivial T-periodic solution. (]

s (4.2)

Remark 4.3. In Theorem condition (A2) guarantees that the periodic solution
obtained is nontrivial, while (A2) is not required in Theorem For system ,
we require that the function e > 0 in Example [3.3] while e is only required to be
nonnegative in Example

The next multiplicity result is a direct consequence of Theorems [3.2] and

Theorem 4.4. Suppose (A1)-(A6) are satisfied. Then system (L.1)) has at least
two nontrivial T-periodic solutions x and T with 0 < |z| <r < |Z] < R.

Example 4.5. Let us assume that a(t) satisfy (Al), 0 < @ <1 < 8 and e > 0.
Then system (4.1]) has at least two nontrivial T-periodic solutions for each 0 < p <
©*; where p* is the constant as in Example (3.3
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