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QUASILINEARIZATION METHOD FOR FIRST-ORDER
IMPULSIVE INTEGRO-DIFFERENTIAL EQUATIONS

PEIGUANG WANG, CHONGRUI LI, JUAN ZHANG, TONGXING LI

ABSTRACT. In this article we study first-order impulsive integro-differential
equations with integral boundary conditions, employing the method of quasi-
linearization with reversed ordering upper and lower solutions. We obtain
two monotone sequences of iterates converging uniformly and quadratically to
the unique solution of the problem. Two examples are given to illustrate the
applications of the established results.

1. INTRODUCTION

Integral differential equations arise in several engineering and scientific disciplines
as the mathematical modelling of systems and processes, such as physics, mechan-
ics, biology, economics and engineering [2,[7]. In consequence, the qualitative theory
of integral differential equations creates an important branch of nonlinear analysis.
Over the last twenty years, there are some results on the existence, uniqueness,
continuation and other properties of solutions and extremal solutions for various
boundary value problem involving integral boundary conditions, such as the mono-
graphs [5], 15, [17], the papers for differential equations [T}, 2} [6, 8, 10, 12, 22}, 27], for
functional integro-differential equations [I1} [25], for impulsive integro-differential
equations [3| @, 111, T3] 19} 20, 2], 24], for integro-differential equations of fractional
order [3, [], for integral boundary value problems with causal operators [26], and
references given therein. However, we noticed that the previous studies mainly
focused on the existence and uniformly convergence results for extremal solutions
via the method of upper and lower solutions coupled with the monotone itera-
tive technique, which gives a constructive procedure for approximation solutions,
and offers monotone sequences uniformly converging to extremal solutions (see the
monograph [I7]). In terms of applications, it is important to pay attention to
the high-order convergence of sequences of approximate solutions. Quasilineariza-
tion combined with the technique of upper and lower solutions is an effective and
fruitful technique for obtaining approximate solutions to a wide variety of nonlin-
ear problems. The main advantages of the method are the practicality of finding
successive approximations of the unknown solution as well as the quadratic conver-
gence rate. A systematic development of the quasilinearization method to ordinary
differential equations has been provided by Lakshmikantham and Vatsala [18], and
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there are some generalized results for various types of differential systems, see the
monographs [15] 16} [17].

The goal of this paper is to investigate the convergence of solutions for a class
of first-order impulsive integro-differential equations with integral boundary condi-
tions,

u'(t) = ftu(t), (Su)(t), t#tk, tEJ,
Au(tk) :Ik(u(tk)), k: 1,2,...,m, (11)

u(0) + ,u/o u(s)ds = 0u(T),

where f € C(J' x R, R), J = [0,T], J' = J\{t1,t2,...,tm}, 0 < t1 < t5 <

- <ty = T. S is a Volterra operator defined by (Su)(t) = fot r(t, s)u(s)ds,
r€C(D,Ry), ro = max(t,s)EJer(tvs)a D={(t,s)e JxJ: t>s}, Ry =[0,00).
I, € C(R,R), Au(ty) = u(t]) — u(t;) denotes the jump of u at t = t;, u(t]) and
u(t;, ) represent the right and left limits of u(t) at t = t;, respectively, k = 1,2,...,m.
1 <0,0=1or —1 are constants.

By employing the method of quasilinearization with reversed ordering upper
and lower solutions, we obtain the two monotone sequences of iterates converging
uniformly and quadratically to the unique solution of the problem. Two examples
are given to illustrate the applications of the established results. The impulsive
integro-differential equation has a lot of special types. For example, if p = 0,
f# = 1, problem (1.1) reduces to a periodic boundary value problem. If u = 0,
# = —1, problem reduces to an anti-periodic boundary value problem.

This article is organized as follows. In Section 2, we give the new definitions of
reversed ordering upper and lower solutions and establish comparison theorems for
the case of 8 = 1 and # = —1 in order to discuss the existence and uniqueness of
the solutions for first-order impulsive integral boundary value problem. Then, we
obtain its accelerated rate of convergence by using the technique of quasilineariza-
tion in section 3. Finally, we give two examples to illustrate the applications of the
established results in Section 4.

2. PRELIMINARIES
Firstly, we introduce the notation, definitions and a lemma. Let
PC(J) = {u:J — R,u is continuous for ¢t € J" and u(t}), u(t; ) exist with
u(ty) = u(ty), for k=1,2,... ,m};
PC*(J) = {u € PC(J) : uis continuously differentiable for t € J', u'(), v (t;,)
exist and u'is left continuous at ¢t =t for k =1,2,... ,m}.
Note that PC(J) and PC'(J) are Banach spaces with the norms
lull pe(sy = sup{|u(®)| : t € T}, |ullperry = max{||u(t)||pcr). ]; W &)l peen )

A function u € PC'(J) is called a solution of the integral boundary value problem

(1.1) if it satisfies (|1.1)).
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Definition 2.1. A function o € PC*(J) is called a lower solution of (1.1]), if the
following inequalities hold:

o () < f(talt), (Sa)(t), t#t, tEJ,
Aa(tk) SIk(a(tk)), k= 1,2,...,m

. (2.1)
a(0) + M/o a(s)ds < 0a(T).

Definition 2.2. A function 8 € PC*(/J) is called an upper solution of the integral
boundary value problem (1.1}), if the following inequalities hold:

B(t) = f(t B(1), (SB)®), t#tk, tEJ
Aﬂ(tk) > Ik(ﬂ(tk))v k= 1325 s, M

0) + H/o B(s)ds > 65(T).

For the next lemma we use the following assumptions:

(A1) the sequence {t;} satisfies 0 < t; < to < -+ < t, < -+ < by, = T with
limg . oots, = +00;
(A2) m € PCY(R4, R) is left continuous at ¢ for k=1,2..., and

m/(t) = p(t)m(t) +q(t), t#t, tEJ,
m(th) > dim(ty) + by, k=1,2,....m
where p,q € C(R4+, R), di > 0 and by are constant.
Lemma 2.3 (See [14]). Assume (Al), (A2). Then

m(t) > m(to) H dy, exp(/ ds H dy, exp(/ p(o )do)q(s)ds

to<trp <t tos<t <t

+ Z H dexp(/ (s)ds)bk.

to<tp<t, tp<t;<t

To study problem (|1.1)), we need to establish a comparison theorem and obtain
its solution for the associated linear impulsive integral boundary value problem.

Lemma 2.4. Assume that m € PCY(J) satisfies the following inequalities

m/(t) > Mim(t) + M2(Sm)(t), teJ,

Am(ty) > Lim(ty), k=1,2,...,m, (2.3)
m(0) > m(T).
If
1 -1 t Sr s,0)e M=) g5 ds
kl;[l(HLk) ZMQ/O [/O (s,0) d}d, (2.4)

then m(t) < 0 on J, where My > 0, My > 0 and Ly > 0 are constants, k =
1,2,...,
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Proof. Setting u(t) = m(t)e~ M1t we have u € PC(J), and

u'(t) = My(Su)(t), teJ,
A( )EL ( ) k:]‘72?"'7m7 (2.5)
u(0) > u(T)e™,

where (Su)(t) = fot r(t,s)e M=)y (s)ds.
We now prove that u(t) < 0 for any ¢ € J. Suppose on the contrary, that u(t) > 0
for some ¢t € J. Then there are two cases:

Case 1: There exists a t] € J such that w(¢]) > 0 and u(t) > 0 for ¢t € J. Then
(2.5) implies that

u'(t) >0, teJ; Au(ty) >0, k=1,2,...,m
This means that u(¢) is nondecreasing in J. Therefore, u(T) > wu(ty) > 0 and
uw(T) > u(0) > u(T)eMT | which is a contradiction.

Case 2: There exist t3,t5 € J such that u(¢7) > 0 and u(t5) < 0. Let infie yu(t) =
—A, then A > 0, and there exists a ¢; < tj < ¢;4; for some 7 such that u(tg) = -\
or u(t) = —A. We may assume that u(tg) = —A. The case of u(t; ) = —\ can be
proved similarly.

Consider the inequalities:

¢
u'(t) > =M. / r(t, s)e " Mt=s)qs e .J,
(t) 2 | (t,s) (2.6)

u(tf) = (1+ Lyulty), k=1,2,...,m
By Lemma we have

u(t) >u(0) J] (1+Lk) / 11 1+Lk)[ )\Mg/os (s,a)e_Ml(t_”)da]ds.

0<tp<t s<tp<t

Letting ¢t = ¢, we have

) < =\ H (14Ly)~ +)\M2/ H (1+Ly)~ [/57-(570')6_M1(s—0)d0-}d8
0

0<ty <ty 0<tp<s

If w(0) > 0, then

I G+ <M2/ IT a+r- {/Osr(s,a)eMl(so)dg]ds

0<tr<t§ 0<tp<s

tg s
< Mg/ [/ T(S,U)e*Ml(S*U)dU} ds;
0 0

T s
H (1+Ly) ' < Mg/ [/ r(s,a)e‘Ml(s_a)da} ds,
0 0

0<ty <ty

which contradicts with (2.4]). Thus «(0) < 0. Furthermore, by (2.5)), we can obtain
w(T) < u(0)e T <0, then 0 < ¢t} < T.

that is,
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Let t; <t} < tj41 for some j. We first assume that ¢ < tj. Consider the
inequalities

¢
u'(t) > —)\Mg/ r(t,s)e ME=9ds  te J,
0

u(th) > (1 + Ly)u(ty), k=1,2,...,m

Similar to the process above, using Lemma we can also find a contradiction
with ([2.4]). Similarly, we can prove the case of ¢§ < t7. The proof is complete. [

Lemma 2.5. Assume that x € PC’l(J), o€ PC(J). If

M; M2r0T+ ZLk <1. (2.7)

Then the linear impulsive boundary value problem
z'(t) = Myz(t) + Ma(Sz)(t) + o(t), teJ,
Ax(ty) = Lia(ty) + di, k=1,2,...,m, (2.8)
z(0)+d=xz(T), deR
has a unique solution, where My > 0, Ms > 0 and Ly > 0 are constants.

Proof. We define a map A : PC(J) — PC(J) by

oM T T m
(Az)(t) = feMlTildJr/ G(t, s) [0(5)+M2(Sz)(s)]ds+ZG(t,tk)[ka(tk)erk},
B 0 k=1
where
Sy, 0<s<t<T,

G(tas) = M
(T4t
Y 0<t<s<T

It is easy to verify that z(t) is a solution of (2.8)), if and only if z(¢) is a fixed point
of A. For any u,v € PC*(J), we have

|(Au)(t) — (Av)(t)]
T m
< / G(t,s>\M2[<Su><s>—<5v><s>]\ds+Za(t,tk>|Lk<u<tk>—v(tk>>|

k=1

< My MyroT + - ZLknu—vn

Then
| Au — Av|| < (M1 MaroT + - ZLk> Il — v,
which means that (2.7)) implies that A is a contradiction mapping. Consequently,

employing the Banach’s Fixed Point Theorem, the map A has an unique fixed point.
Thus (2.8) has an unique solution. The proof is complete. O

Similar to the proof Lemma [2:4] and Lemma [2.5] for the case of § = —1, we have
the following Lemmas.
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Lemma 2.6. Assume that m € PC(J) satisfies the inequalities
m'(t) > Mym(t) + M2(Sm)(t), teJ,

Am(ty) > Lim(ty), k=1,2,...m, (2.9)
m(0) > —m(T).
If
kl;[l(lJrLk)il > Mz/O [/0 r(s,0)e M= g | ds (2.10)

then m(t) < 0 on J, where My > 0, My > 0 and Ly > 0 are constants, k =
1,2,...,m.

Lemma 2.7. Assume that u € PC*(J) and o € PC(J). If

1 eJVhT m
M MoroT + —rr— 12
k=1

Ly <1, (2.11)

then the impulsive differential equation
z'(t) = Myz(t) + Ma(Sz)(t) + o(t), teJ,
Ax(ty) = Lia(ty) + di, k=1,2,...,m, (2.12)
z(0)+d=—x(T), deR,

has a unique solution, where My > 0, My > 0, L;, > 0 are constants.

3. MAIN RESULTS

In this section, we give the results which converge uniformly and quadratically
to the unique solution of the integral boundary value problem (1.1). Consider the
sets:

Q=A{(t,z): B) <z(®) <at), t € J},
Dy ={x e R:B(ty) <z(ty) < alty), 1 <k <m}.
For the next theorem we the following assumptions:
(A3) There exist constants M; > 0 and My > 0 such that
f(tu,v) — f(t,a,0) < My(u—a) + Ma(v — ),
forf<u<u<aand T <v<v<Ta;
(A4) there exist constants Ly > 0,k = 1,2...m, such that
Ip(x) — In(y) < Lyp(x —y), for f<y<z<a.

Theorem 3.1. Let o, B8 be lower and upper solutions respectively for problem
(1.1) with B < a on J. Assume that (A3), (A4), and hold. Then
there exist two monotone sequences {c,}, {Bn} with ay = «, By = B such that
limy, oo, = p(t), limy,ooBn = Y(t) uniformly on J, where p(t), v(t) are the
mazimal and minimal solutions of respectively, satisfying

Bo<Pr<Ba<...Bp <At) <u(t)<p(t) <ap < <ax<ar <
in which u(t) is any solution of (L.1)) such that B(t) < u(t) < a(t) on J.
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Proof. For any n € [, ], consider the linear impulsive integral boundary value
problem

u'(t):f(t,n,Sn)+M1(u—77)+M2(Su—S17), teJ’v
Au(ty) = I(n(tr)) + Li(u(te) —n(te)), k=1,2,...,m,

u(0) + u/o n(s)ds = u(T).

By Lemma problem (3.1)) has a unique solution u € PC'(J). Now we define
an operator A by u = An, then the operator has the following properties:

(i) B8<AB, Aa <
(ii) A is a monotone nondecreasing on [3, o], i.e., for any 11,12 € C[3,a], m <
1, implies An; < Ans.
To prove (i), setting m = By — B1, where 81 = Afy. Then from S(t) < a(t) and
(2.7), we have
m'(t) > f(t, Bo, SBo) — f(t, Bo, SPo) — M (B — Bo) — M2(SB1 — SBo)
> Mym(t) + Ma(Sm)(t),

(3.1)

and

Am(ty) = Ir(Bo(tr)) — Ie(Bo(tr)) — Li(B1(te) — Bo(tr)) = Lim(ty).
Thus, by Lemma we have m(t) < 0 on J, that is By < 81 = ABp. Similarly, we
can prove that Aag = a1 < ap.
To prove (ii), setting u; = Any, ug = Anq, where n; < 1y with 11, 12 € [8,a].
Let m(t) = u; — ug, then
m'(t) = f(t,m, Sm) + Mi(An —m) + Ma(S(An1) — Smi) = f(t, 2, Sn2)
— My (Angz —n2) — Ma(S(Anz) — Sn2)
> My (Any — Ang) + M2 (S(Anr) — S(Ang))
= Mlm(t) + MQTm(t),

and
Am(ty) = I(m(tx)) + Le((Am)(te) — m(te)) — Te(n2(te))
— L ((An2)(tk) — n2(tx))
> L ((Any)(tr) — (An2)(tx))
= Lym(tg).
Furthermore,

T T
m(T) = (An)(0) + / m(s)ds — (An2)(0) — / na(s)ds

T
=m0+ [ () = ma(s))ds
< m(0).

In view of Lemma we have m(t) < 0 on J. Consequently, it is easy to define
the sequences {a,}, {8n} with ag = «, By = S such that api1 = Ay, Bui1 =
ApB,. From (i) and (ii), the sequences {a,}, {8,} satisfying

Bo<B1 <P <Brn<an<-- << <agon J,
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and there exist p, v such that lim, s, = p(t), lim, B, = v(t) uniformly on J.
Clearly, p,~ satisfy the integral boundary value problem such that u € [, o]
and that there exists a positive integer n such that 3, < .

Then setting m = 8,41 — u, we have

m/(t) = f(tﬁna S/BTL) + Ml(AﬂTL+1 - ﬁn) + MQ(S(AIBYH‘l) - Sﬁn) - f(ta u, Su)
Z Mlm(t) + MQSm(t),

and

Am(ty) = I(Bn(tr)) + Li(Buta(te) — Bu(tr)) — I(u(ty)) > Lim(ty).

Furthermore,
T T
(D) = Buia(O) [ Bu(s)ds —u0) = [ uls)is

T
—m(0)+ 4 [ (Bals) ~ uls))ds
0
< m(0).
By Lemmal[2.4] m(t) <0on J, i.e., 41 < won J. Similarly, we get u(t) < an1(t)
on J. Noticing that So(t) < u(t) < ag(t) on J, by induction, we can obtain

Bn(t) < u(t) < an(t) on J for every n. Therefore, v(t) < u(t) < p(t) on J by taking
limit as n — oo. The proof is complete. 0

For the next theorem we use the following assumptions:

(A5> fwvfy, f:mafyy € C[Q7R]7 and fa: <0, fy <0, fam >0, fyy > 0;
(A6) I € C2[Dy, R, I, >0, k=1,2,...,m. If

m

1-— H(l + p) exp (/OT A(s)ds) >0,

k=1

1+ ,uT(l - ﬁ(l + 1) exp{/T )\(s)ds}) > 0,
k=1 0

[6(t), a()],

where pix = sup,cp, I, Xt) = sup,ep,{fe + fyTro}, Dy
teJ.

Theorem 3.2. Assume (A5), (A6) and the conditions of Theorem[3.1l Then there
are two monotone sequences {a, },{fn} satisfying:

(1) Bo<Pr<Pa< - <Bp<-San<-—<ax<ar<agonld;
(2) {an},{Bn} converging uniformly and quadratically to the unique solution

of .
Proof. Since fyz >0, fyy > 0, then for any (¢, z1,y1), (£, x2,y2) € Q, we have
F(txa,y2) > f(t 21, y1) + fao(t,z,yn) (22 — 21) + fy (21, y1) (Y2 — v1)-
Similarly, for any x,y € Dy, we have

In(y) = In(z) + Li(z)(y —2), 1<k<m
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Setting ag = «, By = B, we consider the integral boundary value problem
u'(t) = f(t,at), (Sa)(t)) + fo(t, o, Sa)(u — @) + fy(t, a, Sa)(Su — Sa)
= Hy(t,u, Su),
Aulty) = In(altr)) + I'(a(tr)) (w(te) — a(tr)) = To(u(tr)), (3.2)

T
u(0) + ,u/ u(s)ds = u(T).
0
Since o and S are the lower and upper solutions of , we have
o (t) < f(t,alt), (Sa)(t)) = Ho(t, a, Sa),
Aa(ty) < Ir(a(te)) = To(a(ty)),

T
a(0) + M/o a(s)ds < a(T),

and

B'(t) > f(t, B(t), (SB)(t)) > Hol(t, 8, Sp),
AB(tk) > I(B(tr)) = To(B(tk)),

B(0) + / B(s)ds > B(T).

Hence, a, 8 are the lower and upper solutions of respectively.

By Theorem there exists a solution aq(t) of the integral boundary value
problem such that S(t) < a1(t) < «(t). Similarly, consider the integral
boundary value problem:

u'(t) = f(t,8(t), (SB)(t)) + fult, B,SB)(u— B) + fy(t, B,58)(Su— Sp)
= Hy(t,u, Su),
Au(ty) = I(B(tr)) + I'(B(t)) (u(te) — B(tr)) = Tolu(tr)), (3-3)

T
u(0) + ,u/ u(s)ds = u(T),
0
we can also get a solution [ (t) of such that B(t) < p1(t) < af(t).
Next, we prove that 81(t) < aq(t). Since
ay(t) = Ho(t, o, San) < f(t, on(t), (Sar)(t)),
Aai(ty) =To(a1(tr)) < Ix(aa(tr)),

T
a1(0) + ,u/o a1(s)ds = a1 (T),

thus, a7 is a lower solution of (1.1). In the same manner, we can also prove that
b1 is an upper solution of (1.1). Therefore, it follows that £1(t) < ay(t) on J.
Consequently, we have {a,}, {8n} such that

BOSﬁlSBQS-nﬁn"'sang"'SQQSalSO‘OOnJa

>
r

(3.4)

where
an(t) = f(t, an-1(t), (San—1)(t) + fu(t, an—1(t), (Sn—1)(t))(an — an_1)
+ fy(t, an—1(t), (San—1)(t))(San — San—1)
= nfl(taanysan%
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Aan (k) = Ir(om-1(t)) + I'(@n-1(tr)) (om (tr) — an—1(tx))

- Fn l(an(tk))v
T

an(s ),
0

and
Br(t) = f(t, Bu1(t), (SBn-1)(t)) + fult, Bn-1(t), (SBn-1)(t))(Bn — Bn-1)
+ fy(t, Bn1(t), (SBn—1)(t))(SBn — SBn-1)
= Hp1(t, Bn, SBn),
ABp(tr) = Tt (Bu—1(t)) + I'(Bn-1(tx)) (Bn(tr) — Br-1(tx))
= Cn1(Bn(tr)),

T
(0) + / Ba(3)ds = Bu(T).

Since the sequences {ay,(t)} and {3,(¢)} are monotonically bounded on [0, 7],
then, it is easy to conclude that the sequences {c,(t)} and {8,(¢)} converge uni-
formly and monotonically to p(t) and ~(t), respectively, where

T
§(8) = F(t.p(1), Sp(t),  Ap(te) = Iu(p(tr)),  p(0) + / pls)ds = p(T);

T
V(1) = FEA), S(D), Avlte) = Te(v(tr), +(0) + / 7(s)ds = (T,

Thus, we get p(t) = u(t) = v(t) by Lemma [2.5] where u(t) is the unique solution of
(L.1). This proves that the sequences {ov,(t)} and {8,(t)} converge uniformly and
monotonically to the unique solution u(t) of (L.1)).

Finally, we have to prove the quadratic convergence. Set

Prt1(t) = u(t) = Bug1(t) 2 0, qn1(t) = ansa(t) —u(t) 2 0.
Now, using the mean value theorem, we have

Pr1(t) = f(t,u(t), (Su)(t) = Ho(t, Bnta(t), (SBnt1)(t))
= fa(t,&0(1), (S€1)(0)pn(t) + fy(t, E2(t), (S€2)(2))(Spn)(t)
fa(t; B (), (SB) (0))pn(t) = fy(E, Bu(t), (SBn)(£))(Spn)(t)
+ Lot B (), SBn())Pns1 () + fy (8, Bu(t), SO () SPn+1(t) (3.5)
< fua(t 71 (8), (ST )P () + fyy (t72(8), (S72) (£)[(Spn) (1)
+ Lot B (), (SBn) (0)Pnr1(t) + fy(t, Bu(t), (SBn)(£)) (SPnta) ()
< ABPnr1(t) + (A + BT?r5)l|pal,

where A = sup fzz, B = sup fy,. In the same way, we can obtain
Apnia(tr) = Ie(u(tr)) = I(Bn(tr)) — T (Bn(te)) (Buri (tr) — Bultr))
= Ly (n(tx)pn (t) + 15, (Bn (te))Pn+1 (te) — Ti(Bn(tk))pn ()
< IO [pall® + pepngr (te)
< Clc||pn||2 + Mkpn+1(tk)a

(3.6)
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where ¢;, = sup [;/. By Lemma we have

Prsi(t) San(Q)I |(1+uk)exp(/ ) H 1+ pux) ZCkan”2
baiet k=1 k=1
- (3.7)
+ [[ (0 + ) T(A + BT?r5) |[pnl|.

k=1

Applying the boundary conditions of (1.1]) and p,, 1 (0)+pu fOT Pnt1(8)ds = ppi1(T),
we obtain

paia(D) < pra@ L0+ i exnd [ X ds}H L )> el
k=1

k=1

m
H 1+Nk A+BT2 )HanQv

and
m 1 m m
Pnt1(0) < ( H L+ ) eXp{/ ds} [H(1+uk)20kllpn,|\2
k=1 k=1 k=1
m T (3.8)
L+ mIT @+ BTl s [ o (5)ds]
k=1 0
Furthermore,
m 1 m m
pua(t) < (1- [[0-+ o) et / 9dsy)  [TT+m) Y exloal?
k=1 k=1 k=1
m T
L+ mIT @+ BTl s [ pasa(5)ds]
k=1 0
m t m m
< JTa+mess ([ Msds) + [T+ )3 enlonl?
k=1 0 k=1 k=1
+ 1L + m)T(A + BT lpa
k=1
Thus

-1

s

T -1
IPn1ll < [1 + ,uT(l — (1+ Mk)efo /\(s)ds) }

k

x{(l—ﬁl—&-uk exp{/ ds}

(1+ ) zcknpnu +H L+ ) T(A+ BT)llpal?]  (3.9)

1

-1

EES

1

(1+ pg) exp{/ A(s)ds} + H 1+ pg ch“pn“

k=1

=7

X

™~
Il
-

(1+ ) T(A + BT?13)Ipa* };

4
s

=~
Il

1
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that is,
||pn+1|| < Q1||pn||2a
where Q1 > 0. Similarly, there exists a Q2 > 0 such that
lgni1ll < Qallgnll®.

This proves the quadratic convergence. ([l
Similar results can be obtained for § = —1, we omit their proof.

Theorem 3.3. Assume that the conditions of Theorem[3.1] hold. Then there exist

two monotone sequences {au,},{Bn}t with ag = o, By = B such that lim,_,ca, =

p(t), lim, oofBn = v(t) uniformly on J, where p(t), ~(t) are the mazimal and

minimal solutions of integral boundary value problem (L.1)) respectively, satisfying
Bo<P1<Poa<... B <) Sult) <pt) Sapn < <ax<ar <ag

in which u(t) is any solution of (L1.1)) such that B(t) < u(t) < a(t) on J.

Theorem 3.4. Assume that the conditions of Theorem[3.4 hold. Then there exist
two monotone sequences {an}, {Bn} satisfying:

(1) fo<pr<Pa<s-<Pp<<ap<-<ax<ag<agonJ;

(2) {an}, {Bn} converging uniformly and quadratically to the unique solution

of (L)
4. EXAMPLES

In this section, we give two examples to illustrate the results established in the
previous section.

Example 4.1. Consider the impulsive integro-differential equation

u'(t) = —t( cosu(t) + sinu(t)) 7/ us) ds, teJ=1|0, Z], t # g,

M) = ((3))

(4.1)
It is easy to check that ap = 37/4 and Sy = 0 are lower and upper solutions of
(4.1)) respectively, satisfy ag > B, and fp <0, fy <0, fzz >0, fyy = 0. Problem
(4.1) satisfies all the conditions of Theorem [3.2l Then there exist two monotone
sequences {a, }, {8} converging uniformly to the unique solution of .

Example 4.2. Consider the impulsive integro-differential equation

u'(t) = —tcosu(t) — u(t) —/0 (Sﬁ;)_lds, te[0,1], t # %,

Au(z) = ¢ (u(3)) (12)
u(0) — 2/0 u(s)ds = —u(1).

It is easy to check that ap = 1 — ¢ and By = 0 are lower and upper solutions of
(4.2) respectively, and satisfying ag > fByo. Meanwhile, problem (4.2 satisfies all
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the conditions of Theorem [3:4] Thus, we can apply the quasilinesrization method
to find two monotone sequences {«,},{8,} converging uniformly to the unique

solution of (4.2).
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